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Abstract

We study approximation bounds for the SDP relaxation of quadratically con-
strained quadratic optimization: min f°(x) subject to f*(z) < 0, k = 1,...,m, where
f¥(z) = 2T A%z + (b*)Tz + c*. In the special case of ellipsoid constraints with interior
feasible solution at 0, we show that the SDP relaxation, coupled with a rank-1 decom-
position result of Sturm and Zhang, yields a feasible solution of the original problem
with objective value at most (1 —v)?/(y/m + v)? times the optimal objective value,
where v = {/max f¥(0) + 1. If the ellipsoids have a common center, this improves
on the estimate 1/ (2In(2(m + 1)?)) of Nemirovski et al. when m < 11. For the single
trust-region problem, corresponding to m = 1, this yields an exact optimal solution.
In the general case, we extend some bounds derived by Nesterov and Ye for the special
case where AF is diagonal and b* = 0 for k = 1,...,m. We also discuss the generation
of approximate solutions with high probability.

Key words. