Kernels in planar digraphs
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Abstract. A set S of vertices in a digraph D = (V, A) is a kernel if S
is independent and every vertex in V' — S has an out-neighbour in S.
We show that there exists an 0(35\@77,) ! algorithm to check if a planar
digraph has a kernel with at most k vertices. We found a reduction
which allows us to separate the sub-exponential part additively from the
digraph size. Our result implies an algorithm that checks for a kernel
with at most k vertices in time 0(35"@ + n) for any constant §' > 4.

For plane digraphs we introduce a new parameter which we call the kernel
number. For a plane digraph the kernel number is the minimum number
of faces to be deleted (i.e., the vertices of the boundary) such that the
remaining digraph has a kernel. We show that determining whether the
kernel number is at most some constant &k is NP-complete for every k > 0.

Revelation

After decades of silken repose, being told beddy-bye by means of the poisoned
apple called NP-completeness, the princess of computer science has finally been
kissed awake. At tremendous speed choking barricades are torn down and a
colourful palette of new optiques has emerged. The visionary Don Quichote,
christened fized parameter complezity, has cast out the apocalyptic intractable
messenger which was a mere catafalque for efficient algorithms.

Definition 1. Consider an algorithm for a parameterised problem (I,k), where
I is the problem instance and k the parameter. The algorithm is called uniformly
polynomial if it runs in time O(f(k)|I|°), where |I| is the size of I, f(k) an
arbitrary function, and c a constant independent of k. A parameterised problem is
fixed-parameter tractable (FPT) if it admits a uniformly polynomial algorithm.

* Supported by an EPSRC grant.
** Corresponding author.
! Throughout this paper the constants § and ¢ are the same as the comparative con-
stants mentioned in [1].



Parameterised complexity was introduced some ten years ago [22]. There are by
now numerous algorithms known for fixed parameter tractable problems. For
PLANAR DOMINATION, part of the stumbling history is reflected in [24,22,2].
A stunning breakthrough with a catalytic impact was made with the discovery
of sub-exponential solutions (i.e., O(cﬁn)) for various domination problems on
planar graphs [13,1,3,4,19].

It is shown [17] that for all MAX SNP-hard problems (such as dominating set)
finding exact solutions in sub-exponential time is not possible unless W[l] =
FPT. PLANAR DOMINATING SET (and various other problems) has no EPTAS

running in time 0(20(\/g)p(n)) unless W[1] = FPT [18]. These results indicate
that the square-root solutions for planar domination are optimal.

It is well-known that if a problem is fixed parameter tractable then it also yields
an additive FPT solution (see Section 2). These algorithms are invariably ob-
tained by reduction to a problem kernel® [22]. The swift progress in this area is
nicely illustrated by improvements on the solutions for the VERTEX COVER PROB-
LEM initiated by S. Buss [22, 6, 25,40, 20]. Other examples are k-LEAF SPANNING
TREE [22] and 2-LAYER PLANARIZATION [26]. The first sub-linear additive FPT
algorithm appeared recently in [19] for PLANAR MAXIMUM CLIQUE TRANSVER-
SAL. In this paper we show that also PLANAR INDEPENDENT DOMINATION yields
a sub-linear kernelization.

We use the standard terminology and notation on digraphs, see [7,31]. We con-
sider digraphs without loops or parallel arcs. Thus, a digraph D = (V, A) is a
pair consisting of vertex set V' and arc set A, a set of ordered pairs of vertices.
We denote an arc a as (u,v) where u is the tail and v is the head of a; v is an
out-neighbour of u and u is an in-neighbour of v; u and v are adjacent. The set of
out-neighbours of a vertex z is denoted by N*(z) and the set of in-neighbours
by N~ (z). The set of neighbours is defined as N(z) = N*(z) U N~ (z). The
in-degree (out-degree) of x is d~(z) = [N~ (x)| (d* (x) = [Nt (z)|); the degree of
zis d(z) = d* (z) + d~ ().

The underlying graph G = (W, E) of a digraph D = (V, A) is an undirected
graph (with no parallel edges) that has the same vertex set as D, i.e., W =V
and two vertices are adjacent in G if and only if they are adjacent in D. A super-
orientation of an undirected graph G is a digraph D such that G is a underlying
graph of D.

Kernels in digraphs were introduced in different ways in [10,37,39]. It seems
that Neumann [39] was the first to introduce kernels when describing winning
positions in 2-person games. For important applications of kernels in game theory
see [27,28, 38]. Applications of kernels are widespread and appear in diverse fields
as logic, computational complexity, graph theory, combinatorics, coding theory
and other areas.

