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Abstract. We present new fixed parameter algorithms for the FEED-
BACK VERTEX SET problem on planar graphs. We show that if a planar
graph has a feedback vertex set of cardinality at most k then its treewidth
is bounded by vk. An approximate tree decomposition can be obtained
in linear time, and this is used to find an algorithm computing a feedback
\/En)
shows that the problem is in linear time reducible to a problem ker-
nel of at most O(k2) vertices, and this kernel can be used to obtain an

vertex set in time (p time for some constant p. An easy argument

algorithm that runs in time O(qﬁ + n) for some other constant g.

We also show that finding k vertex disjoint cycles in a planar graph
can be done in O(c\/En) time for some constant ¢. To this extend we
show that that every planar graph with a maximum number of k vertex

disjoint cycles has treewidth O(v/k).

Le premier pas

Definition 1. A feedback vertex set, (FVS), of a graph G is a set U of vertices
such that every cycle of G passes through at least one vertex of U.

Instance: A graph G = (V, E).
Parameter: A positive integer k.
Question: Does G have a feedback vertex set of at most &k vertices?

* Supported by an EPSRC grant.



It is easy to see that computing a minimum cardinality FVS is an NP-complete
problem by a reduction from VERTEX COVER [23]. Simply add an extra vertex for
every edge in the graph and make it adjacent to both endpoints of the edge. This
reduction preserves planarity and vertex cover remains NP-complete for planar
graphs. The problem remains also NP-complete for digraphs with no in— or out—
degree exceeding 2 and for planar graphs with no in— or outdegree exceeding 3.
There are quite a lot of graph classes for which the FVS problem turns out to be
polynomial solvable. To name a few, this is the case for 3-regular graphs [39, 29],
chordal graphs and interval graphs [14, 45, 31], permutation graphs and trapezoid
graphs (in time O(nm) [12]), and cocomparability graphs (O(n%m) [12]).

Definition 2. Consider an algorithm for a parameterised problem (I,k) where
I is the problem instance and k the parameter. The algorithm is called uniformly
polynomial if it runs in time O(f(k)|I1|°) where |I| is the size of I, f(k) is an
arbitrary function, and ¢ a constant. A parameterised problem is fixed parameter
tractable, (FPT), if it admits a uniformly polynomial algorithm.

In this paper we pitch our attention towards undirected & unweighted planar
graphs. We present new FPT results for the FVS problem when restricted to
planar graphs.

Notice that “being acyclic within k vertices” is a minor closed property, (since
being acyclic is minor closed [21]). Hence there is a linear time recognition al-
gorithm for every fixed k for graphs in general. Hence FVS is fixed parameter
tractable [17]. A concrete algorithm to solve the k-FEEDBACK VERTEX SET prob-
lem in O((2k +1)*n?) time is described in [17] (page 32). It is remarked that the
problem can be solved alternatively in time O((17k*)!(n+e)). For descriptions of
algorithms with these timebounds see [9, 16]. For a randomised algorithm which

completes in O(c4*kn) steps with probability at least 1 — (1 — 4%)C4k see [7].

The FVS problem is a typical node-deletion problem for a hereditary property
(being acyclic in this case). It was shown that the node deletion problem for
every non-trivial hereditary property is MAX SNP-hard [34]. Hence it cannot
have a polynomial time approximation scheme unless P=NP [2]. It was shown
recently [11] that for all MAX SNP-hard problems finding exact solutions in
subexponential time (i.e., O(QO(k)p(n)) parameterised algorithms) is not possible
unless P=W[1]. For graphs in general there are by now quite a few approximation
algorithms known with a constant (larger than 2) approximation ratio for the
FEEDBACK VERTEX SET problem [3,6,20]. We show that for planar graphs the
optique is much better. Although, as far as we know, there is no algorithm for
the FVS for planar graphs in the vicinity significantly closer than the general
2-approximation [3].

Remark 1. As far as approximations are concerned, both the vertex and arc
case are each reducible to one another [22]. The (directed) FEEDBACK arc SET
problem is polynomial for planar digraphs [25]. Tt is known that FVS in pla-
nar digraphs can be approximated with performance guarantee bounded by the
maximum degree or by the number of cyclic faces minus 1 [40]. Apparently the
FPT-(non)ness of FVS for unweighted digraphs is open.



