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Abstract

In this paper we study the limiting behavior of the central path for semidefinite pro-
gramming. We show that the central path is an analytic function of the barrier parameter
even at the limit point, provided that the semidefinite program has a strictly complemen-
tary solution. A consequence of this property is that the derivatives - of any order - of

the central path have finite limits as the barrier parameter goes to zero.

Mathematics subject classification. 90C22, 90C51, 90C31

Key words: Semidefinite programming, interior point methods, central path, limiting

behavior, analyticity.



1. Introduction

The central path is one of the most important concepts in the study of interior point
methods. It is an analytic curve in the interior of the feasible set which tends to an optimal
point at the boundary. Most interior point algorithms follow the central path and hence,
the central path is an essential concept when designing and analyzing algorithms for some

convex programs.

Numerous facts about this curve have been established, among which the limiting
behavior of the first-order derivative of the central path seems to be crucial when inves-
tigating the local convergence of the usual interior point methods. The results about the
asymptotic behavior of the higher-order derivatives and the analyticity of the central path

then again give the theoretical background for the construction of higher-order methods.

The limiting behavior of the central path is most explored for linear programs (LP)
and we specially refer to the works by Adler and Monteiro [AM] (see also [WBD]) and
by Giiler [G], where the convergence of the derivatives of the central path is established.
Moreover, it was proved independently by Halickd [H1] and Wechs [W] (see also [H2])
that the central path, as an analytic function of the barrier parameter p > 0, can be

analytically extended to the boundary at p = 0.

The features of the central path are also well explored for linear complementarity
problems (LCP). Here, however, the analysis of the asymptotic behavior of the central
path derivatives is much more complicated and the results depend on whether the LCP
has a strictly complementary solution. The asymptotic results regarding the first-order
derivatives of the central path have been established by Monteiro and Tsuchiya [MT]
and results about an analytical extension of the central path are presented by Stoer and

Wechs in [SW1, SW2].

Less information has been obtained about the limiting behavior of the derivatives of the
central path for semidefinite programming (SDP) with the only study being conducted by
Goldfarb and Sheinberg [GS]. The results of this work show that the first-order derivative
of the central path is unbounded if the SDP does not have a strictly complementary

solution. On the other hand, the first-order derivative of the central path converges as
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i | 0, provided that the SDP satisfies both the assumption of primal and dual non-
degeneracy and that of strict complementarity. (The latter ensures the existence of a

strictly complementary solution.)

In this paper, we study the limiting behavior of the central path for SDP under the
assumption of strict complementarity without any non-degeneracy assumption. We prove
that the central path, as an analytic function of the barrier parameter p > 0, can be
analytically extended to p = 0. As a consequence of this property, we obtain that the

derivatives of any order of the central path have finite limits as u | 0.

The paper is organized as follows. In Section 2 we recall some relevant properties of the
central path for semidefinite programs. In Section 3 we prove the main result establishing
the analyticity of the central path at the boundary point, and in Section 4 we discuss

some open problems in this area.

2. Preliminaries

2.1. Notation and basic assumptions.

The space of real symmetric n X n matrices is denoted as S™ and the inner product on

S™ is defined by

M o N = trace(MN) = > M;;Ny;.
i,J

By M >0 (M > 0), where M € S™, we mean that M is positive semidefinite (definite).

A semidefinite program is

min CeX (P)
Xesn

st. A'eX =0, i=1,..m

X =0,



where C, A* € 8™, i=1,...,m, and b € R™. The corresponding dual program is

b D
yERI’I”l?JZXE sn y ( )

st. Y A+ Z=0C,
=1
Z = 0.

Throughout this paper the following assumptions are made.

Assumption 1. The matrices A%, i = 1, ..., m, are linearly independent, i.e.,

m .« .
ZAW:O = wu'=0 i=1,..,m.

=1

Assumption 2. Both (P) and (D) have strictly feasible solutions, i.e.,

X esm . Ate X =0, i=1,...m, X =0;
3 (y,Z) € R™ x 8™ : N Ayi+z=C, Z=o.
i=1

Assumption 1 is only a technical one, enforcing a one-to-one correspondence between
y and Z in the dual feasible pairs (y, Z). On the other hand, Assumption 2 is essential
in the development of the theory. Under this assumption both (P) and (D) have optimal
solutions X and (7, A ), and the duality gap is XeZ=0. Moreover, the optimal solutions
satisfy XZ=2X=0 [A]. Let us mention that the last property enables us to interpret
any primal-dual optimal pair (X A ) as a point from the boundary of the primal-dual

feasible set.

2.2. Definition of the central path. The centering system for p > 0 is defined by the

following system

Ale X =0, i=1,...,m, X >0, (1)
YAy +z=C, Z=0, (2)
=1

XZ = pl,, (3)
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where I, is the n x n identity. It is well known that for any p > 0 there exists a unique
solution (X (p), y(1), Z(p)) to the system (1)-(3) [VB, KSH]. The set of solutions for z > 0
is called the central path for (P) and (D). The central path restricted to 0 < p < [
for some > 0, is bounded and each of its limit points for x | 0 is an (maximally

complementary) optimal solution of (P), (D) ([KRT, LSZ, GS]).

2.3. The central path as an analytic function of p > 0. As indicated above the cen-
tral path can be considered as a function of the parameter pu. That is, the central path,
(X (w),y(u), Z(p)), maps (0,00) to  R™ ™ x R™ x R"*™. In order to analyze the prop-
erties of the central path we introduce the mapping, vec : R™*® — R"%, that stacks the
columns of a matrix in a vector. We also define
(vec(A1))"

A=
(vec(A™))T

Then, the centering system (1)-(3) can be rewritten as

Avec(X)=0b, X >0, (1)
ATy +vec(Z) = vec(C), Z =0, (27)
XZ = pl,. (3)

We now describe the Jacobian of this system by means of the Kronecker product. For
convenience we recall the definition of the Kronecker product M ® N: if M € R¥*! and
N € R™*5, then M ® N € RF'*Is is a k x 1 block matrix whose 7, j block is m;; IN.

Following are four properties of the Kronecker product that will be useful later [HJ]:
(M@N)YK®L)=MK®NL, (M®N)'=M1eoN*

(M ® N)vec(K) = vec(NKM?T), and if Z>0and X =0, then Z® X > 0.

Due to the third property it is easy to see that the Jacobian matrix of (1°), (27), (3) is

A 0 0
J(X,y,2) = 0 AT I,
Zol, 0 I,®X
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Let us denote by J(u) the Jacobian evaluated along the central path, i.e.,

J(p) == J(X(n),y(n), Z(1), n>0.

Since X (p) > 0 and Z(u) > 0, based on the above properties of the Kronecker product
it can be easily shown that J(u) is nonsingular at any x> 0 (see also [AHO]). A simple
corollary is that the central path is an analytic function at any p > 0. In fact, since the
central path is defined by equations (1’), (2’) and (3), and the functions in these equations
are analytical functions of X, y Z and pu, the analyticity of the central path follows by

the analytic version of the implicit function theorem [D].

2.4. Limiting properties of the central path. For p > 0, the central path possesses nice
features, but the question arises whether it keeps these features as p | 0 . We will see
that the answer to this question is “yes”, if a strictly complementary solution exists. This

condition is assumed in the sequel of the paper. Formally:

Assumption 3. There exists a strictly complementary solution, -i.e., there exists (X, 7, Z)

such that X and (7, Z) are optimal solutions of (P) and (D) and rank(X) + rank(Z)

n.

Under this assumption it was proven independently by De Klerk, Roos and Terlaky
[KRT], and Luo, Sturm and Zhang [L.SZ] that the central path converges as p | 0 to
the analytic center of the solution set. This fact enables us to extend the domain of the
central path to [0,00) by defining

X(0) == lim X (), y(0) = limy(u), and Z(0) :=lim Z(y)

and study the analyticity of the central path at g = 0. Notice that if the Jacobian J(u)
were nonsingular at p = 0, the analyticity of the central path for y = 0 would follow from
the implicit function theorem. However, this is not possible generally since the Jacobian
may be singular at p = 0.

In fact, J(0) is non-singular only if a non-degeneracy property is fulfilled [AHO], and
hence, trivially for this case, the central path is analytic for any p > 0. Let us mention that

the same argument was first used by Fiacco and McCormick [FM] for proving analyticity
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of the central path in a somewhat different setting. See also [GS], where the convergence
of the first-order derivative of the central path for non-degenerate SDP’s under strict
complementarity is proved.

Since the argument of non-singularity does not work for degenerate SDP’s, a more
careful analysis is needed for this case. For such an analysis the result by Luo, Sturm and

Zhang [LSZ],
X (1) = X(O0)|| = O(w), and [ Z(p) = Z(0)]| = O(p), (R)

is of crucial importance. Let us mention, however, that (R) does not imply (as was

misinterpreted in [GS]) that the derivatives of the central path are bounded (consider for
instance f(p) = psinl/p)).

2.5. Relevant results for LP and LCP. The difficulty of a vanishing Jacobian arises
for both LP and LCP, and this difficulty has been handled by two different procedures.
The LP case was addressed in [G,W,H1], where explicit formulas for the derivatives - of
any order - were established for y > 0, and then their limiting properties were analyzed
as i} 0. These proofs are constructive, and they yield recursive formulas for the high-
order derivatives at p = 0. They eventually estimate the radius of convergence of the
corresponding Taylor series. However, these proofs are technical and lengthy.

A different approach was developed by Stoer and Wechs for LCP in [SW1, SW2, SWM].
This approach is based on an application of the implicit function theorem and provides
a much simpler proof of the analyticity of the central path. It was refined, and applied
directly to LP by Halicka [H2]. Surprisingly, the idea of this proof can be modified and

applied even to SDP, as can be seen below.

3. Analyticity of the central path

In this section we prove that the central path for SDP is analytic at u = 0, provided

that there is a strictly complementary solution.

Theorem. Under Assumptions 1-3 the central path (as a function of u > 0) is analytic,

even for p = 0.

Proof. The proof consists of five steps.



(a) Decomposition of matrixz variables. Let (X, Z) be a strictly complementary solu-
tion (see Assumption 3) and r := rank(X). As shown in [GS], this r is independent of the
choice of the strictly complementary solution, and we may assume without loss of gen-
erality (applying an orthonormal transformation if necessary) that each optimal solution
pair, X* and Z*, of (P) and (D) is of the form

X 0

X:{o 0

} , where X7, € S", X7, ~ 0,
* 0 0 * n—r *
Throughout this proof, the decomposition of any n x n matrix M is made with respect

to the above partition, -i.e.

T

M1 My
where My is r X r, and My is (n — r) X (n — r). With this block partitioning, we write

equations (1)-(3) as follows,

AY e Xoq(p) + Aly @ Xio(p) + Aby @ Xoy () + Aby @ Xoo(u) = b, i=1,..,n, (4)

)

ZAMZJ )+ Z11(p) = Ciu,

ZAlz?J ) + Z12(pn) = Cho,

i Apoy' (1) + Zaz(n) = Caa,
Xa1(p) Z11 (1) + X12(p) Z21 (1) = pulr, )
X11(w) Z12() + X12(p) Z22(1) = 0, ©
Xo1(p) Z11 (1) + Xo2(1) Z21(p) = 0,
Xo1(1) Z12(p) + Xoz(p) Zoa(p) = plp—r.
Here A%, e Xi(u) := trace(Ai, X5 (1)) , and Ab, e Xoq(p) := trace(Ah X7, (1))
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(b) Introduction of tilde variables. As mentioned above, the central path converges to

a strictly complementary solution. This means that

X11(p) — X11(0) = 0, Z11(p) — 0,
Xia(p) — 0, Zy2(p) — 0,
Xo1(p) — 0, Z21(p) — 0,
Xoo(p) — 0, Zaa(p) — Z22(0) = 0

Moreover, from the above-mentioned result (R) of Luo, Sturm and Zhang we have that

the functions

Xio(p)  Xoa(p)  Xoolw)  Zu(p)  Zi2(w) Z>1(p)

) ) ) 3 ,andi
I I I T T T

are bounded as p | 0. This result enables us to divide the path variables into two classes.
The variables X711 and Zs2 are O(1) and remain unchanged throughout the proof. The
other variables are O(u); they are replaced by auxiliary variables denoted by the tilde
sign, and called tilde variables. The tilde variables are defined by

~ X ~ X ~ X
Xipi= 220 Xopi="2 Xopi= 22,
w w
~ 7 ~ 7 ~ 7
Z11 :i, 12 :ﬁa o1 1= &
u 1

Now, instead of the central path being defined by

p(ru’) = ( Xll(/j’)a X12(/1’)7 X21(/1’)7 X22(/1’)7 y(/j’)a le(lu’)v Z12(/1’)7 ZZl(/j’)a ZZZ(:U’) )7
we consider the tilde path defined by

P(p) = ( X11(p), X12(p), Xor(p), Xoa(p), y(w), Z11(n), Zi2(p), Zar(n), Zoa(p) ),

where only X1 (), y(p), and Zao(p) remain unchanged. Substituting the tilde variables
into (4), (5), and (6), we obtain the following system for the tilde path

Afy @ Xui(p) + pAfp @ Xia(n) + pAby @ Xoy (1) + pApy @ Xoo(p) = b, i=1,....,m, (7)
9



ZAMZI ) + 21 (p) = Cha,

ZAlzy ) + 2z (p) = Cha,

> (8)
ZAzﬂl ) + 1221 (1) = Con,
ZAzzy ) + Z22(p) = Coa,
uX11(p) Zaa () + (10)* X12(p) Zo1 (1) = ply, )
pX11 () Z12(p) + pX12(p) Zo2 () = 0, | o)
(1) Xa1 (1) Z11 (1) + (1) X2 (1) Za1 (1) = 0,
)

(1)* X1 (1) Z12(11) + 11X 22 (1) Z22(1t) = pl—p- )

From the formulas X12(p) = X%(“)

, etc., for the tilde path it is easy to see that the
analyticity of the central path for ;1 > 0 implies the analyticity of the tilde path for p > 0.
On the other hand, because X15(p) = X2, etc., the analyticity of the central path at
i = 0 may be established by proving the analyticity of the tilde path at x4 = 0. The
drawback is that the tilde path is defined only for p > 0, and the convergence of the tilde
path as i | 0 has not been established. However, it suffices to prove that the tilde path
can be analytically extended to p = 0, which can be managed without the convergence
of the off-diagonal blocks (their boundedness will suffice). All we need is the convergence

of ng and Zu to positive definite matrices. This convergence follows from equations in

(9). In fact, from the first equation in (9) we have

le(ﬂ) X5 (), —MX12(M)Z21(M))7

and since X12(p) and Zo1 (1) are bounded as p | 0, and X11(p) — X11(0) = 0, we have
that
Z11(n) — X31(0) = 0.

Similarly, from the fourth equation in (9) we obtain that
Xoo(p) = Z5H(0) = 0.

10



(c) Operations on the system describing the tilde path. We can see that some of the

equations in (9) are multiplied by p or p?, and we divide them by p (42?) to obtain an

equivalent system for p > 0. We also define

(vee(A11)" (vee(A1))"
All = s A12 = , etc,
(vee(AT})" (vee(Af3))"

and rewrite the equations in (7) and (8) with the vec operator. We obtain

Aqyvec(Xq1(p)) + pAravec(Xia(p)) + pAaivee(Xa1 (1)) + pAzavec(Xaa(n)) = b,

ATy + p vec(Z11) = vec(Chy), )
Alyy + 1 vec(Z1a) = vec(Cha),
ALy + p vec(Za1) = vee(Cay), (
ALy + vec(Zy) = vec(Cha), J
X11(p) Za1 (1) + pX 12 (1) Zoa () = I, )
X1 (1) Zra(p) + X12() Zaa (1) = 0,
Xo1(p1) Zn (1) + Xoz (1) Zo1 (1) = 0, (
nXo1 (1) Zr2(p) + Xoa (1) Zaz(4) = In—r, )
where
Aqq € Rmx’"2, vec(Xq1) € R’"2,
As € RXT(0=T) vec()z'lz) e RI(»=7)
Ay € R (n=m)r vec()z'zl) e R
Agy € RMX(=r)(n=r), vec(Xps) € RP)(n=7)

The equations (7’) and (8’) are rewritten as the following matrix equation,

Po(p) + pQu(p) = d,

where

e

el
~NOo O o O

QO

I
co o~
co~NOo O
o~ OO

(10)



and

() :
vec(Xa1 (1
vec(Xy1(p)) S vec(C11)
o= | |t = | R vee(C)
vec(Zaa (i) vec(Z11(p)) vec(Cay)
Vec(%lz(/j’)) VeC(sz)
L vec(Za1(p))

Here P and () are constant matrices of dimensions [ X k1 and [ X ko respectively, where
li=m+r?+2r(n—r)+ (n—r)>=m+n?
ky:=m+ri+(n—r)?
ko := (2r(n—7) + (n— )2 4+ 724 2r(n —1)).
The vector d is constant, and the vectors v(u) and w(u) are bounded as p | 0.

Let s := rank(P) < ky <. Then, there exists a nonsingular [ x [ matrix W such that

_ | _
W = |:W2:| and WQP—O,

where Wy is s x [ and Wy is (I — s) x I. Multiplying (10) by W from the left we obtain
pWoQw(p) = Wad. (12)

Since w(u) is bounded as p | 0, from (12) at u = 0 we have Wad = 0. So, instead of (12)

we have
W2Qu(p) = 0. (12)
Because W is nonsingular the system of (7), (8), and (9) defining the tilde path is

equivalent to (11), (12°), and (9) for 1 > 0. Hence the corresponding Jacobian, .J (), is

nonsingular for g > 0. Now, let
pt= (Xiklv Xikz’ Xéklv XSZ) Yy Zikl’ Zikz’ Zéklv Zékz)
be one of the limit points of the tilde path as | 0 and let {u;}72; | 0 be the corresponding

sequence of u’s for which the tilde path values converge to p*. From the previously

described convergence properties of ng and ZU we have

X5 =X1100) -0, X3 =27300)=0, Z;=X3'0)=0, Zi = Z2(0) > 0.
12



The pair (v*, @w*), where

vee(X) ]
. vec(X3,)
* — * d * — ~
v Y ) , and w vee(75) |
vec(Z3s) 1
Vec(?u)
VGC(Z;I),_

solve the system of (11), (12’) and (9) at p = 0. Denote by .J* the Jacobian of the system

at (v*,%*) and p = 0. We prove that J* is nonsingular.

(d) Nonsingularity of the Jacobian at p = 0. It suffices to prove that if J*h = 0 for
_ T _ (pT pT T 3T T pT 3T  pT 3T
some vector h, then h = 0. Let h' = (th’hf(m’h)?21’h)222’hy’h2117h212’h221’h222)'

T._ (3T 3T 3T T._ (3T 3T 3T 3T 3T 3T
Denote h,, := (hx, ,h,,hz ) and h,, = (hX12’hX21’hX22’h211’h212’h221)'

Then the equations of J*h = 0 are
W, Ph, =0, (13)

WoQhy = 0, (14)

(I® Xf)hs, + (Z¥, ® Dhx,, =0, 15

(I® Xi)hg, + (Z1)" @ Dhx,, + (I ® X{y)hz,, + (Z3; @ Dhg, =0, (16
(I® X5)hgz, +(ZH @ Dhg, + I ® X)hs + (Z3)" @ Dhg,, =0, (17

(
(
(
(18

)
)
)
(I ® X3))hz,, + (Z3,® hg, = 0. )

Since Wj has been defined so that Wy P = 0, we also have Wy Ph, = 0. From (13) and

the nonsingularity of W we now have
Ph, = 0. (19)

Hence (13) is rewritten as (19). Now, we rewrite (14). For this purpose we note that

W = (%1> is nonsigular | x [, and Wj is (I — s) x [ and hence rank(Wy) = [ — s.
2

Moreover, since rank(P) = s and WoP = 0 we have that

Wea=0<3b: Pb=a
13



which applied to (14) gives that there exist vec(U;), us and vec(Us) such that

"vec(Ul)-I
P U9 + Qhw =0.
Lvec(Ug)J
The equations of (19) are
Althll - 0’
Al\hy =0, )
Alyh, =0,

AZ h, =0,

Alhy +hzy =0, )
and the equations of (20) are
Anvec(Ur) + Aishg  + Asrhg  + Asshg =0,
ATjug+hy =0, )
Alyus + by, =0,

AJjus +hy =0,

A%;UQ + VeC(Ug) = 0 )
Now, from (21) and (24) the orthogonality property yields

hk, bz, =0.
Similarly, from (22) and (23) we obtain
W, Bz, =0,

and from (23) and (24)

vec(Ul)ThZ11 + h§22vec(Ug) + h§12 hz., + h§21h221 = 0.

From (15) and (18) we obtain

thl = _([ ® Xfl)_l(zfl ® I)hX117

hZ22 = _(I®X;2)_1(Z;2 ® I)h)?mv
14
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which substituted to (25) and (26) yield

0 :h';ll h’Zu = _h§11 (I ® Xikl)_l(zikl ® I)hX117 (30)

0=h% hz, =—h% (I®X5) " (Z5,0Dhg,. (31)

Since X*,, Z* and X%,, Z%, are positive definite, due to the properties of the Kronecker

product we obtain that
* \—1/r7% x — 1\ /7% 7% x —1
ITeoXf) '(Zhel) =1 X{, )ZHel)=(Z1,® X ) =0,
v* \—1/ 7% N 7 % S 1
I®X3) (Z5, @)= (IR X3y )(Z3,®1)=(Z3,® X3, ) > 0.
Hence from (30) and (31)
hx,, =0 and hg =0 (32)

and substituting (32) to (28) and (29) we obtain
h’Zu =0 and h222 = 0. (33)

Due to Assumption 1, rank(A4) = m. So (22) together with hz,, = 0 imply that h, = 0.
From (16) and (17) we obtain

hf(m =—(Z3,® I)_l([@) Xikl)hzmv (34)

hig, =—(ZH @I ® X35)hy,,. (35)
Setting h; =0 and hg =0, and the formulas (34) and (35) into (27) we obtain
—hG (Z3 @ D)THI®@ X{y)hy, —hy (Z1; @ )71 © X35)hz, = 0.

Since (Z, Q1) ' (I®X*#) and (Z:,®I)~ ' (I® X%,) are positive definite, we have hz, =0
and hyz = 0. From (34) and (35) it finally follows that hg =0 and hg = 0. Thus,

the Jacobian J* is nonsingular.

(e) Application of the implicit function theorem. Now, we are ready to apply the

analytic version of the implicit function theorem to the system (11), (12’) and (9’) at
15



*

p* = (v*,w*) and p = 0. Let us recall that p(u) = (v(p), w(p)) is the solution of the
system for g > 0. The system is defined by analytic functions, p* solves the system at
i = 0 and the Jacobian J* of the system at p* and it = 0 is nonsingular. Thus, there exist
neighborhoods I and U of y = 0 and p* respectively, such that for any u € I there exists
a unique p(p) € U - the solution to the system, where p(0) = p* and p(p) is analytic.
The tilde path p(p) has the property that for some i, and for all i > i,: p; € I and
p(p;) € U, and therefore p(u;) = p(p;) . However, since both the tilde path p(u) and
p(p) are analytic for p > 0 we have p(pu) = p(u) for p € I N (0,00) by the uniqueness
of analytic functions. Thus the tilde path p(u) is analytically extended to p = 0 by
prescription p(0) := p(0) and the theorem is proved. [

