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Abstract. In this paper we present a bundle method for solving a generalized variational

inequality problem. This problem consists in �nding a zero of the sum of two multivalued operators

de�ned on a real Hilbert space. The �rst one is monotone and the second one is the subdi�erential
of a lower semicontinuous proper convex function. The method is based on the auxiliary problem

principle due to Cohen and the strategy is to approximate, in the subproblems, the nonsmooth convex

function by a sequence of convex piecewise linear functions as in the bundle method in nonsmooth

optimization. This makes these subproblems more tractable. Moreover to ensure the existence

of subgradients at each iteration, we also introduce a barrier function in the subproblems. This

function prevents the iterates to go outside the interior of the feasible domain. First we explain how

to build, step by step, a suitable piecewise linear approximation and we give conditions to ensure

the boundedness of the sequence generated by the algorithm. Then we study the properties that a
gap function must satisfy to obtain that each weak limit point of this sequence is a solution of the

problem. In particular, we give existence theorems of such a gap function when the �rst multivalued

operator is paramonotone, weakly closed and Lipschitz continuous on bounded subsets of its domain

and when it is the subdi�erential of a convex function. When it is strongly monotone, we obtain that

the sequence generated by the algorithm strongly converges to the unique solution of the problem.
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1. Introduction. Let F be a monotone multivalued operator de�ned on a real

Hilbert space H with inner product h�; �i, let C be a nonempty closed convex subset

of H and let ' : H ! IR [ f+1g be a lower semicontinuous proper convex function.

We consider the following general variational inequality problem:

(P )

8
<
:

�nd x� 2 C and r(x�) 2 F (x�) such that, for all x 2 C;

hr(x�); x� x�i+ '(x) � '(x�) � 0:

This problem can also be expressed under the form: Find x� such that 0 2 F (x�) +

@(' +  C)(x
�) where  C denotes the indicator function associated with C (i.e.,

 C(x) = 0 if x 2 C and +1 otherwise) and @(' +  C)(x
�), the subdi�erential

of the convex function ' +  C at x�. Here we assume that C � dom' � domF and

that C is equal to the closure of its interior. Moreover, we suppose that there exists at

least one solution to this problem. Existence results for problem (P ) can be found, for

example, in [3, 11] and [13]. When F is the subdi�erential of a �nite-valued convex

continuous function f de�ned on H , problem (P ) reduces to the nondi�erentiable

convex optimization problem:

(OP ) min
x2C

ff(x) + '(x)g:

� This work was supported in part by a grant from the Belgian Fonds National de la Recherche

Scienti�que (FNRS: B8/5-CB/MF-4.515 and B8/5-CB/SP-9.579).
yAssistant, Unit�e d'Optimisation, D�epartement de Math�ematique, Facult�es Universitaires Notre

Dame de la Paix, Namur, Belgium(genevieve.salmon@fundp.ac.be).
zProfessor, Unit�e d'Optimisation, D�epartement de Math�ematique, Facult�es Universitaires Notre

Dame de la Paix, Namur, Belgium(jean-jacques.strodiot@fundp.ac.be).
xProfessor, Unit�e d'Optimisation, D�epartement de Math�ematique, Facult�es Universitaires Notre

Dame de la Paix, Namur, Belgium(vhnguyen@fundp.ac.be).

1



2 G. SALMON et al.

An important research work is devoted to the solution of problem (P ) specially when

' = 0 (see, for example, [10, 13, 14, 15, 17, 18, 19, 25]). However, variational in-

equalities with a multivalued mapping F and a function ' 6= 0 are encountered in

many applications. In particular, it is the case in mechanical problems (see e.g., [24])

and in equilibrium problems (see e.g., [7, 23]). So it is worth studying implementable

methods for solving such problems. It is the purpose of this paper.

When ' = 0, problem (P ) can be expressed under the form: Find x� such that

0 2 F (x�) + @ C(x
�). Many methods have been proposed for solving this particular

problem. When F is maximal monotone, the most famous method is the proximal

method (see e.g., [20, 28]) which consists in �nding a zero of the operator F + @ C
by using the scheme:

xk+1 = [I + �k(F + @ C)]
�1(xk);(1.1)

where f�kgk2IN is a sequence of positive real numbers. More recently, this method

has been generalized to avoid solving constrained subproblems at each iteration. The

linear term xk+1 � xk in the equality (1.1) written under the form xk � xk+1 2
�k(F +@ C)(x

k+1) has been replaced by some nonlinear functional r(xk+1; xk) based

on entropic proximal terms arising from appropriately formulated Bregman functions

[5, 12] or entropic '{divergence [32].

Splitting methods have also been studied for solving problem (P ) when ' = 0.

Here the multivalued operators F and @ C play separate roles. The simplest splitting

method is the forward{backward scheme, see e.g., [33], whose iteration is given by

xk+1 2 [I + �k@ C ]
�1[I � �kF ](x

k);(1.2)

where f�kgk2IN is a sequence of positive real numbers. First, one element r(xk) is

computed in F (xk) and then the vector xk � �kr(x
k) is projected onto the closed

convex set C.

When ' 6= 0, Cohen developed in [8] a general algorithmic framework for solving

problem (P ), based on the so{called auxiliary problem principle. The corresponding

method is a generalization of the forward{backward method. More precisely, let

h : H ! IR be a continuously di�erentiable strongly convex function of modulus

� > 0 on an open set containing C, and let f�kgk2IN be a sequence of positive real

numbers. The problem considered at iteration k is the following:

xk+1 2 [rh+ �k@('+  C)]
�1[rh� �kF ](x

k)(1.3)

i.e.,

8
<
:

choose r(xk) 2 F (xk) and �nd xk+1 2 C such that, for all x 2 C;

hr(xk) + ��1k (rh(xk+1)�rh(xk)); x � xk+1i+ '(x) � '(xk+1) � 0:

This problem can also be equivalently written under the following minimization form:

(AP k)

8
<
:

xk+1 2 argminx2Hf'(x) +  C(x) + ��1k [ h(x) � h(xk)� hzk; x� xki ] g;

with zk = rh(xk)� �kr(x
k) and r(xk) 2 F (xk):

Since h is strongly convex on C, this problem has one and only one solution. The

strong convergence of the sequence fxkgk2IN generated by this algorithm, has been
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proven by Cohen under the assumption that F is strongly monotone. More recently,

Zhu ([34]) proved a weak convergence result when the operator F is paramonotone

on C i.e., F is monotone on C and for all x; y 2 C, and r(x) 2 F (x); r(y) 2 F (y),

hr(x) � r(y); x � yi = 0 =) r(y) 2 F (x) and r(x) 2 F (y):(1.4)

This notion has been introduced by Bruck ([4]) and further studied in [16].

When ' is a nonsmooth convex function, subproblems (AP k) may be very hard

to solve and several authors proposed to approximate the function ' by a sequence

f kgk2IN composed of more tractable convex functions. When F is a single{valued

operator, it is proven in [21, 29] that the resulting algorithm is convergent provided

that the sequence f kgk2IN converges to ' in the sense of Mosco [22]. Recently in the

multivalued case, Salmon et al. ([30, 31]) suggested, when C = H , to approximate

' by an interior approximation  k � ' in such a way that the sequence f kgk2IN
converges suÆciently fast to ' in the sense that, for each solution x� of problem (P ),

there exists a sequence fwkgk2IN in H such that

+1X
k=1

kwk � x�k < +1 and

+1X
k=1

j  k(wk)� '(x�) j < +1:(1.5)

In [30], they proved the strong convergence when F is strongly monotone, and in [31]

a weak convergence result when F is paramonotone.

An example of such an approximating sequence f kgk2IN is the sequence of logarith-

mic barrier functions associated with a closed convex subset C described by �nitely

many convex inequalities: gi(x) � 0; i = 1; : : : ;m. In this case, ' =  C and  k is

de�ned by

 k(x) = ���1k

mX
i=1

log (min (
1

2
;�gi(x))); x 2 int C:(1.6)

Another example is the inverse barrier function de�ned by

 k(x) = ���1k

mX
i=1

1

gi(x)
; x 2 int C:(1.7)

In these two examples, �k > 0 is a barrier parameter and �k ! +1. For the sequence

f kgk2IN of logarithmic barrier functions de�ned by (1.6), it is easy to see that there

exists a sequence fwkgk2IN in int C such that (1.5) holds provided that, for all k, the

barrier parameter �k be greater than k with  > 1. The same conclusion holds for

the inverse barrier function (1.7).

When F = 0 and C = H , problem (P ) reduces to the problem of minimizing

the nondi�erentiable convex function ' on H . This problem can be solved by the

so{called bundle method, introduced in the eighties by Lemar�echal, see e.g., [9]. In

this method, the e�ective domain of ' is supposed to be the whole space H and

the strategy is to approximate, at iteration k, the function ', step by step, by a

piecewise linear convex function 'k, and to move to the next iterate only when the

approximation is suitable. The resulting step is called a serious step. As proven in

[9], this method can be seen as a practical implementation of the classical proximal

method in convex optimization. Our purpose in this paper is to use the bundle

strategy for solving problem (P ). However, there immediately appears a diÆculty
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when we follow this strategy for solving approximately problem (AP k). Indeed, a

way to build a piecewise linear convex approximation 'k � ', is to generate points

y1; : : : ; yp in C, and to consider the function

'k(y) = max
1�i�p

f'(yi) + hs(yi); y � yiig; y 2 C;(1.8)

where s(yi) denotes one subgradient of ' at yi for i = 1; : : : ; p. Usually the points

y1; : : : ; yp are the trial points built from xk. Doing that, we suppose that s(yi) exists

for i = 1; : : : ; p. But we know that the subdi�erential of a convex function is nonempty

in the interior of its domain and may be empty on the boundary of its domain ([26]).

Here, the latter case may occur because C � dom' and the trial points are in C. So,

in our method, to prevent the iterates to go to the boundary of C, we introduce a

barrier function  k in the objective function of problem (AP k). Then this problem

becomes an unconstrained problem.

The convergence of the resulting algorithm is presented in three steps. First,

we prove that the sequence fxkgk2IN generated by the algorithm is bounded, then,

that each weak limit point of this sequence is a solution of problem (P ), and �nally,

that the sequence weakly and strongly converges to such a solution. To prove the

boundedness of the sequence fxkgk2IN , we have to impose, in particular, that the

sequence f kgk2IN satis�es property (1.5) with ' replaced by  C . To obtain the

property that each weak limit point of fxkgk2IN is a solution of (P ), we use the concept

of gap function associated with problem (P ) and we observe that this property holds

when there exists a gap function l that is weakly continuous on int C, and is such

that l(xk)! 0. When l is a general Lipschitz continuous function (non necessarily a

gap function), Cohen and Zhu [6] gave conditions on a sequence fxkgk2IN to obtain

that l(xk) ! 0. So, in a �rst part, we present three existence theorems of a gap

function associated to (P ) that is weakly continuous and Lipschitz continuous on the

bounded sets of int C. The �rst one when F is paramonotone, weakly closed on C

and Lipschitz continuous on bounded subsets of int C, the second one when F is the

subdi�erential of a convex continuous function and is bounded on bounded subsets

of int C and �nally the third one when F is strongly monotone on C and bounded

on bounded subsets of int C. Then, in a second part, we prove that the conditions

given by Cohen and Zhu on the sequence fxkgk2IN are satis�ed by the sequence

generated by our algorithm, provided that the sequence f kgk2IN of barrier functions

is uniformly Lipschitz continuous on the set fxk j k 2 INg. This condition is satis�ed

by the logarithmic and inverse barrier functions. These results allow us to give a very

general convergence theorem, not only for the weak limit points of fxkgk2IN but also

for the weak convergence (when, in addition, rh is weakly continuous) and the strong

convergence (when F is strongly monotone) of the sequence fxkgk2IN . When ' = 0,

we �nd again the results of [31] and when, in addition,  C is not approximated by a

barrier function, the results due to Zhu in [34].

The paper is organized as follows. In x2, �rst we de�ne an approximation cri-

terion for ' and we show how to use the bundle strategy to get a piecewise linear

convex function 'k that satis�es this criterion. Then we explain why the resulting

algorithm is well de�ned. In x3, we present our convergence theorems concerning the

boundedness of the sequence fxkgk2IN generated by the algorithm and the weak and

strong convergence of this sequence to a solution of problem (P ). Throughout this

paper, we denote by �0(H) the set of lower semicontinuous proper convex functions

from H into IR [ f+1g. Any other unde�ned term or usage should be taken as in

the books [3] and [26].
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2. Approximate auxiliary problem. At iteration k, functions ' and  C are

approximated in the auxiliary subproblem (AP k) by functions 'k and  k respectively.

