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Abstract

Geometric optimization' is an important class of problems that has many applications,
especially in engineering design.

In this article, we provide new simplified proofs for the well-known associated duality
theory, using conic optimization. After introducing suitable convex cones and studying their
properties, we model geometric optimization problems with a conic formulation, which allows
us to apply the powerful duality theory of conic optimization and derive the duality results
known for geometric optimization.
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!This class of problems is usually known as geometric programming, for historical reasons. However, because of

the strong connection of the term ”programming” with computer science, we prefer to use the more natural word
” optimization”.



1 Introduction

Geometric optimization forms an important class of problems that enables practitioners to model
a large variety of real-world applications, mostly in the field of engineering design.

Although not convex itself, a geometric optimization problem can be easily transformed into a
convex problem, for which a Lagrangean dual can be explicitly written. Several duality results are
known for this pair of problems, some being mere consequences of convexity (e.g. weak duality),
others being specific to this particular class of problems (e.g. the absence of a duality gap).

These properties were first studied in the late sixties, and can be found for example in the
book of Duffin et al. [5]. The aim of this paper is to derive these results using the machinery of
duality for conic optimization, which has in our opinion the advantage of simplifying the proofs.

In order to use this setting, we start by defining an appropriate convex cone that allows us
to express geometric optimization problems as conic programs. The first step we take consists in
studying some properties of this cone (e.g. closedness) and determine its dual. We are then in
position to apply the general duality theory for conic optimization [8] to our problems and find in
a rather seamless way the various well-known duality theorems of geometric optimization.

This paper is organized as follows: Section 2 introduces conic optimization and outlines the
associated duality theory, while we define and study in Section 3 the convex cones needed to
model geometric optimization. Section 4 constitutes the main part of this article and presents
new proofs of several duality theorems based on conic duality. Finally, we provide in Section 5
some hints on how to establish the link between our results and the classical theorems found in
the literature, as well as some concluding remarks.

2 Conic optimization

In this section, we describe conic optimization and the associated duality theory (a good reference
on this topic is [8]). Conic optimization deals with a class of problems that is essentially equivalent
to the class of convex problems, i.e. minimization of a convex function over a convex set. However,
formulating a convex problem in a conic way often gives a new insight about it, especially when
dealing with duality.

2.1 Conic problems

The basic ingredient we need is a convex cone.

Definition 2.1 A set K is a cone if and only if it is closed under nonnegative scalar multiplica-
tion, i.e.

re€K =M eK forall \eR, .

Recall that a set is convex if and only if it contains the whole segment joining any two of its
points. Establishing convexity is easier for cones than for general sets, because of the following
theorem:

Theorem 2.1 A cone K is convex if and only if it is closed under addition, i.e.
reEKandye K=x+yeK.

In order to avoid some technical nuisances, the convex cones we are going to consider will be
required to be closed, pointed and solid, according to the following definitions:



Definition 2.2 A cone K is solid if and only if int K # ().
Definition 2.3 A cone K is pointed if and only if K N —K = {0}.

These two properties basically mean that K is a full-dimensional cone that does not contain any
straight line passing through the origin.

We are now in position to define a conic optimization problem: let K C R" a pointed, solid,
closed convex cone. The (primal) conic optimization problem is

infc!'z st. Az=bandz € K, (CP)

where z € R” is the column vector we are optimizing, A is a m X n matrix and b, ¢ are column
vectors belonging respectively to R™ and R™. This problem can be viewed as the minimization
of a linear function over the intersection of a convex cone and an affine subspace. At this stage,
we would like to emphasize the fact that although our cone K is closed, it may happen that the
infimum in (CP) is not attained (some examples of this situation will be given in Subsection 4.4).

It is well-known that this class of problems is equivalent to the class of convex problems, see
e.g. [4]. However, the usual Lagrangean dual of a conic problem can be expressed very nicely in
a conic form, using the notion of dual cone.

2.2 Dual conic problems

Definition 2.4 The dual of a cone K CR" is defined by
K*={z*eR" |2Tz* >0 forallz € K} .
The dual of a cone is always a closed convex cone. However, we have the stronger theorem

Theorem 2.2 If K is a solid, pointed, closed convex cone, its dual K* is another solid, pointed,
closed convexr cone. Moreover, the dual of K* is equal to K.

Indeed, the notions of solidness and pointedness are dual to each other, while closedness is essential
for (K*)* = K to hold (we have in fact (K*)* = cl K without the closedness assumption on K).
The dual of our primal conic problem (CP) is defined by

supb’y st. ATy+s=candse K*, (CD)
(y,3)

where y € R and s € R” are the column vectors we are optimizing, the other quantities A, b
and ¢ being the same as in (CP). It is immediate to notice that this dual problem has the same
kind of structure as the primal problem, i.e. it also involves optimizing a linear function over the
intersection of a convex cone and an affine subspace. The only differences are the direction of the
optimization (maximization instead of minimization) and the way the affine subspace is described.
It is also possible to show that the dual of this dual problem is equivalent to the primal problem,
using the fact that (K*)* = K.

2.3 Duality theory

The two conic problems of this primal-dual pair are strongly related to each other, as demonstrated
by the following theorems.



Theorem 2.3 (Weak duality) Letx a feasible (i.e. satisfying the constraints) solution for (CP),
and (y, s) a feasible solution for (CD). We have

vy <cle,
equality occurring if and only if the following orthogonality condition is satisfied:
tls=0.

This theorem shows that any primal (resp. dual) feasible solution provides an upper (resp. lower)
bound for the dual (resp. primal) problem. Its proof is quite easy to obtain: elementary manipu-
lations give

Fr—btTy=alc— (Ax)Ty =2 (ATy +5) — 2T ATy = 2Ts |

this last inner product being always nonnegative because of z € K, s € K* and Definition 2.4 of
the dual cone K*.

Denoting by p* and d* the optimum objective values of problems (CP) and (CD), this theorem
implies that p* — d* > 0. This nonnegative quantity is called the duality gap. Under certain
circumstances, it can be proved to be equal to zero, which shows that the optimum values of
problems (CP) and (CD) are equal. Before describing the conditions guaranteeing such a situation,
called strong duality, we need to introduce the notion of strictly feasible point.

Definition 2.5 A point © (resp. (y,s)) is said to be strictly feasible for the primal (resp. dual)
problem if and only if it is feasible and belongs to the interior of the cone K (resp. K*), i.e.

Az =band z € it K (resp. ATy+s=candscint K*).

Moreover, we will say that the primal (resp. dual) problem is unbounded if p* = —oo (resp.
d* = +00), that it is infeasible if there is no feasible solution, i.e. when p* = 400 (resp. d* = —00),
and that it is attained if the optimum objective value p* (resp. d*) is achieved by at least one
feasible primal (resp. dual) solution.

Theorem 2.4 (Strong duality) If the dual problem (CD) admits a strictly feasible solution, we
have either

o an infeasible primal problem (CP) if the dual problem (CD) is unbounded, i.e. p* = d* = +o0

o a feasible primal problem (CP) if the dual problem (CD) is bounded. Moreover, in this case,
the primal optimum is finite and attained with a zero duality gap, i.e. there is at least an
optimal feasible solution * such that ¢’ z* = p* = d*.

The first case in this theorem is a simple consequence of Theorem 2.3, and does not really depend
on the existence of a strictly feasible solution for the dual, as opposed to the second case which
relies on the existence of such a point. It is also worth to mention that boundedness of the dual
problem (CD), defining the second case, is implied by the existence of a feasible primal solution,
because of the weak duality theorem (however, the converse implication is not true in general, since
a bounded dual problem can admit an infeasible primal problem ; an example of this situation is
provided in Subsection 4.4).

This theorem is important, because if provides us with way to identify when both the primal
and the dual problems have the same optimal value, and when this optimal value is attained
by one of the problems. Obviously, this result can be dualized, meaning that the existence of a
strictly feasible primal solution implies a zero duality gap and dual attainment. The combination
of these two theorems leads to the following well-known and very useful corollary:



Corollary 2.1 If both the primal and the dual problems admit a strictly feasible point, we have a
zero duality gap and attainment for both problems, i.e. the same finite optimum objective value is
attained for both problems.

When the dual program has no strictly feasible point, nothing can be said about the duality
gap (which can happen to be strictly positive) and about attainment of the primal optimum
objective value. However, even in this situation, we can prove an alternate version of the strong
duality theorem involving the notion of primal problem subvalue. The idea behind this notion is
to allow a small constraint violation in the infimum defining the primal problem (CP).

Definition 2.6 The subvalue of primal problem (CP) is given by

p~ = lim [inch:Jc s.t. ||JAz —bl|<eand x € K
e—0t z

(a similar definition is holding for the dual subvalue d~ ).

It is readily seen that this limit always exists (possibly being +00), because the feasible region of
the infimum shrinks as € tends to zero, which implies that its optimum value is a nonincreasing
function of e. Moreover, the inequality p~ < p* holds, because all the feasible regions of the infima
defining p~ as € tends to zero are larger than the actual feasible region of problem (CP).

The case p~ = 400, which implies that primal problem (CP) is infeasible (since we have
then p* > p~ = 4+00), is called primal strong infeasibility, and essentially means that the affine
subspace defined by the linear constraints Az = b is strongly separated from cone K. We are now
in position to state the following alternate strong duality theorem:

Theorem 2.5 (Strong duality, alternate vestion) We have either

o p~ =400 and d* = —oo when primal problem (CP) is strongly infeasible and dual problem
(CD) is infeasible.

o p~ =d* in all other cases.

This theorem states that there is no duality gap between p~ and d*, except in the rather excep-
tional case of primal strong infeasibility and dual infeasibility. Note that the second case covers
situations where the primal problem is infeasible but not strongly infeasible (i.e. p~ < p* = +00).

To conclude this section, we would like to mention the fact that all the properties and theorems
described in this section can be easily extended to the case of several conic constraints involving

disjoint sets of variables. Namely, having to satisfy the constraints z* € K* for all i € {1,2,... ,k},
where K C R | we will simply consider the Cartesian product of these cones K = K' x K?x---x
Kk C RE =1 and express all these constraints simultaneously as © € K withz = (2!, 22,... ,z¥).

3 Cones for geometric optimization

Let us introduce the geometric cone G, which will allow us to give a conic formulation of geometric
optimization problems.



3.1 The geometric cone ¢

Definition 3.1 Let n € N. The geometric cone G is defined by

g”:{@ﬁ)ERLXR+|§5e€f§1}

=1

using in the case of a zero denominator the following convention:
_z
e o =0.

We observe that this convention results in (z,0) € G" for all z € R} . As special cases, we mention
that G° is the nonnegative real line R ., while G 1 is easily shown to be equal to the 2-dimensional
nonnegative orthant ]Ri.

In order to use the powerful duality theory of convex optimization outlined in the previous
section, we first prove that G is a convex cone. We are going the use the well-known weighted
arithmetic-geometric mean inequality, which we recall here as a lemma:

Lemma 3.1 Let z € R}, and § € R such that ) ;" 6; = 1. We have

n n
[T <3 dia

equality occurring if and only if all x;’s are equal.

This result is easily proved, applying for example Jensen’s inequality [6, Theorem 4.3] to the
convex function z — e”.

Theorem 3.1 G is a convezr cone.

Proof. To prove that a set is a convex cone, it suffices to show that it is closed under addition
and nonnegative scalar multiplication (Definition 2.1 and Theorem 2.1). Indeed, if (z,0) € G,
(',0") € G" and X > 0, we have

T

e [T F <1 A0
0<1 ifA=0

which shows that A\(x,0) € G". Looking now at (z,0) + (z',6'), we first consider the case 6 > 0
and ¢ > 0 and write

n I
:ci+:ci

n - 6 2

— i\ a+a7 _ry

S =3 (¢ F) (o
=1

=1

using now Lemma 3.1 on each term of the sum with vector (e~ 7 ,e” ) and weights (

6 6’ )
; 0+0"° 0+6' />
satisfying ﬁ + ﬁ =1, we have

!
:ci+:ci
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while in the case of 8/ = 0 we have

n zi+z’i

E e 6+ =

=1 =1

M:

_mitel Nz
e~ < E e 9 <1
=1

(the case # = 0 is similar). We have thus shown that (z+z',0+6") € G" in all cases, and therefore
that G™ is a convex cone. O
We now proceed to prove some properties of the geometric cone G.

Theorem 3.2 G is closed.

Proof. Let {(z*,6%)} a sequence of points in R"*! such that (z¥,6%) € G" for all k and
limy,_, o (2¥, 0F) = (2°°,6°). In order to prove that G" is closed, it suffices to show that (z>,0>°) €
G". Let us distinguish two cases:

T

o #® > 0. Using the easily proven fact that functions (z;,6) ~ e~ ¢ are continuous on
R, xR, , we have that

k n k
T

n n o =k

_ i . — L . i
569 :5 lim e ¢ = lim e o8 <1,
2 2 k— o0 k—o0 <
=1 =1 =1

8

8

which implies (2>, 6%°) € G".

o 9 = 0. Since (z¥,0¥) € G", we have z¥ > 0 and thus £° > 0, which implies that
(z*,0) € g™.

In both cases, (z*°,0°) is shown to belong to G", which proves the claim. O
In order to use the strong duality theorem, we now proceed to identify the interior of the
geometric cone.

Theorem 3.3 The interior of G" is given by
n o
int G" = {(95,9) ERL, xR, |y 7 < 1} :
i=1

Proof. A point = belongs to the interior of a set S if and only if there exists an open ball centered
at x entirely included in S. Let (z,6) € G". We first note that (x,0) cannot belong to int G",
because every open ball centered at (z,0) contains a point with a negative # component, which
does not belong to the cone G". Suppose 8 > 0 and the inequality in the definition of G is satisfied
with equality, i.e.

n

T
E e o =1.
i=1

Every open ball centered at (z,6) contains a point (z/,0") with 2/ < x and 6’ > 0, which satisfies
then

n

e %>Zef%:1

=1 =1

and is thus outside of G", implying (z,0) ¢ int G". We now show that all the remaining points
that do not satisfy one of the two conditions mentioned above, i.e. the points with 8 > 0 satisfying



the strict inequality, belong to the interior of G". Let (x,6) one of these points, and B(e) the open
ball centered at (z,#) with radius e. Restricting e to sufficiently small values (i.e. choosing € < 0),
we have for all points (z',0") € B(e)

ri—e<az <ziteand0<O—e<0 <O+¢,
which implies

T —e€
0+¢

N

n . n r;—¢€
% > and thus Ze_e_; < Zeiﬁ for all (2/,0') € B(e) . (3.1)
i=1 i=1

Taking the limit of the last right-hand side when ¢ — 0, we find

n n
. _Ti—e _z;
lim e O+ = e <1
e—0 4 <

=1 =1

(because of the continuity of functions (z;,8) — e~ on R , xR, ). Therefore we can assume
the existence of a value €* such that

n *
_zi=e”
*
g e e <1,
i=1

which because of (3.1) will imply that

G

<1

n
)3LE
=1

for all (2',6") € B(e*). This inequality, combined with 6’ > 0, is sufficient to prove that the open
ball B(e*) is entirely included in G", hence that (x, ) € int G". O

Theorem 3.4 G is solid and pointed.

Proof. The fact that 0 € G" C RT“I implies that G"N—G" = {0}, i.e. G" is pointed (Definition 2.3).
To prove it is solid (Definition 2.2), we simply provide a point belonging to its interior, for example
(e, 1) (where e stands for the all-one vector). We have then

n

Zef% =ne "<1,

i=1
because ¢" > n for all n € N, and therefore (e, %) € intG". g
To summarize, G is a solid pointed close convex cone, hence suitable for conic optimization.
3.2 The dual geometric cone (G)*

In order to express the dual of a conic problem involving the geometric cone G, we need to find
an explicit description of its dual.

Theorem 3.5 The dual of G" is given by

x>0 i=1"1



Proof. Using Definition 2.4 for the dual cone, we have
(G™)* = {(z*,0%) e R* xR | (z,0)" (z*,0%) > 0 for all (z,0) € G"}

(the * superscript on variables z* and 6* is a reminder of their dual nature). This condition on
(z*,0*) is equivalent to saying that the following infimum

5(z*,0") =infzz* + 070" st. (z,0)€G".
has to be nonnegative. Let us distinguish the cases § = 0 and 6 > 0 : we have that

5(z*,0%) = min ( infzTz* +6070* st. (2,0) €G" and 6 =0 >

infzTz* +070* st. (z,0) € G" and 6 > 0
The first of these infima can be rewritten as
infz'z* st. x>0,

since (z,0) € G" < z > 0. It is easy to see that this infimum is equal to 0 if z* > 0 and to
—oo when z* # 0. Since we are looking for points with a nonnegative infimum 6(z*,6*), we will
require in the rest of this proof z* to be nonnegative and only consider the second infimum, which
is equal to

Lz

n
inf 6 [ +9*] s.t. Ze_% <1land (z,0) e R} xR, . (3.2)
i=1

Let us again distinguish two cases. When z* = 0, this infimum becomes

n
inf 00" s.t. Zef% <1land (z,0) e R} xR,
i=1

which is nonnegative if and only if 8* > 0, since 0 can take any value in the open positive interval
04+ oco[. On the other hand, if z* # 0, we have ), 2 > 0 and can define the auxiliary variables
w; by

*
* L

DY 4
(in order to simplify notations). We write the following chain of inequalities

e 0
>
Ju(e) e
w;>0 4

Sy 5 (£
x; x; e
]_ > 6_71 > 6_71 = ’U):(
— — k
- w:
i=1 v

w;>0 wy>0

The second inequality comes from the fact that each term of the sum is positive (we remove some
terms), and the third one uses Lemma 3.1 with weights w, noting that >° .. w! =>""  wf = 1.

10



From this last inequality we derive successively

.
i Wg *
Ile_ 7 < ||w;~"wi,

w; >0 w; >0
Tiw; . N . .
- Z 3 < Z w; logw; (taking the logarithms) ,
w;>0 w; >0
TiT; =
% > - Z z; logw; (multiplying by — Zw;‘) ,
i=1 z:>0 i=1
0 > 0 > z}logw} , and finally
x>0
!z

inf +6° > 0 — ¥ log w* .
(z,0)€G™ and 6>0 0 - m;() i 10gw;

Examining carefully the chain of inequalities in (3.3), we observe that a suitable choice of (x, 6)
can lead to attainment of this last infimum: namely, we need to have

o 3 e = 1, for the first inequality in (3.3),

¢ x; — +oo for all indices 7 such that w; = 0, in order to have e~ @ — 0 when w; = 0 for the
second inequality in (3.3),

Zq

o all terms (e;}f ) with indices such that w} > 0 equal to each other, for the third inequality
in (3.3).

These conditions are compatible: summing up the constant terms, we find
o _T "
e . Zw;‘>06 f % _
(whenwi>0):ﬁzg e — E e =1,
w:
wi>0 " w;>0 i=1

w

"

. . N . . .
which gives e~ = w; for all 4 such that w; > 0. Summarizing, we can choose = according to

{xi = —flogw’  when w >0

(2
9’
T; — +00 when w; =0

which proves that

xlx*

+6"=0"— Z x} logwy . (3.4)

inf
(z,0)eG™ and >0 0 "
x>0

Since the additional multiplicative € in (3.2) doesn’t change the sign of this infimum (because
6 > 0), we may conclude that it is nonnegative if and only if

0*—Zx§‘logw§‘20.

x>0

Combining with the special case z* = 0 and the constraint * > 0 implied by the first infimum,
we conclude that the dual cone is given by

(") ={(=",0") e Ry xR| 6" > > wilogui},
z;>0

11
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Figure 1: The boundary surfaces of the geometric cone G? and its dual cone (92)*.

as announced. 0
As special cases, since G° = R, and G! = R%, we may check that (G°)* = (R, )* = R, and
(G')* = (R%)* = R2, as expected. These two cones are thus self-dual, but it is easy to see that
geometric cones of higher dimension are not self-dual any more. To illustrate our purpose, we
provide in Figure 1 the three-dimensional graphs of the boundary surfaces of G2 and (G?)*.

Note 3.1 Since we have 0 < w; < 1 for all indices i, each logarithmic term appearing in this
definition is nonpositive, as well as their sum, which means that (z*,60*) € (G")* as soon as z*
and 0% are nonnegative. This fact could have been guessed prior to any computation: noticing that
Gn C R and (RYT)* = RY, we immediately have that (G*)* D R, because taking the dual
of a set inclusion reverses its direction.

Finding the dual of G was a little involved, but establishing its properties is straightforward.
Theorem 3.6 (G)* is a solid, pointed, closed convexr cone. Moreover, ((G)*)* =G.

The proof of this fact is immediate by Theorem 2.2 since (G)* is the dual of a solid, pointed,
closed convex cone. O
The interior of (G)* is also rather easy to obtain:

Theorem 3.7 The interior of (G)* is given by
n 7
int(G)" =< (5,0") e R} | xR | 6" > z; log =
izzl D DR
Proof. We first note that (G)*, a convex set, is the epigraph of the following function

fn:Rir—)R:xHfolog
x>0

7
Yis 7}
which implies that f,, is convex (by definition of a convex function). Hence we can apply Lemma 7.3
in [6] to get
int(G)* =intepif, = {(z%,0%) € intdom f, x R | 0" > fn(z")} ,

which is exactly our claim since int R} = R}, . O
The last piece of information we need about the pair of cones (G, (G)*) is its set of orthogonality
conditions.

12



Theorem 3.8 Let v = (2,0) € G" and v* = (z*,0%) € (G")*. We have vTv* = 0 if and only if
one of these two sets of conditions is satisfied

0=0 and ziz; =0 foralli

*

0>0 and { 9*:Z$;>Oafg‘logwi .
i xfe” e =xf for all i

Proof. To prove this fact, we merely have to reread carefully the proof of Theorem 3.5, paying

attention to the cases where the infimum is equal to zero. In the first case examined, 8 = 0, we

have v”v* = 27z*. Since z and z* are two nonnegative vectors, we have v”v* = 0 if and only if

z;x; = 0 for every index 7, which gives the first set of conditions of the theorem.

When 6 > 0, we first have the special case * = 0 which gives v”v* = #9*. This quantity can
only be zero only if §* = 0. When z* # 0, the proof of Theorem 3.5 shows that v”v* can only be
zero when the infimum (3.4) is equal to zero and attained, which implies 6* = Y . ] logwy.
However, this infimum is not always attained by a finite vector (z,0), because of the condition
x; — +oo that is required when w; = 0. The scalar product vTv* is thus equal to zero only
if all w;’s are positive, i.e. when all z}’s are positive: in this case, the two sets of equalities
0* = pro zflogw; (to have a zero infimum) and e~ = w} (to attain the infimum) must be
satisfied.

Rephrasing this last equality as (3, :1:;-‘)6_% = z; to take into account the special case
(z*,0%) = 0, we find the second set of conditions of our theorem. O

4 Duality for geometric optimization

In this section, we introduce a form of geometric optimization problems that is suitable to our
purpose and prove various duality properties using the previously defined primal-dual pair of
convex cones.

4.1 Conic formulation

We start with the original formulation of a geometric optimization problem (see e.g. [5]). Let
R ={0,1,2,...,r} and I = {1,2,...,n}. Let {I}},.r a partition of I into r + 1 classes, i.e.
satisfying

Urerlg =T and I NI; =0 for all k #1 .
The primal geometric optimization problem is the following:
inf Go(t) s.t. t€ R, and Gi(t) <1 forall k € R\ {0} , (PG)

where ¢ is the m-dimensional column vector we want to optimize and the functions G defining
the objective and the constraints are so-called posynomials, given by

m
Gk:RTJr P—)R++ t— ZCth?ij y
i€}, 7j=1

where exponents a;; are arbitrary real numbers and coefficients C; are required to be strictly
positive (hence the name posynomial).

13



Problem (PG) is not convex (take for example Gy : ¢ — /2, which is not a convex function).
However, it is well-known that it can be convexified with the following change of variables:

t;j =e% forall j € {1,2,...,m} , (4.1)
to become
infgo(y) st. gr(y) <lforallke R\ {0} . (TPG)

The functions g are defined to satisfy gi(y) = G (t) when (4.1) holds, which means

m

. .. . m - T, ..
GRS Ry Y G = et S = Y gl
iel,  j=1 iely, i€ly,
where the coefficient vector ¢ € R is given by ¢; = —log C; and a; = (a;1, aso, . .. ,aim)’ is an m-

dimensional column vector. Note that unlike the original variables ¢ and coefficients C, variables
y and coefficients ¢ are not required to be strictly positive and can take any real value.

It is straightforward to check that functions g; are now convex, hence that (TPG) is a convex
optimization problem. However, we will not establish convexity directly but rather derive it from
the fact that problem (TPG) can be cast as a conic optimization problem. Moreover, following
others [2, 7], we will not use this formulation but instead work with a slight variation featuring a
linear objective:

supbly st gp(y) <lforallke R, (LPG)

where b € R™ and 0 has been removed from set R.

It will be shown later that problems in the form (TPG) (and (PG)) can be expressed in this
format, and the results we are going to obtain about problem (LPG) will be translated back to
these more traditional settings later in Subsection 5.1.

Let us now model problem (LPG) with a conic formulation. In the rest of this article, we
will use the following useful convention: vg (resp. Mg) denotes the restriction of column vector v
(resp. matrix M) to the components (resp. rows) whose indices belong to set S. We introduce a
vector of auxiliary variables s € R" to represent the exponents used in functions g, more precisely
we let

S$i=c¢j — aiTy for all i € I or, in matrix form, s = ¢ — ATy,
where A is a m X n matrix whose columns are a;. Our problem becomes then

supb’y st. s=c— ATy and Z e " <lforallkeR,
=

which is readily seen to be equivalent to the following, using the definition of G,
supb’y st. ATy+s=cand (s1,,1) € G*lk forallk € R,

and finally to

T AT S c -
supb’y s.t. 0 v+, =, and (sr,,vg) € G"F forallk € R, (CPG)

where e is the all-one vector in R", n;, = #1; and an additional vector of fictitious variables v € R"
has been introduced, whose components are fixed to 1 by part of the linear constraints. This is
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exactly a conic optimization problem, in the dual form (CD), using variables (7, §), data (A, b, é)
and a cone K™ such that

gzy,gz(f}),ﬁ:(fl 0),5=b,5:© and K* = G™ x G" x--- x G,

where K* has been defined according to Note 3.1, since we have to deal with multiple conic
constraints involving disjoint sets of variables.

Using properties of G and (G)* proved in the previous section, it is straightforward to show
that K™ is a solid, pointed, closed convex cone whose dual is

(K*)" =K = (G")" x (g")" x - x (g")",

another solid, pointed, closed convex cone, according to Theorem 3.6. This allows us to derive a
dual problem to (CPG) in a completely mechanical way and find the following conic optimization
problem, expressed in the primal form (CP):

inf (CT eT) (Z) s.t. (A 0) (i) = b and (I[k,zk) S (gnk)* forallk e R, (CDG)

where x € R" and z € R are the vectors we optimize. This problem can be simplified: making
the conic constraints explicit, we find

" forallkeR,
Zz‘elk L

infc'z +el'z st. Az =0, zr, > 0 and 2, > Z z;log

icly,
x; >0
which can be further reduced to
inf ¢’z + Z Z x; log T st Az =bandz >0. (LDG)
keR icl), 2 ier, i

z; >0

Indeed, since each variable zj is free except for the inequality coming from the associated conic
constraint, these inequalities must be satisfied with equality at each optimum solution and vari-
ables z can therefore be removed from the formulation. As could be expected, the dual problem
we have just found using conic duality and our primal-dual pair of cones (G, (G)*) corresponds
to the usual dual for problem (LPG) found in the literature [3, 7]. We will also show later in
Subsection 5.1 that it also allows us to derive the dual problem in the traditional formulations
(PG) and (TPG).

4.2 Duality theory

We are now about to apply the various duality theorems enumerated in the previous section to
geometric optimization. Our strategy will be the following: in order to prove results about the pair
(LPG)—(LDG), we are going to apply our theorems to the conic primal-dual pair (CPG)-(CDG)
and use the equivalence that holds between (CPG) and (LPG) and between (CDG) and (LDG).
We start with the weak duality theorem.

Theorem 4.1 (Weak duality) Let y a feasible solution for primal problem (LPG) and z a
feasible solution for dual problem (LDG). We have

€T
bTy < CTIL' + 5 E I; lOg ﬁ y (4:2)
kER i€l 1€}
z; >0
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equality occurring if and only if

(Z xi)e“?yfci =ux; foralli € I,k € R.

i€l

Proof. On the one hand, we note that y can be easily converted to a feasible solution (y, s, v) for
the conic problem (CPG), simply by choosing vectors s and v according to the linear constraints.
On the other hand, x can also be converted to a feasible solution (z,z) for the conic problem
(CDG), admitting the same objective value, by choosing

T
zp = zilog =——— forallk € R. (4.3)
;e Ziefk. Ty
z; >0
Applying now the weak duality theorem to the conic primal-dual pair (CPG)-(CDG) with feasible
solution (z,z) and (y, s,v), we find the announced inequality

T T Z Z Z;
bySC x + (L‘ilog?,
kER icly il T
z; >0

equality occurring if and only if the orthogonality conditions given in Theorem 3.8 are satisfied
for each conic constraint. Since 6 corresponds here to vy, which is always equal to 1 because of
the linear constraints, we can rule out the first set of equalities (occurring where 8 = 0) and keep
only the second set of conditions. The first of these equalities being always satisfied because of
our choice of z;, we finally conclude that equality (4.2) can occur if and only if the following set
of remaining equalities is satisfied, namely

(Y mi)e ™ =wiforalliclkeR,
1€y,

which is equivalent to our claim because of the linear constraints on s; and v;. O
The following theorem is an application of the strong duality theorem, and requires therefore
the existence of a specific primal feasible solution.

Theorem 4.2 If there exists a feasible solution for the primal problem (LPQG) satisfying strictly
the inequality constraints, i.e. a vector y such that

gr(y) <1 for allk € R

we have either
o an infeasible dual problem (LDG) if primal problem (LPG) is unbounded

o a feasible dual problem (LDG) whose optimum objective value is attained by a feasible vector
x if primal problem (LPG) is bounded. Moreover, the optimum objective values of (LPG)
and (LDG) are equal.

Proof. Choosing again vectors s and v according to the linear constraints, we find a feasible
solution (y, s,v) for the primal conic problem (CPG). Moreover, recalling the description of int G
given by Theorem (3.3), the conditions vy =1 > 0 and gx(y) = >_;c;, € * < 1 ensure that (y, s,v)
is a strictly feasible solution for (CPG). Theorem (2.4) implies then that we have either

16



¢ an infeasible dual problem (CDG) if primal problem (CPG) is unbounded: this is equivalent
to the first part of our claim, since it is clear that (CPG) is unbounded if and only if (LPG)
is unbounded and that (CDG) is infeasible if and only if (LDG) is infeasible (indeed, (z, z)
feasible for (CDG) implies z feasible for (LDG), while z feasible for (LDG) implies (z,0)
feasible for (CDG)). This fact could also have been obtained as a simple consequence of
Theorem (4.1).

o a feasible dual problem (CDG) whose optimum objective value is attained by a feasible
vector (z, z) if primal problem (CPG) is bounded. Moreover, the optimum objective values
of (CPG) and (CDG) are equal. Obviously, the finite optimum objective values of (CPG)
and (LPG) are equal. It is also clear that optimal variables z; in (CDG) must attain the
lower bounds defined by the conic constraints, as in (4.3), which implies that vector x is
optimum for problem (LDG) and has the same objective value as (z,z) in (CDG). This
proves the second part of our claim.

O
Let us note again that a sufficient condition for the second case of this theorem to happen
is the existence of a feasible solution for the dual problem (LDG), because of the weak duality
property.
The strong duality theorem can also be applied on the dual side.

Theorem 4.3 If there ezists is a strictly positive feasible solution for the dual problem (LDG),
i.e. a vector = such that

Az =band x>0,

we have either
o an infeasible primal problem (LPG) if dual problem (LDG) is unbounded

o a feasible primal problem (LPG) whose optimum objective value is attained by a feasible
vector y if dual problem (LDG) is bounded. Moreover, the optimum objective values of
(LDG) and (LPG) are equal.

Proof. As for the previous theorem, the first part of our claim is a direct consequence of The-
orem (4.1), that does not really rely on the existence of a strictly positive . Let us prove the
second part of our claim and suppose that problem (LDG) is bounded. Problem (CDG) cannot
be unbounded, because each feasible solution (z,z) for (CDG) leads to a feasible x for (LDG)
with a lower objective (because of the conic constraints), which would also lead to an unbounded
(LDG). Using the description of int(G)* given by Theorem (3.7), we find that a feasible z > 0 for
(LDG) can be easily converted to a strictly feasible solution (z, z) for (CDG), taking sufficiently
large values for variables z; (letting z; = 1 for example is enough). The strong duality theorem
implies thus, since (CDG) has been shown to be bounded, that problem (CPG) is feasible with
an optimum objective value attained by a feasible vector (y, s,v) and equal to the dual optimum
objective value of (CDG). Obviously, on the one hand, vector y is a feasible optimum solution to
problem (LPG), attaining the same objective value as (y, s,v) in (CDG). On the other hand, the
finite optimum objective values of (CDG) and (LDG) must be equal, even if no feasible solution
is actually optimum (since z feasible for (LDG) implies (z, z) feasible for (CDG) with the same
objective value and (z, z) feasible for (CDG) implies x feasible for (LDG) with a smaller or equal
objective value). This is enough to prove the second part of our claim. O
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To conclude this section, we prove a last theorem that involves the alternate version of the
strong duality theorem. Let us introduce the following family of optimization problems, parame-
terized by a strictly positive parameter §:

p(0) = supbly st. gp(y) <e’ forallkeR. (LPGy)

It is clear that each of these problems is a (strict) relaxation of problem (LPG), because e’ > 1
for § > 0, hence we have p(d) > p* for all §. Moreover, since the feasible region of these problems
shrinks as § tends to zero, p(d) is a nondecreasing function of ¢ and we can always define the
following limit

which we will call the subvalue of problem (LPG). We have the following theorem

Theorem 4.4 If there exists a feasible solution to the dual problem (LDG), the subvalue of the
primal problem (LPG) is equal to the optimum objective value of the dual problem (LDG).