As a simple consequence of the above results we obtain

Corollary. Under the assumptions 1-3 all derivatives of the central path
P® () = (X® (1), y® (), Z® (n)), k=0,1,..., converge for x| 0 and
P9(0) = (X 0),58(0), Z(0)) = L (X O (1), 5 (), ) 1)),

Moreover, if the orthonormal transformation (described in the proof of Theorem) was

applied to the system, then X11(0) = 0, Z22(0) > 0, and

Xi2(p) = pX12,  Xo1(p) = pXo1(p),  Xaz(p) = pXa2(n),

Zn(p) = pZu(p),  Zao(p) = paa(p),  Zaa(p) = nZa1 ()

where Xlz(,u), le(p,), ng(,u), Zu(,u), Z12(1), Zo1 (i) are analytic for p > 0, and XQQ(O) =
731 (0) = 0, Z11(0) = X31(0) > 0.

4. Concluding remarks

Let us remind that the above results are proven under the assumption of strict comple-
mentarity. If no strictly complementary solution exists, the first-order derivative of the
central path is not bounded as p | 0, which was shown by Goldfarb and Scheinberg [GS].
The situation here is very similar to that for the LCP where the existence of a strictly

complementary solution is not guaranteed and the derivatives are unbounded, as p | 0.
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Nevertheless, it was proven by Stoer and Wechs [SW1, SW2] that if the LCP does not
have a strictly complementary solution, then the central path, considered as the function
of p = /i, can be analytically extended to p = 0. The proof of this fact is based on a
classification of the variables along the central path. Accordingly, the variables fall into
one of the three classes: O(1), O(,/i) or O(p). Let us mention that this classification
has been established also by Illes et al. [IPRT] (see also [S1] and [P]). To obtain such a
classification, some classical results by Robinson and Hoffman from the theory of error
bounds for polyhedral sets were used both in [SW1, SW2] and [IPRT]. The drawback is
that these old results do not hold for conical sets and thus they do not yield such a clas-
sification for SDP. However, the area of error bounds for SDP is a subject of very intense
research (see [S, LS, NF] and the references cited therein), and new results obtained here
open a way to study the analytical properties of the central path for the general SDP. In
fact, some examples of SDPs ([SD], [Pal]) show that the variables along the central path
for SDP display much more complex behavior than those for LCP, and the classification
of the variables merely into the classes O(1), O(y/p) and O(p) does not hold for some

SDP instances.

Luo, Sturm and Zhang [L.SZ] have used the error bound (R) to construct and analyze
algorithms with superlinear convergence. (See also [PS], and [KSS] where the superlinear
convergence is analyzed for nondegenarate SDP’s). A question now arises as to how the
results of this paper may be used to construct higher-order methods for SDP. Such a
method for LCP, with very good local convergence properties, has been suggested in
[SWM]. For this method, however, another property of the central path is used. The
central path is actually considered to be a special case of a weighted central path that is
analytic not only at the variable 4 > 0 but also at the weight vector w > 0. This path
can be constructed to pass through any current point (z,z) > 0, and the correspondence
between the current point and the weight vector is given by w; = % For SDP the
situation is more complicated since there is no obvious connection between the primal-
dual strictly feasible pair (X, Z) and the matrix or vector of possible weights ([SZ], [MZ],

[MP]). Because of this, the question that still remains open is how to define paths for
17



SDP, so that their analyticity would serve for the construction of algorithms similarly as
the analyticity of the weighted paths serves for LCP [SWM].

The results of this paper may have applications to the sensitivity analysis in SDP.
In fact, some results for the central path in LP, which follow from the analyticity of
the central path, have been independently established and used in the context of the
sensitivity theory in LP (see [HC, HSZ]). Moreover, the technique used in this paper is
very suitable for the sensitivity analysis, since from the system (11), (12’) and (9) we
may obtain the analyticity of the solution not only in the parameter p, but also in some
parameters of problem data. Let us mention that a result of this paper (the boundedness

of the first-order derivative) has surprisingly served for the sensitivity result in [SZ2].
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