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Abstract

This article considers continuous trajectories of the vector fields induced by two differ-
ent primal-dual potential-reduction algorithms for solving linear programming problems.
For both algorithms, it is shown that the associated continuous trajectories include the
central path and the duality gap converges to zero along all these trajectories. For the
algorithm of Kojima, Mizuno, and Yoshise, there is a a surprisingly simple characterization
of the associated trajectories. Using this characterization, it is shown that all associated
trajectories converge to the analytic center of the primal-dual optimal face. Depending on
the value of the potential function parameter, this convergence may be tangential to the
central path, tangential to the optimal face, or in between.

Key words: linear programming, potential functions, potential-reduction methods, central
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1 Introduction

During the past two decades, interior-point methods (IPMs) emerged as very efficient and
reliable techniques for the solution of linear programming problems. The development of
IPMs and their theoretical convergence analyses often rely on certain continuous trajectories
associated with the given linear program. The best known example of such trajectories is
the central path—the set of minimizers of the parametrized logarithmic barrier function in the
interior of the feasible region.

Primal-dual variants of IPMs not only solve the given linear program but also its dual.
These variants have been very successful in practical implementations and form the focus of
this article. If both the given LP and its dual have strictly feasible solutions the primal-dual
central path starts from the analytic center of the primal-dual feasible set and converges to
the analytic center of the optimal solution set. This property of the central path led to the
development of path following IPMs: algorithms that try to reach an optimal solution by
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generating a sequence of points that are “close” to a corresponding sequence of points on the
central path that converge to its limit point.

Weighted centers are generalizations of the central path that are obtained as minimizers of
weighted logarithmic barrier functions. They share many properties of the central path, includ-
ing convergence to an optimal point; see, e.g., [11]. Weighted centers and the central path can
be characterized in alternative ways. For example, these trajectories are obtained as unique
solutions of certain differential equations. Using this perspective, Adler and Monteiro analyzed
the limiting behavior of continuous trajectories associated with primal-only affine-scaling algo-
rithm [1]. Later, Monteiro analyzed continuous trajectories associated with projective-scaling
and potential-reduction algorithms [8, 9], once again in the primal-only setting. In this article,
we study trajectories of vector fields induced by primal-dual potential-reduction algorithms.

Potential-reduction algorithms use the following strategy: First, one defines a potential
function that measures the quality (or potential) of any trial solution of the given problem
combining measures of proximity to the set of optimal solutions, proximity to the feasible
set in the case of infeasible-interior-points, and a measure of centrality within the feasible
region. Potential functions are often chosen such that one approaches an optimal solution of
the underlying problem by reducing the potential function. Then, the search for an optimal
solution can be performed by progressive reduction of the potential function, leading to a
potential-reduction algorithm. We refer the reader to two excellent surveys for further details
on potential-reduction algorithms [2, 13].

Often, implementations of potential-reduction interior-point algorithms exhibit behavior
that is similar to that of path-following algorithms. For example, they take about the same
number of iterations as path-following algorithms and they tend to converge to the analytic
center of the optimal face, just like most path-following variants. Since potential-reduction
methods do not generally make an effort to follow the central path, this behavior is surprising.
In an effort to better understand the limiting behavior of primal-dual potential-reduction
algorithms for linear programs this paper studies continuous trajectories associated with two
such methods. The first one is the algorithm proposed by Kojima, Mizuno, and Yoshise (KMY)
[7], which uses scaled and projected steepest descent directions for the Tanabe-Todd-Ye (TTY)
primal-dual potential function [12, 14]. The second algorithm we consider is a primal-dual
variant of the Iri-Imai algorithm that uses Newton search directions for the multiplicative
analogue of the TTY potential function [15, 16]. For both algorithms, we show that each
associated trajectory has the property that the duality gap converges to zero as one traces
the trajectory to its bounded limit. We also show that the central path is a special potential-
reduction trajectory associated with both methods.

Our analysis is more extensive for the KMY algorithm, since we are able to express
the points on the associated trajectories as unique optimal solutions of certain parametrized
weighted logarithmic barrier problems. This characterization is similar to that obtained by
Monteiro [9] for primal-only algorithms, but our formulas are explicit and much simpler. We
show that all trajectories of the vector field induced by the KMY search directions converge
to the analytic center of the primal-dual optimal face.

We also analyze the direction of convergence for these trajectories and demonstrate that
their asymptotic behavior depends on the potential function parameter. There is a threshold
value of this parameter—the value that makes the TTY potential function homogeneous. When
the parameter is below this threshold, the centering is too strong and the trajectories converge
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tangentially to the central path. When the parameter is above the threshold, convergence hap-
pens tangentially to the optimal face. At the threshold value, the behavior of the trajectories
is in between these two extremes and depends on the initial point.

Following this introduction, Section 2 discusses the two primal-dual potential-reduction
methods mentioned above and search directions used by these two methods. Section 3 estab-
lishes the existence of continuous trajectories associated with these methods using standard
results from the theory of differential equations. We prove the convergence of the trajectories
associated with the Kojima-Mizuno-Yoshise algorithm in Section 4 and analyze the limiting be-
havior of these trajectories in Section 5. Our notation is fairly standard: For an n-dimensional
vector x, the corresponding capital letter X denotes the n x n diagonal matrix with X;; = x;.
We will use the letter e to denote a column vector with all entries equal to 1 and its dimension
will be apparent from the context. We also denote the base of the natural logarithm with e
and sometimes the vector e and the scalar e appear in the same expression, but no confusion
should arise. For a given matrix A, we use R(A) and N(A) to denote its range(column) and
null space. For a vector-valued differentiable function z(t) of a scalar variable ¢, we use the
notation & or %(t) to denote the vector of the derivatives of its components with respect to t.
For n dimensional vectors = and s, we write x o s to denote their Hadamard (componentwise)
product. Also, for an n dimensional vector x, we write 2P to denote the vector X?e, where p
can be fractional if z > 0.

2 Primal-Dual Potential-Reduction Directions

We consider linear programs in the following standard form:

(LP) min, ¢’z
Az = b (1)
z > 0,

where A € R™*" b € R™, ¢ € R™ are given, and x € R™. Without loss of generality we assume
that the constraints are linearly independent. Then, the matrix A has full row rank. Further,
we assume that 0 < m < n; m =0 and m = n correspond to trivial problems.