Proof. We are going to show in fact that the primal subvalue p is equal to the subvalue p~ of
the primal conic optimization problem (CPG). Using Theorem 2.5 on the primal-dual conic pair
(CPG)—-(CDG), we will find that p~ = d* (the first case of the theorem cannot happen since
(LDG), and hence (CDG), is feasible by hypothesis). Noting finally that the optimum objective
values of (CDG) and (LDG) are equal (which has been shown in the course of the previous proof)
will conclude our proof.

Let us restate the definition of the subvalue p~ for problem (CPG). Defining the following
family of problems, parameterized by a strictly positive parameter e,

T
(Sup)bTy s.t. H <1% >y+ (Z) — (Z) H <e€ (s1,,08) €EG™ VEER, (CPG)
Y,S,v

whose optimum objective values will be denoted by p(e), we have

p- = lim p(e) .

e—0t

We first show that for all § > 0, the inequality p(d) < p(e) holds for some well chosen value of e.
Let y a feasible solution for problem (LPGgs). Using the definition of g, constraints gj(y) < e’

easily give
Z eyt < ] ,
i€l

which shows that the following choice of vectors s and v

si:ci—aiTy—l—éforalliEIandvkzlforallkER

will be feasible for problem (CPG) with e = §\/n, since we have then (s, ,vx) € G"*Vk € R and

(V)= ()= O =@ =

Since every feasible solution y for (LPGy) gives a feasible solution (y, s,v) for (CPG¢) with the
same objective value, the latter problem cannot have a smaller optimum objective value and we
have p(0) < p(dy/n). Taking the limit when § — 0, this shows that p < p~.

18



Let us now work in the opposite direction and let (y, s, v) a feasible solution to problem (CPG,).
We have thus

s ! B
Zeiﬁ <1lforallk € R and H<A Zi)tse C)H =
1€l

which implies

‘ag’y+si—ci‘<eforalliel
lvp — 1| <eforallk € R

We write
s c; 7(17(-Ty+5

12267ﬁ>26_ 1—e ,

1€y, 1€l

since vy > 1 — ¢, si<ci—a;fpy+eandxr—>e*m

§ = 7, we have

is a monotonic decreasing function. Defining

T
CG—a;y+e 7. Ci+e€
_— = Ci — Q; + — C;
1—¢ Ty e T
_ T~
= G azy"‘l_ (c; +1)
N €
< Ci—aiTy—i——(maxcle)
Ce
T~
< G a; 'y + 1—¢’
where C' = maxc; + 1. We have thus
cj—a; +e - . . B
1> Z e it > ealTy*szl(:f —e” e 0 I—ci :
ie]k' ZeIk' zEIk

which shows that

i.e. g is a feasible solution to problem (LPGy) with 6 = IC—_EE Since this solution has an objective
value 7§ equal to b”y divided by 1 — €, this means that p(e) < (1 — €)p({£). Taking the limit
when e — 0, this shows that p~ < p, and we may conclude that p~ = p, as announced. O

4.3 Refined duality

The properties we have proved so far about our pair of primal-dual geometric optimization prob-
lems (LPG)-(LDG) are merely more or less direct consequences of their convex nature, hence valid
for all convex optimization problems. In this section, we are going further and prove a result that
does not hold in the general convex case, namely we show that our pair of primal-dual problems
cannot have a strictly positive duality gap.

Theorem 4.5 If both problems (LPG) and (LDG) are feasible, their optimum objective values
are equal (but not necessarily attained).
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Proof. In Theorem (4.3), we proved the existence of a zero duality gap using some assumption on
the dual, namely the existence of a strictly positive feasible vector. What we are going to show
here is that if such a point does not exist, i.e. one or more components of vector = are zero for
all feasible dual solutions, our primal-dual pair can be reduced to an equivalent pair of problems
where these components have been removed, in other words a primal-dual pair with a strictly
positive feasible dual solution and a zero duality gap.

In order to use this strategy, we start by identifying the components of z that are identically
equal to zero on the dual feasible region. This can be done with the following linear optimization
problem:

min0 s.t. Ar=bandz>0. (PLP)

Since this program has a zero objective function, all feasible solutions are optimal and we deduce
that if a variable z; is zero for all feasible solutions to problem (LDG), it is zero for all optimal
solution to problem (PLP). We are going to use the well-known Goldman-Tucker theorem [1].

Theorem 4.6 (Goldman Tucker) Let us consider the following primal-dual pair of linear op-
timization problems:

minc’z st Ar=bandz>0 and maxbly st Aly+s=cands>0.

If both problems are feasible, there exists a unique partition (B,N) of the index set common to
vectors x and s such that

o every optimal solution x* to the primal problem satisfies x, = 0.
o every optimal solution (y*,s*) to the dual problem satisfies si = 0.

This partition is called the optimal partition. Moreover, there exists at least an optimal primal-
dual solution (z*,y*,s*) such that £* 4 s* > 0, hence satisfying x3; > 0 and sy, > 0. Such a pair
1s called a strictly complementary pair.

Writing the dual of problem (PLP)
maxb'y st. ATy+s=0ands>0, (DLP)

we find that both (PLP) and (DLP) are feasible (the former because (LDG) is feasible, the latter
because (y,s) = (0,0) is always a feasible solution), and thus that the Goldman-Tucker theorem
is applicable.

Having now the optimal partition (B,N) at hand, we observe that the index set N defines
exactly the set of variables x; that are identically zero on the feasible region of problem (LDG).
We are now able to introduce a reduced primal-dual pair of geometric optimization problems,
where variables z; with 1 € A have been removed. We start with the dual problem

infc%;xg + g g z; log L B Agrg =band x5 >0. (RDG)
keRiCIyNB 2ier,ns i
z; >0

It is straightforward to check that this problem is completely equivalent to problem (LDG), since
the variables we removed had no contribution to the objective or to the constraints in (LDG).
Indeed, there is a one-to-one correspondence preserving objective values between feasible solutions
xp for (RDG) and feasible solutions x for (LDG), the latter satisfying always zxr = 0. Our primal
geometric optimization problem becomes

supb’y s.t. gP(y)<lforallk € R, (RPG)

20



where functions g,lf are now defined over the sets I N B, i.e.

