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1 Introduction

The theory of semismooth functions developed in the last decade has been successful in analyzing
the quadratic convergence of Newton’s method for non-differentiable (nonsmooth) equations; it
is well received by the optimization community, but is perhaps not well known by researchers in
numerical analysis. In this paper we take the inverse eigenvalue problem (IEP) as an example to
show how this theory can be used in analyzing matrix-related equations. For applications of the
IEP the interested reader is referred to the paper of Friedland, Nocedal, and Overton [9], the book

of Xu [24], and the references therein.

Let S be the linear space of symmetric matrices of size n. Let A : R” — S be continuously
differentiable. Given n real numbers {A}}7" ;, which are arranged in the decreasing order A} >
.-+ > \f, the IEP is to find a vector ¢* € R" such that \;(A(c*)) = Af for i =1,---,n. A typical
choice for A(c) is
n
Ae) = Ag + ZCjAj, (1)
=1

where Ay, Ay, -+, Ay, € S. In this case, A(c) is an affine function of c.

Define F': R — R™ by
A(A(e)) = Af

F(c) = : : (2)
An(A(0)) = A,
Then the TEP is equivalent to find a ¢* € R" to be a solution of the following equation

F(c)=0. (3)

Of course, there are other ways to formulate the IEP as a system of equations. For instance we

may solve F'(c) = 0 where
det(A(c) — X\{1)
F(e) = :
det(A(c) — A1)
It should be noted that the convergence theory we are going to present does not depend on the
specific form of F(c). Rather it is derived based on a property of F' called strong semismoothness
(defined later). Tt is well known that for X € S the eigenvalues of X, as functions of X, are not
everywhere differentiable. However, we shall show that they are strongly semismooth and therefore
quadratic convergence of Newton’s methods is a natural result when applied to equations involving
eigenvalues. In doing so, we also give a constructive proof for a difficult result of Chen and Tseng

[3] on upper semicontinuity of a set-valued mapping of orthogonal matrices.



The concept of semismoothness of functionals was originally studied by Mifflin [10] while strong
semismoothness was introduced by Qi and Sun in [15] for vector valued functions. Recently, it is
further extended to matrix valued functions [20] for the study of quadratic convergence of Newton’s
methods. Generally speaking, strong semismoothness of an equation is tied with quadratic conver-
gence of a Newton method applied to the equation and semismoothness corresponds to superlinear
convergence. It was shown that smooth functions, piecewise smooth functions, and convex and con-
cave functions are semismooth functions. They are not, however, necessarily strong semismooth

functions.

To see the motivation of this paper more clearly, let us consider the following example
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where x1, zo and x3 are parameters. In this case, we have
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Since A1(-) and Ao(-) are not differentiable at X with 21 = z3 and zo = 0, a gradient-dependent
numerical method (e.g., Newton’s method) may get into trouble when hitting those points. In
addition, theoretical analysis gets tricky without differentiability. Further inspection reveals that
A1(+) is a convex function and Ay(-) is a concave function. Hence, both of them are semismooth
functions [10] and some nonsmooth version of Newton’s methods [15] might be applied to equations
containing A;(-) and Ag(+). This should be not a coincidence. Let f,,(X) be the sum of m largest
eigenvalues of X. Then, Ky Fan’s Maximum Principle [7] says that for each i = 1,---,n, f;i() is a

convex function. This result implies that

e )\i(-) is a convex function and A,(-) is a concave function;

e Fori=2,---,n—1, \i(+) is the difference of two convex functions.

Since convex and concave functions are semismooth and the difference of two semismooth functions
is still a semismooth function [10], Ky Fan’s result shows that Ai(-),---, A, (-) are all semismooth
functions. It is therefore expectable that, when applying a Newton method to IEPs, the conver-
gence rate is at least superlinear. A more interesting question is: are all A;(-),---, A\, (+) strongly
semismooth functions (therefore implying quadratic convergence)? In this paper, based on a recent

result of the authors [20], we will give an affirmative answer to the above question.

The organization of this paper is as follows. Some basic facts on semismoothness are presented

in Section 2. Some nonsmooth versions of the Newton method, which we call relative generalized



Newton methods, are introduced in Section 3. Section 4 concentrates on the strong semismoothness
of eigenvalues of a symmetric matrix. The quadratic convergence of Newton’s methods for IEPs
and generalized IEPs is proved in Section 5. Section 6 gives a summary and a few possible future

research topics.
Some notations to be used are as follows.
e Usually, calligraphic letters denote matrix sets. Capital letters represent matrices or functions.
Lower case letters are for vectors. Greek letters stand for scalars.
e O is the set of all n x n orthogonal matrices.

e A superscript “I"” represents the transpose of matrices and vectors. For a matrix A, A;. and

A.j represent the ith row and jth column of A, respectively.

e Unless otherwise specified, all vector norms are 2-norms and matrix norms are Frobenius
norms: ||A|| := trace (AT A)/2.

o We write X = O(«) (respectively, o(«)) if || X||/|e| is uniformly bounded (respectively, tends

to zero) as a — 0.

2 Some Basic Facts on Semismoothness

2.1 Semismooth Vector Functions

Let G : " — R" be a locally Lipschitz continuous function. Then G : R” — R" has a generalized
Jacobian 0G(z) in the sense of Clarke [4]. Denote

OpG(x) == {V e R™"| V = lim G'(z"), G is differentiable at 2"},

=T

Then the Clarke’s generalized Jacobian is
0G(z) = conv{0pG(x)},
where “conv” stands for the convex hull in the usual sense of convex analysis [17].

G is said to be semismooth at x € R", if

lim {Vh'}
VEdG (z+th!)
h!'—h, tlO

exists for any h € R".



It is shown that the composition of semismooth functions is still a semismooth function (see [10]).
If G is semismooth at z, then G’'(x;h), the directional derivative of G at z in the direction of h,

exists for any h € R" and is equal to the above limit.
G is said to be strongly semismooth at z if G is semismooth at x and for any V' € 0G(x+h), h — 0,
G(z + h) — G(z) = Vh = O(||h]?).

A function G is said to be a (strongly) semismooth function if it is (strongly) semismooth everywhere

on R". It is shown that the composition of strongly semismooth functions is strongly semismooth

8].
2.2 Generalized Newton Methods

Suppose that G : R™ — R" is locally Lipschitz continuous. Based on 0G(z), Qi and Sun [15]
proposed the following Newton’s method for solving G(z) = 0.

Generalized Newton Method I: Given 2° € R®”, for k =0,1,---,

21 = ok — VLG, (5)
where V;, € 0G(z%).
The following convergence theorem for the generalized Newton method (5) is established in [15].
Theorem 2.1 Suppose that G(z*) = 0. If all V € 0G(z*) are nonsingular and G is semismooth
at =, then there exists a neighborhood N(z*) of z* such that for any z° € N(x*) the generalized

Newton method I is well defined and is Q-superlinearly convergent. Moreover, if G is strongly

semismooth at ©*, then (5) converges Q-quadratically.

To relax the nonsingularity assumption on 0G(z*), Qi [13] introduced the following method based
on the concept of IpG(x).

Generalized Newton Method II: Given z° € ®*, for k =0,1,-- -,
o = gk — v, 1G(2h), (6)
where Vj, € dpG(zF).

The convergence theorem for the generalized Newton method (6) is the same as Theorem 2.1 except
that 0G is replaced by 0pG.



Theorem 2.2 Suppose that G(z*) = 0. If all V € 0pG(z*) are nonsingular and G is semismooth
at x*, then there exists a neighborhood N(z*) of z* such that for any 2° € N(z*) the generalized
Newton method II is well defined and is Q-superlinearly convergent. Moreover, if G is strongly

semismooth at ©*, then (6) converges Q-quadratically.

Now, let us consider the following composite nonsmooth equations
G(z) := (¥ (x)) =0, (7)

where ® : R” — R™ is nonsmooth but of special structure and ¥ : ™ — R™ is continuously
differentiable. It is noted that neither 0G(x) nor dGp(x) is easy to compute even if 9®(y) and
Op®(y) are available. To circumvent the difficulty in computing 0G(z) and dGg(z), Potra et al.

[12] introduced the following concept of generalized Jacobian
00G(w) = Dp®(¥(2)) ¥ (a),

where “Q” stands for “Quasi”. We shall see in the later discussion that dgG(x) is more convenient
to compute than 0G(z) and dgG(z) for IEPs.

Generalized Newton Method III: Given z° € R”, for k =0,1,-- -,
" =2k — VIIG(aF), (8)
where Vj, € 0gG (z*).

The following convergence theorem for the generalized Newton method (8) for solving (7) is proved
in [12, Theorem 5.3].

Theorem 2.3 Suppose that G is defined by (7) and G(z*) = 0. If all V € 0gG(z*) are nonsingular
and ® is semismooth at V(x*), then there exists a neighborhood N(x*) of x* such that for any
z° € N(z*) the generalized Newton method III is well defined and is Q-superlinearly convergent.
Moreover, if ® is strongly semismooth at ¥(z*) and V' is Lipschitz continuous around x*, then (8)

converges Q-quadratically.

2.3 Semismooth Matrix Functions

In [20], Sun and Sun extended the concepts of semismoothness and strong semismoothness from
vector valued functions to matrix valued functions. Suppose that G : § — § is a locally Lipschitzian
matrix valued function. Denote the set of points at which G is Frechét-differentiable by D¢ and
the Frechét derivative of G at Z (understood as a linear operator from S to S) by G,.



Definition 2.4 The generalized derivative of G at X, denoted by 0Gx, is the set defined as fol-
lowing:
0Gx = conv{limGY%| Z — X, Z € Dg}. 9)

Definition 2.5 Suppose that G : S — S is a locally Lipschitzian matriz valued function. G is said
to be semismooth at X € S™ if G is directionally differentiable at X and for any V € 0Gx, g and
AX =0,

G(X +AX)—-G(X) - V(AX) = o(||]AX]]).

G is said to be p—order (0 < p < 00) semismooth at X if G is semismooth at X and
G(X + AX) — G(X) - V(AX) = O(]|]AX||1T7). (10)

In particular, G is called strongly semismooth at X if G is 1-order semismooth at X.

A function G is said to be a (strongly) semismooth function if it is (strongly) semismooth everywhere
ons.

The next result [20, Theorem 3.7] provides a different way of proving semismoothness.

Theorem 2.6 Suppose that G : S — S is locally Lipschitzian and directionally differentiable in a
neighborhood of X. Then for any p € (0,00) the following two statements are equivalent:

(a) for any V € 0Gxiax,AX — 0,
G(X + AX) - G(X) - V(AX) = O(| AX||"*P);
(b) for any X + AX € Dg,AX — 0,
G(X +AX) - G(X) - G'(X + AX;AX) = O(|AX||*P).
Composition preserves strong semismoothness in the matrix case as well.

Proposition 2.7 [20, Lemma 3.9] Let p € (0,00). Suppose G : S — S is (p-order semismooth)
semismooth at X and W : § — S is (p-order semismooth) semismooth at G(X). Then the composite

function W o G is (p-order semismooth) semismooth at X.



3 Relative Generalized Newton Methods

Let G : R® — R™ be locally Lipschitz continuous. Apart from the semismoothness, another
key assumption for the superlinear convergence of the generalized Newton methods I-III is the
nonsingularity of 0G(z*), 0pG(z*), or dgG(z*). However, this may not be satisfied in general
for IEPs with multiple eigenvalues. In order to weaken the nonsingularity assumption on the
generalized Jacobian, based on the concept of relative generalized gradient introduced by Clarke
[4, Page 231], we shall introduce several relative generalized Jacobians and the corresponding

generalized Newton methods.

Let S be a subset of R™. The S-relative generalized Jacobian of G at z, is defined as follows

0|sG(z) :={V| V is a limit of V; € 0G(y;), y; € S,y; — z}.

By [4, Proposition 6.2.1], the following result can be proved in an analogous way. We omit the
detail.

Lemma 3.1 Let G be Lipschitz continuous near z. Then

(a) 0|sG(z) is a compact subset of 0G(x).

(b) 0|sG(x) = OG(x) if x lies in the interior part of S; 0|sG(x) =0 if (x+eB)NS =0 for some
e > 0; 0|sG(x) is nonempty if x € cl(S), the closure of S.

(c) 0|sG(-) is upper semicontinuous at x.

Now, we can introduce our first relative generalized Newton method for solving G(z) = 0.

Relative Generalized Newton Method I: Given z° € ®", for k = 0,1,---, and z¥ € S,
Pl =gk — kalG(xk), (11)

where V; € 0|sG(z").

In the following analysis, we assume that the relative generalized Newton method I does not find

a solution in finite steps.

Theorem 3.2 Suppose that G(xz*) =0 and z* € cl(S). If all V € 9|sG(x*) are nonsingular and G
is semismooth at x*, then there exists a neighborhood N(x*) of z* such that for any z° € N(z*)NS



the relative generalized Newton method I either stops in finite steps with some z* ¢ S or generates
an infinite sequence {x¥} € N(z*) NS and the whole sequence converges Q-superlinearly to z*.

Moreover, if G is strongly semismooth at x*, then the rate of convergence is Q-quadratic.

Proof. By using Lemma 3.1, there exist a neighborhood N(z*) of z* and a positive number

such that for any z € N(z*)N S, all V € 0|sG(x) are nonsingular and
V= < & (12)

Since G is semismooth at z*, by shrinking N(z*) if necessary, we have for all x € N(z*) N S and
V € d|sG(x),
k * 1 k
IG(2) = G(2") = V(e - 2")]| < -z = 27]. (13)

By using (12) and (13), we have for ¥ = 0,1, --- that
okt =t = ok =V 6 — o]
= Vi 'G(z*) = G(a*) = Vi(a — 2)]|
< VG (%) = Ga®) = Vi(a — o)l|

S %ka - x*Ha

which implies that if (11) does not stop at some step with z* ¢ S, then {z¥} € N(2*) N S and the

whole sequence converges to z* linearly.

Next, suppose that (11) does not stop at some step with z* ¢ S. Since G is semismooth at z* and

z¥ — 2*, we have
G(z") - G(z*) = Vi (a" — z*) = o(||z" — z*|)),

which, together with (11), implies that
lz* ! 2| = ||a* ~ V7' G(a*) - 27|
= [V '[G(") - G(a*) = Vilz — 2|
< O(IG(=") = G(a*) = Vi(z — "))
= o([l#* — 2*|)).
This proves the superlinear convergence of {z*}.

By the above argument, we can see that if G is strongly semismooth at z*, then (11) either stops
in finite steps with some z* ¢ S or generates an infinite sequence {z*} € N(z*) NS and the whole

sequence converges ()-quadratically to z*. This completes the proof. O



The proof of Theorem 3.2 might serve as an example to show the simplicity of the analysis of
Newton’s methods by using the concept of (strong) semismoothness. Parallel to the definition of
0pG(x) and 0gG(z), we define

0plsG(z) :={V| V is a limit of V; € 0pG(y;), yi € S, yi — =}

and
0glsG(x) :={V| V is a limit of V; € 09G(yi), vi € S, yi = x}.

