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ABSTRACT

We introduce a new digribution center (DC) location mode that incorporates
working inventory and safety dtock inventory cods at the didribution centers.  In
addition, the mode incorporates transport costs from the suppliers to the DCs that
explicitly reflect economies of scale through the use of a fixed cost term.  The modd is
formulated as a nontlinear integer-programming problem. Mode properties are outlined.
A Lagrangian relaxation solution agorithm is proposed. By exploiting the Structure of
the problem we can find a low-order polynomid dgorithm for the non-linear integer
programming problem that must be solved in solving the Lagrangian reaxation
subproblems. A number of heurigics are outlined for finding good feasible solutions. In
addition, we describe two variable forcing rules that prove to be very effective a forcing
candidate Stes into and out of the solution. The agorithms are tested on problems with
88 and 150 retallers. Computation times are consistently below one minute and compare
favorably with those of an earlier proposed set patitioning approach for this mode
(Shen, 2000; Shen, Coullard and Daskin, 2000). Finaly, we discuss the sengtivity of the
results to changes in key paameters including the fixed cost of placing orders.
Significant reductions in these cogts might be expected from e-commerce technologies.
The modd suggests that as these costs decrease it is optimal to locate additiona facilities.
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1. Introduction

Managing inventory has become a mgor chdlenge for firms as they
smultaneoudy try to reduce costs and improve customer sarvice in today’s increasingly
competitive busness environment. Managing inventory condst of two critical tasks
Firg, we must determine the number of stocking locations or distribution centers to have.
Second, we must determine the amount of inventory to maintain & each of the centers.
Often these tasks are undertaken separately, resulting in a degree of suboptimization. In
this paper, we outline an integrated approach to determining the number of distribution
centers to establish and the magnitude of inventory to maintain at each center.

We ague that the importance of inventory management as outlined above has, if
anything, been heightened by e-commerce. Whether it is business to consumer (B2C) or
business to business (B2B), e-commerce end customers expect high levels of service and
Seedy ddiveries At the same time, many of the inputs to traditiond inventory
management decisonrmeking ae changing repidy. E-commerce offers the hope of
ggnificantly reducing order codts thereby dlowing smdler more frequent shipments.
The modd we propose below explicitly includes order shipment costs. As a result it is
capable of edimating the impacts of dharply reduced ordering costs on the number of
digributions centers, ther locations, and the optima inventory ordering policy. E-
commerce can adso reduce variability across the supply chain by making end customer
orders visble throughout the chain.  This vighility should reduce the bullwhip effect
(Lee, Padmanabhan and Whang, 1997; Lee, 1996; Simchi-Levi, Kaminsky and Simchi-
Levi, 2000). Our mode does not directly account for these effects of e commerce though
the modd does explicitly consder safety stock inventories at the digtribution centers
which are afunction of the variability of cusomer demand.

This work was motivated by a study at a loca blood bank conducted by two of the
authors.  The blood bank supplied roughly 30 hospitas in the grester Chicago area.  Our
focus was on the production and distribution of plaieets, the most expensve and most
perishable of dl blood products. If a unit of platdets is not used within 5 days of the time
it is produced from whole blood, it must be destroyed. The demand for platelets is highly
vaiable as they are needed in only a limited number of medicd contexts. When they are
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used, however, multiple units are often needed. The hospitals supplied by the blood bank
collectively owned the blood bank and set prices. As a result they could return a unit of
platelets up to the time it outdated and not be charged for it. Thus, there was little
incentive to manage inventories in an efficent manner.  Many of the larger hospitds
ordered dmost twice the number of platelet units that they used each year resulting in the
need to destroy thousands of units of this expensve blood product. Other hospitas
ordered dmog dl of their needed platelets on a STAT or emergency bass. The blood
bank often had to ship the units to these hospitals usng a taxi or express courier at
ggnificant expense to the sysem. Clearly an improved sysem was needed. We
proposed a revison to their pricing policies dong with a sysem in which sdected
hospitals would maintain an inventory of platdets for use in neighboring hospitdls.  This
would adlow the system to teke advantage of the risk-pooling effect. We sdected the
hospitals & which inventory would be mantaned usng a P-median modd (Hakimi,
1963, 1964; Daskin, 1995). The modd did not account directly for the working
inventory or safety stock (risk-pooling) effects, for the transport costs from the blood
bank to the sdected hospitals or the fixed cogts of edtablishing the facilities. Clearly, this
was only a firgd-cut gpproach. The research outlined below is amed, in pat, a
developing amore comprehensive and more accurate modedl of such a Situation.

The remainder of this paper is organized as follows. In section 2 we review
rlevant related literature.  The modd we propose is formulated in section 3. The
formulation we obtain is a mixed integer nortlinear programming problem which can be
viewed as an extendon of the traditiond uncapacitated fixed charge facility location
problem. In addition to the standard facility location and locd didribution cods, the
mode includes cost components representing working and safety stock inventories a the
digribution centers as wdl as transport costs from the supplier(s) to the didribution
centers.  These inventory and supplier-to-DC trangport costs introduce significant non
linearities into the modd. Section 4 outlines a number of key properties of the mode we
propose and introduces an additional assumption on the demand digtributions that we use
to develop a solution agorithm for the problem. Section 5 outlines our solution
procedure for the problem. Computationd results are presented in section 6. In section

7, we present our conclusions and outline directions for future work.
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2. Literature Review

Inventory theory literature tends to focus on finding optima inventory
replenishment drategies at the DCs and the retaller outlets. This work usudly assumes
that the number and locations of the DCs are given. See, for example, Graves € 4.
(1993), Nahmias (1997) and Zipkin (1997). On the other hand, location theory tends to
focus on developing modes for determining the number of DCs and ther locations, as
well as the DC-retaler assgnments.  This work usudly includes fixed facility setup codts
and transportation costs, but the operationa inventory and shortage costs are typicaly
ignored. Daskin and Owen (1999) provide an overview of facility location modding as
do the recent texts by Daskin (1995) and Drezner (1995).

Eppen (1979) sudied the so-caled “risk pooling effects” namely the effects of
inventory-cost savings achieved by grouping retalers.  Assume customer demands are

normally didtributed with a mean mand a standard deviation s; for customer i. Then the

n
expected total inventory cost under the decentralized mode for n retalesis K as; . If
i=1

the demands of the n retailers are independent, the optimal cost under a centrdized mode

can be expressed by K\/_é’lnltiz, which is less than K_énlsi , where K is a congtant
i= i =
depending on the holding and penaty costs and the slandard normal |oss function.

Recently, there are severd new dudies that combine inventory management and
routing decisons. For example, Federgruen and Zipkin (1984), Federgruen and Simchi-
Levi (1995), Viswanathan and Mathur (1997), Chan, Federgruen, and Simchi-Levi(1998)
and Kleywegt, Nori, and Savel shergh (2000).

Also, severd modds combine location and routing decisons, for indance,
Laporte and Dgax (1989), Berman, Jallet and Simchi-Levi (1995), and Berger, Coullard
and Daskin (1998).

Shen, Coullard and Daskin (2000) studied model presented below, but they use

st partitioning approach. We compared our computational results with theirs.  Teo, Ou
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and Goh (2000) studied the impact on inventory costs with consolidation of distribution
centers. They dso propose an dgorithm that solves for a didtribution sysem with the

total fixed facility location cost and inventory costs within /2 of the optima. But they
ignore the codts to ship from the supplier to the DCs and from the DCs to the retailers in
their modd. Findly, Erlebacher and Mdler (2000) formulate a highly non-linear integer
location/inventory moddl. They attack the problem by using a continuous approximeation
as wdl as a number of condruction and bounding heurigtics. For problems with 16
customers, they obtained solutions that were between 3.78% and nearly 36% of a lower
bound. An exchange heuristic improved the solution consderably. Computation times
on a 600 node problem using the exchange heuristic averaged 117 hours on a Sun Ultra
Sparcgtation.

3. Model Formulation

We consder a threetired sysem condging of one or more suppliers,
digribution centers and retallers. We assume that the locations of the suppliers and the
retallers are known and that the suppliers have infinite cepecity a least from the
perspective of the sysem being modded. The problem is to determine the optimd
number of didribution center, their location, the retallers assgned to each distribution
center, and the optima ordering policy a the didribution centers. We do not explicitly
mode the inventory maintained by the retallers themsdves. A key problem is tha the
demand that is seen by each didribution center is a function of the demands a the
retallers assgned to the didribution center.  Thus the inventory policy — the reorder
interva, reorder Sze, and safety stock — at the distribution center is a function of the
assgnment of retallers to the digtribution center.  Since these assgnments are not known
apriori, theinventory policy must also be endogenoudy determined.

To begin modding the problem, let us assume for the moment that we know
which customers are to be assgned to a specific digribution. center. Assume that the
demand a each retaler is Normdly didributed with a daly mean of m and a daly

vaiance of s? and let S be the set of customers assigned to the distribution center. Let

L be the lead time in days for deliveries from the supplier to the digtribution center.
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Assuming that the daily demands a each retailer are uncorrdlated over time and across

retailers, the lead time demand a the didribution center is Normaly didributed with a

mean of L & m and a variance of L ésiz. The safety stock required to ensure that
il s ils

stockouts occur with a probability of a or lessis
Za L Ao S |2 (1)
il S

where z,, isastandard Normal deviate suchthat P(z £ z,) = a.

For the moment, let D be the expected annud demand (i.e, D=c & m), where
iis

C is a condant used to convert dally demand into annud demand (eg., 365 if demands
occur every day of the year), let h be the holding cost per item per year and let F be the
fixed cost of placing an order from the didribution center to the supplier. Then the
annua cogt of ordering inventory from the supplier at the distribution center is given by

Fn+ V@20 +q 12 @
éng 2n

where n is the (unknown) number of orders per year, v(x) is the cost of shipping an order

of 9ze x from the supplier, and b and q are weights that we assgn to trangportation and
inventory costs respectively so that we can later test the effects of varying the importance
of these codts relative to the fixed facility cods.

The firg term of (2) represents the total fixed cost of placing n orders per year.

The second term represents the shipment cost v?%% per shipment multiplied by the

number of shipments per year and the weight, b, associated with transport. % is the

expected shipment Sze per shipment. The third term is cost of the average working
D
inventory. On average, there will be o items of working inventory on hand a a cost of

h per item per year. Teking the derivaive of this expresson with respect to n, the
number of orders per year, we obtain
Fro@20 pv@ 20 M0 _pup@20 b @200 (D ©)
éng éng2 242 éng éngn 2,2
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If v(x) is lineer in x (eg., if v(x)=g+ax) then vdx) is a constant (eg., a) and the

expression above becomes

D D hD _ hD _
F+b9+baF'baF'q2—nz—F+b9'q2n2—0 (4)
, . _ ghD o o .
Solving for n, we obtain n=_|———. Subdituting this into the cost function (2) we
2(F + Ig)
obtain aworking inventory cost of
[ chD \/ chD e hD [2(F +bg) _
Vo) " Ar ) TP qo -

GhDIF + bg) (FZJ'bg) +baD + w = 2chD(F +g) + baD

Recdl that this cost includes the costs of placing orders at the didribution center,
transporting goods from the supplier to the digribution center and holding the working
inventory at the DC.

Unfortunately, the derivation of the safety stock (1) and the working inventory
cost (5) assume that we know the assgnment of retalers to the didtribution center as
denoted by the set S. The identity of this st is not known a priori and must be
determined endogenoudly.

To amultaneoudy determine the locations of the DCs, assgnments of the retallers
to the DCs, and working and safety stock inventory cods, let us define the following
additional inputs and sets:

I st of retailersindexed by i

J st of candidate DC Stesindexed by |

f j fixed (annud) cost of locating a ditribution center at candidete Sitej, for
each j1J

djj cost per unit to ship between retailer i and candidate DC Sitej, for each
il 1 andjlJ

C days per year (used to convert daily demand and variance values to annua
vaues).

In addition, we define the following decison varigbles:
il if welocate at candidate site j

i = o if ot
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il if demands a retaler i areassigned toaDC at candidate Site |

Vi T g i nat

With this notation, we can formulate the problem asfollows.

Minimize a fjxj+9b a a cdij MYt
ity § it it p
z& - 0
(& [ 00,28 cmyi b 8 a8 oY Q
jird i1 jird il 1 P
ChZa Aé f" LSiZY”

it a Vit

Subjectto a Yij=1 il (7)
itd
Y|J£XJ "IT|,"]TJ (8)
x i1 {03} "iTJ 9)
vijT {03 it T (10)

The firg term of the objective function (6) is the fixed cost of locating faclities. The
second term represents the local delivery cost. Note that & cmy; j represents the totl

il
annua demand assigned to didtribution center j. Thus, the third term represents the totdl
working inventory cost (5) where we have added the obvious subscripts j to the fixed and
unit shipping costs g and a respectively obtaning g j and aj. In addition, the fixed cost

of placing an order, F, has been made DC-specific, obtaining F;. The fourth term

represents the safety stock inventory cost. Condraint (7) States that each demand node
must be assgned to a DC. Condrant (8) dipulates that the assgnments can only be
made to open DCs. Findly, condraints (9) and (10) are standard integraity congraints,
with (10) representing single-sourcing condraints, meaning that al of the demand a a
retailer must be assigned to the same DC.

The objective function can be rearranged as follows:
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Minimize a f.x it
)

& A 9 o o
ca x/z‘*@:'*bgj%? cMYij_*hza & |8 LsPYij= (11)
&il 3 1| : jTtavin

o ;

—

where
dij = bem|dij+aj)
K | = \/Zchcgzj+bgjg
Q = hza
$¢ = Ls?

In (11) we have grouped the linear term representing the margina transport costs from
the supplier to the distribution center (represented by terms in a; ) with the loca delivery

costs (represented by terms in djj). Thus, dAij captures loca ddivery codts from the

DCs to the retalers as wel as the margind cost of shipping a unit from a supplier to a
DC. K captures the working inventory effects due to the fixed ordering costs a the DC

as wdl as the fixed transport costs from a supplier to a DC.  Findly, Q captures the
safety stock costs at the distribution centers.

The condraints (7)-(10) are identical to those of the traditiona uncapacitated
fixed charge facility location problem (Bainski, 1965; Erlenkotter, 1978; Korkel, 1989).
Thus, the solution approach that we propose below mirrors some of the solution
approaches used for that problem. However, these approaches must be modified
ggnificantly to account for the fina two non-linear terms in the objective function (11).

4. Model properties

Before outlining the solution gpproach, it is worth noting a number of properties
of the modd. FHrdg, unlike the traditiond uncapaciteted fixed charge location modd in
which it is dways optima to assgn demands to the facility that can serve the demands a
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leest cost (i.e, the facility j with the smdllest value of dj; for retailer i), in this problem it

may be optima to assign retallers to a more remote didribution center. Doing sO may
reduce the working inventory, safety stock inventory and transport codts from the
supplier to the DC aufficiently to offset the increased loca ddivery cods. Figure 1
illugrates a smal example in which this occurs.  Table 1 provides the input data and
parameters for the problem while Table 2 compares the totd cods for different DC
locations and different cusomer assgnments for the problem. The first column gives the
DC locations; the next three give the retaller assgnments to DCs; the next three give the
facility, loca ddivery and inventory cogt terms, and the last two columns give the tota
cos and the difference between the optima totd cost and the cost of the solution
indicated in that row. In this example, it is optima to assign demands & retaler B to a
facility a& A with a cost per unit shipped of 101 despite the fact that there is a facility & C
with asmadler unit shipping cos for the B to C channdl.