2 In this paper we use two standard similarly sounding terms: a problem kernel for
special reductions and a kernel in a digraph. The terms have different meaning and
the reader will be able to see which one is used from the context.



Definition 2. Let D = (V, A) be a digraph. A set S of vertices is a kernel if S
is independent and every vertex in V — S has an out-neighbour in S.

Chvétal proved (see [30]) that the problem of deciding whether a digraph has a
kernel (called the kernel problem below) is NP-complete. Fraenkel [27] showed
that the kernel problem remains NP-complete even for planar digraphs D with
degree constraints dt(z) < 2, d~(z) < 2 and d(z) < 3 for all vertices z. It
is easy to see that every acyclic digraph has a kernel. This sufficient condition
for a digraph to have a kernel has been generalised by several authors. For
short accounts on the topic see [7,11]. In passing we would mention a result by
Boros and Gurvich [14], generalised by Cai and Corneil [15], that every super-
orientation of a perfect graph is kernel solvable (a graph G is kernel solvable if for
every super-orientation D of G for which every clique has a kernel, D itself has
a kernel). Berge and Duchet [10,11] conjectured that the opposite is also true,
i.e., every kernel solvable graph is perfect. From results in [29] and [34] it follows
that every distance hereditary digraph with vertex-clique covering number at
most 3 has a kernel.

Finding kernels in special classes of digraphs seems to be a big open field. It has
been shown [8] that the kernel problem is polynomial time solvable for locally
semicomplete digraphs, digraphs in which the out-neighbours (in-neighbours) of
every vertex are adjacent.

In this paper we prove that there are polynomial algorithms to determine the
existence of small kernels (of size O(log?n)) and large kernels (of size 2(n —
log®n)) in planar digraphs.

We introduce a new concept, the kernel number of a plane digraph. For a plane
digraph the kernel number is the minimum number of faces to be deleted (i.e.,
the vertices of the boundary) such that the remaining digraph has a kernel. We
show that deciding if the kernel number is at most &k is NP-complete for plane
digraphs even when restricted to plane digraphs with in— and out-degree at most
2 and degree at most 3.

1 Ways to locate kernels in planar digraphs

Definition 3. A tree decomposition (7', S) for an undirected graph G = (V, E)
is a pair where T is a tree and S is a set of subsets of vertices, called bags. S
is in 1-1 correspondence with the vertices of the tree T such that the following
conditions are satisfied:

1. Every vertex is contained in at least one bag,

2. Both endpoints of every edge are contained in at least one bag,

3. For every vertex x of the graph, if x appears in bags S; and S; then it appears
in every bag corresponding to the vertices which lie on the path in the tree T
between the points i and j.

The width of a tree decomposition (7',S) is the maximum cardinality of a bag
S; minus one, over all nodes in the tree T'. The treewidth of the graph is the
minimum width over all possible tree decompositions of the graph.



Computing treewidth for graphs in general is NP-complete, however the problem
is FPT. Moreover there exists a linear time algorithm to check if a graph has
bounded treewidth [12, 36].

The following result [13,1, 3], is of eminent importance to us.

Theorem 1. If a planar graph has a dominating set of size at most k then the
treewidth is bounded by 6v'k for some constant 6. There is an O(c‘/En) algorithm
that finds a dominating set of cardinality at most k if it exists. Here c is some
constant.

Remark 1. In [1, 3] upper bounds ¢ < 36V34 and § < 6v/34 are communicated.

We sketch an algorithm to find a kernel of size k£ in a planar digraph in time
at most O(c\/En) if it exists. If such a kernel does not exist, our algorithm
will accordingly report this. Our algorithm is based on the following simple
observation.

Lemma 1. If a planar digraph D has a kernel of size at most k, then its under-
lying graph G has a dominating set of cardinality at most k. Hence the treewidth
of the underlying graph is at most 6v'k.

In the rest of this section we assume that we are given a tree decomposition of
width at most O(Vk) for the underlying graph G of a digraph D = (V, A) for
which we want to find a kernel of size at most k. (If such a tree decomposition
does not exist, then clearly, the digraph cannot have a kernel of this size.)

Remark 2. 1t is worth mentioning that only the treewidth of the underlying
graph is important to us in this paper. Directed treewidth is defined in [35] (see
also [41,43]). It is easy to see that if a digraph has bounded directed treewidth,
and a tree-decomposition of bounded width is given then the kernel problem can
be solved also using this directed tree-decomposition. However, the theory of
directed treewidth is still immature.