T, .
gE:Rmr—)R++:yr—> Z et ¥,
icl,NB

Since the Goldman-Tucker theorem implies the existence of a feasible vector z* such that z; > 0
and z}, = 0, we find that x}% is a strictly positive feasible solution to (RDG), which allows us
to apply Theorem 4.3. Knowing that (LPQG) is feasible, problems (LDG) and (RDG) must be
bounded: we are in the second case of the theorem and can conclude that problem (RPG) attains
an optimum objective value equal to the optimum objective value of problem (RDG). The last
thing we have to show in order to finish our proof is that the optimum values of primal problem
(LPG) and its reduced version (RPG) are equal.

Let us start with 7, one of the optimal solutions to (RPG) that are known to exist. Our goal is
thus to prove that problem (LPG) has an optimum objective value equal to b”'5. Unfortunately, 3
is not always feasible for problem (LPG), since the additional terms in g5 corresponding to indices
i € N result in gix(7) > ¢2(7) and possibly g () > 1.

To solve this problem, we are going to perturb y with a well-chosen vector, in order to make it
feasible. The existence of this perturbation vector will be again derived from the Goldman-Tucker
theorem, in the following manner. Let (z*,y*,s*) a strictly complementary pair for problems
(PLP)—(DLP). Since the optimum primal objective value is obviously equal to zero, we also have
that the optimum dual objective b’ y* is equal to zero. Moreover, we have that A”y* + s* = 0,
which gives

Afy* = —sp=0and Ayy* = —siy < 0.

Considering a vector y defined by y = § + A\y*, where A is a positive parameter that is going to
tend to +o0, it is easy to check that

a(y) = gk +a ()

_ Y el Y el
i€I,NB 1€l NN

— Z eazﬂg+/\alry*fci+ Z ea?g«b\agﬂy*fq
i€l NB i€, NN

— Z eazﬂgfci_i_ Z eafy—ci—)\s;‘
icI,NB 1€l NN

= G@+ Y emTe,
i€, NN

which means that

lim gp(y) =¢2(7) <1lforallk€eR,
A——+o00
since s¥ > 0 for all i € A implies that all the exponents in the second sum are tending to —oo.
Moreover, the objective value b’y is equal to b7 5+ A\bTy* = bT'y for all values of A, since b’ y* = 0.
However, this vector y is not necessarily feasible for problem (LPG) (we may have g2 () = 1 for
some k and thus gi(y) > 1 for all A), and cannot therefore help us in proving that its optimum
objective value is equal to bTj. We have to use a second trick, namely to ”mix” y with a feasible
solution to make it feasible.
Let 4° a feasible solution to problem (LPG). We know thus that

a@”) =dF ")+ (10 <1,
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which implies
g (") <1

since g{c\[(yo) is strictly positive. Considering now the vector y = dy° + (1 — §)y + A\y*, we may
write

) = B +a(y)
= gp (0" + (1= 8)y + M) + gi (59" + (1 = 0)y + \y")
gk (0y° + (1 = 8)7) + gi (6y° + (1 = 8)7 + Ay")

this last line using again the fact that ALy* = 0. We have thus

Jim gi(y) = g7 (09" + (1 - 0)p)
—+00

for the same reasons as above (exponents in g{c\/ tending to —o0). Since we know that functions
g are convex, we have that

g (09" + (1= 6)7) < 698 (y°) + (1 = 0)gi () <o+ (1-4) =1,
which finally implies

lim gx(y) <1.

A—+00

Taking now a sufficiently large value of A, we can ensure that gx(y) < 1 for all k, i.e. that y is
feasible for problem (LPG). The objective value associated to such a solution is equal to

by = obTy% + (1 — 8)bT g+ Mol y* = obT 4% + (1 — 6)bTg .

Letting finally ¢ tend to zero, we obtain a sequence of solutions y, feasible for problem (LPG),

whose objective values converge to b'y, the optimum objective value of the reduced problem

(RPG), itself equal to the optimum objective value of the dual problem (LDG). This is enough

to prove that the primal-dual pair of problems (LPG)—(LDG) has a zero duality gap. O
We also have the following corollary about the subvalue p~— of problem (LPG).

Corollary 4.1 When both problems (LPG) and (LDG) are feasible, the optimum objective value
of problem (LPQG) is equal to its subvalue.

Proof. Indeed, we have in general p* < p~ < d*. Since the last theorem implies p* = d*, we obtain
p* = p__ O
4.4 Summary and examples

Let us summarize the possible situations about the primal problem (LPG), and give corresponding
examples to show that the results obtained so far cannot be sharpened.

¢ In the best possible situation, the dual problem has a strictly positive solution and is
bounded: our primal problem is guaranteed by Theorem 4.3 to be feasible and have at
least one finite optimal solution with a zero duality gap. Taking for example

A= (2 ) om (em () man- ).
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our primal-dual pair becomes

sup vy + y2 s.t. et +e¥2 <1
z]

inf 0+ z1 log + 22 log s.t. z1=1l,zo=1land x> 0.

1+ X9 1+ T2

The only feasible dual solution is strictly positive, giving a bounded optimum objective value
d* = 2log 1 = —2log2, and we may easily check (using Lemma 3.1) that y; = y» = —log2
is the only optimum primal solution, giving also p* = —2log 2.

In the case of an unbounded dual, the primal program has to be infeasible because of the
weak duality theorem. Choosing

A=(0 1),b=1, c= (_01> and I = {1,2} ,
our primal-dual pair becomes

sup v s.t. el Fevt <1
S.t. zo=1land z > 0.

=t + 9 log

inf —z1 + z; log
I ) T + )

The dual is unbounded: the feasible solution z = (A, 1) for all A > 0 has an objective value
equal to —\ + Alog /\iﬂ + log /\Lﬂ’ which is easily shown to tend to (—oo — 1 — o0) = —00
when A — 4-00. The primal problem is obviously infeasible, as expected.

When both the primal and the dual problems are feasible but the dual does not have a
strictly feasible solution, the duality gap is guaranteed by Theorem 4.5 to be equal to zero
with a finite common optimal objective value, but not necessarily with attainment. Adding
a third variable to our previous examples

1 0 0 1 0
A=10 1 1}|,b=1|1]|,c=10] and I, ={1,2,3} ,
0 0 2 0 1

our primal-dual pair becomes

sup y1 + y2 s.t. eVl 42 4 e¥2t2un—1 < g

inf I3+Z$i10gf‘7z s.t. 1 =1,29+23 =1,223 =0and z > 0.
x; >0 i=1 i
The only feasible dual solution z = (1, 1,0) has a zero component and gives d* = —2log 2. Tt

is not too difficult to find a sequence of primal feasible solutions tending to y = (—log 2, — log 2, —00)
that establishes that the supremum of the primal problem is also equal to p* = —2log?2.
However, this value cannot be attained: the primal constraint implies e¥* + e¥2 < 1, which

in turn can be shown to force y1 + yo < —2log2 using Lemma 3.1.

