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Abstract. In chemical engineering complex dynamic optimization problems for-
mulated on moving horizons have to be solved on-line. In this work, we present
a multiscale approach based on wavelets where a hierarchy of successively, adap-
tively refined problems are constructed. They are solved in the framework of nested
iteration as long as the real-time restrictions are fulfilled. To avoid repeated cal-
culations previously gained information is extensively exploited on all levels of the
solver when progressing to the next finer discretization and/or to the moved horizon.
Moreover, each discrete problem has to be solved only with an accuracy comparable
to the current approximation error. Hence, we suggest the use of an iterative solver
also for the arising systems of linear equations. To facilitate fast data transfer the
necessary signal processing of measurements and setpoint trajectories is organized
in the same framework as the treatment of the optimization problems. Moreover,
since the original estimation problem is potentially ill-posed we apply the multi-
scale approach to determine a suitable regularization without a priori knowledge of
the noise level.
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1 Introduction

The numerical solution of dynamic optimization problems is quite challenging
for large—scale problems. The challenge becomes even more severe when real—
time applications formulated on moving horizons such as model predictive
control (MPC) or receding horizon estimation (RHE) are envisaged, since
the response time where a solution has to be prompted is fixed. For a more
detailed introduction into moving horizon optimization we refer to [2] in this
book and references therein. Both, the regulator problem and the estimation
problem have to be solved repetitively within a fixed time span AT which
is dictated by the dynamics of the process. An acceptable algorithm has to
prompt the optimal values within AT since proper process operation cannot
be guaranteed otherwise.

The majority of known implementations of dynamic optimization algo-
rithms for large—scale systems are based on the direct approach [2] since it
does not require any analytic expression for the necessary optimality condi-
tions which can be quite cumbersome to determine especially in the presence
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of inequality constraints. For this class of methods the dynamic optimiza-
tion problem is transformed into a finite-dimensional nonlinear program-
ming problem (NLP) by either discretizing the states and control profiles
(simultaneous approach) [18] or by parameterizing the control variables only
(sequential approach) [38]. Tt is common practice to approximate the time-
variant quantities on a discretization mesh of fixed resolution. This applies to
sequential as well as to simultaneous approaches, although in the sequential
approach a stepsize adaption is used in the integrator to control the error
in the state equations. The particular discretization mesh is typically cho-
sen based on a rather conservative estimate of the computing time needed to
solve the optimization problem. In recent years sophisticated algorithms have
been developed which are capable to solve dynamic optimization problems
reliably and fast, see e.g. [12,14,38], but they employ a fixed mesh and are
therefore of given complexity. However, due to the nonlinear nature of the
problem it is impossible to estimate exactly the necessary computation time.
Hence, either a certain fraction of the available time span remains unused or
the algorithm may even fail to prompt the solution in due time. Furthermore,
an accurate estimate of the available computation time is hindered by com-
peting software processes which run simultaneously on multitasking process
control systems. As a consequence the available computation time is a pri-
orly unknown and AT only gives an upper limit. This suggests a new view on
real time requirements in on—line computations: Provide an approximate
solution at any time in AT with increasing approrimation quality.

The conceptual framework we want to present now hinges on this real
time requirement. Instead of keeping the degrees of freedom fixed we propose
the solution of a suitable hierarchy of optimization problems of increas-
ing resolution using the simultaneous approach. We start with a very coarse
approximation of states and control profiles in the optimization problem.
Thus already after a hopefully very short period of time at least the coarsest
approximate solution can serve as a minimal response. During the remaining
time this initial solution is then successively refined by an adaptive strat-
egy so that the full available time span AT is exploited in an optimal way.
Moreover, for any discretization level the corresponding discrete problem has
to be solved only with an accuracy that is comparable to the corresponding
discretization error. Such a concept can only offer significant advantages over
simply using a hierarchy of conventional discretizations if the work needed
to compute an approximate solution on a coarser level need not be repeated
when progressing to the next finer approximation. Hence, in the very spirit of
classical nested iteration [13], we exploit the current approximation as initial
guess and reduce the current error only by a fixed factor when progressing to
the next discretization level. An extension of the refinement concept to the
sequential solution approach is given in [11].

Figure 1 sketches our approach tailored to the receding horizon estimation
problem. The discrete measurements are processed by denoising, compression
and data fitting schemes to produce functions. This step provides also an ini-



Multiscale Concepts for Moving Horizon Optimization 3

Fig. 1. Receding Horizon Estimation.
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tial mesh, respectively a first set of basis functions A°, for discretizing the
optimization problem. A NLP solver determines a solution of the optimiza-
tion problem on the coarse initial mesh. Then, if time permits, this solution
is updated in an adaptive way. The coarse mesh solution of the optimization
problem as well as the potentially denoised inputs function as indicators for
the new, refined mesh, respectively for the new basis index set AT where
£ denotes the refinement counter. The optimization problem is resolved on
this refined mesh with additional input information and by exploiting any
available information from previous stages. As long as time permits this re-
finement procedure is repeated, until the time horizon is moved eventually
after an elapsed time of AT. The subsequent calculations exploit again the
information of the previous time horizon.