Our algorithm is a simple dynamic programming procedure which computes
candidates for a kernel for each node in the tree, starting with the leaves. The
following notions are useful for describing the algorithm. We denote by Y; the
union of the bags S; of the subtree of T' with root node .

Definition 4. An almost-kernel for node i is an independent set K in D[Y;]
such that all vertices of Y;, except possibly some vertices in S;, are either con-
tained in K or have an out-neighbour in K. A characteristic for node i is a pair
(f,€), where f is a 3-colouring of the vertices S; and € is some integer 1 < e < k.
A wvertex is coloured red if it is an element of the kernel. It is coloured black if
it is not in the kernel but has at least one out-neighbour in the kernel, and it
is coloured grey if it is mot in the kernel and if it has no out-neighbour in the
kernel. For a 3-colouring f, € is the minimum cardinality of an almost kernel K
for node i such that the grey vertices of f are exactly those vertices without an
out-neighbour in K.



The main part of the algorithm computes the table of all characteristics for every
node ¢ in T from the tables of its children. If we reach the root r of the tree we
can read from the table at this root whether there exists a kernel with size € if
there exists a characteristic (f,€) in the table at the root without grey vertices.
Notice that the number of nodes in T' is O(n) and the work done for each bag

is O(3°V¥) (the number of 3-colourings of S;). We obtain the following:

Theorem 2. If a digraph D = (V, A) has a kernel of size at most k, then a
tree decomposition of width 6v/k can be found in linear time. Hence, there is an
algorithm running in 0(35‘/En) time to decide whether D has a kernel of size at
most k.

Remark 3. Tt would be interesting (since we are dealing with planar digraphs [33,
42]) to see whether a kernel algorithm can be described just as easily in terms
of a branch-decomposition.

In Section 2 we need an extension of this result. It is readily checked that the
following theorem holds as well:

Theorem 3. Let D = (V, A) be a digraph and let R and B be disjoint subsets
of V. An (R, B)-kernel is a kernel K with R C K and BN K = (). There is
an algorithm running in time 0(3‘5‘/En) which decides whether a planar digraph
D = (V, A) with disjoint sets R,B C V has an (R, B)-kernel of cardinality at
most k.

For a connected digraph D = (V, A) and kernel K in D, V — K is a dominating
set in the underlying graph of D. This observation implies the following;:

Corollary 1. If a connected digraph D has a kernel of order at least n—k, then
there exists an 0(35*/En) algorithm to compute a kernel.

Remark 4. The kernel spotted by this algorithm need not have cardinality n— k.
This depends on its implementation.

2 Simplifier to a problem kernel

We start by a short description of a general algorithm to obtain an additive FPT
algorithm from a multiplicative one (see [16,23]).

Lemma 2. Assume we have an algorithm which runs in time O(f(k)n) for a
parameterised problem (on digraphs) with parameter k for some function f(k).
Then, alternatively, we can obtain an algorithm which runs in time O(n?+ h(k))
for some function h(k).

Proof. First compute a table T' of solutions for all digraphs with at most f(k)
vertices. (This table is referred to as the “advice” in [16]). Now consider a digraph
with n vertices. If n < f(k) the solution can be looked up in T'. On the other
hand, if n > f(k), our multiplicative algorithm runs in O(f(k)n) = O(n?) time.

a



Remark 5. Since our digraphs have no parallel arcs or loops, we have an upper

vE
bound of 2¢°"" for the number of digraphs with cVF vertices. Hence, direct ap-
plication of the proof of Lemma 2 gives an (impractical) algorithm with running

time at least (2 (n2 +2¢ k) Notice also that we can obtain an algorithm that

runs in time O(n® + h'(k)) for any a > 1 at the cost of a blow-up of the function
h.

In the rest of this section we describe an algorithm which is only singly exponen-
tial in vk and linear in n. Let D be a planar digraph. Assuming that D has a
kernel of cardinality at most k we show first that we can reduce D to a digraph
D' of size polynomial in k, and a set S of subsets of vertices of D'.

We colour some of the vertices red in the process. We colour the vertices of D’
red if they must be contained in any kernel of cardinality at most k& of D’ for a
reason described below. All red vertices remain vertices of D’. Some vertices are
removed from D', and other vertices remain uncoloured. During the process of
constructing D' we keep the following condition invariant:

D has a kernel K of size at most k if and only if K is a kernel in D’
containing all red vertices and such that for every subset S € S at least
one element is in K.

Initially D' = D, all vertices are uncoloured and S = ). Clearly the invariant is
valid in this initial stage. We prove that the final size of D' is O(k?).

Lemma 3. If two vertices x and y of D have at least 3k+2 common neighbours,
then at least one of x and y must be in a kernel of cardinality at most k. Hence
none of the common neighbours can be in a kernel of cardinality at most k.

Proof. Let K be a kernel of cardinality at most k. Since D is planar, if neither
xz nor y is in K, then the common neighbourhood C together with z and y
determine at least 3k + 1 finite faces. Each z € C' must be in K or must have an
outgoing arc into K. Since a vertex of K can be an out-neighbour of boundary
vertices of at most two faces, we see that at least k& + 1 vertices are needed to
give every z € C' which is not in K an out-neighbour in the kernel. This means
K has more than k vertices, a contradiction. O

Lemma 4. Assume k > 1. The number of pairs of vertices {x,y} which have
at least 3k + 2 common neighbours is O(n).

Proof. Every plane embedding of K 3 has a vertex which is not on the outerface
(an outerplanar graph can not have a K> 3 subgraph).

Given a vertex c, there is at most one pair {z,y} such that c is the middle vertex
of a plane K53 with z and y of degree 3. O

Our algorithm consists of three stages. We describe each stage in detail. The first
stage in our construction of D' is to remove the set C' of common neighbours
of every pair of vertices z and y with |C| > 3k + 2 from the current D’. For



every removed vertex z we make a subset S, of its out-neighbours that remain
in D" and we remove z from all existing subsets thus far. (A vertex z occurs in a
subset S, only if z is an out-neighbour of v and if u is no vertex of D'.) Notice
that the invariant remains valid after completion of the first stage.

Henceafter assume that the vertices of every pair in D have at most 3k + 1
neighbours in common. The next lemma shows that vertices of large degree
must belong to the kernel.

Lemma 5. If d(z) > 3k? + 2k + 1 then x must be in any kernel of cardinality
at most k.

Proof. Consider a kernel K with at most k vertices. Assume d(z) > 3k? +2k+1
and assume z ¢ K. Every neighbour of  must have at least one outgoing arc in
K or must be in K itself.

By assumption every element of K has at most 3k+1 neighbours in common with
x. Since x has at most k neighbours in K, it has at least 3k + k + 1 neighbours
not in K. Each of these 3k% + k + 1 neighbours must have an outgoing arc into
K. But every vertex in K has at most 3k + 1 common neighbours with z. Hence
we would have 3k% + k + 1 < k(3k + 1) which is a contradiction. a

This lemma leads to the validity of the second stage in our construction of D’:
In this step we colour every vertex z red if its degree is at least 3k% + 2k + 1.
The vertices of N~ (z) are removed from the digraph D’ (they have a neighbour
in the kernel), and the vertices of N(z) — N~ (z) are removed and their out-
neighbourhoods are made subsets. Notice that the invariant remains valid.
This second step completes the construction of D'.

Lemma 6. If D' has a kernel with at most k vertices then the total number n;
of vertices in D' is at most k(3k> + 2k + 1).

Proof. Let K be a kernel in D with at most k vertices. Let z € K. If z is
red, then it has no neighbours in D’. If x is not red then its degree is at most
3k2 + 2k by the definition of a red vertex. Finally, every vertex in D' must be
a neighbour of a vertex in K. It follows that the number of vertices in D' is at
most k(3k% + 2k + 1). 0

A careful analysis, which we have to omit due to space limitations, shows that
the collection S of subsets can be constructed in linear time. Notice that a subset
is constructed as a list of out-neighbours of a vertex only once, and a vertex is
removed from subsets in S only once. Furthermore, a vertex p is removed from a
subset S, only if p is an out-neighbour of ¢. It follows that there exists a simple
data structure representing the subsets and elements in it, such that the total
time needed for creating the subsets and removing vertices from the subsets is
linear.

In the third step of our algorithm we delete multiple copies of the same subset.
Using the fact that we are dealing with a planar graph it follows that we can
construct a set S of subsets (without repeated elements) in linear time. Using a
radix sort without initialisation we can obtain the following [21]:



Lemma 7. Call two subsets of S equivalent if they contain the same elements.
The equivalence classes can be determined in O(n) time.

Notice that also in this final stage the invariant is valid. We next show that the
number of subsets is at most a polynomial in k.

Lemma 8. There exist at most 4n3 different subsets in S.

Proof. Mark every subset S of S by a set T" of cardinality 3 such that 7" C S if
|S| > 3 and by S itself, otherwise. Observe that, since the underlying graph of
D does not contain K33, not more than two subsets with mark of cardinality
3 have the same mark. Therefore, there are not more than 3n? marks and thus
not more than 4n$ subsets in S. O

Combining the result of Lemma 8 with that of Lemma 6 we obtain:

Theorem 4. There exists an algorithm that runs in time 0(3‘5\/EkrT +n), where
7 <9, to decide whether a planar digraph D = (V, A) has a kernel of size at
most k.