The dual of this (primal) problem is:

(LD) max, s bly
Aly + s
s

c (2)
0,

AV

where y € R™ and s € R". We can rewrite the dual problem by eliminating the y variables
in (2). This is achieved by considering GT, a null-space basis matrix for A, that is, G is an
(n —m) x n matrix with rank n —m and it satisfies AGT = 0, GAT = 0. Note also that, AT
is a null-space basis matrix for GG. Further, let d € R"™ be a vector satisfying Ad = b. Then,
(2) is equivalent to the following problem which has a high degree of symmetry with (1):

(LD") ming d’'s
Gs
s

Gc (3)
0.

AV
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Let F and F° denote the primal-dual feasible region and its relative interior:

F = {(z,s): Az =b,Gs = Ge, (z,s) > 0},
FO = {(z,s): Az =b,Gs = G, (x,s) > 0}.

We assume that F9 is non-empty. This assumption has the important consequence that the
primal-dual optimal solution set €2 defined below is nonempty and bounded:

Q = {(z,s) e F:als=0} (4)
We also define the optimal partition BUN = {1,...,n} for future reference:

B:={j:xz; >0 for some (z,s) € Q},
N :={j:s; >0 for some (z,s) € Q}.

The fact that B and N is a partition of {1,...,n} is a classical result of Goldman and Tucker.

Primal-dual feasible interior-point algorithms start with a point (2°,5%) € F° and move
through F° by generating search directions in the null space of the constraint equations which
can be represented implicitly or explicitly, using null-space basis matrices:

A0
N(lo GD = {(Az,As): AAz = 0,GAs = 0}

= {(Az,As): Az = GT Az, As = AT As, (Az, As) € R"™™ x ®R™}.

Given a search direction (Ax,As), we will call the corresponding (Az, As) a reduced search
direction. A feasible interior-point algorithm that starts at (z°,s) € FY can also be expressed
completely in terms of the reduced iterates (z*,s*) rather than the usual iterates (x*,s*)
it generates. These two iterate sequences correspond to each other through the equations
2k =29 4+ GTzF and s* = sY + ATs*. Since GT and AT are basis matrices for the null-spaces
of A and G respectively, (z¥, s*) are uniquely determined given (z*, s*) and the initial feasible
iterate (2°,s%) € FO: zF = (GGT)7'G (2% — 20) and s* = (AAT)"1A(sk — sY). The reduced

feasible set and its interior can be defined as follows:

fR(xO,so) = {(z,s): (a:o + GTL O+ AT§) >0},
Fo® 8% = {(z,8): (" +GTz, s+ ATs) > 0}.

We will suppress the dependence of these sets on (z°,s") in our notation. Note that ]:]% is

a full-dimensional open subset of ™. This simple alternative view of feasible interior-point
methods is useful for our purposes since it allows us use standard results from the theory of
ordinary differential equations later in our analysis.

Primal-dual potential-reduction algorithms for linear programming are derived using po-
tential functions, i.e., functions that measure the quality (or potential) of trial solutions for
the primal-dual pair of problems. The most frequently used primal-dual potential function for
linear programming problems is the Tanabe-Todd-Ye (TTY) potential function [12, 14]:

®,(z,5) = pln(zls) - Zln(wisi), for every (x,s) > 0. (5)
i=1



POTENTIAL REDUCTION TRAJECTORIES )

As most other potential functions used in optimization, the TTY potential function has the
property that it diverges to —oco along a feasible sequence {(z*, s*)} if and only if this sequence
is converging to a primal-dual optimal pair of solutions, as long as p > n. Therefore, the primal-
dual pair of LP problems can be solved by minimizing the TTY potential-function. We now
evaluate the gradient of this function for future reference:

L5 — g1
Vo, (x,5) = l z,s 1 ] : (6)

xTS.CE — S

There are many variants of primal-dual potential-reduction algorithms that use the TTY
potential function. They differ in the way they generate the potential-reduction search direc-
tions and in the line search strategies they use along these directions. For example, Todd and
Ye use projective scaling to determine the search directions and use line search to keep the
iterates approximately centered [14]. Kojima, Mizuno, and Yoshise’s algorithm uses a steepest-
descent search direction after a primal-dual scaling of the LP problem and does not require
the centrality of the iterates [7]. Titiincii [15, 16] uses modified Newton directions to reduce
the TTY function. All the algorithms mentioned have been proven to have polynomial time
worst-case complexities by demonstrating that a sufficient decrease in ®, can be obtained in
every iteration of these algorithms.

In the remainder of this article, we will study continuous trajectories that are naturally
associated with primal-dual potential-reduction algorithms of Kojima-Mizuno-Yoshise [7] and
Titlinci [15]. For this purpose, we first present the search directions used by these algorithms.

Let (x, s) be a given iterate and let (z, s) be the corresponding reduced iterate. The search
direction proposed by Kojima, Mizuno, and Yoshise is the solution of the following system:

AAzx =0
AT Ay + As = OT (7)
SAzx + XAs = T e 2o s,
p

where X = diag(x), S = diag(s), and e is a vector of ones of appropriate dimension. When
we discuss the search direction given by (7) and associated trajectories, we will assume that
p > n. The solution to the system (7) can be regarded as a scaled and projected steepest
descent direction for the TTY potential function ®,, using a primal-dual scaling matrix.

The system (7) can be reduced to the single block equation

T
SGTAz+ XATAs =" %c _zos
p

and its solution can be presented explicitly using orthogonal projection matrices. First, let
1 1 11
D=X25"2, and V=X2952. (8)
Now define the primal-dual projection matrix W as follows:

U =V(z,s) = I—-DAT(AD?AT)"'AD (9)
D¢t (Gp2GT)y"'\aD™ 1.
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This is the orthogonal projection matrix into the null space of AD which is the same as the
range space of D™'GT. Finally, let ¥ =1 — ¥, v := Ve, and v~' = V~'e. Then, the solution

of (7) is:
UT'U
[ 22: ] = - [ D—Q?@ ] (U — pv_1> =: gl(x7 S)' (10)

In the reduced space we have the following solution:

T —2T\~11)—1 oTo
[i] - [ (CBDSF))—&% ] (”‘ 7“) = fi(z, 5)- (11)

All the terms on the right-hand-side are expressed in terms of 2 and s, which are linear functions
of x and s. Using this correspondence, we express the reduced directions as a function of the
reduced iterates.

The search direction used in [15, 16] is a Newton direction for the multiplicative analogue
of the TTY potential-function. It can also be seen as a modified Newton direction for the
TTY potential-function itself. In [15], it is observed that the multiplicative analogue of the
TTY potential-function is a convex function for p > 2n which motivates the use of Newton
directions to reduce this function. Because of this property, we assume that p > 2n when we
discuss the search directions (19) below and trajectories associated with them. Its development
is discussed in detail in [15] and like the KMY direction, it can be represented explicitly using
orthogonal projection matrices. Let

[1]

=Z() = X '¢dTax2ah)ylax! (12)
I — XAT(AX?2AT)1AX,

and

Y =%(s) = StAT(AS724T)"tAs! (13)
= I-5GT@Gs?ch)ytas.

We note that = and ¥ are orthogonal projection matrices into the range spaces of X 1GT
and ST'AT| respectively. These range spaces are the same as the null spaces of AX and GS,
respectively. To simplify the notation, we will suppress the dependence of ¥, Z, and ¥ to (z, )
in our notation. We will denote the normalized complementarity vector with v:

y o= 208 (14)

s’

The following quantities appear in the description of the search direction used in [15]:

B = v (E+D)y, (15)
By = VI (E+D)e, (16)
B3 = el (E+Y)e, (17)
A = (pb—1D(p—B3—1)+p(1 - F2)*. (18)
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We are now ready to reproduce the search directions introduced in [15]:

Once again, there is a corresponding description for the reduced search directions:

[ i } = —% [ (&ﬁjﬂﬁﬁﬁf } (p(1 = B2)v + (pB1 — 1)e) =: fa(z, s). (20)

3 Potential-Reduction Trajectories

Let (z%,s°) € F° be any given point in the interior of the feasible region. We will study
continuous trajectories of the vector fields f;(z,s) : F(z°, %) — R™ for i = 1,2. That is, we
will analyze the trajectories determined by the maximal solutions of the following autonomous
ordinary differential equations:

|
|

Note that (0,0) € Fy(z,s°) for any given (2, s°) € FP.

Our objective in this section is to demonstrate that there exist unique solutions to the ODEs
defined above and that their trajectories have limit points on the primal-dual optimal face.
Monteiro [9] performs a similar study of trajectories based on primal-only potential-reduction
algorithms. We will use some of his results and develop primal-dual versions of some others.

For simplicity, we use z and z to denote the primal and dual pair of variables (z,s)
in the original space and (z,s) in the reduced space. Expressions z(t) and £(¢) denote
[ 2T (t) sT(t) }T and [ 2T(t) 37(t) ]T, respectively.

A differentiable path z(t) : (I,u) — F° is a solution to the ODE (21) (or, to the ODE (22) ),
if 2(t) = fi1(2) (2(t) = fa(z)) for all ¢ € (I, u) for some scalars [ and u such that [ < 0 < u. This
solution is called a maximal solution if there is no solution Z(¢) that satisfies the corresponding
ODE over a set of t’s that properly contain (I,u). The vector fields f1(z) and fa(z) have the
domain F%, an open subset of " and the image set is . Note that, both fi(z) and fa(z2)
are continuous (in fact, C*) functions on F° C §R3_"+. Given these properties, the following
result follows immediately from the standard theory of ordinary differential equations; see,
e.g., Theorem 1 on p. 162 and Lemma on p. 171 of the textbook by Hirsch and Smale [5]:

[ |83

] = f1(£7 §>7 (£(0)7§(0)) = (070)7 (21)

I |83

] = Bles),  (2(0).50)) = (0,0) (22

Theorem 3.1 For each (2°,s°) € FY there is a mazimum open interval (Iy,u1) ( (la,uz) )
containing 0 on which there is a unique solution z(t) of the ODE (21) ( z9(t) of the ODE

(22) ).
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We define corresponding trajectories in the original problem space as follows:

a(t) = (e1(t),51(1) = (2% ") +(GTaa (1), ATs(1)), (23)
2(t) = (22(1), 52(1)) = (2%, %) + (GT (1), AT s5(1)). (24)

By differentiation, we observe that these trajectories satisfy the following differential equations,
respectively:

S

[ ; ] — () (2(0),5(0)) = (2°,7), (25)

S

[ " ] = p(a,s),  (2(0),5(0) = (°, ). (26)

Now that we established the existence and uniqueness of potential-reduction trajectories,
we turn our attention to the analysis of their convergence. The following result holds the key
to this analysis:

Proposition 3.1 (Proposition 2.2, [9]) Let U be an open subset of R" and f be a contin-
wously differentiable function from U to R™. Assume that there exists a function h : U — R
such that for any solution z(t) of the ODE 2 = f(z), the composite function h(z(t)) is a strictly
decreasing function of t. Then, any mazimal solution z : (I,u) — U of 2 = f(z) satisfies the
following property: Given any compact subset S of U there exists a number 5 € (I,u) such that
z2(t) €S for allt € [B,u).

The proposition says that, if the solution of the ODE can be made monotonic through
composition with another function, then the trajectory can not remain in any compact subset
of the domain and must tend to the boundary of the domain as t tends to its upper limit. This
is a variant of a standard ODE result (see the theorem on p. 171 of [5]). This standard result
requires the finiteness of the upper end w of the ¢ domain—Monteiro removes this restriction
by placing the condition about the existence of the function h with the stated monotonicity
property [9].

We first show that there is indeed a function h satisfying the condition in Proposition 3.1.
This function is defined as h(z,s) = ®, ((xo, s9) + (GTz, AT§)). In other words, we show that
the TTY potential function is decreasing along the trajectories of the ODEs (25) and (26):

Lemma 3.1 ¢1(t) := @, ((2°,5°) + (GTay (1), ATs,(t))) = @, (21(t), 51(1)) and ga(t) := @, (w(t), 52(t))
are both decreasing functions of t.