Our last example will demonstrate the worst situation that can happen: a feasible bounded
dual problem with an infeasible primal problem. Taking

1
1 0 —1 1
A:(O 1 0),():(0),0: _01 and I; = {1,2}, I, = {3} ,
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our primal-dual pair becomes (after some simplifications in the dual objective)

sup 41 s.t. et e <lande ¥ <1

inf z1 — 23+ 1 log s.t. x1—xz3=1,z0=0and 2 >0.

T1 + 22

All the feasible dual solution have at least one zero component and it is not difficult to
compute that d* = 1 (when z = (1,0,0), for example). It is also easy to check that the
primal problem is infeasible: the first constraint implies e¥' ! < 1 and thus y; < 1, while
the second constraint forces y; > 1. However, Theorem 4.4 tells us that the primal problem
has a subvalue p~ equal to d*. Indeed, relaxing the primal program to

sup y; s.b. eVl 4 e¥2 <ef and eV < €f
for any 6 > 0, we find y; <1+ d and y; > 1 — 4, implying 1 —J < p(J) < 1 + 0 and leading

to a subvalue p~ equal to 1, as expected.

5 Concluding remarks

5.1 Original formulation

In Subsection 4.1, we presented a conic formulation for the primal-dual pair of geometric opti-
mization problems (LPG)—(LDG) involving linear objective functions, which allowed us to derive
several duality theorems. However, the traditional formulation of geometric optimization usually
involves a posynomial objective function, as in (PG) or in (TPG), its convexified variant. In
this subsection, we show that such problems can be cast as problems with a linear objective, and
outline how these duality results can be translated into this traditional formulation.

Let us restate for convenience the convexified problem (TPG)

infgo(y) st. gr(y) <1forall ke R\ {0}, (TPG)
which is readily seen to be equivalent to
infe™ s.t. go(y) <e ¥ and gx(y) < 1forallk e R\ {0} ,

introducing a new variable yq to express the posynomial objective. Noticing that minimizing e %°
amounts to maximizing yo, we can rewrite this last problem as

supyo s.t. ego(y) <1 and gx(y) <1forallk € R\ {0} ,
which can now be expressed in the format of (LPG) as
supb’§ st gu(y) <1lforallkeR,

where vector of variables § € R™*!, objective vector b e R™1 and posynomials g are defined by

7= (?) b= ((1)> » G0(§) = ™ go(y) and Gx(§) = gi(y) for all k € R\ {0} .

This last definition of posynomials g corresponds to the following choice of column vectors a;
(constants ¢; are left unchanged):

a; = (1> for all i € Iy and a; = <0> forallie I\ I .
a; a;
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It is now easy to find a dual for problem (TPG), based on the known dual for (LPG) and our
special choice of a; and b. Defining a matrix A whose columns are the a;’s, i.e.

T I, VE#0
—N——
. 1,...,1 0,...,0
a= ()
we find the dual problem
infe x—i—ZZw,log st. Az =band z>0
kER i€l Zzefk
z; >0
or, equivalently,
infc x—i—Zszlog s.t. Asz,Zwizlandxzo.
kER i), lEIlc i€lp

z; >0

We can manipulate further the second part of the objective function

Z Z zilog =—— Zzelk = Z Z ((L‘z log z; — w;log Z xz)

kER i€}, kER €1}, 1€y,
z; >0 z; >0
= E x; log T; — E ( E J?l) 10g< E J?l) y
el kER i€l i€l

with the convention that 0log0 = 0, and find

inch$+Zmilogmi— Z (Zm)log(sz-) s.t. szO,Zmizland$ZO

el kER\{O} iGIk iEI]C i€l

(we could remove the term for k£ = 0 in the second sum because of the linear constraint ) ;. ; z; =
1). Noting finally that the objective of (TPQG) is actually e ¥° and not y, we find after some easy
transformations the final dual problem

w I(E)" I (S)™ " st ar=0. T a=tmirz0. (00

el kER\{O} iGIk i€lg

This dual problem is identical to the usual formulation that can be found in the literature. To
close this discussion, we give a few hints on how to establish links between the classical theory
given in [5] and the results presented in Subsections 4.2 and 4.3.

The main lemma in [5] is essentially our weak duality theorem with its associated set of orthog-
onality conditions. The first and second duality theorems are basically coming from Theorems 4.2
and 4.3, i.e. the application of the strong duality theorem to the primal and the dual problems
(note that the hypotheses of the first duality theorem suppose primal attainment while our version
only requires primal boundedness). We also note that the notion of subinfimum for the primal
problem is equivalent to our concept of subvalue. Finally, the strong duality theorems in [5] are
closely related to our Theorem 4.5, stating that a nonzero duality gap cannot occur ; the notion
of canonical problem that is heavily used in the associated proofs corresponds to the case NV = ()
in the optimal partition of problem (PLP), i.e. existence of a strictly feasible dual solution.
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5.2 Conclusion

In this article, we have shown how to use the duality theory of conic optimization to derive results
about geometric optimization. This process involved the introduction of a dedicated pair of convex
cones G and (G)*. We would like to point out that conic optimization had so far been mostly
applied to self-dual cones, i.e. to linear, second-order cone and semidefinite optimization. We hope
to have demonstrated here that this theory can be equally useful in the case of a less symmetric
duality.

The results we obtained can be classified into two distinct categories: most of them are direct
consequences of the convex nature of geometric optimization (weak and strong duality theorems),
while some of them are specific to this class of problems (absence of a duality gap). The set of prob-
lems we studied differed in fact slightly from the classical formulation of geometric optimization,
because of the linear objective function. However, extension to the case of a posynomial objective
function is straightforward, as outlined in Subsection 5.1. We also consider the results associated
to our formulation more natural than their traditional counterparts (looking for example at the
structure of the linear constraints in the dual problem).

The proofs presented in this article possess in our opinion several advantages over the classical
ones: in addition to being shorter, they allow us to confine the specificity of the class of problems
under study to the convex cones used in the formulation. Moreover, the reason why geometric
optimization has better duality properties than a general conic problem becomes clear: this is
essentially due to the existence of a strictly feasible dual solution. Indeed, even if such an interior
solution does not always exist, a regularization procedure involving an equivalent reduced problem
can always be carried out and allows us to prove the absence of a duality gap in all cases (we note
however that the property of primal attainment, satisfied when there exists a strictly feasible dual
solution, is lost in this process and is thus no longer valid in the general case).
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