Similar to Lemma 3.1, we have
Lemma 3.3 Let G be Lipschitz continuous near . Then

(a) Op|sG(z) and Og|sG(z) are compact subsets of OpG(x) and oG (z), respectively.

(b) 0plsG(z) = 0pG(z) and Og|sG(x) = 0gG(x), if x lies in the interior part of S; O|sG(z) =
dglsG(z) =0 if (z+eB)NS =0 for some € > 0; both Op|sG(x) and 0g|sG(x) are nonempty
if © € c1(S), the closure of S.

(¢) 0BlsG(-) and 0g|sG(-) are upper semicontinuous at .

Analogously, we define the second and third relative generalized Newton method.

Relative Generalized Newton Method II (III): Given 2° € R", for k =0,1,---, and z* € S,
Pl =gk — kalG(xk), (14)

where Vj, € 0p|sG(z*) ( Vi € 0g|sG(z*) in Method IIT).

The following theorem can be similarly proved by using Lemma 3.3 and the approach of proving
Theorems 3.2. We omit the details.

Theorem 3.4 Suppose that G(z*) = 0 and z* € cl(S). If all V € Op|sG(z*) (V € 0g|sG(z*) in
Method III) are nonsingular and G is semismooth at x* (P is semismooth at V(x*) in Method III),
then there exists a neighborhood N (z*) of x* such that for any z° € N(z*)NS the relative generalized
Newton methods II and IIT either stops in finite steps with some z* ¢ S or generates an infinite
sequence {z¥} € N(z*) N S and the whole sequence converges Q-superlinearly to z*. Moreover, if
G (® in Method III) is strongly semismooth at z* (at ¥(z*) and V' is Lipschitz continuous around
x* in Method III), then the rate of convergence is Q-quadratic.



4 Strong Semismoothness of Eigenvalues

In this section, we shall prove the strong semismoothness of eigenvalues of symmetric matrices.

Suppose X € S. Then, there exists an orthogonal matrix ) € O such that X satisfies
QTXQ = A(X) = diag (A (X),---, A (X)), (15)
where A\ (X) > -+ > X\ (X).
We define a “configuration vector” K to distinguish different eigenvalues. Let
K = {ko, k1, -+, ku} (16)

with 1 = kg < k1 < --- < k; = n + 1 such that there is a change of eigenvalues at k;. Namely for
t=1,---,1,
As(X) = Xg, (X)), s € [ki—1, ke — 1], (17)

where we use the simple notation [k;_1, k; — 1] to represent the index set {k; 1,k + 1, -,k —1}.
Let H € S and let P (depending on H) be an orthogonal matrix such that

PT(A(X) + H)P = A(Y) := diag (M (Y), -, M (Y)), (18)
where \(Y) > - > X\ (Y)and Y := A(X) + H.

After the above preparation, we can state the following result, which was essentially proved in the
proof of Lemma 4.2 of [20].

Lemma 4.1 For any H € § and H — 0, we have

l

Py =O(IH), i,5=1,,n, (i,7) ¢ |J {[ke-1, ke — 1] x [ke—1, k¢ — 1]} (19)
t=1

Proof. It has been proved in the proof of Lemma 4.2 of [20] that (19) is true for any H € S such
that A(X) 4+ H is nonsingular and H — 0.

Next, we prove that (19) is also true for the case that A(X) + H is singular and H — 0. It is easy

to check that the conclusion of this lemma holds if H = 0. Hence, we can assume H # 0. Define

Amin(|Y|)=Xr(r;i)r;0|Ai(Y)| and A = diag (A1, -+, \n),

where for i =1,---,n,

5. M) if \(Y) #0
"7 Amin([Y]) min{d,||H||?} otherwise

10



Denote
H = PAPT — A(X).

Hence, PT[A(X) 4+ H]P = A is nonsingular. By noting the fact H = H 4+ O(||H||?), it follows that
(19) also holds for the case that A(X) + H is singular and H — 0. This completes the proof. O

Define a “truncated” matrix O € R™**" as follows:

l

Oz]: ‘PZ lf (IL?]) EtL:Jl{[ktflvkt_]-] X I:kt717kt_]-]} , i,j:1,---,’rL. (20)
0  otherwise

Hence, from Lemma 4.1, we know that for any H — 0,
O=P+O(|H|). (21)

It is noted, however, O may not be an orthogonal matrix but has a block-diagonal structure with

each block corresponding to a set of identical eigenvalues of X. That is,
0= diag (01, ey Ol),

where
O = (Pij)ﬁtjj%_l, fort=1,--,1.
Since P € O, by using Lemma 4.1 and (20), for t =1,---,l and 4,5 = 1,- -+, k; — kt_1, we have for

any H — 0,
100417 =1+ O(I1H|*) and ((Or), (Or)4) = O(IH|), i # j. (22)

It is obvious from (22) that for any H € S sufficiently close to 0 the columns of O, are independent

because

Y 8i(0)5 =0 = B[1+O(IH|?) = O(IHI?) = 8 =0V
J

For each t = 1,---,1, let P; be a matrix of the same order of O; and be obtained by applying the

Gram-Schmidt orthogonalization algorithm to each Oy, i.e. for j =1, .-,k — ki1, let

j—1
(01)-4 = (00) = > _((Pr)i (01) ) (Po).i and (Py).j = (O1)5/1(0) - (23)

=1

By (22) and (23), for i,5 =1,---,k; — ki1, t = 1,---,1 we have for any H — 0 that
(P41 =1, (P).j = (On) 4 + O(IH|*) and ((P).5,(Fi).i) = 0, i # . (24)

Denote

P = diag(Py,---,P). (25)

Then, we have the following lemma.

11



Lemma 4.2 For any H € S sufficiently small, the matriz defined P defined by (25) and (23) is
an orthogonal matriz and satisfies
PTA(X)P = A(X). (26)

Furthermore, for any H — 0,
P =P+ O(|H]). (27)

Proof. By (24), we know that each Pj, t = 1,---,[ is an orthogonal matrix. Since Aj,_, (X) =
o= Ag—1(X), t=1,---,1, we have

~T ~ .

P, diag (Akt—l (X)a T 7>‘kt—1(X))Pt = diag (Aktfl(X% T Akt—l(X))'

Hence, P is an orthogonal matrix and satisfies (26). By using (21) and (24), we directly obtain
(27). This completes the proof. O

For any AX € S, let U € O (depending on X and AX) be any orthogonal matrix such that
UT(X + AX)U = AX + AX) := diag (A (X + AX)), -, A (X + AX)),

where A\ (X + AX) > -+ > A, (X + AX).

By using the above lemma, we have the following result.

Lemma 4.3 For any AX € S sufficiently small, there exists a V € O such that
VXV = A(X)
and for any AX — 0,
U=V+O(|AX]). (28)
Proof. Let P = QU and H = QT AXQ, where Q is defined in (15). Then, by Lemma 4.2, for
any such defined P, there exists P € O such that
PTA(X)P = A(X)

and for any AX — 0,
P=P+O(|H|) =P+ O(|AX]).

Let V = QP. Then V € O,

VIXV = PTQTXQP = PTA(X)P = A(X),

12



and for any AX — 0,
U=V+O0O(|AX]).

This completes the proof. O

A similar result to Lemma 4.3 has also been proved in [3] based on a so called “sin(©)” theorem in
[18, Theorem 3.4]. The proof provided here is due to a direct comparison between entries of P and
P and it indeed furnishes an algorithm for computing V. We hope the reader will find our proof

more constructive.

One direct result of Lemma 4.3 is that the (normalized) eigenvectors of symmetric matrices, thought

not continuous, are upper Lipschitz continuous. To see this, for any Z € S, let
UZ):={U € 0| UT ZU is diagonal}.

Let E be a matrix of S with E;; =1 for all4,j = 1,---,n.

Proposition 4.4 For any X € S, there exists a constant p > 0 such that
UX + AX) CU(X) + p||AX||E (29)

for all AX sufficiently small.

Proof. For any U € U(X + AX), there exists a diagonal matrix D(X + AX) such that
UT(X + AX)U = D(X + AX).
Let R € R™*™ be a permutation matrix such that

RD(X + AX)R" = A(X + AX)

with A\ (X + AX) > .-+ > M\(X + AX). Let U = URT. Then we obtain UT(X + AX)U
A(X + AX). Hence, by Lemma 4.3, there exists a V € O such that V' XV = A(X) and

U=V +O0(|AX]),

i.e.,

U=VR+O0O(|AX])

because RT = R~ and |[RT|| = 1. Let V = VR. Then

VIV =RTVIVR=RTR=1 and VIXV = (VR)TXVR = RTA(X)R

13



is a diagonal matrix. Hence, we have proved V € U(X) and for AX — 0
U=V+0(|AX]).
This implies that there exists a g > 0 such that (29) holds. O

In Section 1 we have seen from an example of a two by two matrix that the eigenvalues are not
differentiable if X has multiple eigenvalues. This can be easily extended to the general case: A(-)
is not differentiable at X if X has multiple eigenvalues. To see this, suppose that X has multiple
eigenvalues. Let @ € O be such that QT XQ = A(X) with A\;(X) > --- > \,(X). Without loss of

generality, we assume A\ (X) = Aa(X).

)\1(X) 9

Define Z, = l - Ao (X)

] , where € € R is a parameter. Let

X. = Q" diag (Z:, As(X), -+, M (X)) Q.
Then, for all € sufficiently small, we have
A (X2) = A (X) + Je].
This clearly shows A (-), and so A(-), is not differentiable at X.

On the other hand, by [23, pp. 66-68] and [22, Theorem 2.3] we know that if X has distinct

eigenvalues then A(-) is analytic in a neighborhood of X. Hence, we have the following result.

Lemma 4.5 A(:) is differentiable at X if and only if X € S has distinct eigenvalues. Moreover, if
X has distinct eigenvalues, A(-) is analytic in a neighborhood of X .

By Ky Fan [7] and Mifflin [10], we have
Lemma 4.6 A(-) is a locally Lipschitz continuous and semismooth function.

Next, we will use Lemmas 4.3 and 4.6 to derive a useful formula for the derivative of A(X) when

X € S has distinct eigenvalues.