Proof:
Let us start with ¢1(t). Assume that (z;(t),s;(t)) satisfies (21) for all ¢ € (I,u). Then,
(1(t), s1(t)) satisfies (25) for all ¢t € (I,u) and for any such ¢,

S(t) = V&, (x1(t),51(1) [ i) ]

51(t)

b s—211"[ DU WTo
= — mps 1 1T v — ——V y

—T.L — S D \I’ P

T+ s
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where we wrote  and s in place of 21(t) and s1(t) to simplify the notation. Let w = —f—xs—e.

Then,

T T

o) = —=ul (X 'Dev ) w - 20T ($TIDTRV T w
p p
SUTS

= —T(Vflw)T (\II + @) (V~1w)

T
= _I vt
p

where we used X 'D = S~!D~! = V~!. Further, note that w = 0 would require ﬁxs =e
which implies p = n. Since we assumed that p > n for the KMY direction, we have that w # 0
and V1w # 0 and that ¢/ (t) < 0. Therefore, ¢1(t) is a decreasing function of ¢.

We proceed similarly for ¢o(t):

Oh(t) = VT (25(t). sa(t)) [ fa(t) ] |

By construction, the direction vector ga(z, s) introduced in [15] satisfies g2(z, s) = — [V2F,(, s)] - VF,(x,s)
where F,(z,s) = exp{®,(z, s)}. Further, VF,(z,s) = F,(x,s)V®,(z,s). The function F,(z, s)

is strictly convex on FU if p > 2n (see [15]), which we assumed, and therefore, its Hessian is

positive definite. Thus,

() = ——VF(2,5) [V2E,(2,5)]  VE,(e,5) <0,

Fy(x,s)

Above, we again wrote x and s in place of x5(t) and s2(t) to simplify the notation. Note also

that V@Z(m, s) # 0 because V@Z(a:, s) = 0 would require ﬁxs = e which, as above, is not

possible since we assume p > 2n. Thus, ¢2(t) is also a decreasing function of ¢. 0
We prove two technical results before presenting the main theorem of this section:

Lemma 3.2 Given p >n, 8 >0 and M, the set
S = {(z,5) € F':als > B,®,(zx,s) < M} (27)
18 compact.

Proof:

We first show that S is a bounded subset of F°. Given (z,s) € F° and p > n, the following
inequality is well known and follows from the arithmetic mean-geometric mean inequality (see,
e.g., [17, Lemma 4.2]):

D,(z,8) > (p—n)n(z's) +nlnn.

Therefore, ®,(x,s) < M implies that

zls < exp (W) (28)
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Fix (Z,5) € F°. This is possible since we assumed that F° is nonempty. Since (z—2)7 (s—38) =

0, we have that #7s = 27s + §7x — 275, Combining this identity with (28) we obtain

" i M —nlnn
iTs+5Te= a5+ 82 < #T5+exp <7) = M,

- - p—n

j=1 7j=1

for every (z,s) € S. Since all terms on the left in the inequality above are positive, we have
that

M1 . Ml .
xjgé_a VJ, Sjéj: ) \V/]

J J
Thus, we proved that « and s are bounded above if they are in S. Let U = maxj{max(%, %)}
J J
Now,
n
Inz; = pln(z’s)— Zln(xisi) —Ins; — ®y(x,s)
7]

> plnf—2n—1)InU — M =: My,
if (z,s) € S. Therefore,
Z 5 > 6M27 VJ, Sj > €M27 VJ,

where the inequality for s; follows from identical arguments. Thus, all components of the
vectors (z,s) € S are bounded below by a positive constant. This proves that S is a bounded
subset of FO. Since S is clearly closed with respect to F° we must have that S is a compact
subset of FV. 0

Corollary 3.1 Given p >n, f >0 and M, the set
Sk :={(z,s) € ]-'% : (fco + GTQ)T(SO + AT§) > 8, <I>p(:n0 +GTx, s + AT§) <M}
18 compact.

Proof:

This is immediate since Sg is obtained by a linear transformation of the compact set S. 0
Now, we are ready to establish that the duality gap in our potential-reduction trajectories

converges to zero:

Theorem 3.2 Let z,(t) : (I1,u1) — Fy and 25(t) : (I2,uz) — F9 be mazimal solutions of the
ODEs (21) and (22). Let (x1(t),s1(t)) and (x2(t), s2(t)) be as in equations (23)-(24). Then,
lim l‘i(t)TSi(t) =0

t—u;

fori=12.
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Proof:

We prove the theorem for i = 1; the proof for i = 2 is identical. Since z,(t) € F%, (z1(t),s1(t))
remain in F° for all t € (I,u1). Therefore, z1(t)7s1(t) > 0 for all t € (I3,u1). Then, if
limy ., 71(¢)Ts1(t) # 0 we must have an infinite sequence (t;) such that limy ... tx = u1 and
that x1(t;)7 s1(t)) remains bounded away from zero. That is, there exists a positive 3 such
that @1 (tg)Ts1(tx) > B for all k. Since we already established that ®, (1(t),s1(t)) is a de-
creasing function of ¢, by choosing M = &, (x1(to), s1(t0)) we have that (z1(tx),s1(tx)) € S
where S is as in (27). Using Lemma 3.2 and its corollary we conclude that the assumption
limy ., 71(¢t)Ts1(t) # 0 implies the existence of a compact subset of ®” to which the maxi-
mal solution z;(¢) of the ODE (21) always returns to as ¢ tends to u;. But this contradicts
Proposition 3.1. Therefore, the assumption must be wrong and we have that

lim z1(t)"s1(t) = 0.

t—uy

This completes the proof. U

4 Convergence of the Trajectories

The last result of the previous section demonstrates the convergence of the duality gap to zero
along continuous trajectories we associated with two different primal-dual potential-reduction
algorithms. This theorem, however, does not guarantee the convergence of these trajectories to
an optimal solution. All accumulation points of these trajectories will be optimal solutions and
there will be a unique accumulation point if the optimal solution is unique. However, we need
a more careful analysis to establish the convergence of these trajectories when the primal-dual
optimal solution set is not a singleton and this is the purpose of the current section.