Proof. Construct a planar digraph F' from D' and S as follows. The vertex set
of F equals the vertex set of D’ extended with one new vertex for each subset.
Each such a vertex is coloured black. Its out-neighbourhood equals the subset,
and its in-neighbourhood is ().

Let B be this set of black vertices and let R be the set of red vertices in D’.
Clearly, we have reduced the problem of existence of kernel of cardinality at
most k in D to the problem of finding a (R, B)-kernel of size of most k in F.
By Theorem 3 there exist an algorithm for the last problem that runs in time
0(3°Vkk3) where = 3k3 + 2k2 + k. Hence the upper bound on 7. O

Remark 6. Clearly, we can just as well write 0(351\/; + n) for this time bound
for any constant &' > 4.

Notice that our proof holds as well for independent dominating sets in planar
graphs. Hence we obtain the following;:

Theorem 5. There ezists an algorithm that runs in time O(S‘WEW +n) to
determine if a planar graph has an independent dominating set of cardinality at
most k.

Congecture 1. We conjecture that a similar result holds for DOMINATING SET.

Congecture 2. We conjecture that the upper bound for 7 in Theorem 4 can be
improved.



3 Kernel numbers

The question whether a planar digraph has a kernel is a parameter-free question.
We consider the cardinality as the prior choice for parameterisation. In this
section we investigate a second intrinsic option.

Definition 5. Let D be a plane digraph. The kernel number of D is the mini-
mum number of faces to be deleted such that the remaining digraph has a kernel.

Remark 7. Notice the analogy with the k-FACE COVER PROBLEM. This latter
problem is FPT [1]. Indeed, if the vertices of a plane digraph D can be covered
with at most k faces then clearly, the kernel number of D is at most k. We shall
see that the FPT result for £-FACE COVER is unlikely to hold as well for the
kernel number.

Correctness of the following lemma is readily checked.

Lemma 9. The kernel number of a plane digraph is equal to the minimum num-
ber of new vertices we have to put inside faces with arcs to and from the border
vertices of these faces such that the resulting plane digraph has a kernel.

Proof. Let there be k faces whose removal results in a digraph with a kernel.
Add a new vertex inside each of these k faces and make it incident with arcs
to and from all vertices on the border of the face. Then this new digraph has a
kernel.

Assume that we can add a new vertex inside k faces and obtain a kernel K. We
may assume that k is minimal, i.e., all the new vertices are in the kernel. Hence
the border vertices of these faces are not in the kernel. This implies that if we
delete these k faces we get a graph with a kernel. O

Remark 8. Computing the kernel number can be done in linear time for digraphs
whose underlying graphs are of bounded treewidth since the problem can be
formulated in second monadic order logic (for recent maturation see [32]).

Theorem 6. Let k be a fixed non-negative integer. Unless P=NP, there is no
polynomial time algorithm to find out if the kernel number of a plane digraph
equals k.

Proof. Let D be a plane digraph. Consider an auxiliary digraph D’ constructed
from D as follows. Take k concentric directed triangles around D and k concentric
directed triangles beside it. Observe that if we remove the infinite face of D',
then the kernel number of D’ will decrease by 1. Now it is easy to see that the
kernel number of D' equals k if and only if D has a kernel. O

From [27] and the construction given in the proof of Theorem 6 we have the
following:

Corollary 2. The result of Theorem 6 remains valid for plane digraphs with in—
and out-degree at most 2 and degree at most 3.

Remark 9. Theorem 6 implies that it is unlikely that we can find any efficient
PTAS for the kernel number problem (unless FPT=WT]1]) [22]. So it is unlikely
that, for example, Baker’s method [5] can be made functional.



4 Comments

In this paper we have shown that the PLANAR KERNEL problem is FPT. We have
shown that there exists a additive sublinear FPT algorithm to solve this problem.
As an immediate consequence of our proof method we obtained that also PLANAR
INDEPENDENT DOMINATION allows an additive sublinear FPT solution. Because
of the wide applicability it would be of great interest to obtain a similar result
for PLANAR DOMINATING SET. In view of the recent developments we feel quite
sure that the finding of such an algorithm is a matter of time. The current state
of research indicates that such a result would be best possible.

Thank you kindly

Hans Bodlaender, Maw-Shang Chang, and Annelies Jacobs. These people are
credit to this paper.
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