
SOLVING STEINER TREE PROBLEMS IN GRAPHS WITH

LAGRANGIAN RELAXATION

LAURA BAHIENSE� FRANCISCO BARAHONA� AND OSCAR PORTO

Abstract� This paper presents an algorithm to obtain near optimal solutions for
the Steiner tree problem in graphs� It is based on a Lagrangian relaxation of a multi�
commodity �ow formulation of the problem� An extension of the subgradient algorithm�
the volume algorithm� has been used to obtain lower bounds and to estimate primal
solutions� Due to the high quality of the bounds� it was possible to solve many di�cult
instances from the literature to proven optimality� without preprocessing or branch�
ing� Computational results are reported for many problems drawn from the literature�
including those in the SteinLib library�

�� Introduction

Given an undirected graph G � �V�E� and a subset of the nodes T � V called ter�

minals� a Steiner tree for T in G is a tree that spans T � Let cij � for each �i� j� � E�
be nonnegative costs associated to the edges of G� The Steiner tree problem in graphs

�STPG� asks for the Steiner tree of minimum total edge cost� The vertices in V nT are
called non�terminals� Non�terminal vertices that end up in an optimum Steiner tree are
called Steiner vertices� The STPG is known to be NP �Hard �	
� for a general graph� re�
maining NP �Hard for particular classes of graphs such as grid graphs ����� among others�
The STPG has been widely applied in the design of communication� distribution and
transportation systems� It is also applied to problems such as the wire routing phase in
physical VLSI design �
��� network design �
��� etc�

Di�erent integer programming formulations of the STPG can be found in the works
of Maculan ���� 
�� and Goemans � Myung ����� In the latter� the equivalence between
some of the given formulations is shown� The literature includes the following solution
methods� approximation algorithms �
� ��� 	��� dynamic programming ���� 	��� branch�
and�cut ��� �� ��� 

� 	��� dual ascent ����� Lagrangian relaxation ��� ��� Lagrangian
relaxation and polyhedral methods �
	�� neural networks �
��� meta�heuristics �genetic
algorithms ��
� 	��� simulated annealing ��
�� tabu�search ���� ��� ��� ���� and GRASP
�
�� 

��� Stand alone heuristics for the STPG have also been developed� see for ex�
ample ��
� ��� �
� ���� Due to its outstanding performance� the one developed in ��
�
by Takahashi � Matsuyama is the basis of several meta�heuristics and primal heuristics
developed for the STPG�

Many reduction techniques for the STPG have been developed� several of them can
be found in �	��� A good reference is the book �	��� Very good surveys are also given in
���� 	�� 
�� 	���
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This paper presents a new algorithm to obtain near optimal solutions for the STPG�
This algorithm is based on a multicommodity �ow formulation� Due to the large size of
the model obtained� it is tackled with Lagrangian relaxation� and the Volume Algorithm

�VA� is used in the relaxed problem� The VA is an extension of the subgradient algorithm
that produces primal as well as dual solutions� The primal vectors are used as inputs for
several heuristics that construct integer solutions� Due to the high quality of the bounds�
it was possible to solve many di�cult instances from the literature to proven optimality�
without preprocessing or branching� In the instances tested where optimality could not
be proven� the resulting gaps have been fairly small� Computational results are reported
for problems drawn from the literature� including those contained in the SteinLib library�

This paper is organized as follows� Section 	 describes the integer programming for�
mulation of the STPG used in this work� Dual bounds and the Volume Algorithm are
presented in Section 
� Section � describes the primal heuristics used in this work�
Finally� Section � provides computational results�

	� Formulation

In this section� two formulations of the STPG are discussed� As mentioned above�
the STPG is de�ned on an undirected graph� A directed version of the problem� the
Steiner arborescence problem� is de�ned as follows� Given a digraph D � �V�A�� a set
of terminals T � V and a root vertex r � T � a Steiner arborescence is a tree directed
away from the root r spanning T � The Steiner arborescence problem �SAP� asks for
the minimum total arc cost Steiner arborescence� Any instance of the STPG can be
formulated as a bidirected SAP �see ��� for properties of both formulations��

In this study� the bidirected SAP is formulated as a non�simultaneous multi�commodity

�ow problem in a digraph D � �V�A�� This directed graph has the same set of vertices
of the original graph G � �V�E� and its set of arcs A is obtained as follows� for each

edge �i� j� � E� two arcs� ��i� j� and ��j� i�� both with the same weight cij of edge �i� j�� are
included in A�

The formulation below was simultaneously introduced by Claus � Maculan ���� and
Wong ����� A vertex r � T is chosen to be the source o�ering jT�j �� jT nfrgj commodities�

one demanded by each of the remaining jT�j terminal vertices� Variables fkij �
��i� j� � A

and k � �� � � � � T�� indicate the �ow amount of commodity k going through the arc ��i� j��

Binary variables xij � ��i� j� � A� control the inclusion �xij � �� or not �xij � �� of arc
��i� j� in the solution� Naming I�i� the set of vertices j � V such that ��j� i� � A and O�i�

the set of vertices j � V such that ��i� j� � A� the SAP can be formulated as follows�
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fkji � � � i � V n fr� kg� k � T� �a��

xij � f�� �g � ��i� j� � A � �a��

� � fkij � xij � ��i� j� � A � k � T� � �a��

���

Equations �a
�� �a�� and �a�� represent �ow conservation for the terminal vertex chosen
to be the source� for the remaining terminal vertices and for the non�terminal vertices�
respectively� Constraints �a�� allow a non�zero �ow fkij of any commodity k through an

arc ��i� j� only if the latter is included in the solution� Finally� in the objective function�
the total sum of the costs for the arcs included in the solution �a Steiner tree� is mini�
mized�

The last part of this section analyzes the relationship between the continuous relax�
ations of two di�erent integer programming formulations for the SAP� the one used in this
work and the classical dicut formulation for the problem� Notice that the formulation
above has a polynomial number of constraints and a polynomial number of variables�
Let Pxf be the polytope de�ned by �a
�� �a��� �a��� the continuous relaxation of �a�� and
�a��� It can be shown �see �
��� that the polytope Px obtained by projecting Pxf onto
the x variables can be characterized as follows�

Px � fx � x��
�S�� � �� for all S � V with r � S and �V nS�� T �� 	� � � xij � �� ��i� j� � Ag

with �
�S� �� f ��i� j� � A � i � S� j � V nSg and x��
�S�� ��
X

��i�j	����S	

xij �

The dicut formulation for the SAP� based on the polytope Px and proposed �rst in ����
is as follows�

�����
����

min
x���xij	 ��i�j��A

cx

x��
�S�� � � � for all S � V � r � S � �V nS�� T �� 	 �a��

xij � f�� �g � ��i� j� � A

�	�
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Since Px is the projection onto the x variables of Pxf � the continuous relaxations of
��� and �	� are equivalent� It is important to mention that even with an exponential
number of constraints� the continuous relaxation of the dicut formulation for the SAP
can be solved in polynomial time with the ellipsoid algorithm� The reason for that is the
polynomiality of the separation problem over the Steiner dicut inequalities �a��� it can be
tackled by solving a maximum �ow problem for each terminal vertex in the set T�� The
dicut formulation for the SAP is the one most used in the literature� Examples include
the approximation algorithm presented in �	�� and branch and cut algorithms presented
in ��� 	��� The latter combine a minimum cut algorithm and the Simplex method� used
iteratively� Due to its size� formulation ��� has been mostly ignored� To our knowledge�
only Wong ���� has used it with a dual ascent method� He reports results on graphs with
up to �� nodes and �	� edges�

In this paper� Lagrangian relaxation is used to tackle ���� and subgradient techniques
are used in such a way that at every iteration the resulting subproblem is trivial to solve�
A di�erence that should be stressed is that the algorithm presented in this study does
not require the use of the Simplex method at any stage�


� Dual Bounds

This section describes how lower bounds for the SAP are computed� Flow conservation
constraints �a
���a�� of ��� are dualized in a Lagrangian way with multipliers �ki � for

i � V and � � k � jT�j� Let � � ��ki � � R
jV j jT�j be the resulting vector of Lagrangian

multipliers� Finally the integrality constraints �a�� are linearly relaxed and the following
Lagrangian subproblem is obtained�

�
����

�

����������
���������

min
x���xij � ��i�j��A

f ���fij	 ��i�j��A

cx �
X
k�T�

�kfk � 	���

xij � ��� �� � ��i� j� � A � �a ���

� � fkij � xij � ��i� j� � A � k � T� � �a��

�
�

where �k �� ��kij� � ��ki � �kj � is the vector of Lagrangian costs of variables fkij and 	���
is a constant factor easily computed for any �x �� For any value of �� the solution of
������ gives a valid lower bound on the optimal solution of ���� The best of these bounds
is given by a solution of the following Lagrangian dual problem�

max
��RjV j jT� j

�������

Subsections 
�	 and 
�
 show how the volume algorithm is used to solve the Lagrangian
dual problem ���� As mentioned before� special care has been taken to use Lagrangian
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relaxation and subgradient techniques in such a way that the resulting Lagrangian sub�
problems are trivial to solve� The next subsection describes a simple inspection algorithm
that solves the Lagrangian subproblems�


��� Solving the Lagrangian subproblem� For any �xed vector of Lagrangian mul�
tipliers �� the resulting Lagrangian subproblem �
� decomposes into a set of independent

problems� one for each arc ��i� j� � A � After dropping the indices i� j the solution is�


 If
X

k� �k��

j�kj 
 c � then�

� x � � �
� fk � � � for every k such that �k � � �
� fk � � � for every k such that �k � � �


 If
X

k� �k��

j�kj � c � then�

� x � � �
� fk � � � for every k �

The rest of this section is dedicated to the solution of the Lagrangian dual problem
����


�	� Solving the Lagrangian dual problem� A similar relaxation has been used
in �	
�� where the subgradient method �	�� is used in the traditional way� Since this
only produces dual variables� branching decisions are based on this dual information�
In this paper the Lagrangian dual problem ��� is solved with the volume algorithm�
This is an extension of the subgradient method that produces primal solutions as well
as dual solutions� see �
�� It can be seen as a fast way to approximate Dantzig�Wolfe
decomposition ��	�� The name �volume� is inspired by the fact that the primal values
come from computing the volumes below the faces of the dual problem� See �	� for a
study of its convergence� A similar approach for uncapacitated facility location problems
appears in ���� A description of the algorithm is below�

Volume algorithm �VA�

STEP �� �Initialization �

Let �� � Rm be a vector of Lagrangian multipliers�

Solve ��� with � �� ��� Let ��x�� �f�� be an optimal solution of ���� and

z� the value of the objective function� Set t �� � and ��x�� �f�� �� ��x�� �f���

Step �a� ��Supergradient� Displacement�

Let �vt � b� A �ft� where Af � b is the system �a
�� �a��� �a���
Perform a ��supergradient�� displacement�

�� �� �� � st�vt �

where the step size st is given by ����
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Step �b� �Solving the Subproblem�

Solve ��� with � �� ���
Let� ��xt

� �ft

� be an optimal solution of ���� and zt

 the value of the
objective function�

Step �a� �Primal Update�

Compute

��xt

� �ft

� �� � ��xt

� �ft

� � ��� �� ��xt� �ft� ����

The value of � is discussed below�
Step �� �Dual�Test�

Perform the Dual�Test�

if zt

 
 z�� then update z� �� zt

� �� �� ������

Step �� �Loop�

Check stopping criteria� Do t �� t � � and go to Step �a�

The step size is given by



T � z�

k�vtk�
��
�

where � � 
 � 	� and T is a target value� A small value of T is used at the beginning

and each time that z� is within �� of T � the value of T is increased by ��� In order to

set the value of lambda� three types of iterations are de�ned�


 If there is no improvement in the value of z�� the iteration is called red� A sequence

of red iterations suggest the need for a smaller step�size�


 If zt

 
 z� the following number is computed�

a � �vt � �b�A �ft��

If a � �� it means that a longer step�size would have given a smaller value for zt

�

This iteration is called yellow�


 If a � �� this iteration is called green� A green iteration suggests the need for a

larger step�size�

The initial value of 
 was ���� After a sequence of 	� consecutive red iterations and if


 
 ����� the value of 
 is multiplied by ���
� After each green iteration and if 
 � ��

this value is multiplied by 	�

To chose the value of �� an upper bound �max � ����� is set� Then the following value

is computed�

�opt �� Argmin
��R

k��vt

 � ��� ���vt

k
� �
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Then if �opt � � the value of � is given by � �� 	max

� � otherwise � �� minf�opt� �maxg�

After every 	�� iterations� the progress in the objective value is monitored� If the increase

is less than �� and �max 
 ����� then �max is divided by 	� This idea was �rst used in

conjugate subgradient methods �see �
�� ����� However� one di�erence here is the use of

�max� and another important di�erence is that this is used to produce primal solutions�

As can be seen in step �Dual�Test� the dual vector �� is updated only when a dual

improvement has been obtained� In a regular subgradient method the update is done at

every iteration� In the VA� the multiplier �� plays the same role as the stability center

in bundle methods �		��

Note that in �Primal Update�� ��xt

� �ft

� �� ���xt

� �ft

� � �� � ����xt� �ft� �

���xt

� �ft

� � �� � �����xt� �ft� � � � � � �� � ��t

��x�� �f�� � This should be seen as a

convex combination of f��x�� �f��� � � � � ��xt

� �ft

�g� The assumption that this sequence

approximates an optimal solution of the continuous relaxation of ��� is based on a theo�

rem in linear programming duality that appears in �
�� Due to the exponential decrease

of the coe�cients of this convex combination� later vectors receive a much larger weight

than those that appeared only in earlier iterations�

Three stopping criteria were used� and they are as follows�

�� Linear�Optimality� If the maximum absolute value of the components of b�A �f was

less than ����� and
jz� � c�xtj

z�
� ������

	� Integer�Optimality� Under the assumption that all costs are integer� if the di�erence

between the best upper bound and z� is less than ��


� Iterations�Time� If the number of iterations was more than 
����� or the number

of CPU seconds was more than ������

�� Primal Solutions

The vector ��xt� �ft� is an approximation of an optimal solution of the linear programming

relaxation of ���� The idea in this section is to use this primal information to derive an

integer solution�

Denote by �x the vector �xt� For every edge �i� j� set �yij � �xij � �xji� Three heuristics

for �nding Steiner trees are presented below�

I� Minimum spanning tree with volumetric weights �MSTV��

	 Find a minimum spanning tree in the graph G � �V�E� with arc weights�
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� cij � when t � � 


� ��yij � when t 
 � �

	 Prune all non	terminal leaves�

II� Minimum spanning tree in a modi�ed graph �MSTM��

The second heuristic is applied in a subgraph of G� For a given �� � � � � �� let

G
 � �V
� E
� be the graph induced by the set of vertices V
 consisting of all terminal

vertices and the nonterminal vertices i such that
P

j �yij � �� The second heuristic is

below�

	 Find the largest value of � � f�� ���� ��	� ���� ���� �g� for which the graph

G
�V
� E
� is connected�

	 Find a minimum spanning tree in the graph G
 � �V
� E
� with arc weights�

� cij � when t � � 


� ��� �yij� cij � when t 
 � �

	 Prune all non	terminal leaves�

III� T�M heuristic with volumetric weights �T�MV��

Given a graph G � �V�E� with nonnegative arc costs cij � for each �i� j� � E� the

Takahashi � Matsuyama �T � M� heuristic for the STPG ��
� is as follows�

�� Choose an initial terminal vertex vi� let k � ��

	� Connect by the shortest path vi with the terminal vertex vj � j �� i� that is closest

to vi� let T
 be the subtree obtained�


� Connect by the shortest path the subtree Tk with the terminal vertex vl� l �� Tk�

that is closest to Tk� let Tk

 be the subtree obtained�

�� Stop if all terminals are connected� otherwise do k � k � � and go to step 
�

The third heuristic is as follows�

	 Given a starting vertex vi� run the Takahashi � Matsuyama heuristic for

the digraph D � �V�A� with arc weights�

� c�ij � c�ji � cij � when t � � 


� c�ij � c�ji � ��� �yij� cij � when t 
 � �

�� Computational Results

This section presents extensive computational experience� The code was implemented

in C�� and all instances were run on an IBM RS���� workstation with a 

	 Mhz
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processor� The instances were obtained from the SteinLib library� available at

ftp � ��ftp�zib�de�pub�mp� testdata�SteinLib� or

http � ��www�zib�de�pub�mp� testdata�SteinLib��

The instances treated consist of the following series�


 B� C� D and E� test cases introduced by J� Beasley ���� They are de�ned on sparse

random graphs with Euclidean costs�


 R� test cases introduced by J� Soukup and W� F� Chow ��	�� de�ned on a grid with

no holes�


 ALUE� ALUT� DIW� DMXA� GAP� MSM and TAQ� cases derived from VLSI

circuits introduced by T� Koch e A� Martin �	��� They are de�ned on grids with

holes�

For series B� C� D� E and R� the heuristics MSTV and MSTM are run every 	� itera�

tions� the T�MV heuristic is run every 	�� or ��� iterations depending on the problem

size� For the other instances� the MSTV and MSTM heuristics are run every ��� or

	�� iterations� and the T�MV heuristics is run every ����� 	���� or ���� iterations�

depending on the size of the instance�

The appendix contains tables for all cases treated� Each line corresponds to an in�

stance� The �rst column gives the name of the instance� and the next three columns

give the number of nodes� edges and terminals respectively� The fourth column �LB�

gives the lower bound� The next column �UB� contains the best upper bound found by

the primal heuristics� The sixth column �GAP �� gives the gap in percentage de�ned

by ����UB � LB��LB� The next column gives the CPU time� The next three columns

�MSTV�MSTM� T�MV � show the best upper bound produced by each of the primal

heuristics� Finally� the last column �PC� compares performance between the algorithm

proposed in this paper and the one presented in �	��� The comparison is not based on