Not surprisingly, the difficulty mentioned in the previous paragraph regarding the proof
of convergence of trajectories is similar to the difficulties encountered in convergence proofs
for potential-reduction interior-point algorithms. To overcome this difficulty, we want to find
an implicit description of the trajectories, perhaps similar to the description of the central
path or weighted centers. We present such a description for trajectories associated with the
Kojima-Mizuno-Yoshise algorithm. The complicated vector field associated with the algorithm
in [15, 16] appears difficult to analyze in a similar fashion and we leave that as a topic of future
research. Before proceeding with the analysis of the Kojima-Mizuno-Yoshise trajectories, we
establish that the central path belongs to both families of potential-reduction trajectories we
defined in the previous section.

4.1 The Central Path

The central path C of the primal-dual feasible set F is the set of points on which the compo-
nentwise product of the primal and dual variables is constant:

C = {(z(w),s(n) € F°:ax(u)os(u) = pe, for some p > 0}. (29)

The points on the central path are obtained as unique minimizers of certain barrier problems
associated with the primal and dual LPs and they converge to the analytic center of the
primal-dual optimal face; see, e.g., [17]. The central path or its subsets can be parametrized
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in different ways. For example, let ¢(t) : (I,u) — R be a positive valued function. Then, we
can define the following parameterization of the corresponding subset of C:

Co = {(x(t),s(t)) € F¥: x(t) o s(t) = ¢(t)e, for some t € (I,u)}. (30)

As long as the function ¢ used in the parameterization of the central path is differentiable, the
central path and corresponding subsets of it are differentiable with respect to the underlying
parameter. One can easily verify that, we have the following identities for (x(t),s(t)) € Cy:

Az(t) =0, Gs(t) =0, (31)
x(t) o s(t) + z(t) o §(t) = @' (t)e, (32)

for t € (I,u). From (31)-(32) it follows that

w0 ] _ [ povw ] g

[S-@)] - [D(wl (t)]w) @ (33)
[ b ] ow
- [D(trl <t>] 0] (39

where D(t),v(t)~1, ¥(t), and ¥(t) are defined identically to D,v~!, ¥, and ¥ in Section 2,
except that = and s are replaced by z(t) and s(t). Next, we make the following observation:

v T'l)
ai(a(t), s(t) = _[Dl()t()tz?%] (v(t)—wu(t)ﬂ)

D(t)¥(t) n
Therefore, if we choose ¢(t) such that
o) _ n
i ~ VA (1-7) (35)

we will have the subset Cy4 of the central path C satisfy the ODE (25). Let us denote the
solution of the differential equation (35) with ¢ (¢), which is easily computed:

o1(t) = 61(0) - exp{— (1—Z)t}. (36)

So, for any given (2°,s%) on the central path C with 2% o s° = pe, we can choose ¢1(0) = u
and the unique maximal solution of the ODE (25) is obtained as the trajectory

Cop = {(x(t),s(t)) € F¥:x(t) os(t) = pexp{—(1 — %)t}e, for t € (I1,00)}

for some [; < 0. The fact that the upper bound on the range of ¢ is co follows from Theorem
3.2—as t tends to the upper bound, x(t)Ts(t) = nuexp{— (1 - %) t} must approach zero.
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We can use the same approach to show that subsets of the central path are solutions to
the ODE (26). We first evaluate go(z(t), s(t)) for (z(t),s(t)) € Cy. We make the following
observations using x(t) o s(t) = ¢(t)e:

I
-
=
S
=
nn
I
-
=
-
L
=

Therefore,

L 1 DY) |(p .

0:50) = =y VOO [ D) (1) ] (-

_ [ D(t)%(t) ] o),

N D)W@) | p—n—-1"
This time we need to choose ¢(t) such that

o')WV
oty  p-n-1 7

to have the subset Cy of the central path C satisfy the ODE (26). The solution ¢»(t) of (37) is:

Pa(t) = ¢2(0)'GXP{—I)_%

. 38
L (38)
As above, for any given (2, s°) on the central path C with 2°0s° = e, we can choose ¢2(0) =
and the unique maximal solution of the ODE (26) is obtained as the trajectory

Co, = {(z(t),s(t)) € FOrx(t)os(t) = uexp{—ﬁ}e, for t € (I2,00)}

for some Iy < 0. Thus, we proved the following result:

Theorem 4.1 For any given (z°, %) on the central path C, the solution of both the ODEs (25)
and (26) with initial condition (x(0),s(0)) = (2%, s%) is a trajectory that is a subset of C.  [J

Theorem 4.1 provides a theoretical basis for the practical observation that central path-
following search directions are often very good potential-reduction directions as well. Another
related result is by Nesterov [10] who observes that the neighborhood of the central path is
the region of fastest decrease for a homogeneous potential function. (®, is homogeneous when
p=2n).

4.2 A Characterization of the Trajectories

Now we turn our attention to the trajectories (z1(t),s1(t)) of the ODE (25) that do not start
on the central path. From this point on, we will not consider the trajectories (z2(t),s2(t))
and therefore, drop the subscript 1 from expressions like x1(t), s1(¢) for simplicity. Consider
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(z(t),s(t)) for t € (I,u), the maximal solution of the ODE (25). We define the following
function of ¢:

v(t) = z(t)os(t) — h(t)e (39)

where z(t) o s(t) denotes the Hadamard product of the vectors z(t) and s(t), e is an n-
dimensional vector of ones, and h(t) is a scalar valued function of ¢ that we will determine later.

The function () is defined from (I, u) to R™. Let ¢(t) = x(t) os(t) — %e. Differentiating
(39) with respect to ¢, we obtain:

() = @(t)os(t) + 5(t) ox(t) — h(t)e
= VOV lgt) = VIV LH(t) — h(t)e
= —¢(t) — h(t)e

X TS .
= —x(t)os(t) + We — h(t)e.

Now, if we were to choose h(t) such that

ht) = "”“)Zs(t) — i) (40)
we would have that
() = —z(t)os(t) +h(t)e=—(t) (41)

Therefore, to get a better description of the solution trajectory (z(t), s(t)), it suffices to find a
scalar valued function h(t) that satisfies (40). For this purpose, we use the standard “variation
of parameters” technique and look for a solution of the form h(t) = hq(t)e™'. Then,

z(t)"s(t)

T = b+

= M (t)e_t + ]7;1 (t)e_t — hy (t)e_t
= Hl(t)e_t.