For any X € S and AX € S, let Q(X + AX) € O be such that
QX + AX)T(X + AX)Q(X + AX) = A(X + AX)
with Ay (X + AX) > -+ > Ay (X 4+ AX). Define
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Lemma 4.7 For any X € S, if X has distinct eigenvalues, then A(-) is continuously differentiable
at X and for any AX € S,

)5 (AX) = ¢;(X)TAXq;(X), i=1,---,n. (30)
Proof. By Lemma 4.5, A(-) is continuously differentiable at X. We now prove (30). By Weyl’s
theorem [1, p. 63], there exists a number § > 0 such that for all |[AX] < 4§, X + AX also has

distinct eigenvalues. Then, for all ||[AX|| < §, by ignoring the choice of sign possible for each
¢i(X + AX), the set {g;(X + AX)}, is unique and

<QZ(X+AX)aQJ(X+AX)>:Oa 7”7&.7’ ’L,_]Zl,,n (31)
By reducing § if necessary, from Lemma 4.3, there exists a g > 0 such that for all [|AX]|| <4,

lgi(X + AX) — ¢i(X)[| < pl|AX]]. (32)

For each i = 1,---,n, we have
Ai(X 4+ AX) = N(X) = (X + AX)T (X + AX)q; (X + AX) — ¢;(X)" X q;(X),
which, together with (32) and Lemma 4.6, implies that
(X 4+ AX) = N(X) — ¢ (X)AX g (X)
= ¢i(X + AX)"Xq;(X + AX) — ¢:(X)" X¢;(X) + O(|AX?)
= (X + AX) = q:(X)]" X [q:(X) + ¢:i(X + AX)] + O(|AX %)
= Xi(X) [@:(X + AX) = g;(X)]" qi(X) + [0:(X + AX) = qi(X)]" (X + AX)gi (X + AX)
— [@i(X + AX) = i(X)]" AXqi(X + AX) + O(|AX]?)
= Xi(X) [0:(X + AX) = ¢;(X)]" ai(X)
+i(X) + O(IAX D] [g:(X +AX) = g:(X)]" a:(X + AX) + O(|AX]?)
= Ni(X) [6(X + AX) = g:(X)]" [0:(X + AX) + qi(X)] + O(|AX|1?)
= Xi(X) [llei(X + AX)[? = [la:(X)[IP] + O(IAX|?) = O(|AXP?),

where the last equality is due to the fact that the norms of ¢;’s are one. This implies that (30)
holds. O
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By Lemma 4.5, we have the (dense) subsets of & on which A is continuously differentiable

Dp ={Y € S| Y has distinct eigenvalues}.

The following result is our main theorem of this section.

Theorem 4.8 A(-) is a strongly semismooth function.

Proof. Suppose that Xy € S is a given matrix. For any X € Dy, denote AX = X — X;. For
i=1,--+,n, from X¢;(X) = X\(X)q(X), we have

4i(X)" Xoqi(X) + ¢;(X)"AX q;(X) = Ni(X). (33)

By Lemma 4.3, there exists a 4 > 0 such that for any X sufficiently close to Xy there exists a
matrix Q(Xy) € O (depending on the choice of X) such that Q(Xy)" XoQ(Xo) = A(Xy) and

12 (X) — qi(Xo) | < ul|X = Xol|, (34)

where ¢;(Xo) := (Q(Xy)).;y e = 1,---,n. Hence, from (33), (34) and the local Lipschitz continuity
of A(:) (Lemma 4.6), for i =1,---,n, X € Dy and AX — 0, we have

M(X) = (X)) [Xoai(Xo) + Xo(a:(X) — ¢i(Xo0))] + 4:(X) " AX q;(X)

= Xi(X0)ai (X)"qi(Xo) + ¢:(X) "X [g:(X) — ¢:(Xo)] + O(|AX]?)
+ai(X)TAX gi(X)

= Xi(X0)ai (X) qi(Xo0) + Xi(X)qs (X)T [4:(X) — ¢i(Xo)]
+4:i(X)TAXq;(X) + O(|AX]?)

= Xi(X0)ai(X)"qi(Xo) + [Xi(Xo) + O(IAX )] ¢:(X)" [6:(X) — qi(X0)]
+4:i(X)TAXq;(X) + O(|AX]?)

= Ai(X0)ai(X) ai(X) + ¢:(X)TAXqi(X) + O(JAX]?)

= Ai(Xo) +a:(X)"AX g (X) + O(lAX]?), (35)

which, according to Lemma 4.7, implies

Ai(X) = Xi(Xo) — () (AX) = O0(|AX|)?2, i=1,---,n.
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This, together with Theorem 2.6, implies that for X — Xy and V € 0Ax,
A(X) — A(Xo) = V(X — Xo) = O(| X — Xo]?).

Hence, by Lemma 4.6 and the definition of strong semismoothness, A(-) is strongly semismooth at

Xj. Since X € S is chosen arbitrarily, A(-) is a strongly semimsooth function. O

5 Newton’s Methods for Inverse Eigenvalue Problems

In this section, we shall show how the strong semismoothness of eigenvalues of symmetric matrices
can be used to analyze the quadratic convergence of some Newton’s methods for solving inverse
eigenvalue problems (IEPs). Unless stated otherwise, A : R" — S is assumed to be continuously
differentiable everywhere and F' : R — R" is defined by (2), i.e.,

M (A(e) - X
F(e) = ; ,
An(A)) —

where {\*}?_; are given n numbers and arranged in the decreasing order. Then the IEP is equivalent
to find a ¢* € R™ such that F(c*) = 0.