A unified framework for signal (input) processing and optimization is to
facilitate a fast data exchange between these two conceptual blocks. We pro-
pose to realize the above concept with the aid of wavelet methods for the
following reasons. Firstly, wavelets constitute a very efficient and established
tool for denoising and compression in signal processing [15,16,24]. Secondly,
a multiscale representation of the problem variables in the numerical solu-
tion avoids a change of bases in the updating procedure. Moreover, wavelet
properties can be exploited for example for preconditioning and for adaptive
refinement of the solution. For the reader who is unfamiliar with wavelets we
include in Section 3 a short introduction to some of their basic properties
and indicate their significance in the present context. For a more detailed
treatment of wavelets we refer to [16,17,19,21].

Before we proceed with the details of the refinement concept we intro-
duce briefly a general problem formulation of receding horizon optimization
problems. More details with an emphasis on state estimation can be found
in [7,8]. The dynamic behavior of the plant is often modeled by a system
of differential-algebraic equations which, together with bounds on selected
variables, form the constraints of the optimization. However, this work is
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only based on models where the state equations are described by ordinary
differential equations. For a first step towards an extension to differential—
algebraic equations we refer to [29]. The control functions are denoted by u
and the parameters by p. For state estimation both, uw and p are given. The
goal is to estimate the output functions y, which correspond to the signals,
and the state functions @ on the receding fixed time interval [tg_,,1;]. Here
t denotes the current time. The underlying measurements are typically dis-
crete and noisy. So they have to be transformed into denoised functions z.
Additive model correction terms are introduced into the model equations as
functions v and w which have to be estimated as well. The introduction of
model correction terms actually may enhance ill-posedness as discussed in
Section 2. For given z € (L2)"Y, p € R™ and u € (L2)"* and unknown func-
tions & € (Hl)nr, y € (L))", v € (L2)" and w € (L2)"™ with ny, < ng,
ny < ny, and time-invariant indicator matrices W, V' the resulting optimiza-
tion problem has the form

Juin, [ {2 Q) ar (1)

subject to the constraints

& — f(e,u,p)— Ww =0, (2)
y—g(®,u,p)-Vv=0, (3)
L(t) < w(t) < sa(t) ()
(1) < y(0) < 5, (1) )

t € [thom, ti]

The size of the problem is dominated by the number of state functions n,.

In the sequel, we focus on the estimation problem only, but want to em-
phasize the similarity to general dynamic optimization problems such as the
model predictive control problem. There, typically the parameters p and the
initial conditions ®¢ = @(t;) are known and the controls w are to be deter-
mined, while model correction terms are not present. The signals z represent
in this case the given reference trajectories to be tracked by control. A very
similar optimization problem to (1)—(5) is to be solved to determine the con-
trols .

2 Problem Regularization

The goal of the problem formulation (1)-(5) is to provide good estimates for
x,y, v, w from noisy measurements. If no v and no inequalities are present
a minimal pre-requisite for a unique solution is a sufficient number n, of
measured model outputs. Moreover, observability of the model has to be
guaranteed, 1.e. given y, v, w, u, p there has to exist a unique solution « of the
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model equations (2)—(3). For a general discussion of necessary and sufficient
conditions concerning the invertibility of the process model we refer the reader
to [28,36]. Even if a unique optimum exists, the inverse problem (1)—-(5) to
determine from given measurements z the quantities @, y, v, w might not be
well-posed in the sense of Hadamard [25,30] with respect to continuity in
Ls. In fact, a small perturbation of z with respect to the Ls—norm with high
frequency oscillations would force y to oscillate as well. In view of (2), (3)
this may cause @ to have large derivatives which gives rise to arbitrarily large
variation of w in La [7]. Consequently, the solution operator T : (L2)"» —
(HY)"e x (Lg)mwtnvtnw induced by (1)-(5) may not be continuous.
Regularization can be used to guarantee continuity as well as uniqueness.
For example, regularization of Tikhonov type includes » and w as quadratic
terms in the cost functional [37]. Then, the extended problem formulation

min /tk {ly—2)"Qy —2z) + v' Ryv + w! Rypyw} dr (6)

zyvw [

with constraints (2)—(5) is well-posed. Here, the regularization parameters
R,, R, are time-invariant penalty matrices. Nevertheless, more general
weights like e.g. time dependent operators are possible, too. Here, the weights
are interpreted in a deterministic sense and do not depend on statistical as-
sumptions. Obviously, an increase of the weights improves stability of the esti-
mates but causes also a growing approximation error in case of non—vanishing
v, w due to bias. Regularization can also be achieved by projection of (1)—(5)
into finite dimensional subspaces, e.g. using a Petrov—Galerkin scheme [34].
No regularization parameter need to be present explicitly. However, there is
hidden regularization introduced by the associated discretization. The data
error increases when refining the discretization (weak regularization) while a
too coarse problem discretization (strong regularization) leads to large reg-
ularization errors [25,30]. Of course, regularization by projection might be
combined with direct regularization methods based on penalty terms such as
in (6).