Not only does this phenomenon occur in smal (contrived) cases, but we have
found that it occurs in our computationd results usng redigsic nationa demand data,
paticulaly when the inventory-related costs are large relaive to the other costs (i.e,
when q is lage rdative to b). Typicdly we find this behavior associaed with smal

retail nodes that dmost equidigant to two diffeeent DCs.  We dso can congruct
examples in which it is gtimd to locate a DC at a particular node, but for demands from
that node to be assgned to a different DC. In other words, it is concelvable that the
optimad solution would locate a fadlity in Chicago, for example, but would assgn
demands from Chicago to a fadility in Minnegpolis.  Again, the intuitive reason for this is
that the reduction in inventory and supplier-to-DC trangport costs (dl of which ental
risk-pooling terms) more than offset the increased local delivery costs from the DC to the
retaillers. The reader is referred to Shen (2000) or Shen, Coullard and Daskin (2000) for a
gmple example in which this occurs In practice, it is unlikey that a supply chain
manager would organize her digribution system in this way even if doing so would esult
in smal cost savings. Fortunatdy, we will be able to prove that this does not occur once

we make one additiona assumption.
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To amplify the mode somewhat further we assume that the variance-to-mean
2

ratio a each retaler is identica for al retallers. In other words, we assume that St =g,

m

"il I. While this may seem like a redrrictive assumption, if demands aise from a
Poisson process, then this assumption is exact and we ae merdy gpproximating a
Poisson demand process by Normdly digtributed demands, which is a good
goproximation for sufficiently large demand vaues (Montgomery, Runger and Hubele,
1998). Also, in many other contexts (eg. trangportation planning with random travel
times) it is common to assume a sngle variance-to-mean ratio (Sheffi, 1985). With this

assumption, the objective function can be rewritten as

T o [ ’\2 P
Minimize a if;Xj+ a dIJYIj K j /a MmYij + Q/a siYijy=
jirat i il b
. H
& 1F X+ 8 dyYij*K; ‘/a mY.ﬁQ\/a Lgmyijy = (12)
it gt il b

— Qo

3 f
.f X+ & d; PYij* |<J /a MYijy
jirat il il | b
whereg | =K j +Q./Lg.
This assumption does two things. Fird, it reduces the number of non-linear terms
from two to one. This will faclitate the solution gpproach outlined below in section 5.

Second, as shown in the following theorem, under this assumption it is never optimd to

open aDC at anode and to then serve the demands from that node from another DC.

Theorem: If a>0.5 g>0 and h>0 and dl inter-nodd distances are postive and
siz/rrp:g "il I, then if there is a DC at node j then demands at node j are served by
that DC.

Proof: Assume that there is a DC a node j, but that the demands at node j are served by
a DC a some other node, node k in an optimd solution. Since there is a DC a node |,
there must be other demand nodes with a tota positive mean demand that are assgned to
the DC a j. Let this totd mean demand be H i Smilaly, let H | be the tota mean
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demand assigned to the DC a node k excluding the demand originating at node j whose
mean vaue is m. (Note that while H | is defined to include the demand originating at

node k, H j does not include the demand originating a node j.) Let dj be the cost of

shipping one unit of demand from k to j and, as before, Q=ghz, . This Studion is

illugrated in Figure 2 below.
Since sarving the demand that originates a j from the fadility & k is (assumed to
be) optimal, we have

dkjn]““Q\/Hkan’]““Q\/HjEQ\/HJ'*'TT]J’Q\/Hk (13)

or the cost of sarving the demand originating a node j from k is less than or equd to the
cost of serving the demand originating at node j from the facility a j. Also, we have
dkjn]"'Q\Hk+”}+Q\/H7j£dkjn]+(’j~ijj+Q\/Hk+Hj+rT] (14)
or the cost of sarving the demand originating a node j from k and serving other demands
(H j) a node | is less than the cost of serving the demand a node j from node k and

serving the demand assigned to node | from the fadlity a k. Doing the later incurs an

additiond transport cost per unit of g K £ dij since the demands assigned to node j can
dways be routed through j when served from k. Note that the term § KH i does not

represent the total loca delivery cost for the demands that are being reassgned from | to
k; rather it represents the average additional cost of assigning these demands from j to k.

Thus, we can rewrite (14) as
dij M +Q, Hk+rr}+Q\/H7j£dkj”}+kaHj+QJHk+Hj+m
Edkj(n]+H j)+QJHk+Hj+rq

(15)

Rearranging (13) we have

Fm - e

(16)
m m

dki£Q

and rearranging (15) we have
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JHk+n] \/Hk*'H +rr] \/_
oI JHwH”n J_f

Hj Hj

(17)

Combining (16) and (17) and dividing by the positive coefficient Q , we have
N TR W TR P TR W RN TSI KR PR

H | H j m m
or
Hi- ¥ JHicH M R my JHieme Wy Hem e o
H j H | m m
But,
JHi-0 JHi*m-H; 20
H | m

by the concavity of the square root operator since the left hand side is the dope of the
square root function between 0 and H i while the right hand sde is the dope of the

function between Hj and H | m. Smilarly, we have

JHIH M- JHerm . JHicrmy - 3JH
H m
snce the left hand sde is the dope of the square root function between H k+m and

(21)

Hi+H j+m while the right hand sde is the dope of the square root function between
Hy ad Hi+m . Thus, combining (20) and (21), we obtain
JH-N0 JHK+H j+m- JHe+rmy JH j+my- o H o Hetmy - H
Hj _x/kJ”]\/kJ>\/J”"!\/J_\/k”l*/k
Hi Hj m m

which contradicts (18). Thus, we cannot have demands originating a node | served by a

(22)

DC a some other facility k while some demands are served from the DC a j. In other
words, if thereisaDC at j, it must serve the demandsthat originate at j .
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5. Solution approach

5.1 Finding alower bound

The modd formulated in section 3 which accounts for the fixed DC locetion
costs, locd digtribution costs from the DCs to the retailers, working and safety stock
inventory at the DCs and transport costs from the supplier(s) to the DCs is a variant of the
uncgpaciated fixed charge location problem. To solve this problem, we will use
Lagragnian relaxation (Fisher, 1981, 1985) embedded in branch and bound. In particular,
wewill rlax congraint (7) to obtain the following Lagrangian problem.