Remark 2. Every rich planar graph (i.e., a planar graph in which every vertex
has degree at least 3) has a face of length at most 5. (This follows immediately
from Euler’s formula. See Lemma 4 or, e.g., [6].) Hence there is a bounded search
tree algorithm for unweighted planar FVS running in time O(5%n): Reduce the
graph until every vertex has degree at least 3, and repeatedly find faces of length
at most 5, building a bounded search tree [17]. Combining this with the kernel
reduction as described in Section 2 we obtain an algorithm that runs in time
O(c* 4+ n) on planar graphs. In this paper we describe how to improve this to

0(¢V* + n).

Definition 3. A cycle packing in a graph G is a set of vertex disjoint cycles.

Instance: A graph G = (V, E).
Parameter: An integer k.
Question: Does G have a cycle packing with %k elements?

Definition 4. For a graph G we let cp(G) stand for the mazimum cardinality
of a cycle packing.

Definition 5. For a graph G let fus(G) be the minimum cardinality of a feedback
verter set in G. Let fos(k) = max{fvs(G) | ep(G) < k}.

It was shown by Erdés and Pdsa that fus(k) = O(klogk). Bollobds proved
fus(1) = 3 [10] (see [43]). Other unpublished proofs were given by Pésa and by
Sachs (see [18,43]). Voss shows that fvs(2) = 6 and 9 < fus(3) < 12 [43,44].
Notice that the k-DISJOINT CYCLEs problem is NP-complete (also for planar
graphs) because it contains PARTITION INTO TRIANGLES as a special case [23].
The k-DISJOINT CYCLES problem was shown to be FPT in [16,9]. We can show
that for planar graphs fvs(G) = O(ep(G)). In Sections 3 and 4 we give an
algorithm that solves the k-DISJOINT CYCLES problem for planar graphs in time
O(c\/En).

1 Treewidth vs. FVS

Definition 6. A dominating set D in a graph G is a set of vertices such that
every verter not in D has at least one neighbour in D.

Let v(G) denote the domination number of a graph G, i.e., the minimum cardi-
nality of a dominating set in . We use the result of [1]. (For general information
on minors and treewidth we refer to [15,27].)

Theorem 1. If a planar graph G has a dominating set of size at most k then
the treewidth of G is at most 5/k for some constant §. There is a linear time
algorithm that finds a tree decomposition of this width.

Remark 3. The best upperbound known to us at present is ¢ < 6+/34 [1].



Theorem 2. If G is a planar graph with a FVS of cardinality k, then the
treewidth of G is O(\/E)

Proof. Assume that GG has a FVS F of cardinality k. We show that there is a
planar supergraph H of (¢ such that F is a dominating set in H.

Consider a plane embedding of . Since every face is a cycle, it must contain
at least one vertex of F. For every face, fix one such vertex in F' and add edges
between every other vertex of the face and this vertex of F. Call this new graph
H.

Observe that the set F'is a dominating set in the planar graph H. By Theorem 2
H has treewidth O(\/E), and since G is a subgraph of H, also G has treewidth
O(Vk). m

In the remainder of this section we describe an algorithm computing a FVS
using a tree decomposition of a planar graph G = (V, E). Let £ — 1 be the width
of this tree decomposition (i.e., every bag of this decomposition has at most £
vertices). Let the pair (T,S) designate the tree decomposition of G' where T is
a rooted tree T and § = {S; | i € V(T)} a collection of subsets of V() called
bags, each corresponding uniquely with a node in T'. By definition the following
three conditions are satisfied:

1. Every vertex of (& is contained in at least one bag S; € §,

2. both endpoints of every edge of GG are contained in at least one common bag
Si, and

3. for every vertex x of (&, if x appears in bags S; and S; then it appears in all
bags corresponding with nodes that appear on the path in T" between the
points ¢ and j.

As customary in treewidth algorithms, we work our way from the leaves other
than the root in 7" up to the root. Let (; be the subgraph of G induced by the
union of bags corresponding with nodes in the subtree of i € V(T). For each
¢ we define I'; € MG as the minor of G; obtained from G; by contracting all
edges in (; incident with at most one vertex in §;. Clearly Iy € MG is a minor
of G with vertex set S;.

Call a pair {z,y} in I an insignia if there is an , y-path in G; with internal
vertices in V(G;) — S;. Notice that the edges of S; are insignia as well as all other
edges of I75.

Definition 7. A set F; is called a partial FVS for G; if every cycle of G; without
vertices in S; is hit by F; and every cycle contained in S; is hit by F;.

We classify partial FVSs F; with |F;| < k for G; by the following characteristic:

1. the intersection F; N 5S;,

2. for every insignia {x, y} in I'; an indicator taking the values 0,1 or co accord-
ing whether there are 0, 1 or more different (as vertex sets) paths P from x
to y with PN S, = {z,y} and F;N P =0, and



3. for every vertex x € 5; an indicator taking the value TRUE if there is a cycle
C with CNF, =0 and CNS; ={z}, and

4. the minimum cardinality of a partial FVS with the aforementioned intersec-
tion and indicators.

Remark 4. Notice that if there are at least 2 different paths between z and y
without vertices of a partial FVS then either these paths are internally vertex
disjoint or the indicator for x or for y must be true.

Proposition 1. Let r be the root of T. There exists a feedback vertexr set with
cardinality at most k if and only if there is a partial FVS F for G, with cardi-
nality at most k such that there are no insignia {x,y} with value co and such
that for every x € S, the indicator for x is FALSE.

Lemma 1. The number of different classifications of partial FVSs is at most ¢*
for some constant c.

Proof. The graph I is a planar graph on £ vertices since planarity is preserved
under taking of minors. Hence its number of edges is bounded by 3/ — 6. Each
insignia of I takes a value 0, 1 or co. Each vertex indicator takes a value TRUE
or FALSE and the number of different intersections of FVSs with 5; is at most
2¢. Hence the total number of different classifications is at most 33/=622¢, a

A tree decomposition (7, 8) is in standard form if each node of T is one of 4
different types. A node p is a START NODE if p is a leaf of the tree different from
the root. It is an INTRODUCE NODE if it has exactly one child ¢ and the bag at
node p has one more vertex z than the bag at node ¢, i.e., 5, = S; + z. Node
pis a FORGET NODE if S, contains one vertex z less than S, i.e., 5, =54 — z.
Finally, a node p is a J0IN NODE if it has two children ¢ and r and 5, = S; = S,.

Correctness of the following statement is readily checked (see [27]):

Proposition 2. Given a tree decomposition (with a linear number of nodes) for
a graph G then it can be turned into a tree decomposition in standard form with
the same width and with at most 4n nodes in linear time.

Henceforth assume that a tree decomposition of width £ in standard form with
at most O(n) nodes is given. We protract by describing the computation of the
classification characteristics of partial FVSs for each of the 4 different types
of nodes. In order to shorten the description we pose that the minors can be
computed easily and we abstract the precise formulation of this procedure:

Proposition 3. In cach of the four cases the minor I, € MG, for a node p
can be obtained from the minor(s) of its child(ren) in O({) time.

START NODES. Let p be a start node. In this case the only insignia are edges in
G'[S,). All vertex indicators are FALSE since I,G[Sp]. Compute by exhaustive
search all partial FVSs (i.e., the collection of all subsets of vertices such that
every cycle in S, has at least one vertex in the subset). For the insignia set
the counter to 1 if none of the endpoints is in the FVS.



JOIN NODES. Let p be a join node with children ¢ and ». We compare partial
FVSs of S5, and S, which have the same intersection in S,. A pair z,y of
vertices in S, is an insignia if it is an insignia in at least one of S; and S,.
Its counter has a value which is the sum of the values in S; and S, (or oo if
this is at least 2 and minus 1 if {z,y} € F). Each vertex indicator is exactly
TRUE if it is TRUE in at least one of S; and S,. The minimum cardinality of
a partial FVS at p is given by the minimum sum over the pairs of FVSs in
Sy and S, giving rise to the required intersection and indicators.

FORGET NODES. Let p be a forget node with child ¢ and let x € 5; — 5,. Let
F be a partial FVS at node ¢ and consider its intersection and indicators at
node ¢q. If the indicator for x was TRUE then F' is no longer a partial FVS for
p. Assume the indicator for z at node ¢ is FALSE. Then FNS, = (FNY,) —z.
A pair a,b € S, is an insignia if either it was an insignia in S, or if there
were insignia between a and x and b and . The number of paths without
internal vertices in S, from a to b goes up in the latter case if € FiN S,.
fyes,, z,yg F, and if the indicator for {z, y} was oo, then the indicator
for y is now TRUE.

INTRODUCE NODES. Let p be an introduce node with child ¢ and let z € S, — 9.
Let F be a partial FVS at node g and consider its intersection and indicators
at node ¢. The indicator for x at node p is FALSE and the only insignia
incident with x are edges in S,. We consider two possibilities: either z is
added to F or not. By definition, the new set F' can be a partial FVS at
node p only if there is no cycle in S, without vertices in F'. It is clear how
to compute the classification for node p from the one at g.

Correctness of the procedure described above is evident, and we obtain:

Theorem 3. There exists an algorithm running in time O(c\/En) which checks
if a planar graph G has a FVS of cardinality at most k.

We end this section with an observation for the directed case. Consider the
problem of finding a minimum set of vertices in a planar digraph which hits all
directed cycles. It is easy to see that the algorithm can be adapted to solve this
situation.

2 Reduction to a problem kernel

Lemma 2. Let GG be a planar graph. Any vertex incident with at least 2k + 2
faces must be in any FVS of size at most k.

Proof. If a vertex # would be incident with so many faces, then there would be
at least k& + 1 faces with only the vertex « in common. If  were not in the FVS
we could only get a FVS of cardinality more than k. a

We may assume that the graph is biconnected, otherwise we can perform dy-
namic programming on the biconnected components. Hence, we may assume



that every vertex has degree at most 2k 4+ 1. We may also assume that every
vertex has degree at least 3 (as long as the graph is no triangle). We can now
apply a lemma by H.J. Voss [43].

Lemma 3. If G is a graph with no vertex of degree less than 3, then for any
feedback vertex set F, n < |F|(A+ 1) — 2, where A is the mazimal degree in G.

Corollary 1. There is a linear time reduction to an O(k?) kernel.
Using the result of Section 1 we obtain our main result:

Theorem 4. There exists an O(c\/E—I—n) algorithm for the k-FEEDBACK VERTEX
SET problem on planar graphs for some constant c.

3 Treewidth vs. disjoint cycles

Let GG be a planar graph with a maximum number of k disjoint cycles. We show
that fvs(G) < 5k. It follows that tw(G) = O(Vk). Using a tree-decomposition
with this width we show in the next section that we can compute a maximum
number of disjoint cycles in linear time. Recall that a graph is called rich if every
vertex has degree at least 3. The following lemma is well known.

Lemma 4. Fvery rich planar graph has a face of length at most 5.

Proof. Assume that every face has length at least 6. Let ¢ be the number of faces.
Counting the pairs of faces and incident edges in two ways we obtain 2e > 6¢
since every edge is in at most two faces. By Euler’s formulae —n+2=¢ < ¢.
Hence 2e < 3n — 6. But the degree of every vertex is at least 3, so 2¢ > 3n. O

Theorem 5. Let G be a planar graph. Then fus(G) <5 ep(G).

Proof. Start with an empty set F' and repeatedly take the following steps until
not a one is apt.

FIrsTLY, repeatedly, remove pendant vertices from G until G has no more ver-
tices of degree < 1.

SECONDLY, repeatedly, take out vertices of degree 2 that have non-adjacent
neighbours and connect its two neighbours by an edge.

THIRDLY, assume G has a vertex of degree 2 and the two neighbours are con-
nected by an edge. Then put the triangle in F' and rip it out of G.

FoUurTHLY, and finally, assume that G' has no more vertices of degree < 2. Then
G has a face with length at most 5 by Lemma 4. Choose such a face F and
put all its vertices in F. Rip F out of G.

Let C' be a chordless cycle of GG. As long as C' has length at least 4 and contains
degree 2 vertices these are removed in the second step. If C' ends up with 3
vertices and one of them has degree 2, then the third step ensures that C' contains
a vertex which is put in the feedback vertex set. If C' has only vertices of degree



at least 3 then none of its vertices is removed from the graph without it being
put in the feedback vertex set (in the third or fourth phase). This shows that F
is a feedback vertex set in G.

Notice that whenever vertices are put in the set F' all the vertices of a cycle of
length at most 5 are removed from the graph. For each cycle that is removed at
most three vertices are put in F. This shows that F' contains at most 5 times
the maximum number of vertex disjoint cycles of (. a

The next theorem is an immediate consequence of Theorem 5 and Theorem 1.
Theorem 6. Let G be a planar graph with cp(G) < k. Then tw(G) = O(\/E)

Clearly, for any graph G, fus(G)) > ep(G). In general it was shown in [18,43]
that there exist family of graphs G' with fus(G) = @(cp(G) log ep(G)). We feel
fairly confident that there is a much tighter link for planar graphs:

Conjecture 1. * For planar graphs G, fus(G) < 2 ep(G).

¢ Jones’ conjecture.

Notice that the factor 2 would be optimal as shown by the 3-sun. For directed
graphs a similar conjecture is known as Younger’s conjecture (or Gallai-Younger
conjecture). A cycle packing in a digraph is a set of vertex disjoint directed cycles.
Younger conjectured that for every k there is a g(k) such that any digraph
D without a cycle packing of k elements contains a feedback vertex set of at
most g(k) vertices [8,46]. Tt is the directed analogue of the earlier Erdés—Pdsa
Theorem. Younger’s conjecture for general digraphs was proved in [37]. The
bound given for general graphs is “worse” than exponential but it shows the
FPT-ness of k-DISJIOINT CYCLES in digraphs.

For planar digraphs it has been shown that if D does not contain a cycle packing
with k elements then D contains a set of at most O(k log(k) loglog(k)) vertices
whose removal leaves an acyclic graph [36]. Combining results of [24] and [36]
shows that g(k) can be chosen as C'k for some constant C' in the planar case 1.
For planar digraphs D with maximum in—degree and out—degree 2 it has been

shown that fus(D) < 4 ep(D) [32].

4 A treewidth algorithm for disjoint cycles

In the previous section we showed that if G is a planar graph with ep(G) = k
then tw(G) < C'k for some constant C. There exists a linear time algorithm to
find a tree decomposition of this width [1]. In this section we describe a treewidth
algorithm computing a maximum set of vertex disjoint cycles in a planar graph

G.

! See the footnote in [36]



Let a tree decomposition (T,8) with the set of bags S = {9; | i € V(T)} and
with width £—1 in standard form be given. Let GG; be the subgraph of GG induced
by the union of bags corresponding with nodes in the subtree of i € V(7). For
each ¢ we define I'; € MG, as the minor of (; obtained from G; by contracting
all edges incident with at most one vertex of S;. Hence I is a minor of G; with
vertex set S;.

Definition 8. A pair PC = (C;,P;) of paths and cyecles in G; is a partial cycle
collection for G; if

1. each cycle of C; is vertex disjoint with all other cycles and paths of P;,

2. the paths and cycles of PC' share no vertices outside S; and if a path is just
an edge of S; it is vertex disjoint with all other paths and cycles,

3. each path of P; has its endpoints in S; and its internal vertices in V(G;)—S;,

4. there are at most two paths in P; sharing the same pair of endpoints in S;,
and

5. each cycle of C; has all vertices either in V(G;) — S; or all vertices in S; or
exactly one vertex in S;.

We assume some plane embedding of the graph G is given. We classify partial
cycle collections PC' = (C;, P;) for G; by the following characteristic:

1. the number ¢; of cycles of C; without vertices of S; (or oo if this number is
more than k),

2. for each path P € P; the two end-vertices of P N 5;,

3. for each insignia in S; the values 0, 1 or 2 according whether there are zero,
one, or two paths in P; with these endpoints, and

4. for every vertex x € S; an indicator taking the value TRUE if there is a cycle

C € ¢ with N S; = {z}.