So, setting the constant that comes from integration arbitrarily to 0, we obtain
t T t T
ha(t) = / O ST 1 and bt = et / ) 8T (42)
0 P 0 p

Note that, h(0) = 0. Given (2°,5°), let p := v(0) = 2° 0 s”. Then, () = p-e~t. The equation
(42) describing h(t) is not very useful to describe (x(t), s(t)) since it involves these terms in
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its definition. Fortunately, we can simplify (42). First, observe from (39) that z(t)s(t) =
(eTp)e~t +n - h(t). Now, consider

o _ ffr)Ts(r) t (eTp)e” +n - h(r)
h(t)e" = /Oe dT—/O e 5 dr

p
T t

= 2t—i—ﬁ/ h(7)e"dr.
ppho

This is an integral equation involving the function h(t)e'. Applying the variation of parameters
technique again and integrating by parts we obtain the solution of this equation:

h(t)et = eT7p (e%t - 1) , and,
ht) = eTTp <exp {— (1 _ %) t} _ et) . (43)

One can easily verify that when (2°,s%) is on the central path C with 2° 0 s% = pe, using

(43) one recovers the following identity we derived in the previous subsection: z(t) o s(t) =
pexp{— (1 - %) tte, for t € (I,00). Using (39) and (43) we obtain the following identity:

2OTst) = (Tp)et + nh(t) = (7p) exp {_ <1 - %) t}, (44)

= 2(0)T5(0) exp {— <1 - Z) t} .

Proposition 4.1 Consider (x(t),s(t)) for t € (I,u), the maximal solution of the ODE (25)
and h(t) defined in (43). Then,

u = -+o0.
Furthermore, (x(t), s(t)) remains bounded as t — oc.

Proof:
First part of the proposition follows immediately from (44) using the conclusion of Theorem

3.2. For the boundedness result, observe that (z(t) — J:O)T (s(t) — s°) = 0. Therefore,

(:U?s(t)j + S?Q?(t)j) = @7 +2T(t)s(t) =elp (1 + exp {— (1 - %) t})

< 2eTp.

J

n

1

Since all the terms in the summation are nonnegative and z° > 0, s° > 0, the result follows. ]
Note also that lim . h(t) = 0. Let w;(t) = pje~" + h(t) and w(t) = [w;(t)]. Observe that
w;(t) >0V j,t. We now have that

Azx(t) = b, Gs(t) = Ge, z(t) o s(t) = w(t), Vt € (I,u), (45)

from which the following theorem follows:
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Theorem 4.2 Consider (x(t),s(t)) fort € (I,u), the mazimal solution of the ODE (25). For
each t € (I,u), x(t) is the unique solution of the following primal barrier problem:

(PBP) min, ¢’z — > =1 wi(t) Inz;
Az
x

b (46)
0.

Vol

Similarly, for each t € (I,u), s(t) is the unique solution of the following dual barrier problem:

(LBP) min, d’'s — > =1 wi(t) Ins;
Gs

S

Ge (47)
0

Vol

Proof:
Optimality conditions of both barrier problems in the statement of the theorem are equivalent
to (45); see, eg., [17]. Since both barrier problems have strictly convex objective functions,
their optimal solutions are unique and satisfy (45). Therefore, x(t) and s(t) must be the
optimal solutions of the respective problems. 0
Next, we observe that lim;_, o u}?TSst)) = 1for all j. In other words, the weights w; in problems
(PBP) and (DBP) are asymptotically uniform. Then, problems (PBP) and (DBP) resemble
the barrier problems defining the central path, and one might expect that the solutions of these
problems converge to the limit point of the central path: the analytic center of the optimal
face. We will show below that this is indeed the case. First, we give relevant definitions:
Recall the partition B and N of the index set of the variables that was given in Section 2.
Let (z*,5") = ((5,0), (0, s})) denote the the analytic center of the primal-dual optimal face.
That is, 233 and s}, are unique maximizers of the following problems:

max » ;eglnz; max > jicpsins;
Aprp =b and Gysy = Ge (48)
zp >0, sy > 0.

The next lemma will be useful in the proof of the theorem that follows it and also in the next
section:

Lemma 4.1 Let (z(t), s(t)) fort € (I,00) denote the mazximal solution of the ODE (25). Then
xg(t) and sy (t) solve the following pair of problems:

max > jepwj(t) Inx; max > jen wi(t) Ins;
Az =b— Ayan(t) and Gysy = Ge — Gpsp(t) (49)
xp > 0, sy > 0.

Proof:

We prove the optimality of zg(t) for the first problem in (49)-the corresponding result for
sn(t) can be proven similarly. zg(t) is clearly feasible for the given problem. It is optimal if
and only if there exists y € 1™ such that

wp(t) oz (t) = Agy.
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From (45) we obtain wg(t) o ;3" (t) = sp(t). Note that, for any s feasible for (LD’) we have

that ¢ — s € R(AT) and therefore, cg — sp € R(AL). Furthermore, since s* = (0, s}/) is also

feasible for (LD’) we must have that cg € R(A}) and that sp(t) € R(A%). This is exactly

what we needed. 0
Now we are ready to present the main result of this section:

Theorem 4.3 Let (x(t),s(t)) fort € (I,00) denote the mazimal solution of the ODE (25).
Then, (z(t),s(t)) converges to the analytic center of the primal-dual optimal face Q.

Proof:

Proposition 4.1 indicates that the trajectory (x(t),s(t)) is bounded as ¢ — oo. Therefore,
it must have at least one accumulation point, say, (i,5). Let (t*) be a sequence such that
(:E(tk),s(tk)) — (2,5) as k — oo and let (z¥, s¥) denote (w(tk), s(tk)>.