Then the approximate auxiliary problem can be expressed as: �nd xk+1 the solution

of the unconstrained problem

(P k) minf'k(x) +  k(x) + ��1k [ h(x)� h(xk)� hzk; x� xki ] g;

where zk = rh(xk) � �kr(x
k) with r(xk) 2 F (xk). The functions 'k are piecewise

linear convex functions such that 'k � ' while the functions  k are barrier functions

associated with C, i.e.,  k 2 �0(H);  C �  k; dom k = int C and yi ! y 2 bdryC

implies that  k(yi) ! +1. Notice that int C is nonempty because C is the closure

of its interior. Since h is strongly convex on C and  k is a barrier function, it is easy

to prove that there exists one and only one solution for problem (P k) and that this

solution belongs to int C. So xk+1 is well de�ned. On the sequence f kgk2IN , we
impose the following condition: for each solution x� of problem (P ), there exists a

sequence fwkgk2IN in int C such that (1.5) holds with ' =  C , i.e.,

+1X
k=1

kwk � x�k < +1 and

+1X
k=1

 k(wk) < +1:(2.1)

In order to obtain the approximate function 'k, we use a bundle strategy, i.e., we

build, successively, piecewise linear convex functions �1; : : : ; �i; : : : and we set 'k = �i

when the solution yi of the unconstrained problem

(P ki ) minf�i(x) +  k(x) + ��1k [ h(x)� h(xk)� hzk; x� xki ] g;

is such that '(yi)� �i(yi) � �k where �k > 0 is some tolerance. More precisely, one

iteration of our algorithm is given by the following process:

Bundle algorithm

Let xk 2 int C and �k;�k > 0 be given. Compute r(xk) 2 F (xk). Set zk =

rh(xk)� �kr(x
k); y0 = xk and i = 1.

Step 1. Choose a piecewise linear function �i � ' and solve problem (P ki )

to obtain yi 2 int C.

Step 2. If '(yi)� �i(yi) � �k, STOP and set 'k = �i and xk+1 = yi.

Otherwise increase i by 1 and go to Step 1.

In order to prove that the STOP occurs after �nitely many iterations, we have to

impose conditions on the functions �i; i = 1; 2; : : : Before presenting these conditions,

�rst we observe that, by optimality of yi 2 int C, we have

i � ��1k [zk �rh(yi)] 2 @[�i +  k](yi):(2.2)

Then we de�ne the aggregate aÆne function li by

li(y) = �i(yi) +  k(yi) + hi; y � yii; y 2 int C:(2.3)

We have li(yi) = �i(yi) +  k(yi) and, using (2.2) and (2.3),

li(y) � �i(y) +  k(y); for all y 2 int C:(2.4)

Now we require the following conditions on the functions �i for i = 1; 2; : : ::
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(C1) �i � ',

(C2) li � �i+1 +  k,

(C3) '(yi) + hs(yi); � � yii � �i+1,

(C4) '(y0) + hs(y0); � � y0i � �i,

where s(yi) denotes a subgradient of ' at yi. Here we suppose that, at each point of

int C, one subgradient of ' is available.

The �rst three conditions are similar to the ones introduced in [9] in the framework

of nonsmooth convex optimization. As in [9], they allow to prove that the STOP

occurs in the bundle algorithm after �nitely many iterations. Condition (C4) will

be used in the next section to show the weak convergence of the sequence fxkgk2IN
generated, step by step, by the bundle algorithm.

Let us now mention a few examples of functions �i satisfying Conditions (C1) to

(C4). For the �rst function, we can take �1 = '(y0)+hs(y0); ��y0i and for i = 1; 2; : : :,

we can choose

�i+1 = max
0�j�i

f'(yj) + hs(yj); � � yjig:(2.5)

It is easy to see that (C1), (C3) and (C4) are satis�ed. Since �i � �i+1, (C2) follows

from (2.4). When  k is di�erentiable on int C, other choices are possible, e.g.,

�i+1 = max
j2f0;ig

f�i(yi) + hi �r k(yi); � � yii; '(yj) + hs(yj); � � yjig:(2.6)

Indeed, (C3) and (C4) are obvious and (C1) is satis�ed because i�r k(yi) 2 @�i(yi)
and s(yi) 2 @'(yi). Finally, since

�i+1 � �i(yi) + hi �r k(yi); � � yii = li �  k(yi)� hr k(yi); � � yii;

we have, using the subdi�erential inequality, that

li � �i+1 +  k(yi) + hr k(yi); � � yii � �i+1 +  k;

i.e., condition (C2).

In the sequel we will also need to consider the following functions:

~li(y) = li(y) + ��1k [ h(y)� h(xk)� hzk; y � xki ];

~�i(y) = �i(y) + ��1k [ h(y)� h(xk)� hzk; y � xki ]:

Using (2.2) and (2.3), it is easy to see that, for all y 2 int C,

~li(y) = ~li(yi) + ��1k [ h(y)� h(yi)� hrh(yi); y � yii ]:(2.7)

Moreover, we have

~�i(xk) = �i(xk) and ~li(yi) = ~�i(yi) +  k(yi);(2.8)

and, by condition (C2),

~li � ~�i+1 +  k:(2.9)

Proposition 2.1. Suppose that @' is bounded on bounded subsets of int C. If

the stopping test is suppressed in the bundle algorithm and if the sequence f�igi2IN0

satis�es conditions (C1) to (C3), then '(yi)� �i(yi)! 0.

Proof. We proceed in three steps.
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1. The sequence f~li(yi)gi2IN0
is convergent and yi+1 � yi ! 0.

For all i = 1; : : : we have
'(xk) +  k(xk) � �i+1(xk) +  k(xk) (by (C1))

= ~�i+1(xk) +  k(xk) (by (2:8))

� ~�i+1(yi+1) +  k(yi+1) (de�nition of yi+1)

= ~li+1(yi+1) (by (2:8))

� ~li(yi+1) (by (2:9))

= ~li(yi) + ��1k Dh(y
i+1; yi) (by (2:7));

where Dh(y; z) = h(y)� h(z)� hrh(z); y � zi.
>From these relations, we deduce that the sequence f~li(yi)gi2IN0

is nondecreasing

and bounded above by '(xk) +  k(xk). So it is convergent. Moreover, since h is

strongly convex of modulus � > 0, we also obtain that

~li+1(yi+1)� ~li(yi) � ��1k Dh(y
i+1; yi) � (2�k)

�1�kyi+1 � yik2 � 0:

But then yi+1 � yi ! 0 (strongly) because the left hand side tends to zero.