Proposition 4. Let r be the root of T'. Consider a partial cycle collection PC =
(CryPyr). Let s be the number of vertices with indicator TRUE. Add one or two
edges in G[S,] between pairs of end-vertices of paths of P, (this could create
double edges) and remove the vertices of which the indicator has the value TRUE.
Now compute the marimum number r, of vertex disjoint cycles in this graph.
The graph G' has a collection with at least k vertex disjoint cycles if and only if
there is a partial cycle collection at p with s+ v, + ¢, > k.

Lemma 5. The number of different characteristics of partial cycle collections
is at most (k + 1)27¢.

Proof. Notice that the number of edges in I is at most 3 — 6 since I is planar.
Each edge of I can be an edge of one or two paths of P;, hence there are
0(22(?’[_6)) choices for the path collection P;. The number of choices for subsets
of vertices with indicator TRUE is clearly bounded by 2°. a

We describe the computation of the different characteristics of partial cycle col-
lections in each of the four cases.



START NODES. Let p be a start node. The path collection is any subset of vertex
disjoint edges of .S; in this case. The indicator for every vertex must be FALSE
and ¢, = 0.

JOIN NODES. Let p be a join node with children ¢ and r. Consider a pair of
characteristics for ¢ and 7 of which the intersections with S, coincide. We
take the union of path collections at ¢ and r and if two paths have the
same endpoints we set the counter to the maximum of the sum and 2. Let
¢p = ¢q + c,. A vertex’ indicator gets the value TRUE when it is TRUE in at
least one of the partial cycle collections at ¢ and r.

FORGET NODES. Let p be a forget node with child ¢ and let z € 5;,—.5,. Consider

a partial cycle collection PC = (P, C,) at node g. If the indicator for z was
TRUE then this cycle has now no more vertices in S, hence ¢, = ¢, + 1.
If the indicator for # is FALSE and if x is the endpoint of a path then we
update the partial cycle collection for node p as follows. Assume that x is
incident with paths of P,. Choose arbitrary two endpoints y; and y; of these
paths. Each choice gives a new partial cycle collection. If y; = y, then set
the indicator for y; to TRUE. If y; # y2 then create one new path between
y1 and ys.

INTRODUCE NODES. Let p be an introduce node with child ¢ and let z € S, — 9.
consider a partial cycle collection PC' = (P, C,) at node q. We can add paths
to this collection for edges {«,y} for vertices y not incident with any path
or cycle of PC.

Correctness of the procedure described above should be clear, and we obtain:

Theorem 7. There exists an algorithm running in time O(c\/En) which checks
if a planar graph G has k vertex disjoint cycles.

Consider the problem of finding the maximum number of vertex disjoint (di-
rected) cycles in a digraph. Clearly the algorithm described in this section can
be adapted to fit this problem.

Muse

By Kostochka’s result [28,41], there exists a constant ¢ € R such that for every
r € N, every graph G of average degree d(G) > cry/logr has a K, minor. Hence,
if d(G) > e(k + 3)4/log(k + 3), then every FVS must have cardinality at least &
since a K43 has no FVS with less than & vertices. Combining this with a result
by Thomassen [42] this implies that that there exists a constant ¢ € R such that
for every graph G with girth g(G) > cry/logr and § > 3 has a K, minor. This
would give an alternative search tree algorithm for graphs in general (Remark 2).
See also the result of Monien and Schulz [33]. For weighted undirected graphs,
the algorithm MiniWCycle given in [6] translates to a kernel with a factor logn
for the FVS problem.

It would be interesting to know some optimal bound for the minimum cardinality
of a feedback vertex set compared to the number of independent cycles in a graph
when restricted to planar graphs [18].



It is unclear if a non-trivial kernelization of the DISJOINT CYCLES problem exists
for planar graphs. In this case we are interested in the ewistence of a set of
disjoint cycles only. (Since the time needed to list them could well be @(n).)