Using Theorem 3.2, we have that (z,5) € . We want to show that (&, 8) = («*, s*). Let
(Az, As) = (z*,5*) — (&, §) and (Z*,5%) = (2¥, s*) + (Ax, As). Note that (Azpr, Asg) = 0 and
therefore, (:Z‘j“v, ) = (xj“v,s%). Note also that, (z*,35%) — (z*,s*), and therefore, for k large
enough (#,3%,) > 0. Thus, for such k, 7} is feasible for the first problem in (49) and using
Lemma 4.1 we must have

l:;(s:;) In :i? < u;;((ti;) In xf

JjEB

JjEB

This inequality must hold in the limit as well. Recall that lim;_, Tflj(g) = 1 for all j. Therefore,

we must have that £; > 0 for all j € B (otherwise the right-hand term would tend to —oo
while the left-hand term does not), and

Zlnx; < Zlnij.

JjEB JjEB
Since zj is the unique maximizer of the first problem in (48), we conclude that iz = zj.
Similarly, Snr = s} U

5 Asymptotic Behavior of the Trajectories

Our analysis in the previous section revealed that all primal-dual potential-reduction trajecto-
ries (x(t), s(t)) that solve the differential equation (25) converge to the analytic center (z*,s*)
of the primal-dual optimal face §2. In this section, we investigate the direction of convergence

for these trajectories. That is, we want to analyze the limiting behavior of the normalized
E(t)  S(t)
vectors (3r. 737 )-

By definition, (&(t), $(t)) satisfy equation (25). However, it turns out to be easier to work
with the equations (45) to analyze the limiting behavior of (Z, §). Differentiating the identity

z(t)os(t) = w(t)=e'p+ ht)e,
we obtain

z(t) o s(t) +a(t) os(t) = —etp+h(t)e
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For our asymptotic analysis, we express certain components of the vectors #(t) and $(¢) in
terms of the others. We first need to introduce some notation:

wp(t) = wB( )exp{(1 = 2)t}, Wy (t) = w{v(t) exp{(1— 2)t},
dg(t) = g(t) oxyzt(t), dnr(t) = Wi (t) o s (1),
Dp(t) = di ag (ds(t)), Dy (t) = diag (da(t))
dg'(t) = Dg'(t )e, dyf (t) = Dyf (t)e
Ag(t) = ABDB (1), Gur(t) = Gu D (1),
t) = Dy (t)sn(t) = dar(t) o sar(2),

Jun

Tp(t) = DBl( Jp(t) = dp(t) o @n(t), Sn( SN
pB(t) = wg(t) o ps, P (t) =y (1)

Lemma 5.1 Consider (&(t), $(t)) where (z(t), s(t)) fort € (I,00) denote the mazximal solution
of the ODE (25). Then, the following equalities hold:

(
PN

— g

D(t)in(t) = —AfH)Anin(t) - (fe ) (1- A5 As(t)ps, (1)
pll—e v

Dy(t)in(t) = —émt)GBs‘B(t)—ﬁ(I—é}(t)éw))m. (52)

Here, Af(t) and éj\r/(t) denote the pseudo-inverse of Ag(t) and Gr(t), respectively.

Proof:
We only prove the first identity; the second one follows similarly. Recall from Lemma 4.1 that
xp(t) solves the first problem in (49). Therefore, as in the proof of Lemma 4.1, we must have
that

wp(t) o xgl(t) € R(AL). (53)

Differentiating with respect to t we obtain:

wp(t) o xg(t) o ip5(t) —wp(t) o xg'(t) € R(Af), or,
wi(t) o x5t (t) 0 ip(t) — ip(t) € R(XgAE).

Observe that
. o —t i - eTp —(1-2)¢
wp(t) = —ppe '+ h(t)eg = —wp(t) + 76 »’ep.
Therefore, letting wp(t) = wp(t) exp { (1 — %) t}, we obtain

T
wp(t) o 25 () 0 p(t) + p(t) — %63 € R(XpAL). (54)

From (53) it also follows that wg(t) € R(XpAk). Note also that,

n
—ny
elp n n-e »
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Combining these observations with (54) we get

~ -1 . n-e r T
wp(t) oxp (1) 0 (1) + ————=~pB € R(XBAp). (55)
(-7
Note also that
Apip(t) = —Anin(1). (56)

Using the notation introduced before the statement of the lemma, (55) and (56) can be
rewritten as follows:

o~

_n
P

Ep(t) + mﬁg(t) c R(AR), (57)

Ap(t)Es(t) = —Axin (D). (58)

Let Af(t) denote the pseudo inverse of Ag(t) [3]. For example, if rank(Ag(t))=m, then Af(t) =
flT( t) (Ag(t)flT(t)) . Then, P, R(AL ) := A} (t)Ag(t) is the orthogonal projection matrix onto
and P =1 — A t)Ap(t) is the orthogonal projection matrix onto N (Ag) [3].
N (Ap)
From (58) we obtain

Pran@s(t) = AfH)Ap(t)Ts(t) = —AF () Anin(t),

and from (57), using the fact that R(A}) and N'(Ag) are orthogonal to each other, we get

- n-e »
Py 3s(t) = ) (1 - A5 As(®) Ps(t)-
p(l—er
Combining, we have
ig(t) = PR(Ag)jB(t) + PN(AB)JN:B(t)
gy
n-e » -
= A () Anin(t) — (1= A5 As(0)) Ps (),
A

which gives (51). 0
Next, we compute limits of some of the expressions that appear in equations (51) and (52):
limy_, o wp(t) = eTTpelg, limy o0 Wpr(t) = 6TTpﬁ’/\/, (59)
limy oo D(t) = \/ SE(XE) Y, Timy oo Dar(t) = / S2(S%) (60)
limy o0 AB =/ ABXlga limy o0 GN =\ Th GNS/\[7 (61)
limy oo pB(t) = | /P8, lmyse Par(t) = /ST PN (62)



POTENTIAL REDUCTION TRAJECTORIES 20

Lemma 5.2

lim Aj(t) = 6’T—p(A xpt (63)
t—oo B o n B2B
lim G (t) = v (GnSi)t (64)
t—o00 N o n NON ’
Proof:
This result about the limiting properties of the pseudo-inverses is an immediate consequence
of Lemma 2.3 in [4] and equations (61). 0

Consider the normalized direction vectors (Z, §) which are defined as follows:

#(t) = exp { (1 _ %) t} #(t), and §(t) = exp { (1 _ %) t} 5(b). (65)

From (50) it follows that

T T
. . elp n n elp

t t t t)=———(1—— —— —e — . 66

(00 3(t) + a0 0 s(t) = ==L (1= 2 ) e exp { p}(n p) (66)

This last equation indicates that z(t) o §(¢) and &(t) o s(¢) remain bounded as t — oo. Since

xp(t) and spr(t) converge to a3 > 0 and s}, > 0 respectively, and therefore, remain bounded

away from zero, we must have that Zr(t) and $g(¢) remain bounded. This observation leads
to the following conclusion:

Lemma 5.3 Let (2(t),5(t)) be as in (65) and assume that p < 2n. Then, (Z(t),5(t)) remains
bounded as t tends to oco.