i U x 0
Max Min & if Xi+a&d:.Vi*+K émY-"+éI§1-éY:=
& XY itat o it ! : T 1 ' ”iﬁ il 1 ! itd ”g
(23)
o I o ( ) -~ u o
aifyxj+aldy-lifvij+K; |a ”?YIJ[\;J“_?"I
il Jn il il 1 il 1
Subject to Yij £ X | iTtiT (8)
x 1 {01} "1 J (9)
vijT {03 T (10)
For fixed vaues of the Lagrange multipliers, | j, we want to minimize (23) over

the locetion variables, X ;j, and the assgnment variables, Y;;. In the absence of the non-

liner term in the assgnment variables solving the problem is amply a matter of

computing, Vv j = f Pt a m'n(o,aij -1 i) for esch candidate ste j1 J, and setting
il

X j =1 for those candidate sites for which Vj £0. (If no v ; vaue is non-postive, we
identify the smallest postive v ; and set the corresponding X j=1.) The assignment
variables are then easy to determine. One smply sets y;j; =1 if C]ij -1i£0and x ;=1
and y;; =0 otherwise. However, the presence of the nortlinear term makes finding an

appropriate value of v, the vaue of including candidete ste j in the solution, more

Daskin, Coullard and Shen 15 03/18/01



difficult. To do so, we need to be able to solve a subproblem of the following form for
each candidate DC:

SP() min V= abizi+ |dciz (24)
il | il
sbjectto 71 {0  "il | (25)
where b; :c]ij -1 and ¢ = K?”?S 0. In (24)-(25) we have replace the assgnment
varidbles yj; by z; to smplify the notation since SP(j) is specificto DCj.

In Shen, Coullard and Daskin (2000), we show that this subproblem can ke solved
by the following procedure.

Step 1:  Patitioning the set | into threesets | ¥ ={i:b;2 0}, 10={i:p;<0and ¢ =0}
and |~ ={i:pj<0adc;>0}. (We note tha under our assumption of the

variance being proportiond to the mean, the set | 9 will generdly be empty.

Weinclude it below for completeness.)

Step 2 Sortthedementsof | - sothat b—1£2£- . EQ wheren=‘| ‘
C1 C2 Cn
. m
Step 3:  Compute the partid sums g, = 5E,izi+ 5giZi+ apzi+
i | il | i=1

Step 41 Sdecting the vaue of m thet resultsin the minimum vaue of Sy,,.

Since the mgor gep in this adgorithm is the sorting of the dements of | = in Sep 2, the
dgorithm has complexity OQI|Iog|I |) This problem must be solved for each jT J, o
solving (23) for given vaues of the Lagrange multipliers has complexity OQJ"I |log]l |)
The proof of the optimality of this procedure relies on the concavity of the square root
function. The interested reader is referred to Shen, Coullard and Daskin (2000) or Shen
(2000).

Solving subproblem SP(j) for each | endbles us to solve the Lagrangian problem
(23) and (8)-(10) for fixed vaues of the Lagrange multipliers in a manner identical to that
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used for the uncapacitated fixed charge problem. We add f j to the optimal objective

function vaue of SP(j) to obtain the vaue of usng a DC a candidate dSte j in the
Lagrangian solution. We then sdect dl DCs with negaive vaues (or the one with the
gndles pogtive vdue if dl have nonnegative vaues). For each opened DC, the
corresponding values of the assgnment varidbles are identicd to the Zz; vdues in

subproblem  SP(j); for unopened DCs (those for which x ;=0 in the Lagrangian
solution), Yij =0 "il I.

Having solved the Lagrangian problem, we need to find the optima Lagrange
multipliers. We do so using a sandard subgradient optimization procedure (Fisher 1981,
1985). The optima vaue of (23) isalower bound on the objective function (12).

5.2  Finding an upper bound

At each iteration of the Lagrangian procedure, we find an upper bound as follows.
We initidly fix the DC locdions a those stes for which x ;=1 in the current

Lagrangian solution. Then we assign retallers to DCs in a two-phased process. First, for

eech retaller for which & Y;;3 1 (each retailer assigned to a least one open DC in the
it

Lagrangian solution), we assign the retaler to the DC for which vj;=1 and that

increases the cost the least based on the assgnments made so far. In the test cases
reported below, retailers are processed in order of norrincreasing mean demand. In the

o

second phase, we process retallers for which & Yj; =0 (retalers that were not assigned
it

to any open DC in the Lagrangian procedure). We assign each such retailer to the open
DC which increases the totd cost the least based on the assignments made so far. Note
that the key difference between phases 1 and 2 is that in phase 1 we limit the possble
assgnments of a retaler to those to which the retaller was tentatively assgned in the
Lagrangian procedure thereby utilizing information provided by the Lagrangian solution.
In phase 2, however, we are deding with retaillers that were unassigned in the Lagrangian

solution. Hence, for these retailers, we consider al possible assignments to open DCs.
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5.3 Retailer reassignments

If the vaue of the upper bound that we compute using the procedure outlined
above is better than the best known upper bound, we try to improve the bound further by
consdering dl possble sngle retaller moves from the DC to which a retaler is currently
assigned to another DC. The value of the resssgnment is generdly equd to the sum of
the changes in the second and third terms of (12). However, if reasgning retaler i from a
DC a ste j to another DC will remove al of the assgned demand at ste j, then the vaue
of the move is augmented by the fixed cost, f i of that DC (Snce we can remove the

gte). If the DC is forced into the solution by an additiona condgraint imposed by the
branch and bound dgorithm in which the Lagrangian procedure is embedded, the DC
cannot be removed from the solution and we do not add the fixed cost into the vaue of
the proposed retaller resssgnment. We do not, however, actudly remove an open DC
from condgderation until no improving reassgnments can be found. Thus, the vaue of
reessgning retaler i to an open DC with no currently assgned demand equds the sum of
the changes in the second and third terms of (12) minus the fixed cogst for the DC since
we would need to re-open the site.