For any ¢ € R", let Q(c) C O be a subset of R"*™ such that for any Q(c) € Q(c) we have
Q(e)" A(0)Q(c) = A(A(c))

with A1 (A(c)) > -+ > Ay(A(e)). For any Q(c) € Q(c), define

Let 0A(c)/0c; be the partial derivative of A(c) with respect to ¢;, j = 1,---,n. Then for any
ceR”
IQF (c) = A 4(¢)(A(c))

is well defined. By using Lemmas 4.5 and 4.7 and [20, Theorem 2.5], we have the following result.

Proposition 5.1

(a). For any c € R", V € 0gF (c) if and only if there exists a Q(c) € Q(c) such that

Vi = [0 (@A) /0er)ai(e), - ai(0)T (0A@)/den)ai()] . i =10 (36)
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(b). If c € R™ is such that A(c) has distinct eigenvalues, then F is continuously differentiable at
¢ and for any Q(c) € Q(c),

F(e) = [a:(0)" (0A(c) /0e1)ai(c), -, ai(0) (DA(e) /Oen)ai(c) ] (37)
Hence, according to Proposition 5.1, a generalized Newton method for solving the IEP can be
described as follows.
Algorithm 5.2 (A Generalized Newton Method)
Step 0. Choose a starting point value °. k := 0.
Step 1. Compute a Q(c*) € Q(c*) and form Vi, € OgF (c¥) according to Proposition 5.1.

Step 2. Compute AcF by
F(cF) + Vi AR = 0. (38)

Define F*1 = ¥ + Ack.
Step 3. Replace k by k4 1 and go to Step 1.
In the above generalized Newton method, at the k-th step one needs to compute eigenvectors Q(c*)
and eigenvalues A(A(c*)). Once they are computed, F(c¥) and V¥ € dgF(c¥) can be formulated

easily. If A(c) takes form (1) and at each step A(c¥) has distinct eigenvalues, Algorithm 5.2 reduces

to the Newton method considered by many authors, e.g., see [11, 9] and references therein.

Theorem 5.3 Suppose that F is defined by (2) and F(c*) = 0. If all V € OgF (c*) are nonsingular
and A’ is Lipschitz continuous around c*, then there exists a neighborhood N(c*) of ¢* such that for

any ® € N(c*) Algorithm 5.2 is well defined and the iterates {c*} converge to ¢* Q-quadratically.

Proof. From Theorem 4.8, we know that A(-) is strongly semismooth everywhere. Hence, by

Theorem 2.3 we obtain the conclusion of this theorem. O

Theorem 5.3 contains a very general convergence result for the quadratic convergence of Newton’s
methods for solving IEPs. However, the nonsingularity assumption on dgF(c*) is too strong for
IEPs when A(c*) has multiple eigenvalues. To relax this condition, let S C R"™ be defined by

S ={c € R"| A(c) has distinct eigenvalues}. (39)
Then, by Lemma 4.5 and Proposition 5.1 for any ¢ € S, F(-) is continuously differentiable at ¢ and

OpF(c) = 9gF (c) = OF (c) = {F'(c)}.
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Theorem 5.4 Suppose that F is defined by (2), F(c*) =0, and S is defined by (39). If (i) for
each k, ¥ € S and c* € clS; (ii) all V € 0g|sF(c*) are nonsingular; and (iii) A’ is Lipschitz
continuous around c*, then there exists a neighborhood N(c*) of ¢* such that for any c® € N(c*)

Algorithm 5.2 is well defined and the iterates {cF} converge to c¢* Q-quadratically.

Proof. By using Theorems 3.4 and 4.8, we obtain this theorem. O

In Theorem 5.4, we only need the nonsingularity of dg|sF(c*) rather than dgF'(c*). The price to
pay is that all the iterates must stay in S, where S is defined by (39). However, according to [9],

this is a reasonable assumption for IEPs.

Theorem 5.5 Suppose that F is defined by (2) and F(c*) = 0. If (i) for each k, A(c¥) has distinct
eigenvalues and Vj, is invertible; (i) limsupy_, o ||[Vi 71| < oo; and (iii) A’ is Lipschitz continuous
around c*, then there exists a neighborhood N(c*) of ¢* such that for any ® € N(c*), the iterates
{cF} generated by Algorithm 5.2 converge to c* Q-quadratically

Proof. By using Theorem 3.4 with S = {c%,c!,---}, we obtain the conclusion of this theorem.
O

It was probably Nocedal and Overton [11] who firstly discussed the quadratic convergence of New-
ton’s methods for solving ITEPs with multiple eigvenvalues. In their proof a Theorem of Rellich
[16] on analytic matrix functions was invoked. In [9], by using the eigenprojector, Friedland et al.
presented a different elegant proof on the quadratic convergence of Newton’s method for solving
IEPs with multiple eigenvalues. The latter did not use Rellich’s theorem. Our results in this pa-
per could be thought of as a generalization of their Method I by explicitly exploring the strong

semismoothness of the eigenvalue functions.