Concerning digraphs, we would like to draw some attention to the LOOP CUTSET
problem for digraphs stated in [6]. The factor 4 approximation described in
this paper is a direct application of their algorithm SubG-2-3. It seems that a
reduction to a problem kernel for this problem like we described it for the FVS
problem is somewhat problematic.

References

1. Alber, J., H. Bodlaender, H. Fernau, and R. Niedermeier, Faster algorithms for

domination of planar graphs, Proc. of the 17th SWAT’00, Springer—Verlag LNCS
1851 (2000), pp. 97-110.
2. Arora, S., C. Lund, R. Motwani, M. Sudan, and M. Szegedy, Proof verification and

hardness of approximation problems, f)’f)’th Annual Symposium on Foundations of
Computer Science, (1992), pp. 14-23.

3. Bafna, Vineet, Piotr Berman, and Toshihiro Fujito, A 2-approximation algorithm
for the undirected feedback vertex set problem, STAM journal on discrete mathe-
matics 12, (1999), pp. 289.

4. Baker, B., Approximation algorithms for NP-complete problems on planar graphs,
Journal of the ACM 41, (1994), pp. 153-180.

5. Bar-Yehuda, Reuven, One for the price of two: a unified approach for approximat-
ing covering problems, Algorithmica 27, (2000), pp. 131-144.

6. Bar-Yehuda, Reuven, Dan Geiger, and Ron M. Roth, Approximation algorithm for
the feedback vertex set problem with applications to constraint satisfaction and
Bayesian inference, STAM Journal on Computing 27, (1998), pp. 942.

7. Becker, Ann, Reuven Bar-Yehuda, and Dan Geiger, Randomized algorithms for
the loop cutset problem, Journal of Artificial Intelligence Research 12, (2000),
pp- 219-234.

8. Bermond, J. C. and C. Thomassen, Cycles in digraphs—A Survey, Journal of Graph
Theory 5, (1981), pp. 1-43.

9. Bodlaender, Hans, L., On disjoint cycles, International Journal of Foundation of
Computer Science 5, (1994), pp. 59-68.

10. Bollobas, B., Graphs without two independent circuits, (Hungarian), K. Mat.
Lapok 15, (1964), pp. 311-321.

11. Cai, Liming and David Juedes, Subexponential parameterized algorithms collapse
the W-hierarchy. To appear in the Proceedings ICALP’01.

12. Chang, M. S. and Y. D. Liang, Minimum feedback vertex sets in cocomparability
graphs and convex bipartite graphs, Acta Informatica 34, (1997), pp. 337-346.

13. Chudak, F. A., M. X. Goemans, and D. P. Williamson, A primal-dual interpre-
tation of two 2-approximation algorithms for the feedback vertex set problem in
undirected graphs, Operations research letters 22, (1998), pp. 111.

14. Corneil, D. G. and J. Fonlupt, The complexity of generalized clique covering, Dis-
crete Applied Mathematics 22, (1988), pp. 109-118.

15. Diestel, Reinhardt, Graph theory, Springer—Verlag New York 1997.

16. Downey, Rod G. and Mike R. Fellows, Fixed-parameter tractability and complete-
ness, Congressus Numerantium 87, (1992), pp. 161-187.



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Downey, Rod G. and Mike R. Fellows, em Parameterized complexity, Monographs
in Computer Science, Springer—Verlag, 1999.

FErdos, P. and L. Pésa, On independent circuits contained in a graph, Canad. J.
Math. 17, (1964), pp. 347-352.

Even, G., J. (Seffi) Naor, B. Schieber, and M. Sudan, Approximating minimum
feedback sets and multicuts in directed graphs, Algorithmica 20, (1998), pp. 151-
174.

Even, G, J. S. Naor, and L. Zosin, An 8-approximation algorithm for the subset
feedback vertex set problem, Proceedings of the 37th annual symposium on foun-
dations of computer science (FOCS’96).

Fellows, M. R. and M. A. Langston, Nonconstructive tools for proving polynomial
time decidability, J. ACM 35, (1988), pp. 727-739.

Festa, Paola, Panos M. Pardalos, and Mauricio G. C. Resende, Feedback set prob-
lems. AT&T Labs Research Technical Report: 99.7.1.