Immediately the question arises how to choose the regularization parame-
ters in order to achieve a good compromise between data and regularization
error. Optimal parameter selection strategies are available if the noise level
of the measurements and the smoothness of the exact solution is known [32].
However, since this information is not available for most practical problems
we examined in [7] a strategy, namely the L—curve criterion [27], that does
not require this type of knowledge. The approximately best compromise is
determined by relating the residual norms under a systematic variation of pa-
rameters to a (semi)-norm of the approximation itself. The procedure seems
to be well suited for a low number of corrections w. However, the problem of
quantitatively assessing the best compromise becomes increasingly difficult
for a growing number of unknown functions w.

In [7] we explore the performance of regularization by projection of (1)-
(5) for a simple linear model. The presented refinement concept developed
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in the context of real-time estimation is here successfully applied to auto-
matically construct sequences of discretization meshes based on upgrades of
the approximation spaces. Using the L—curve criterion the refinement process
is stopped when a good compromise between data and regularization errors
in the estimates is accomplished. Uniform as well as non—uniform problem
adapted upgrades of the approximation spaces are employed using techniques
outlined in more detail in Section 4. In that particular example it turned out,
that non—uniform approximations lead to estimates whose quality cannot be
achieved by employing only a uniform mesh. The analysis of ill-posedness
presented in [7] can be also extended to problems with nonlinear models.

3 Wavelets

Apart from boundary adaptation wavelet functions 1); . are obtained by dila-
tion and translation of a suitable mother wavelet ¥, i.e. ¢, = 2j/21/)(2j k),
where the normalizing factor 27/2 keeps the Lo—norm of the ;1 independent
of j, k. Thus when 9 is chosen to have bounded support, as it will always be
the case in our applications, one has diam supp); r ~ 277, j = oo. The key
feature is that for suitable ¢ the collection ¥ = {¢; , } forms a Riesz basis of
Lo, 1.e., every f € Lo has a unique expansion

f= WTdf = Zdj’k1/)j’k
5,k

and the norm equivalence

el dy lle.<IFFllza< ea [l dy lle (7)

holds for some positive constants ¢y, ¢co independent of f. In the special case
when the ¢; ; form an orthonormal basis, equality holds between coefficient
and function norm. In general, (7) implies the existence of a dual basis @ in
Lo which is biorthogonal to ¥, i.e.

(@, @) =1 (8)
where we use the shorthand notation <<W,ﬂ3>> = (<¢jyk’¢iyl>)(j,k),(i,l
(-, -) is the standard L, inner product. Thus the wavelet coefficients d; j are
given by (f,v;x).

Clearly, (7) means that small perturbations of the expansion coefficients
d; cause only small changes of f in the L,-norm and vice versa. In particu-

) and

lar, retaining only the first N largest coefficients in modulus provides —up to
a uniform constant— the best approximation to f that can be composed from
any selection of IV basis functions. This is the basis for nonlinear compression
techniques (best N —term approzimation). Accordingly the objective of adap-
tive approximation is to successively track the most significant coefficients of
the function to be determined.
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Furthermore, depending on the smoothness of the employed wavelets also
norm equivalences with respect to other function spaces such as Sobolev and
Besov spaces hold with appropriate scale dependent weights on the wavelet
coefficients. They are essential for signal analysis (see Section 5) and for the
preconditioning of discretized differential and integral operators (see Subsec-
tion 6.4).

The starting point for the construction of wavelet bases is usually a so—
called multiresolution sequence of nested spaces S;, C ... C S; C Sj41 C ...
whose union is dense in L,. Here jp stands for some coarsest discretization
level. The spaces S; are spanned by scaling functions, S; = span{@; : k €
Z;}, which are obtained by a suitable, compactly supported function ¢. Due
to the compact support of ¢ we can view 277 as the uniform mesh size of
S;. Given a suitable dual sequence gj, a successive decomposition of S; leads

to the multiscale splitting Sy = Sj, @j:_jlu W; where W; = span{¢;x : k €

I;} L gj. Analogous splittings for the spaces S; yield complement spaces

Wj L S;. The bases ¥ and @ for the spaces W; respectively Wj satisfy (8).

All properties above can be realized when choosing ¢ as the cardinal
B—spline of order m. Moreover, one can construct for any m € IV,m >
m, m+ m even, a compactly supported dual scaling function ¢ such that the
dual multiresolution spaces Sj contain all polynomials up to order m. As a
consequence of biorthogonality, one has the moment conditions

() ¢)=0, r=0,....m—1. (9)

Likewise one has {()",4) = 0 for r = 0,...,m — 1. Therefore, smooth func-
tions have wavelet expansions with rapidly decaying wavelet coefficients so
that levelwise truncation of wavelet expansions provide good approximations.
However, as soon as sharp transitions or even singularities occur different
nonuniform selections of basis functions are expected to provide more eco-
nomical approximations. In fact, combining the above statements with the
locality of wavelets, large wavelet coefficients reflect a large local change of
the function.

4 Discretization: Wavelets as Trial and Test Functions

For the discretization of the optimization problem on a finite time horizon

[tk—m,tr] we scale the horizon to [0, 1] and formulate the equality constraints
(2), (3) in a weak sense. We obtain the equality constraints:

(# — f(x,u,p) — Ww,v1)

(y —g(x,u,p) — Vo,vs)

=0 for all vy € L= (10)
=0 for all vy € Lgy . (11)

Discretization is then given by the representation of each function with re-
spect to an appropriately chosen wavelet basis ¥, i.e. we represent x as
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xr = !Ilizdm, Yy as y = Wﬂydy etc.. We obtain an equivalent, infinite di-
mensional but discretized optimization problem for the wavelet coefficients

CA = (dzadgadZadfu)T

min ChHAC, + by, (12)
s.6. Fi(Cy) =0 (13)
na(C4) <0 (14)

In our particular case we use piecewise linear, continuous wavelets, (i.e the
scaling function i1s a B—spline of order m = 2 fulfilling the moment conditions
with /n = 2), as trial functions for @, y and » and for the test functions v5,
while we employ piecewise constant wavelets (m = m = 1) for w and the test
functions v1. This corresponds to the minimal regularity for a conforming
discretization.

While the above formulation yields still the exact solution, for the numer-
ical treatment we have to choose finite dimensional approximations. Hence,
for each function involved we have to choose a finite set of basis functions,
described by their index set A, etc.. As mentioned before, we will start with
some initial possibly small index sets A2 etc. and adaptively enlarge these
index sets to ASF! = AL U T, in each refinement step. Due to the piecewise
linear basis functions the inequality constraints are guaranteed to be satisfied
exactly, by enforcing their validity at the corresponding mesh points.

5 Signal Processing

The tasks to be performed in the signal processing part are transformation of
the discrete measurement samples into a continuous representation, possibly
continuation of missing signal parts, denoising and outlier removal, as well
as data compression. Recent developments show that wavelets are very well
suited for dealing with these tasks [15,22-24]. Hence, we restrict ourselves to
mentioning only the basic properties of wavelets employed for signal analysis,
namely, the norm equivalences with respect to Besov spaces and the vanish-
ing polynomial moments mentioned in Section 3. They give rise to nonlinear
approximation techniques based on efficient threshold and/or shrinkage algo-
rithms. However, the choice of the involved parameters depends typically on
statistical model assumptions, such as white Gaussian noise with a given noise
level. To our knowledge, theoretical results under less stringent assumptions
do not exist. The current state of our algorithm is based on data fitting on
dyadic meshes {277k} and a shrinkage algorithm based on the results of [15].
The data are considered as scaling function coefficients of a correspondingly
high level of resolution. To this data format one can then apply the wavelet
transform. In case of nonuniform sampling rates a more sophisticated fitting
procedure is needed. Considering a single function z; and omitting the index
i, we obtain the wavelet representation z° = IIng. Corresponding to the trial
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functions for the outputs y, we choose piecewise linear, continuous wavelets
for this purpose. Then, to obtain the denoised signal functions z = oTd, we
apply the shrinkage algorithm (omitting the index z) d; » := dj k—sign(dj 5) €
for |d5 x| > ¢ and d; ; := 0 otherwise, where ¢ depends only on the noise level.
If httle or nothing is known about the noise, € has to be tuned in a rather
heuristic manner, usually depending on the magmtude of the wavelet coeffi-
cient, the location k£ and the scale j. For a more detailed description we refer
the reader to [10].

The representation of the measurements in terms of wavelets is fully com-
patible with our multiscale discretization of the constrained optimization
problem. In particular, since the best N—term wavelet approximation is es-
sentially determined by the first N largest (in modulus) wavelet coefficients,
the initial index set Ay for discretizing the optimization problem is easily
identified. Only these coefficients will be used in the first step. In further
refinement steps of the optimization problem additional wavelet coefficients
of z will be processed. For the refinement of the employed basis index set,
which is based on the measurements as well as on the current approximation
of the estimates; we refer to Section 6.1.

6 The Optimization Problem on a Fixed Horizon

To realize the overall concept of multiscale moving horizon optimization un-
der the particular real time requirement, we encounter many new problems
on each level of the solution process even for an optimization problem on a
fixed horizon. The sketch in Figure 2 indicates the main conceptual blocks of
our approach on a fixed horizon, respectively its current state of development.

In the subsequent subsections we shall briefly describe the main ingredi-
ents listed in Figure 2. The outermost level corresponds to the discretization
of the whole optimization problem and the adaptive refinement. The goal
is to spend minimal computational effort for realizing a fixed decay rate of
the current error in each refinement step. The next subsection will briefly
present our algorithm and some numerical results. Then, the treatment of
nonlinearities will be presented. The optimization problem arising on each
level of the resolution hierarchy is currently solved by a general purpose al-
gorithm based on a SQP-method. Some algorithmic details are given in 6.2.
Ultimately, the general purpose SQP—solver is to be replaced by a fully prob-
lem adapted scheme. A core ingredient is the treatment of the corresponding
linearized problems. Here, the outer loop is concerned with the treatment of
the inequality constraints. We address the question whether interior—point
methods or active—set methods can exploit the information of the previous
refinement step in a more efficient way. Results are given in Subsection 6.3.
Finally, the solution process for the arising linear systems is outlined in 6.4.
The computational cost for a fixed error reduction should remain propor-
tional to the current size of the problem. This immediately suggests the idea
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Fig. 2. Outline of the conceptual blocks on a fixed horizon.