CPU time� but on the bounds produced as follows�


 

 means that optimality was proved by this algorithm and not by �	���


 
� means that optimality was proved by �	��� and not in the present paper�


 � means that neither algorithm proved optimality� but the one in this paper gave

a smaller gap�


 � means that neither algorithm proved optimality� and the algorithm of �	�� pro�

duced a smaller gap�


 � implies that both algorithms gave similar results� either both proved optimality�

or both obtained the same gap�
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Table � below contains one line for each series of instances� The �rst column �Series�

shows the name of the series� the second column �N� indicates the number of in�

stances in the series� The third column �OPT ���� displays the number of instances

for which optimality was proved� The next column �Gapm���� shows the average gap

in percentage� for the cases not solved to optimality� The last �ve columns �

����

����� 
��������� e ����� have the same meaning described previously� and the re�

sults are presented in percentage within each series�

Series N OPT ��� Gapm��� 

��� ���� 
���� ���� ����

B �� ������ ���� ���� ���� ���� ���� ������

C 	� ����� ��
� ���� ���� ����� ���� �����

D �� �	��
 ���� ���� ���� 
���� ���� �
���

E �� �
��� ���� ���� ���� �	��� ���� �
���

R �� ������ ���� ���� ���� ���� ���� ������

ALUE �
 	
��� 
��� ���� 
��� 	
��� 
���� 
��



GAP �
 ����� ����� ���� ���� ���
� ���� �����

TAQ �� ���	� �
��� ���� 
��� ���� 	���
 
���


ALUT �
 �	��� ���� ���� �	��� ���� ���	� �	���

DMXA �� �	��� 
��� ���� 
��� ���� ���� �	���

MSM 
� ����� ���� ���
 ���
 ���� 
�

 �
�



DIW 	� 
���� ����
 ���	 	
��� ���� ���� ����


Table �� Results in percentage� comparison with the algorithm of �	���

Before starting a branch � cut procedure� the algorithm of �	�� uses a pre�processing

phase to reduce the size of the graph� In this paper no pre�processing has been used�

Although in practice this is an important phase� the authors feel that no pre�processing

should be used when evaluating an algorithm�

In the D series� the instance d	� was not tested� due to its large size� In the E series� �

out of 	� instances were not tested� due to their size� For this series� the pre�processing

procedure of �	�� greatly reduced size�

In the ALUE series� which is the hardest for the algorithm in this paper� the algorithm

of �	�� performs better in �	� of the cases� The best performance of the present algorithm

is in the series MSM and DIW� In the DIW series� seven instances remained with no

proven optimality� in two� optimality was proved� in the other �ve� the gap was reduced�
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Appendix

Name jV j jEj jT j LB UB Gap��	 CPUTime�s	 MSTV MSTM T�MV PC

b�
 �� �� � �
���� �� ����� ����� �� �� �� �

b�� �� �� 
� ������ �� ����� ����� �� �� �� �

b�� �� �� �� 
������ 
�� ����� 
�
�� 
�� 
�� 
�� �

b�� �� 
�� � ������ �� ����� ����� �� �� �� �

b�� �� 
�� 
� ������ �
 ����� ����� �
 �� �� �

b�� �� 
�� �� 
�
���� 
�� ����� ����� 
�� 
�� 
�� �

b�� �� �� 
� 

����� 


 ����� ����� 


 


 


 �

b�� �� �� 
� 
���
�� 
�� ����� 
���� 
�� 
�� 
�� �

b�� �� �� �� �
����� ��� ����� ��
�� ��� ��� ��� �

b
� �� 
�� 
� ������ �� ����� ����� �
 �� �� �

b

 �� 
�� 
� ������ �� ����� 
���� �� �� �� �

b
� �� 
�� �� 
����
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Table �� Series R� grids with no holes�
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