For each retailer, the best posshle reassgnment is found and performed before
finding resssgnments for the next retaller.  We continue looping through dl retalers
until we complete one entire loop without finding an improving reessgnment. At that
point, an open DC with no assgned demand is removed and its fixed cogt is actudly
subtracted from the upper bound on the solution.

54  DC exchange algorithm improvements

After the termination of the Lagrangian procedure, we applied a variant of the
exchange adgorithm proposed by Teitz and Bart (1968) for the P-median problem. For
each DC in the current solution, we find the best subgtitute DC that is not in the current

solution.  For each such potentid exchange, retallers are assigned in a greedy manner to

Daskin, Coullard and Shen 18 03/18/01



the DC which increases the cogt the least based on the assgnments made so far. Thus,
this process is like the second phase assgnment process in obtaining the upper bound at
each iteration of the Lagrangian procedure in that a retailer can be assgned to any open
DC. If a DC exchange is found that improves the solution, we make the exchange
otherwise we proceed to the next open DC to try to find an improving exchange
involving tha DC. If any improving exchanges ae found, we try dngle realer
reassignments (as discussed in section 5.3) to the best DC configuration we have found
and then restat the search for improving exchanges. If a pass through dl possble
exchanges is made without finding an improving exchange, the exchange dgorithm
terminates.

55 Variable fixing

In addition to the DC exchange heurigic outlined above, a the end of the
Lagrangian procedure a the root node, we employ a variable fixing technique. In
esence, this can be thought of as peforming branch and bound on al of the DC
locations, without revisng any of the Lagrange multipliers. It usesthe following rules

Node exclusion rule: If candidate DC j is not currently part of the best-known solution
ad if LB+ fj +\7j >UB then candidate DC j cannot be part of the optimd solution,

where LB and UB are the current lower and upper bounds on the solution, respectively.

Node incluson rule: If candidate DC j is pat of the best-known solution and if
LB- (f j+\7j) >UB then candidate DC j must be part of the optimal solution. Note that

when node | is part of the best-known solution, f j +\7j will generdly be negative s0

that the left hand side of the inequdity above will generdly be greater than LB.

5.6 Branch and bound
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After the exchange dgorithm and the variable forcing routine, ether the lower
bound equals the upper bound or there are no unforced DC locetion variables. In that
case, the solution corresponding to the upper bound is optimal, so the lower bound is set
to the upper bound and the agorithm terminates. In our experience this often occurs as
indicated below. If, however, the lower bound is less than the upper bound and some
candidate DC locations are not forced in or out of the solution, we employ branch and
bound. We branch on the free (nonforced) DC location with the largest assgned
demand. If al DC locations are forced into the solution then we branch on the first un-
forced candidate locetion in the list of candidate locations. In al cases, we firs exclude
the node on which we branch and then include the node. Branching is done in a depth-

firg manner.

6. Computational results

In this section, we outline computationa results from two experiments. The firg
was desgned to test the dgorithm’'s computationd capabiliies and to compare the
agorithm with a set partitioning approach to the same problem proposed by Shen (2000)
and Shen, Coullard, and Daskin (2000). For that experiment we employed two datasets:
one had 88 retail locations and the other had 150 retail locations. The second experiment
was based on a modification of the 150-node data set and was designed to assess the
sengtivity of the results with respect to changes in the relaive importance of the transport
and inventory terms. We adso used this dataset to assess the impacts of sgnificant
reductions in the fixed order costs as might result from the use of e-commerce
technologies. In al cases, each retall location was aso a candidate DC location.  Also, in
al cases, we set djj, the unit cost of shipping from candidate DC | to retaller i, to the

great circle distance between these locations.

For dl cases, the parameters for the Lagrangian procedure are shown in Table 3.

Two datasets were used for the initid st of tests. They are minor modifications
of the 88 and 150-node datasets given in Daskin (1995). For the 88-node dataset —
representing the 50 largest cities in the 1990 U.S. census dong with the 48 capitas of the
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continentd U.S. — the mean demand was obtained by dividing the population data by
1000 and rounding the result to the nearest integer. Fixed facility location costs were
obtained by dividing the facility location cogts in Daskin (1995) by 100. For the 150
node dataset — representing the 150 largest cities in the cortinental U.S. for the 1990
census — the mean demand was obtained in the same manner. The fixed facility cods
were dl st to 100, one-one-thousandth of the vaue in the datasst given by Daskin.
These changes were made to alow usto ded with smdler numbers.

Table 4 presents the coefficients used in dl the runs for both datasets.

Table 5 presents the results for the two datasets. As the trangport costs increase
(as b goes up), the number of DCs goes up. Conversdy, as inventory costs increase (as

g goes up), the number of DCs goes down. Also, when inventory congderations

dominate (q is very large rdative to b)), it is sometimes optima to assgn one or more

retalers to a DC that is other than the least cost DC in terms of loca delivery cost (djj ).