Dynamic optimization problem
adaptive refinement employing
— sensitivity of the cost functional with respect to w and v»
— local error estimator for the differential equations
NLP
treatment of the nonlinearities
— general purpose algorithm based on a SQP-method
— efficient evaluation of (f(wﬁdm), Y; k) for given dg
QP
treatment of the inequality constraints
— interior—point methods for the first approximations
— active—set methods with initialization of the active sets for the

refinement steps

Linear system of equations
iterative solver (simplified Uzawa)
— employing previous solution as initial value
— using adapted Jacobi preconditioner motivated by wavelet
theory

to use an iterative solver rather than a direct solver. The current state of
development is briefly described. Also preconditioning and stopping criteria
are discussed in the context of nested iteration.

6.1 Adaptive Refinement

An adaptive discretization strategy is essential for an efficient treatment of
the optimal control problem. In our refinement approach we start with a
coarse approximation with relatively few trial functions collected in A°. Then,
based on the information of the previously computed approximation d*AZ at
refinement step ¢ an improved index set A“*! is generated and (12)—(14) is
resolved. Algorithmic details on the adaptive refinement strategy are given
in [5,9]. Therefore, we present here only the underlying ideas.

The refinement of the known quantities z and u is only discussed
for a single function z;, omitting the index ¢ for convenience, since everything
applies to any component in the same way. We are interested in compressed
approximations of the measurements 24 satisfying

2= 24 lle. < el 2 Ml (15)

with given tolerance ¢). As mentioned in Section 3 the N largest wavelet
coefficients of z give up to a fixed constant factor the best N—term approxi-
mation. Hence, given the wavelet coefficients d, of the full but finite expansion
z = Widz, we simply have to neglect the elements of d, whose moduli are
below a certain threshold & which uniquely depends on ¢f. The remaining
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entries are the significant coefficients and their indices form the index set
AL, Typically the number of significant wavelet coefficients is by far smaller
than the number of discrete measurement samples. During the refinement
sequence the approximation quality is increased according to g, < &}.

The refinement of states * and outputs y is based on an error analy-
sis of £ only, since errors in y, are directly linked to errors in 4. Residual
based error analysis is computationally inexpensive and gives usually a qual-
itatively good grasp on the error behavior. However, sharp error estimates
which are needed to efficiently treat index problems arising from active state
inequality constraints are difficult to obtain [29]. Therefore, the refinement
is based on local error estimation where ®% is compared to locally refined
solutions keeping w”/‘f at their current optimal values. In particular, we use a
local trapezoidal rule and evaluate the error at the midpoints of the current
mesh determined by Af. Where the error bounds are violated, we increase
the set of wavelet basis functions by adding to the current set those basis
functions with neighboring indices in the time frequency plane.

In contrast to the local error estimator used for the states @ and output
functions y, the problem formulation allows us to employ the sensitivity of
the Lagrange functional for the refinement of unknown inputs » and
w. Hence, for an improved approximation of w; we evaluate the gradients of
the Lagrange functional with respect to potentially new trial functions for
w; determined by the index set Hﬁ,l. Local neighbors of the indices in Afu,
are excellent candidates for Hﬁ,l where we require Hﬁ,l N Afu, = . Once the
gradients are computed, the trial functions associated with the larger absolute
gradients are interpreted as those basis functions which have large impact on
the solution and therefore should be used for refinement. The smaller ones
are neglected. The same approach is applied to v.

The approximations for @, y, v, w might change during the cycles of re-
finement such that previously needed trial functions may become obsolete.
The elimination of unnecessary trial functions is based on a compres-
sion technique as outlined before. Basis functions corresponding to significant
wavelet coefficients are kept while the small ones are discarded.

Finally the different index sets for the various functions have to be com-
bined to take their close interactions into account.

In summary, the overall adaptive refinement algorithm proceeds as
follows denoting by I'* the set of newly added indices:

Solve problem (12)—(14) with the index set A*.

Refine z, u by thresholding — I'*, I't.

Apply a local error estimator for @, y — szu F;l.

Use the sensitivity of Lagrange functional for v, w — Ffl, Ff,l.
Compress current approximation by thresholding — /Iﬁl etc.
Take interactions into account — I'

Form At = At U It

Set £:=0¢+1, go to 1.

0 =1 O Ot = W N —
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Fig. 3. Scalewise versus adaptive refinement.
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Figure 3 illustrates for a typical example the comparison between different

choices of the index sets A’ i.e. a uniform refinement which adds all basis

functions of the next scale and an adaptive refinement which is based on

the considerations above. The Ls error is plotted versus the number of trial

functions. We see, for example, that for an error 0.105 we need roughly 550

basis functions with an adaptive approach while approximately 1000 degrees

of freedom arise for a uniform mesh (mesh size 271%). Obviously adaptivity

outperforms uniform discretization with regard to the cost for computing an
approximation for a given target accuracy.