2. The sequence fyigi2IN is bounded.

Let y 2 int C be �xed. Using successively (C1) and the de�nition of ~�i+1, (2.9),

(2.7) and the strong convexity of h, we have

'(y) +  k(y) + ��1k [ h(y)� h(xk)� hzk; y � xki ] � ~�i+1(y) +  k(y)

� ~li(yi) + ��1k Dh(y; y
i) � ~li(yi) + (2�k)

�1�ky � yik2:

Since the sequence f~li(yi)gi2IN0
is convergent, the sequence fy � yigi2IN must be

bounded and thus also the sequence fyigi2IN .
3. '(yi+1)� �i+1(yi+1)! 0.

Using successively (C3), (C1) and the de�nition of the subgradient s(yi+1), we

obtain

hs(yi); yi+1 � yii � �i+1(yi+1)� '(yi) � '(yi+1)� '(yi) � hs(yi+1); yi+1 � yii:

Since the subdi�erential @' is bounded on the bounded sequence fyigi2IN , the
sequence fs(yi)gi2IN is bounded and, as kyi+1� yik ! 0, the opposite sides of the

previous inequalities tend to zero. Hence

�i+1(yi+1)� '(yi)! 0 and '(yi+1)� '(yi)! 0;

and '(yi+1)� �i+1(yi+1) = '(yi+1)� '(yi) + '(yi)� �i+1(yi+1)! 0.

This completes the proof.

Since �k > 0, it follows from Proposition 2.1, that the STOP occurs after �nitely

many iterations in the bundle algorithm. So 'k is well de�ned, xk+1 is the unique

solution of problem (P k), and

'k � ' and '(xk+1)� 'k(xk+1) � �k:(2.10)

Finally, the sequence fxkgk2IN generated by applying, step by step, the bundle algo-

rithm is well de�ned and its convergence can be studied. It is the purpose of the next

section.
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Remark. When C � int(dom'), the subdi�erential @'(x) is nonempty on C and

there is no need to suppose that int C is nonempty and to consider a barrier function

 k in the subproblems (P ki ). In that case,  k(x) is replaced by  C(x) in problem

(P ki ). When C is given by linear inequalities and h is a strongly convex quadratic

function as, for example, h = 1=2k � k2, observe that subproblems (P ki ) become, in

fact, convex quadratic programming problems.

3. Convergence of the algorithm. As usual, we proceed in three steps to

prove the convergence of the algorithm. First we study the boundedness of the se-

quence fxkgk2IN , then its weak convergence, and �nally its strong convergence. In

this paper, the sequence f�kgk2IN will be chosen under the following form:

8>>><
>>>:

�k = �k=�k;8k 2 IN; with f�kgk2IN a sequence of positive numbers,

and �k =

8
<
:

maxf1; kr(x0)kg; if k = 0;

maxf�k�1; kr(x
k)kg; if k � 1:

The introduction of the sequence f�kgk2IN allows us to prove that the sequence

fxkgk2IN is bounded without any additional assumption on the mapping F . More-

over, as it is classically assumed in the multivalued case (see for example [8]), the

positive sequence f�kgk2IN will be such that
P+1
k=0 �

2
k < +1 , and

P+1
k=0 �k = +1:

This rule is also considered in the literature for nonsmooth minimization problems,

see, e.g., [1].

In the convergence proofs, we consider the sequence f�k(x�; �)gk2IN of Lyapunov

functions de�ned on C by

�k(x�; x) = h(x�)� h(x)� hrh(x); x� � xi

+(�k=�k)[hr(x
�); x� x�i+ '(x) � '(x�)];

(3.1)

where x� denotes a solution of problem (P ) and r(x�) is the element in F (x�) such

that hr(x�); x�x�i+'(x)�'(x�) � 0, for all x in C. Since h is strongly convex with

modulus � > 0, we have immediately that, for all x 2 C,

�k(x�; x) � (�=2)kx� x�k2:(3.2)

The next lemma gives an upper bound on �k+1(x�; xk+1)� �k(x�; xk) which will be

often used in the sequel.

Lemma 3.1. Suppose that the following conditions are satis�ed:

(a) rh is a Lipschitz continuous mapping with Lipschitz constant � over C;

(b) ' 2 �0(H), and @' is bounded on bounded subsets of int C;

(c) f�kgk2IN is a nonincreasing sequence of positive numbers;

(d) f'kgk2IN ; ' 2 �0(H) are such that (2.10) is satis�ed;

(e) f kgk2IN is a sequence of barrier functions associated with C and there

exists a sequence fwkgk2IN in int C such that (2.1) holds.

Then, if fxkgk2IN denotes the sequence generated by solving subproblems (P k), we

have for all k 2 IN ,

�k+1(x�; xk+1)� �k(x�; xk) � �ckxk+1 � xkk2 + T k + �2ku+ �0�k

+(�k=�k)[hr(x
k); x� � xki+ '(x�)� '(xk)];

(3.3)
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with c; u > 0, T k � 0, and
P+1
k=0 T

k < +1. When H is a �nite dimensional space,

the assumption "@' is bounded on bounded subsets of int C" is always true.

Proof. First observe that the optimality conditions satis�ed by xk+1 are

h��1k r(xk) + ��1k (rh(xk+1)�rh(xk)); x� xk+1i

+��1k ('k(x) � 'k(xk+1) +  k(x) �  k(xk+1)) � 0; for all x 2 int C;
(3.4)

where r(xk) 2 F (xk). Using the de�nition of the Lyapunov function and noticing

that �k+1 � �k, and �k+1 � �k for all k 2 IN , we can write

�k+1(x�; xk+1)� �k(x�; xk) � �k(x�; xk+1)� �k(x�; xk) = s1 + s2 + s3;(3.5)

with s1 = h(xk)� h(xk+1) + hrh(xk); xk+1 � xki;
s2 = hrh(xk)�rh(xk+1); x� � xk+1i;
s3 = (�k=�k)[hr(x

�); xk+1 � xki+ '(xk+1)� '(xk)]:
For s1, we derive easily from the strong convexity of h that

s1 � �(�=2)kxk+1 � xkk2:(3.6)

Now, using the sequence fwkgk2IN given in assumption (e), we can write s2 as the

sum of the two following terms:

s21 = hrh(xk)�rh(xk+1); x� � wki;

s22 = hrh(xk)�rh(xk+1); wk � xk+1i:

From the Lipschitz continuity of rh, we deduce that

s21 � �kxk+1 � xkk kx� � wkk
� (�=2)kxk+1 � xkk2 + (�2=(2�))kx� � wkk2;

(3.7)

where the second inequality holds for any � > 0.

Using (3.4) with x = wk, and noticing that  k(xk+1) � 0, we obtain

s22 � (�k=�k)[hr(x
k); wk � xk+1i+ 'k(wk)� 'k(xk+1) +  k(wk)�  k(xk+1)]

= (�k=�k)[hr(x
k); wk � x�i

+hr(xk); x� � xki+ '(x�)� '(xk)

+hr(xk); xk � xk+1i

+'k(wk)� '(x�) + '(xk)� 'k(xk+1) +  k(wk)]:(3.8)

From the de�nition of the sequence f�kgk2IN and the fact that �k � �0 for all k, we

have successively

(�k=�k)hr(x
k); wk � x�i � �0kw

k � x�k;(3.9)

(�k=�k)hr(x
k); xk � xk+1i � �kkx

k+1 � xkk
� �2k=(2) + (=2)kxk+1 � xkk2;

(3.10)

where the last inequality holds for any  > 0. Moreover, since 'k � ' for all k, we

have

'k(wk)� '(x�) � '(wk)� '(x�) � hek; wk � x�i � kekkkwk � x�k;
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where ek is any subgradient of ' at wk (it exists because wk 2 int C). Then, since

@' is bounded on the bounded sequence fwkgk2IN , there exists d > 0 such that for

all k,

'k(wk)� '(x�) � dkwk � x�k:(3.11)

Finally for s3, we obtain, using (2.10),

s3 � �kkr(x
�)k kxk+1 � xkk+ (�k=�k)['

k(xk+1) + �k � '(xk)]

� (�2k=(2�))kr(x
�)k2 + (�=2)kxk+1 � xkk2

+(�k=�k)['
k(xk+1)� '(xk)] + �0�k(3.12)

with � any positive number.

Gathering inequalities (3.5){(3.12) and rearranging the terms, we obtain that inequal-

ity (3.3) holds with

c = (1=2)(� � � �  � �);

T k = �0(1 + d)kwk � x�k+ �0 
k(wk) + (�2=(2�))kwk � x�k2;

u = (1=(2)) + (1=(2�))kr(x�)k2;
�; ; � > 0 such that � +  + � < �:

Since the sequence fwkgk2IN has been chosen such that (2.1) holds, we have thatP+1
k=0 T

k < +1. Finally when H is a �nite dimensional space, @' is always bounded

on bounded subsets of int C (see, e.g., [26]).

The next theorem gives conditions to ensure that the sequence fxkgk2IN be

bounded.

Theorem 3.2. Let x� be a solution of (P ). Assume that all assumptions of

Lemma 3.1 hold. If
P+1
k=0 �

2
k < +1 and

P+1
k=0�k < +1, then, provided that

x0 2 int C, the sequence f�k(x�; xk)gk2IN is convergent, the sequence fxkgk2IN is

bounded,
P+1
k=0 kx

k+1 � xkk2 < +1 and

+1X
k=0

(�k=�k)[hr(x
k); xk � x�i+ '(xk)� '(x�)] < +1:(3.13)

Proof. Since r(xk) 2 F (xk) for all k and F is monotone, we have that

(�k=�k)[hr(x
k); x� � xki+ '(x�)� '(xk)] � 0:

So, we derive from (3.3) that

�k+1(x�; xk+1)� �k(x�; xk) � T k + u�2k + �0�k:(3.14)

Since the series
P+1
k=0 T

k,
P+1
k=0 �

2
k ,
P+1

k=0�k are convergent, it follows that the

sequence f�k(x�; xk)gk2IN is a convergent sequence in H . Using inequality (3.2), we

conclude that the sequence fxkgk2IN is bounded. Then, rearranging the terms of

inequality (3.3) as follows

ckxk+1 � xkk2 + (�k=�k)[ hr(x
k); xk � x�i+ '(xk)� '(x�) ]

� �k(x�; xk)� �k+1(x�; xk+1) + T k + �2ku+ �0�k;
(3.15)
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we obtain, using the convergence of the sequence f�k(x�; xk)gk2IN and of the series

given in the statement of the theorem, that
P+1
k=0 kx

k+1 � xkk2 < +1 and (3.13)

holds.

To prove that any weak limit point of the sequence fxkgk2IN is a solution of

problem (P ), we will use the concept of gap function (see e.g., [2]). We recall that a

function l : C �! IR [ f+1g is a gap function with respect to problem (P ) if

for all x 2 C; l(x) � 0 and l(�x) = 0 if and only if �x is a solution of (P ):

We will say that l is weakly lower semicontinuous (l.s.c.) on int C if xk * �x, xk 2
int C implies that lim infk!+1 l(xk) � l(�x). In our context, the usefulness of the gap

functions appears in the next proposition.

Proposition 3.3. Let l be a gap function with respect to (P ). If l is a weakly

l.s.c. function on int C and if l(xk) ! 0, then any weak limit point of the sequence

fxkgk2IN generated by the algorithm is a solution of (P ).

Proof. First, notice that the sequence fxkgk2IN is contained in int C. Then, let

�x be a weak limit point of this sequence. We have xki * �x and, by assumption, that

0 = lim
k!+1

l(xk) = lim inf
i!+1

l(xki) � l(�x) � 0;

i.e., l(�x) = 0 and �x is a solution of (P ).

To prove that l(xk)! 0, we will use the following lemma due to Cohen and Zhu

([6], Lemma 4).

Lemma 3.4. If l is a Lipschitz continuous function on fxkj k 2 INg and if f�kg
is a sequence of positive numbers such that

(a)
P
�k = +1;

(b)
P
�kl(x

k) < +1;

(c) 9 Æ > 0 such that 8k 2 IN; kxk+1 � xkk � Æ�k,

then l(xk)! 0:

First we give three existence results of gap functions weakly l.s.c. on int C and

Lipschitz continuous on bounded subsets of int C. Then we prove that assumptions

(b) and (c) of Lemma 3.4 are satis�ed for our algorithm. However, before giving

these results, we need to recall some de�nitions and properties concerning multivalued

operators. A multivalued operator F is said to be Lipschitz continuous on a subset

B of C if

9L > 0 such that 8x; y 2 B e(F (x); F (y)) � L kx� yk;

where e(F (x); F (y)) = supr2F (x) infs2F (y) kr � sk. The next lemma will be used in

the sequel.

Lemma 3.5. Let B be a bounded subset of C. If F is Lipschitz continuous on B

and if there exists �y 2 B such that F (�y) is bounded, then F is bounded on B, i.e.,

there exists � > 0 such that kr(x)k � � for all x 2 B and r(x) 2 F (x).
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Proof. Let � > 0. Then, by assumption, e(F (x); F (�y)) � Lkx� �yk for all x 2 B,
i.e.,

8x 2 B;8r(x) 2 F (x) 9 r(�y) 2 F (�y) such that kr(x) � r(�y)k � Lkx� �yk+ �:

Since B and F (�y) are bounded, there exist �1 > 0 and �2 > 0 such that kxk � �1 for

all x 2 B and kr(�y)k � �2 for all r(�y) 2 F (�y). Then, for all x 2 B and r(x) 2 F (x),
we have successively

kr(x)k � k r(x) � r(�y) k+ k r(�y) k
� L [ kxk+ k �y k ] + �+ �2
� L [�1 + k �y k ] + �+ �2;

i.e., what we have to prove.

A multivalued operator F is said to be weakly closed on C if

zk * �z; zk 2 C and rk * �r; rk 2 F (zk) =) �r 2 F (�z):

In particular, when F is weakly closed on C, then F (z) is a weakly closed subset of

H for each z 2 C. Finally let us mention the following result due to Iusem [16]: If F

is paramonotone and if x� is a solution of (P ), then �x is a solution of (P ) if and only

if

�x 2 C and 9 �r 2 F (�x) such that h�r; x� � �xi+ '(x�)� '(�x) � 0:(3.16)

Proposition 3.6. Let x� denote any solution of problem (P ).

(a) If F is paramonotone on C and F (x) is a bounded and weakly closed subset of H

for all x 2 C, then l(x) = infr(x)2F (x)hr(x); x� x
�i+'(x)�'(x�) is a gap function.

(b) If, in addition, F and ' are Lipschitz continuous on bounded subsets of int C,

then l is Lipschitz continuous on bounded subsets of int C.

(c) If, in addition, F is weakly closed on C, then l is weakly l.s.c. on int C.

Proof. (a) Since F is monotone and x� is a solution of (P ), for each x 2 C and

r(x) 2 F (x), we have

hr(x); x � x�i+ '(x) � '(x�) = hr(x) � r(x�); x� x�i

+hr(x�); x� x�i+ '(x) � '(x�) � 0:

So, using the de�nition of l, we obtain that l(x) � 0. Now if �x is a solution of (P ),

then we have immediately that

l(�x) � hr(�x); �x� x�i+ '(�x)� '(x�) � 0 � l(�x):

So, l(�x) = 0. Conversely, suppose that l(�x) = 0. Then, by de�nition of the in�mum,

there exists a sequence frkgk2IN contained in F (�x) such that, for all k � 1,

0 � hrk ; �x� x�i+ '(�x)� '(x�) < 1=k:

Since the subset F (�x) is bounded and weakly closed, there exists a subsequence of

frkgk2IN that weakly converges to some r 2 F (�x). Then 0 � hr; �x � x�i + '(�x) �
'(x�) � 0, and by (3.16), �x is a solution of (P ) because F is paramonotone.
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(b) Let B be a bounded subset of int C and �1 > 0 be such that kxk � �1 for all

x 2 B. Since ' is Lipschitz continuous on B, it is suÆcient to prove that there exists

L1 > 0 such that, for all x; y 2 B,

inf
r2F (x)

hr; x� x�i+ sup
s2F (y)

hs; x� � yi � L1kx� yk:(3.17)

Let x; y 2 B; � > 0 and s 2 F (y). Since e(F (y); F (x)) � Lkx� yk, we have

inf
r2F (x)

kr � sk � Lkx� yk:

So, there exists r 2 F (x) such that kr � sk � Lkx� yk+ �=(�1 + kx�k). Then

hr; x� x�i+ hs; x� � yi = hr; x� yi+ hr � s; y � x�i
� krkkx� yk+ kr � skky � x�k
� krkkx� yk+ Lkx� yk(�1 + kx�k) + �:

(3.18)

Moreover, by Lemma 3.5, F is bounded on B and consequently, there exists � > 0

such that krk � � for all x 2 B and r 2 F (x). Then, from (3.18), we deduce that

inf
r2F (x)

hr; x � x�i+ hs; x� � yi � L1kx� yk+ �;

where L1 = � + L(�1 + kx�k). Since this inequality is satis�ed for all s 2 F (y) and

� > 0, we obtain (3.17).

(c) Suppose that F is weakly closed on C. Since ' is weakly l.s.c. on C, we have only

to prove that

l1(x) � inf
r(x)2F (x)

hr(x); x � x�i

is weakly l.s.c. on int C. Let xk * �x with xk 2 int C, and let �l1 be a limit point of the

sequence fl1(xk)gk2IN . We have to prove that �l1 � l1(�x). Without loss of generality,

we can suppose that l1(xk) ! �l1. Let then � > 0. By de�nition of the in�mum, for

each k, there exists r(xk) 2 F (xk) such that

hr(xk); xk � x�i � l1(xk) + �:(3.19)

Since the sequence fxkgk2IN is bounded and contained in int C, and since F is bounded

on bounded subsets of int C, the sequence fr(xk)gk2IN is bounded and thus there

exists a subsequence fr(xk
0

)gk02K weakly converging to some �r. Since F is weakly

closed, it follows that �r 2 F (�x). Now, F being monotone, we have that hr(xk
0

) �
r(�x); xk

0

� �xi � 0 and thus that

hr(xk
0

); xk
0

� x�i � hr(�x); xk
0

� �xi+ hr(xk
0

); �x� x�i:(3.20)

Gathering (3.19) and (3.20), we obtain

l1(xk
0

) + � � hr(�x); xk
0

� �xi+ hr(xk
0

); �x� x�i:(3.21)

Passing to the limit in (3.21) and noticing that h�r; �x � x�i � l1(�x), we have that
�l1 + � � l1(�x). Since � is arbitrary, we have that �l1 � l1(�x) and consequently l is

weakly l.s.c. on int C.
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Proposition 3.7. Let x� denote any solution of problem (P ). If F = @f; f 2
�0(H) and C � int(domf), then l(x) = f(x)+'(x)�f(x�)�'(x�) is a gap function

such that, for all x 2 C and r(x) 2 F (x),

hr(x); x � x�i+ '(x) � '(x�) � l(x):

The function l is convex and weakly l.s.c. on C and if, in addition, f and ' are

Lipschitz continuous on bounded subsets of int C, then l is also Lipschitz continuous

on bounded subsets of int C.

Proof. For all x 2 C; r(x) 2 F (x) = @f(x), we have f(x�) � f(x)+ hr(x); x��xi.
So, we obtain

hr(x); x � x�i+ '(x) � '(x�) � f(x)� f(x�) + '(x)� '(x�) = l(x):

The rest of the proof is obvious.

Proposition 3.8. If F is strongly monotone of modulus � > 0 on C, then

l(x) = kx� x�k2 is a gap function such that, for all x 2 C and r(x) 2 F (x),

hr(x); x � x�i+ '(x) � '(x�) � �l(x):

(here x� denotes the unique solution of (P )). Moreover l is strongly convex, weakly

l.s.c. on H and Lipschitz continuous on bounded subsets of C.

Proof. Since x� is the unique solution of problem (P ), it is obvious that l is a

gap function and that l is strongly convex and weakly l.s.c. on H . Moreover, for all

x 2 C, we have

hr(x); x�x�i+'(x)�'(x�) = hr(x)� r(x�); x�x�i+ hr(x�); x�x�i+'(x)�'(x�):

Since F is strongly monotone of modulus � and x� is the solution of (P ), we obtain

immediately that the right{hand side of the previous equality is greater than �l(x).

Finally, let B be a bounded subset of C. Then there exists �1 > 0 such that kzk � �1
for all z 2 B. So, for x; y 2 B, we have successively

kx� x�k2 � ky � x�k2 = kx� yk2 + 2hx� y; y � x�i
� kx� yk[ kx� yk+ 2ky � x�k ]
� kx� yk[ 4�1 + 2kx�k ]

i.e., l is Lipschitz continuous on B.

In order to get a most general convergence result, we put together, in the same as-

sumption, the properties requested on the gap function. These properties are satis�ed

in the three situations described in Propositions 3.6, 3.7 and 3.8.

Assumption (I):

(i)9� > 0 9 l : C ! IR [ f+1g such that

8x 2 C; 8r(x) 2 F (x) hr(x); x � x�i+ '(x) � '(x�) � � l(x);
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(ii) for all x 2 C, l(x) � 0 and l(�x) = 0, �x is a solution of (P );

(iii) l is weakly l.s.c. on int C and Lipschitz continuous on bounded subsets of int C.

The purpose of the next proposition is to prove that conditions (b) and (c) of

Lemma 3.4 are satis�ed.

Proposition 3.9. (a) Assume that assumptions of Theorem 3.2 are satis�ed as

well as Assumption (I)(i) and (ii). If F is bounded on bounded subsets of int C, thenP
�kl(x

k) < +1.

(b) If @' is bounded on bounded subsets of int C and if there exists Æ > 0 such that

 k(xk)�  k(xk+1) � Æ kx
k+1 � xkk for all k � 1;(3.22)

then there exists Æ > 0 such that, for all k � 1, kxk+1 � xkk � Æ�k.

(c) When C = fx j gi(x) � 0; i = 1; : : : ;mg with g1; : : : ; gm convex functions from

IRn to IR, inequality (3.22) is satis�ed by the logarithmic barrier functions (1.6) and

by the inverse barrier functions (1.7) provided that the barrier parameters be large

enough.

Proof. (a) Since the sequence fxkgk2IN is bounded and F is bounded on bounded

subsets of int C, the sequence fr(xk)gk2IN is bounded and also the sequence f�kgk2IN .
Then, using successively Theorem 3.2 and Assumption (I)(i) and (ii), we have

+1X
k=1

�k[hr(x
k); xk � x�i+ '(xk)� '(x�)] < +1 and

+1X
k=1

�kl(x
k) < +1:

(b) From the optimality conditions (3.4) applied to x = xk , we obtain

hrh(xk+1)�rh(xk); xk+1 � xki � (�k=�k)[hr(x
k); xk � xk+1i

+'k(xk)� 'k(xk+1) +  k(xk)�  k(xk+1)]:
(3.23)

Since h is strongly convex and kr(xk)k � �k, we derive from (3.23) that

�kxk+1 � xkk2 � �kkx
k+1 � xkk

+(�k=�k)['
k(xk)� 'k(xk+1) +  k(xk)�  k(xk+1)]:

(3.24)

Now since 'k � ' and, by construction (see condition (C4)),

'k(x) � '(xk) + hs(xk); x� xki for all x 2 int C;

we have

'k(xk)� 'k(xk+1) � '(xk)� '(xk)� hs(xk); xk+1 � xki
= hs(xk); xk � xk+1i
� ks(xk)k kxk+1 � xkk:

So, as @' is bounded on bounded subsets of int C, the sequence fks(xk)kgk2IN is

bounded and there exists Æ' > 0 such that, for all k,

'k(xk)� 'k(xk+1) � Æ' kx
k+1 � xkk:(3.25)
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Finally, from (3.24), (3.25), (3.22), and since �k � 1, we deduce that kxk+1�xkk �
Æ�k for all k, with Æ = (1=�)[ 1 + Æ' + Æ ].

(c) Let  k(x) = ��1k b(x) with

b(x) = �

mX
i=1

log (min (
1

2
;�gi(x))) or b(x) = �

mX
i=1

1

gi(x)
:

Let ek 2 @b(xk) (it exists because b is convex and xk 2 int C). Then

 k(xk)�  k(xk+1) � ��1k hek; xk � xk+1i
� ��1k kekk kxk � xk+1k:

So, if �k � kekk, then  k(xk)�  k(xk+1) � kxk+1 � xkk.

Notice that the choice �k � kekk is possible because  k is built once xk is known.

We are now ready to state our main convergence result.

Theorem 3.10. Suppose that the following conditions are satis�ed:

(a) Assumption (I) holds;

(b) Assumptions of Lemma 3.1 hold;

(c) F is bounded on bounded subsets of int C;

(d) Inequality (3.22) holds;

(e)
P
�k = +1;

P
�2k < +1;

P
�k < +1.

Then the sequence fxkgk2IN is bounded, l(xk)! 0 and any weak limit point of fxkgk
(and there exists at least one such point) is a solution of problem (P ).

If, in addition, rh is weakly continuous on C, then xk * �x and �x is a solution of

(P ). If, in addition, the gap function l is strongly convex on an open set containing

C, then xk ! x�, the unique solution of (P ). When H is a �nite dimensional space,

the (strong) convergence of the whole sequence toward a solution is true under the

only assumptions (a){(e).