Proof:
From (51) we have that

~ n. (=)t L
Det)ip(t) = —ALH)Axin(t) — m (71— Af(t)As(1)) bs. (67)

When, p < 2n, the factor 25—~

2n
(1(1 - t)t is convergent as t tends to co. Now, using Lemma 5.2
p(1-e?
and the equations (61)-(62), we conclude that the second term in the right-hand-side of the
equation above remains bounded. Combining this observation with the the fact that T (¢)
remains bounded as ¢ tends to co, we obtain that Dg(t)Z(t) remains bounded. Using (60)
we conclude that Z5(t) is also bounded as ¢ tends to co. The fact that §(¢) is bounded follows
similarly. O
Now, the following two results are easy to prove:

Theorem 5.1 Let (£(t),5(t)) be as in (65) and assume that p < 2n. Then, we have that
limy_, o0 Zar(t) and limy_,o $5(t) exist and satisfy the following equations:

Jlim @y (t) = —#(1—%) (s3) 7 (68)
imast) = <2 (1) @) (69)
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Proof:
From (66) we have that
T T
xp(t) o Sp(t) + 2p(t) osp(t) = . (1 — 2) es + exp {—ﬁt} <ﬂeg — p3> )
n p p n

Taking the limit on the right-hand-side as ¢ — 0o we obtain —# (%) ep. Since sg(t) — 0

and Zp(t) is bounded, we must then have that x(t) o §5(t) converges to —# %) ep. Since
xp(t) — xg, it follows that lim;_.. $5(t) exists and satisfies (69). The corresponding result for
Zar(t) follows identically. 0

Let
&5 = X (AsXE) " Av (5307 ow = Sk (GnSR) T G (ap) ™
5 = X5 (I - (AsX5) " AsXg)ps, v = Sk (1= (GaSi) T GaSike) b

Theorem 5.2 Let (2(t),5(t)) be as in (65) and assume that p < 2n. Then, we have that
limy o0 Z5(t) and limy_,oo Spr(t) exist. When p < 2n we have the following identities:

el'p n
lim zg(t) = —(1—— 70
Jim as() = <L (1-2) e (70)
lim Sp(t) = eT_p <1 - E) o (71)
Jim Sy(t) = — 5 )N

When p = 2n, the following equations hold:

. N eTp n
tlggo p(t) = 2n &~ 2(eTp) "B, (72)
. “ eTp n

Proof:
Recall equation (67). When p < 2n, the second term on the right-hand-side converges to

2n
zero since 6(177))& tends to zero and everything else is bounded. Thus, using (59) we have

limy o0 25(t) = X5 (ApX35) " Aplimy_o #ar(t) and (70) is obtained using Theorem 5.1. Sim-
ilarly, one obtains (71).

When p = 2n, the factor in front of the second term in (67) converges to the positive
constant 7 = 3. Therefore, using Theorem 5.1 and equations (59)-(62) we get (72) and (73).
0

Limits of the normalized vectors (”28”, Higg\l) are obtained immediately from Theorems

5.1 and 5.2:

Corollary 5.1 Let (x(t),s(t)) fort € (I,00) denote the mazimal solution of the ODE (25) for
a given (2°,5°) € FO and assume that p < 2n. All trajectories of this form satisfy the following
equations:

: #(t) _ gp : 5(t) _ qp
oo iz = e =00 T5BT = Tan] (74)
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where
wy—1
qp = [ (8}6[;—1 ‘| ) and qDp = [ (xsz/_ ‘| ) pr < 2”7
2 B n \2
qp = $s — <6Tp>1 T and qp = (5) - (W) ™o if p=2n.
(57\/)_ ON

When p = 2n the TTY potential-function ®,(z, y) is a homogeneous function and exp{®,(z,y)}
is a convex function for all p > 2n. The value 2n also represents a threshold value for the
convergence behavior of the KMY trajectories. When p = 2n the direction of convergence
depends on the initial point (2°,5%) € F° as indicated by the appearance of the p = 2° o s°
terms in the formulas. We note that, when p < 2n the asymptotic direction of convergence
does not depend on the initial point and is identical to that of the central path. Therefore,
when p < 2n all trajectories of the vector field given by the search direction of the Kojima-
Mizuno-Yoshise’s primal-dual potential-reduction algorithm converge to the analytic center of
the optimal face tangentially to the central path. We show below that the asymptotic behavior
of the trajectories is significantly different when p > 2n:

Theorem 5.3 Consider (&(t), $(t)) where (z(t), s(t)) fort € (I,00) denote the maximal solu-
tion of the ODE (25) and assume that p > 2n. Define

7(t) = exp{%t}jc(t), and  3(t) = exp{%t}é(t). (75)

Then, we have that limy_.o Z(t) and limy_.~ 5(t) exist and satisfy the following equations:

z(t) qp . 8(t) qp

im — =—— an im —— = — 76

A% @1 = Tarl A% TN~ Taol (76)
where

—TB OB
QP—[ON], and QD:[ FN]
Proof:
From (51) we have that
~ n ~ ~ -
Dp(t)zp(t) = —AfH)AnTN(t) - ﬁ (I - Ag(t)As(t)) pB- (77)
p(l—e v

Note that, zy(t) = e_(l_%n)tij\[(t). Since Zar(t) is bounded and — (1 - 27”) < 0, we conclude
that zn(t) — 0. Now, the first equation in (76) follows from equations (77) and (59)—(62).
The second identity in (76) is obtained similarly. 0

This final theorem indicates that when p > 2n, the trajectories associated with the Kojima-
Mizuno-Yoshise algorithm will converge to the analytic center of the optimal face tangentially
to the optimal face.
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