6.2 Solving the NLP

In principle, problem (12)—-(14) can be solved with any available NLP method
like sequential quadratic programming (SQP) or generalized Gauss—Newton
methods. The latter ones are particularly attractive when the cost functional
is close to zero [35]. However, to achieve highest possible efficiency the struc-
ture of the problem formulation, 1.e. the sparsity pattern of the model equa-
tions system, as well as the structure of the discretization should be exploited
to their full extent. Nevertheless, for nonlinear problems we currently employ
only a general purpose SQP-method designed for solving large sparse NLP
problems based on an active set strategy. For the specific case of linear dy-
namic models a tailored strategy exploiting the discretization structure is
presented in more detail in Subsection 6.4 .

A general purpose SQP—method such as SNOPT [26] typically requires
routines to evaluate the cost functional in (12) and the residuals of the re-
strictions (13), (14) at a current iterate ¢5" as well as their first order deriv-
atives with respect to ¢“’. In order to provide these data, inner products of
wavelet functions have to be computed. Inner products of linear terms in the
equations (13), (14) do not depend on current iterates and therefore can be
computed prior to the optimization run with known numerical techniques for
a sufficiently large index set A. Then, in each refinement step £ those rows and
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columns of the precomputed and stored inner product matrix whose indices
are contained in A* have to be retrieved only from these files.

The computation of nonlinear terms in the optimization problem is more
difficult and costly since we have to evaluate inner products of the form
<f(azA ), %5 k) where azﬁl Is given in a wavelet expansion and f is a nonlin-
ear function. Straightforward quadrature would spoil the complexity gain
by adaptive refinements such that more sophisticated efficient evaluation
schemes are needed. Recently, Dahmen et al. [20] developed a methodology
to efficiently evaluate such inner products which avoids the complexity of the
finest uniform mesh and requires only a computational effort proportional to
the dimension of the adapted wavelet basis.

A simple but efficient warmstart of the SQP-method is obtained by
reusing the solution in refinement step £ — 1 as initial guess for the solver
in step £. Due to the hierarchical structure of the wavelet basis a change
of basis is not necessary. The initial values for the unknowns CZ’O as well
as for the Lagrange multipliers are efficiently provided by dﬁg = d*z_1 for

(j, k) € A1 N A and dzg = 0 otherwise. Additional warm start strategles
like updating the Hessmn matrices or their approximations may also reduce
the numerical cost but have not been investigated yet for the nonlinear prob-
lem.

6.3 Solving the QP

For the treatment of the quadratic programming problems, which arise ei-
ther as subproblems of the nonlinear programming problem or directly for
dynamic optimization problems with linear process model and quadratic cost
functional, several decisions concerning the solution strategy have to be made.
Typically, a large number of algebraic inequalities is present due to the dis-
cretization of the inequality restrictions (14). These inequality restrictions
have to be handled efficiently and a method is required which takes full ad-
vantage of the refinement concept.

Two common approaches based on active sets (AS) and on an interior
point (IP) method have been compared. On one hand, IP methods are often
applied to systems with a very large number of inequalities. They usually need
a fixed number of iterations independently of the dimension of the system
[40]. Hence they suggest themselves in the present context. On the other
hand, AS methods need to solve smaller linear systems in each iteration step.
Nevertheless, the number of iterations typically increases with the number of
inequality constraints. This typically happens if one solves the optimization
problem in a single run. In our refinement algorithm, though, this will be
the case only in the first loop. For the next refinement we can employ the
information from the previous step. In case of the IP method we can use
the solution as initial guess for the refined optimization problem. However,
the central idea of the IP is to drive all quantities simultaneously to the
bounds at approximately the same rate [40]. Hence, even if a good initial
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guess i1s taken, some of the variables might be too close to the boundary
and a centering step becomes necessary. The next iterate presumably moves
away from the optimum. Therefore, the warmstart potential of IP methods
seems to be limited in our context. In contrast, in case of AS methods we can
initialize the active set on refinement level ¢ + 1 with the set for which the
current solution ¢° is active on the refined mesh. Since the current solution
should be a good approximation of the refined solution, we do not expect
significant changes of the active set and, therefore, we do not expect a large
increase of iteration numbers.

These considerations are confirmed by numerical experiments reported in
[6,39]. Therefore, our strategy is to use an interior—point method for the
first approximate solution of the optimization problem and for all following
refinements we use the active—set method with initialization based on the
previous solution.

6.4 Solving the Linear System

Since even for nonlinear problems the same issues would arise after lineariza-
tion we confine the discussion here for the sake of clarity to a linear model
problem. Moreover, the application of the active—set method leads to saddle
point problems of the form:

o (3= (350 C)-()

which are structurally the same as if only equality constraints are present in
the optimization problem. Hence, in order to focus on the treatment of such
linear systems we consider in a first step the following optimization problem

1
min / {(y—z)TQ(y—z) + vTva—i—wTwa} dr (17)
zyvw [

subject to x— Ax — Ww = Bu (18)

y—Cx—Vov=0. (19)

However, the ideas can be extended to the nonlinear case with inequality con-
straints. Figure 4a shows the typical structure of the Karush—Kuhn—Tucker
matrix £,4 for an example of fourth order. It exhibits the block structure,
where each block corresponds to entries of the regularization and model ma-
trices. The blocks are either diagonal or have finger structure arising from
wavelet scalar products.

The discretization error is bounded from below by the approximation
error of the functions in the adaptively chosen wavelet space. Hence, it is
sufficient to solve the above system of equations only up to an error of this
order. The goal is now to use an efficient solver up to an accuracy which cor-
responds to the discretization error on each refinement level. For efficiency
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Fig. 4. a) KKT-matrix £, b) Schur complement &, .
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reasons, 1t 1s important to exploit the previous approximation. Furthermore,
successive error reduction is in the spirit of the overall concept. Hence, while
most optimization solvers use direct methods in this context we focus on
iterative solvers. Of course, then the discretization matrices do not have
to be assembled but only their application to a vector has to be guaran-
teed. Due to the indefiniteness of the system one could think of using gmres,
or, exploiting the symmetry, of using symmlg or minres [1,31]. Nevertheless,
to exploit the problem structure as much as possible, we reduce the sys-
tem and obtain a matrix EA, where we can apply the Uzawa algorithm (see
[13]). This algorithm is particularly designed for saddle point problems with
positive definite A 4. Conceptionally it applies the peg—method to the Schur
complement and, to avoid inversion of A4, also to A,4. In our case the inner
application of the pcg—method is not necessary, since AZl can actually be set
up very efficiently. This means, that we apply essentially the peg—method to
the Schur complement S, of the reduced system. For a detailed discussion
of this adapted Uzawa algorithm we refer to [8]. In Figure 4b we can
see the structure of the linear system after a reduction of £, to the Schur
complement & 4. The problem size is reduced from a size corresponding to
all functions @, y, v, w and the Lagrange parameter functions Ay, Ay to
the size of the discretization of @. Furthermore, S 4 is still very sparse and
has finger structure. Nevertheless, it will never be set up explicitly to avoid
matrix multiplications.

As for the application of iterative methods there arise, of course, two es-
sential questions: preconditioning and stopping criteria. These two questions
will be discussed next in the context of nested iteration, which is applied to
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the sequence of equations

Z:Az<$“):<h“), =ty lo+1,.. ., (20)

At gt

with increasing dimension corresponding to the refined optimization prob-
lems.
The corresponding operator on the infinite dimensional function spaces

L5 (La)otme s (YY" — (La)™tn s (1)) (21)

is bounded and has a bounded inverse with respect to these appropriate
norm. In order to obtain well conditioned discretizations in the Euclidean
metric {5 one exploits the fact that suitably weighted {s—norms of the wavelet
coeflicients are equivalent to Sobolev norms, i.e. {2_5‘71/)‘7'7;@} form a Riesz basis
of H?, here for s € {0, 1}. This corresponds to a symmetric diagonal scaling
of the wavelet representation £, of £ with infinite index set A. This scaling
can also be viewed as preconditioning of L 4. For our particular case, this

leads to a symmetric preconditioning of the Schur complement S, with a
1/2
i
of the preconditioned £ 4 and its inverse remain valid for finite index sets
A independently of ¢ provided that the Galerkin scheme associated with
these trial spaces is stable, i.e. the trial spaces satisfy the LBB—condition

[13]. Consequently, we can deduce that the condition numbers fulfill

diagonal matrix M ;" with scale dependent entries 277. The boundedness

1/2

AT

Ko := conda (M i) <e (22)
independently of £. The convergence rate of the adapted Uzawa algorithm can
be estimated in terms of k; and, therefore, 1s also bounded independently of
the refinement step.

Instead of the diagonal entries 272/ in M we use an approximate Ja-
cobi preconditioner, i.e. an approximation of the diagonal of the Schur
complement & 4 which can be set up very efficiently. The entries reflect the
necessary scale dependent scaling. In addition this preconditioner corresponds
to normalizing the wavelet basis in the energy norm and usually gives bet-
ter results. Numerical experiments confirm the superiority to only scaling by
powers of two [8].

The stopping criteria for the iterative solver hinges on three properties:
(i) the maximal approximation order of the discretization spaces in the en-
ergy norm giving a reduction rate «, (ii) the norm equivalences relating the
energy norm to the wavelet coefficients , and (iii) the convergence order of
the underlying pcg-method, which can be estimated in terms of the condition
numbers x,. These properties can be used to determine an upper bound for
the number of iterations

mavy ~ log (2¢/a) [ (=log (V& — 1)/ (VK + 1)) (23)
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and a bound for the maximal relative residual error
Qrel & ) (E\/K) (24)

needed to produce on each level approximate solutions with discretization
error accuracy (see [8]). The constant ¢ is given by the norm equivalences.
For our particular discretization we expect at best a first order convergence
in the energy norm. Hence, in terms of the number of degrees of freedom we
take o = #A1/# A" which is 1/2 for uniform mesh refinement. Moreover,
to determine «,.; and mar;; an upper bound for x has to be estimated. As
a pragmatic choice we used oy, = 10~* and max;; = 20 in our experiments,
which was sufficient in most cases.

In spite of the accomplished asymptotic boundedness, large condition
numbers may still arise due to system inherent features as for example, a
poor observability measure, stiff differential equations or inadequate regular-
ization. The effect of the choice of the regularization parameter is studied in
[8] by means of numerical experiments. A rather weak regularization of the
model error functions w motivated by stabilizing the original ill-posed prob-
lem of state estimation turns out to be favorable for the condition numbers of
the systems considered here. Nevertheless, conclusive statements about the
quantitative effect of regularization and of system inherent features on the
iterative schemes can not be made, yet.