Next, we consider a generalized inverse eigenvalue problem (GIEP). Let C : R — S and D : R —
S be continuously differentiable and D(c) be positive definite whenever ¢ € €2, an open subset of R™.
Given n real numbers {\}}?_;, which are arranged in the decreasing order A} > --- > A*, the GIEP
is to find a vector ¢* € ) such that the symmetric generalized eigenvalue problem C(c*)z = AD(c*)z
has the prescribed eigenvalues A}, ---, \:. If D(c) = I, then the GIEP is the IEP considered above.
Dai and Lancaster [6] and Dai [5] considered another special case of the GIEP, i.e., C(c) and D(c)
are defined by

C(c) =Co+ Y ¢iCi, D(c)=Dy+ Y cDi, (40)
=1 =1
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where Cy, Cy,---,Cp, Dy, D1,--- D, € S and D(c) is positive definite whenever ¢ € .

For any ¢ € Q, let

[SIE

B(c) = D(c)?, (41)
which is well defined because for any ¢ € 2, D(c) is symmetric and positive definite. Let
A(c) = B(e)~'C(¢)B(c)™!, ceq. (42)
Define F' : Q) — R" by
A(A(e) = A
F(e) = : , ceq. (43)
An(A(c)) = A,
Then the GIEP is equivalent to find a ¢* € € to be a solution of the following equation

F(c)=0, ceq. (44)
Hence, generalized Newton method 5.2 can be applied to GIEPs. We omit the details here.

When C(c) and D(c) take the form (40), Dai and Lancaster [6] proposed the following Newton
method for solving the GIEP:

For any c € €, let P(c) € R™*™ be such that
Pe)"C(c)P(c)" = A(A(c)), P(c)"D(c)P(c) = I. (45)
Let

Then Q(c) € O and
Q)T A(0)Q(c) = A(A(e), ce Q. (46)

Hence, we can always compute a Q(c) to satisfy (46) first and then solve (45) by letting P(c) =
B(e) 'Q(c). Force Qandi=1,---,n, let

For ¢ € 2, define W (c) € R"*" by

W(e)ij = pi(0)" (Cj = Xi(A(©)Dy)pi(e), 6,5 =1, n. (47)
Then, Dai and Lancaster’s algorithm [6] can be described as

Algorithm 5.6 (A Newton Method of Dai and Lancaster [6])
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Step 0. Choose a starting point value °. k := 0.
Step 1. Compute C(cF) = Co + 37, c?Cj, D(c*) = Do+ X7, c?D]-.
Step 2. Find P(c¥) such that (45) holds. Compute a matriz W (c*) according to (47).
Step 3. Compute Ac* by
F(F) + W(F)ALF = 0. (48)
Define "1 = cF 4+ AcF.

Step 4. Replace k by k+ 1 and go to Step 1.

The following theorem gives an affirmative answer to a conjecture made in [6, p. 11] on the quadratic

convergence of Algorithm 5.6, which was supported by numerical experiments.

Theorem 5.7 Suppose that ¢* € Q is such that F(c*) = 0 and A(-) is defined by (42). If (i) for each
k, A(cF) has distinct eigenvalues and W (cF) is invertible; and (i) limsupy_, o [|W(cF)™1 < oo,
then there exists a neighborhood N (c*) of ¢* such that for any c® € N(c*), the iterates {c*} generated
by Algorithm 5.6 converge to c* Q-quadratically.

Proof. Since A(cF) has distinct eigenvalues, F is continuously differentiable at ¢*. From [6,
Equation (2.6)], we know that
W(c*) = F'(c"),

which, together with Proposition 5.1, implies that Algorithm 5.6 is a special case of Algorithm 5.2

under our conditions. By using Theorem 5.5, we get the conclusion of the theorem. O

6 Summary and Possible Future Research Topics

In this paper we review basic concepts of semismoothness and several Newton’s methods for semis-
mooth equations. We show the strong semimsoothness of eigenvalues as functions of the symmetric
matrices and then demonstrate how this result can be used to provide a unified analysis for the

quadratic convergence of Newton’s methods for IEPs and GIEPs.

We feel that the following several research topics can be further investigated. Firstly, to apply the
strong semimsoothness of eigenvalues of symmetric matrices to the convergence analysis of Newton
methods for solving other forms of IEPs, for example, the least square form of IEPs [9]. Secondly, to

use the recently developed quasi-Newton methods for solving structured nonsmooth equations [19]
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to analyze the superlinear convergence of quasi-Newton methods for IEPs and GIEPs like Method

IT in [9]. When IEPs have distinct eigenvalues, Chan et al. [2] provided an approach towards this.

It is still open if IEPs have multiple eigenvalues. Thirdly, it is proved in [21] that any nonsmooth

function has approximate smoothing functions. By using these smoothing functions, globalized

smoothing Newton methods developed in [14] can be applied to solve nonsmooth equations directly.

It is then an interesting topic to construct computable smoothing functions for IEPs in order to

globalize Newton’s methods discussed in Section 5.
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