Proof. The �rst part of the theorem follows immediately from Lemma 3.1, The-

orem 3.2, Proposition 3.9, Lemma 3.4 and Proposition 3.3. Suppose now that rh is

weakly continuous on C and that the sequence fxkgk2IN has two di�erent weak limit

points x1 and x2. Let fxm(k)gk2IN the subsequence of fxkgk2IN weakly converging

to x1 and fxn(k)gk2IN the subsequence weakly converging to x2. By the �rst part

of the theorem, x1 and x2 are solutions of problem (P ). Then, by Theorem 3.2, the

sequences of Lyapunov functions f�k(x1; xk)gk2IN and f�k(x2; xk)gk2IN are conver-

gent in IR. We denote respectively by �1 and �2 their limits. By de�nition of the

Lyapunov function, we have

�n(k)(x1; xn(k))� �n(k)(x2; xn(k))

= h(x1)� h(x2)� hrh(xn(k)); x1 � x2i
+(�n(k)=�n(k))[hr(x

1); xn(k) � x1i � hr(x2); xn(k) � x2i+ '(x2)� '(x1)]:

Since rh is weakly continuous on C, since �k � 1 for all k and since, by (e), �k ! 0,

we obtain, taking the limit on k in the last equality, that

�1 � �2 = h(x1)� h(x2)� hrh(x2); x1 � x2i:(3.26)
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Since the role of x1 and x2 is symmetric, we also have that

�1 � �2 = h(x1)� h(x2)� hrh(x1); x1 � x2i:(3.27)

Comparing (3.26) and (3.27), we obtain hrh(x1) �rh(x2); x1 � x2i = 0. Since rh
is strongly monotone, this inequality implies that x1 = x2. So the sequence fxkgk2IN
weakly converges to a solution of (P ).

If the gap function l is strongly convex with constant s > 0 on an open convex set

containing C, then x� is the unique solution of problem (P ), @l(x�) is nonempty, and

for any e� 2 @l(x�),

l(xk)� l(x�)� he�; xk � x�i � (s=2)kxk � x�k2:(3.28)

Since l(xk)! 0, l(x�) = 0 and xk * x�, we obtain, passing to the limit in (3.28) that

kxk � x�k ! 0, i.e., xk ! x� strongly.

Finally when H is a �nite dimensional space, it follows from assumption (a) of Lemma

3.1 that rh is continuous in the strong topology and thus in the weak topology. Then

the convergence of the whole sequence toward a solution is established under the only

assumptions (a){(e). This completes the proof.

For example, if h(x) = (1=2)xTx, for all x 2 H , then rh is weakly continuous on H .

Using Propositions 3.6, 3.7 and 3.8 which give suÆcient conditions to ensure that

Assumption (I) is satis�ed, we can particularize our main result (Theorem 3.10), to

get two other convergence theorems. However, before presenting them, and for the

sake of simplicity, we collect in a statement, several assumptions used previously, and

we prove a preliminary lemma.

Assumption (II):

(i) Assumptions of Lemma 3.1 hold;

(ii) rh is weakly continuous on C;

(iii) Inequality (3.22) holds;

(iv)
P
�k = +1;

P
�2k < +1;

P
�k < +1.

Notice that when H is a �nite dimensional space, (ii) is always true as also it is

the case for the second assumption of Lemma 3.1: @' is bounded on bounded subsets

of int C.

Lemma 3.11. Let g 2 �0(H) and let B be a bounded subset of int(dom g). If @g

is bounded on B, then g is Lipschitz continuous on B.

Proof. Let x; y 2 B. Since B �int(dom g), the subdi�erentials @g(x) and @g(y)

are nonempty. Let s(x) 2 @g(x) and s(y) 2 @g(y). Then

g(x)� g(y) � hs(x); x � yi � ks(x)k kx� yk
g(y)� g(x) � hs(y); y � xi � ks(y)k ky � xk:

So jg(x) � g(y)j � Lkx� yk where L = supfks(z)k j z 2 B; s(z) 2 @g(z)g. Since @g
is bounded on B, this constant L is �nite and thus g is Lipschitz continuous on B.
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Theorem 3.12. Suppose that Assumption (II) holds.

(a) If F is paramonotone, weakly closed on C and Lipschitz continuous on bounded

subsets of int C, and if F (x) is a bounded subset of H for all x 2 C, then the whole

sequence xk * �x where �x is a solution of (P ).

(b) If F = @f with f 2 �0(H) and C � int(domf), and if @f is bounded on bounded

subsets of int C, then the whole sequence xk * �x where �x is a solution of (P ).

When H is a �nite dimensional space, the assumption on @f is always true.

Proof. By Theorem 3.10, it is suÆcient to prove that Assumption (I) holds and

that F is bounded on bounded subsets of int C.

(a) Since @' is bounded on bounded subsets of int C, it follows from Lemma 3.11

that ' is Lipschitz continuous on bounded subsets of int C. All the assumptions of

Proposition 3.6 are then satis�ed and thus Assumption (I) is satis�ed. Finally, using

Lemma 3.5, F is bounded on bounded subsets of int C.

(b) By Lemma 3.11, f and ' are Lipschitz continuous on bounded subsets of int C.

So, using Proposition 3.7, Assumption (I) is satis�ed. The conclusion follows because

F = @f is bounded on bounded subsets of int C.

Theorem 3.13. Suppose Assumption (II) holds. If F is strongly monotone on

C and bounded on bounded subsets of int C, then the whole sequence xk strongly

converges to x�, the unique solution of (P ).

Proof. >From Proposition 3.8, we have that Assumption (I) is satis�ed. Then the

conclusion follows from Theorem 3.10 because F is bounded on bounded subsets of

int C and the gap function l(x) = kx� x�k2 is strongly convex on H .

Remark. When C � int(dom'), the subdi�erential @'(x) is nonempty on C and

there is no need to suppose that int C is nonempty and to introduce a barrier function

in subproblems (P k). However, all our convergence results remain true in that case,

provided that each assumption made on int C be extended to C.

To conclude, all our convergence results suppose that the sequence f'kgk2IN of

functions approximating ', satisfy inequalities (2.10) where f�kgk2IN is a sequence

of positive numbers such that
P

�k < +1. But practically, the choice of the se-

quence f�kgk2IN remains an open issue. To be eÆcient, the tolerance �k should be

determined, not in advance, but once xk has been found by taking into account the

behavior and the progress of the iterates to the solution. Such a strategy has been pro-

posed in nonsmooth optimization, for solving nondi�erentiable convex minimization

problems (see [9]). In our context, this question deserves more investigations.
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