While the condition numbers provide an upper bound for the iteration
numbers, the actual eigenvalue distributions give rise to considerably smaller
iteration numbers. Superconvergence, known for the cg—method, can be ob-
served for the adapted Uzawa algorithm, too. Nevertheless, more sophisti-
cated methods have to be developed to affect the smallest eigenvalues in
a more drastic way. Currently, a Schur complement method based on the
adaptive refinement algorithm is under investigation.

First numerical results for the algorithm above can be found in [8]. Tt
turns out that depending on the system inherent features, the nested itera-
tion process is more efficient than solving the fully discretized system directly.
Perhaps more important than the expected higher efficiency of nested itera-
tion is the fact it provides successively improved approximations at a much
earlier stage. We can see also that it is not necessary to determine on each
scale the exact solution. The discretization error on each refinement level is
nearly reached, although the residuals are still quite large, in full agreement
with the size of the condition numbers.

7 Moving Horizon Optimization

So far we have outlined the refinement approach for the optimization on a
fixed horizon. In a moving horizon framework quantitative information about
the solution, its structure and the corresponding mesh is available from the
last horizon [tg—m—1,tk—1]. This information is to be exploited on the next
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Fig.5. CPU times in each horizon. Uniform and adaptive discretization.

200

‘ ‘ Bl uniform =1
600 =2
1=3
500 =4
10 [
400 =
[} [}
£ £100
=300 =
Q Q
o o
200
50
100
0 0
0 10 20 30 40 0 10 20 30 40

horizon index k horizon index k

horizon. The approximate solution on the k — 1-th horizon is extrapolated
in step k to the non—overlapping window interval [{5_1,1x] and employed as
initial guess (¢ = 0) for the optimization problem. For simplicity we em-
ploy linear extrapolation. Then, the approximation on the k—th horizon is
expressed in 1ts wavelet expansion. In order to ensure that the refinement
procedure has time to prompt an approximate solution, signal based com-
pression (see Section 5) of all quantities with a suitable compression rate
provides an initial index set A"* for the optimization problem on the k-th
horizon.

We applied the refinement approach presented to a well known literature
example (see e.g. [33]). The process consists of an ideal continuous stirred
tank reactor where a reversible exothermic reaction A = R is carried out.
The objective in the example is to move the system from an equilibrium
point of low conversion and high temperature to a target equilibrium point
of low temperature and significantly higher conversion. This optimal control
problem is approached using an MPC framework and employing a quadratic
cost functional. The horizon length is chosen to be T = 400 min and the
horizon is shifted every AT = 10 min. Details on the model equations and
parameters used can be found in [6]. The optimization problem is solved em-
ploying the active set based NLP solver SNOPT [26] on a Sun Ultra 2 (167
MHz) workstation. The numerical effort on each horizon needed to compute
solutions of comparable accuracy for one uniform mesh discretization (scale
7) and for the adaptive refinement approach is shown in Figure 5. For the
latter we used a mesh relaxation factor of n = 0.7. Note, that both figures
are scaled differently. The numerical work with and without warm start fa-
vor the adaptive refinement approach. The gain is particularly large in the
very first horizon where no solution is available for initialization. Moreover,
the intermediate solutions given by the refinement approach provide backup
estimates for the real time restrictions. They might also be directly applied
to the real process at an earlier time.
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8 Conclusions

We have introduced a multiscale concept for moving horizon optimization
based on wavelets in order to meet real-time requirements. Of course, the
development and validation of the presented concept is a rather complex
task. The information obtained on the current level of discretization has to
be exploited on the next hierarchy level. It is used to identify a suitable refine-
ment, to possibly adjust the regularization, and to speed up the solution of
the refined discretization of the estimation or control problem. So far we in-
vestigated, although on different levels of depth, the following components of
the problem: regularization, input processing, optimization on a fixed horizon
as well as moving the horizon. The relevant ingredients are now essentially
available and the results indicate the potential of this approach.

However, we had to face in the development of these components a diver-
sity of problems, some of which do only occur due to this particular real—-time
requirement and the multiscale ansatz whereas others are problem inherent
to process monitoring. Not all of these obstructions could be overcome in a
satisfactory way yet. Further investigations should include for example the
combinations of direct and indirect regularization techniques presented, as
well as level dependent Tikhonov—type regularization and additional regular-
ization of the states. Also the influence of the length of the horizon on the es-
timation quality for given noisy data has to be investigated more thoroughly.
The signal processing part has to be extended to non uniform sampling and
colored noise. For the treatment of the optimization on a fixed horizon, for ex-
ample, the used general purpose SQP-method should be replaced by a fully
problem adapted method. A necessary improvement of the preconditioner
for the arising linear systems is currently under investigations. It exploits the
multiscale setting and is based on a Schur complement technique.

The developed ingredients still have to be combined to one single software
implementation. Moreover, while the numerical examples have been mostly of
model character, the optimization software with all 1ts necessary extensions
should be finally examined for more realistic industrial problems of large
scale under real-time conditions. Of course, the listed future directions are
not exhaustive.
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