For example, for the find case (150 nodes, b =0.001 and g =1), three retailers were
assigned to DCs other than the one with the smdlest loca ddivery cos. Reassgning
each to the least loca delivery cost DC would increase the cost by $3.37 or 0.027%. The
locd ddivery costs decrease by dmost $11 out of roughly $4,870 (0.22%), while the
safety stock, fixed order costs, and working inventory costs each increase by about $4.7
or 0.245%. Thus, while it is optima to assgn these three retallers to DCs other than the
ones that could provide the least cost loca ddivery service, reassigning them to the least-
cost DCswould not increase the tota cost very much.

Table 5 ds0 compares the computation times for the agorithm presented above
with those obtaned in Shen, Coullad, and Daskin (2000) usng a set partitioning
gpproach. Times obtained for our model are on a Del Latitude CPx computer running at
650 MHz using Windows 98. The program was written in Delphi 5. The Shen, Coullard,
and Daskin times are on a Sun Spark Station running the SunOS 4.1.3u5 operating
sygdem.  Our computetion times are condgently lower than those obtained using the
column generation gpproach. However, our times tend to grow with b while the column

generation times decrease with b. Thus for very large vdues of b rddiveto q, it
might be better to use the column generation approach. In many cases, we did not need
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to use branch and bound at al; when we did very few nodes deeded to be evauated.
Findly, the variable forcing rules were exceptiondly effective, forcing amog al nodes
in or out of the solution a the root node. This is in part due to the very tight bounds
obtained at the root node.

Findly, we congder a different variant of the 150-node dataset given in Daskin
(1995). In this case, we divided the demands by 250 and truncated the result to obtain the
mean daily demand. Table 6 gives the mode coefficients for this st of runs, which were
designed to better replicate red-world conditions.  Two supplier locations were
considered — Chicago and Phoenix — and the fixed shipping cost from the supplier to a
candidate DC was taken to be function of the distance from the closer supplier to the
candidate DC Ste as shown in Table 9.

Figure 3 shows the optima solution for a base caseof b =0.00025 and q=0.1.
The supplier in Chicago serves 6 of the 10 DCs and about 73% of the tota demand.
Figure 4 bresks down the totd cost of approximately $4.49 million into its condituent
parts. Note that in this case, the trangport costs from the suppliers to the DCs as well as
the safety stock costs — dl buried in the “other” category — are negligible. Figures 5 and
6 show the sendtivity of the cost and number of facilities to changes in the trangport and
inventory cost weights.  As the rdative importance of inventory costs goes up, the
number of DCs located goes down and as the importance of transport costs goes up, the
number of DCs increases.  The figures dso compare this modd with the traditiond
uncapacitated fixed charge (UFC) location modd. Not surprisingly, the tota cost for the
UFC modd is dways below that of the modd presented above which includes additiona
cost components. Also, due to the concavity of the additiona cost terms, the UFC
consstently locates more DCs than does the model above.

Findly, we condder how the solution might change if the fixed cost of placing an
order decreased significantly from $1000 per order to $10 per order as might be the case
with e-commerce technologies. The tota cost decreases from $4.49 million to $2.9
million. Interestingly, it is now optima to open 14 DCs ingead of the 10 found in the
base case. This is reassuring since the demand-weighted average loca delivery distance
to a retaler from a DC will decrease from 127.1 to 88.8 miles. It is reassuring that the

average distance decreases in this case, dnce e-commerce is often associated with
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expectations of improved customer service. Figure 7 shows the new solution. The
supplier in Chicago serves 9 of the DCs and about 71% of the demand. Compared to the
cost breskdown in the base case (Figure 4), in this case, 48% of the total cost is in facility
costs and another 44.3% is in locad ddivery costs. Order costs and working inventory
costs each conditute 3.3% of the tota costs while safety stock costs and shipment costs
from the supplier to the DCs are again negligible.

If we could not relocate or add to the set of open DCs used in the base case, but
could dmply reoptimize the retaller assgnments and inventory management policies, the
cogs would be 4.1% higher than those for the solution shown in Figure 7. If we were
congrained to using the 10 DCs in the base case, but could add DCs, it would be optima
to use 3 additiond DCs located in Cleveland, OH, Denver, CO, and Richomond, VA.
The tota codt in this case is only 1.1% greeter than that of the optima solution in Figure
1.

7. Conclusions and directions for future work

We have presented a new facility location modd that incorporates working and
safety stock inventory cods at the digtribution centers as well as the economies of scade
that exig in the transport cogs from suppliers to DCs. A Lagrangian solution agorithm
was presented for the case in which the ratio of the variance of demand at the retailers to
the mean demand is the same for dl retallers. A number of improvement heuristics were
outlined for the problem. Also, two varigble forcing rules that are applied a the root
node of the branch and bound tree were discussed.

The dgorithm was tested on two datasets congsting of 88 and 150 nodes
repectively.  The computationad results compare favorably with those of the st
partitioning approach proposed by Shen (2000) and Shen, Coullard and Daskin (2000).
In many cases, branch and bound was not needed because the bounds at the root node
proved the optimality of the solution and/or because we could force dl of the candidate
DCs into or out of the solution. In a find set of tests, we included explicit supplier
locations and modified the inputs to better reflect actua conditions. When fixed order
cods are dgnificantly reduced, the number of facilities located increases. Despite our
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best efforts to reflect redigtic conditions, it is important to test the data with actud
corporate data to confirm that the model is accurately capturing the relevant cods.