Garey, M. R., and D. S. Johnson, Computers and intractability. W. H. Freeman
and Co., San Francisco, 1979.

Goemans, M. X. and D. Williamson, Primal-dual approximation algorithms for
feedback problems in planar graphs, Combinatorica 18, (1998), pp. 37-59.
Grotschel, M., L. Lovasz, and A. Schrijver, Geometrie Algorithms and Combinato-
rial Optimization, Springer-Verlag, Berlin, (1988), pp. 253-254.

Hackbush, W., On the feedback vertex set problem for a planar graph, Computing
58, (1997), pp. 129.

Kloks, T., Treewidth-Computations and Approzimations, Springer—Verlag, LNCS
842, 1994.

Kostochka, A. V., lowerbounds of the Hadwiger number of graphs by their average
degree, Combinatorica 4, (1984), pp. 307-316.

Li, Deming and Liu Yanpei, A polynomial algorithm for finding the minimum
feedback vertex set of 3-regular simple graphs, Acta Mathematica Scientia 19,
(1999), pp. 375.

Lucchesi, C. L. and H. Younger, A minimax theorem for directed graphs, Journal
London Mathematical Society 17, (1978), pp. 369-374.

Marathe, M. V., C. Pandu Rangan, and R. Ravi, Efficient algorithms for general-
ized clique covering and interval graphs, Discrete Applied Mathematics 39, (1992),
pp- 87-93.

Metzlar, Alice and U. S. R. Murty, Disjoint circuits in planar digraphs. Manuscript
1991.

Monien, B. and R. Schultz, Four approximation algorithms for the feedback vertex
set problems, 7th W@, Hanser—Verlag, Munich (1981), pp. 315-326.
Papadimitriou, C. and M. Yannakakis, Optimization, approximation and complex-
ity classes, Journal of Computer and System Sciences 43, (1991), pp. 425-440.
Plotkin, S., D. Shmoys, and E. Tardos, Fast approximation algorithms for fractional
packing and covering problems, Mathematics of Operations Research 20, (1995),
pp. 257-301.

Reed, B. A. and F. B. Shepherd, The Gallai-Younger conjecture for planar graphs,
Combinatorica 16, (1996), pp. 555-566.

Reed, B., N. Robertson, P. D. Seymour, and R. Thomas, Packing directed circuits,
Combinatorica 16, (1996), pp. 535-554.

Seymour, P., Packing directed circuits fractionally, Combinatorica 15, (1995),
pp. 281-288.



39.

40.

41.

42.

43.

44.

45.

46.

Speckenmeyer, E., On feedback vertex sets and nonseparating independent sets in
cubic graphs, Journal of Graph Theory 12, (1988), pp. 405-412.

Stamm, H., On feedback problems in planar graphs, (R. Mdhring ed.) Graph-
Theoretic Concepts in Computer Science, Springer—Verlag LNCS 484, (1990),
pp- 79-89.

Thomason, A. G., An extremal function for contractions of graphs, Math. Proc.
Camb. Phil. Soc. 95, (1984), pp. 261-265.

Thomassen, C., Paths, circuits, and subdivisions, In (L. W. Beineke & R. J. Wilson
eds.) Selected Topics in Graph Theory 3, Academic Press 1988.

Voss, H. J., Some properties of graphs containing %k independent circuits, Proc.
Collog. Tthany, Academic Press, New York, 1968, pp. 321-334.

Voss, H. J., Gber die Taillenweite in Graphen, die maximal unabhéngige Kreise
enthalten, und tuiber die Anzahl der Knotenpunkte, die alle Kreise reprasentieren,
X. Internat. Wiss. Koll. TH llmenau 1965 Heft 11, Mathematische Probleme der
Okonomie und Rechentechnik, Vortragsreihe, 23-27.

Yannakakis, M. and F. Gavril, The maximum k-colorable subgraph problem for
chordal graphs, Information Processing Letters 24, (1987), pp. 133-137.

Younger, D., Graphs with interlinked directed circuits, Proceedings of the Midwest
Symposium on Circuit Theory 2, (1973), pp. XVI 2.1 - XVI 2.7.