A number of extensions should be considered. First, we need to develop ways of
solving the problem when the réio of the variance to the mean is not identical for al
retallers.  Second, we hope to consder the cases with multiple items as wel as a
condrant on the maximum dlowable inventory a& a DC and a condrant on the
maximum demand that can be served by a supplier.  Findly, it might be possble to
incorporate loca ddivery cost edimates that better reflect less-than-truckload routing
snce such gpproximations often involve the square root of demand (Daganzo, 1991). We

areworking in al of these aress.
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Figure 3: Solution for base case
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Figure 7: Solution with reduced fixed ordering costs
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NODE
A B C
Fixed Cost 10 1000 10
Mean 100 1 1

Table 1a: Datafor network in Figure 1

F Fixed Order cost 10 b Transport 1 L Lead 1
weight time
g:"j 13 Fixed shipping cost 1 Za | Servicelevel | 196 h Unit 2
J from supplier to DC parameter holding
cost
aj " Unit shipping cost 1 q Inventory 1 C Days per 1
from supplier to DC weight year

Table 1b: Parameters for network in Figure 1

Retailer Assignments
Local
Facility | Delivery Inventory Cost - min
Facilities A B C cost Cost Cost Total Cost cost

A A A A 10 304 106.58 420.58 181.97

B B B B 1,000 10,301 106.58 11,407.58 11,168.97

C C C C 10 20,301 10658 | 2041758 | 2017897
AC A C C 20 101 120.46 241.46 284
AC A A C 20 102 116.61 238.61 0.00
AB A B B 1,010 101 120.46 1,231.46 992.84
AB,C A B C 1,020 0 126.64 1,146.64 908.03

Table 2: Costs of different DC locations and retailer assignments

Parameter Value
Maximum number of iterations 400
Minimum apha multiplier 0.00000001
Maximum number of iterations before halving apha 12
Crowder’ s damping factor 0.3
Initid Lagrange multiplier vdue 10m+10 f j

Table 3: Parameters for Lagrangian relaxation runs
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F Fixed Order cost 10 g Varianceto | 1.00 L Lead 1
mean ratio time
g:"] 13 Fixed shippingcost | 10 | z5 | Servicelevel | 1.9 h Unit 1
J from supplier to DC parameter holding
cost
aj "jd Unit shipping cost 5 C Days per 1
from supplier to DC year
Table 4: Model coefficients for 88 and 150-node test problems
F Fixed Order cost 1000 9 | Varanceto | 100 | L Lead 7
mean ratio time
(days)
g:"jlJ Fixed shipping 40 Za Service 196 ] h Unit 25
) cost from +0.1(distance) level holding
supplier toDC parameter cost
aj| il d Unit shipping 05 Cc Days | 250
cost from per year
supplier to DC
Table 6: Model coefficients for final set of test problems
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No. # Retailers| Iter. | B&B | Time | #DCs #DCs |Shenet| Shenetal.
Nodes assigned to Nodes | (sec.) [forcedIN | forced [al.time| columns
Objective | #of [non-closest atroot | OUT at | (sec)
Beta | Theta| Function | DCs DC node | root node

88 | 0001| 01 | 1322955 9 0 215 1 215 9 79 626 12,246
88 | 0002| 01 | 1997537 | 11 0 372 1 374 10 77 65 3417
8 | 0003| 01 | 2530668 | 15 0 221 1 2.75 15 73 22 2,352
88 | 0004| 01 | 2875264 | 21 0 486 3 593 13 62 15 1,409
88 | 0005| 01 | 31,39069 [ 23 0 321 1 329 23 65 8 846
88 | 0001| 01 | 1322955 9 0 215 1 215 9 79 626 12,246
8 | 0002| 02 | 2049117 | 10 0 291 1 291 10 7 89 4,185
88 | 0005| 05 | 3379494 | 22 0 400 1 4.83 2 66 7 906
88 | 0005| 01 | 31,39069 [ 23 0 321 1 329 23 65 8 846
88 | 0005| 05 | 33794%4 [ 22 0 400 1 4.83 2 66 7 906
88 | 0.005 1 3587610 | 21 0 120 1 121 21 67 12 1222
8 | 0005 5 4734838 | 17 1 129 1 137 17 71 60 4579
8 | 0005| 10 | 5795954 [ 12 2 183 1 1.86 1 76 145 9,158
88 | 0005| 20 | 74,760.97 9 2 400 1 4.18 9 79 869 20,114
150 |0.0004| 001 | 3977.27 15 0 779 3 2203 1 134 252 9,624
150 |0.0006| 0.01 | 4,867.76 21 0 422 3 14.28 21 128 180 8,075
150 |0.0008| 0.01 | 5580.71 26 0 403 3 1522 26 123 55 3,351
150 | 0.001 | 001 | 6,162.99 28 0 405 3 1598 28 121 29 2,318
150 |0.0005| 001 | 4,459.32 18 0 423 3 1373 15 130 277 10,907
150 | 0001 | 002 | 641009 28 1 400 1 15.66 28 122 45 2,730
150 | 0.002 | 0.04 | 8,988.62 41 0 171 1 4.78 41 109 22 1,286
150 | 0.001 | 001 | 616299 28 0 405 3 15.98 28 121 29 2,318
150 | 0001 | 0.1 7,508.49 26 1 301 1 12.36 26 124 102 4233
150 | 0001 | 05 | 1017571 | 21 2 400 1 1373 21 129 261 11,795
150 | 0.001 1 1238063 | 15 3 466 3 1395 14 133 730 21,944
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Table 5: Results for 88 and 150 node datasets
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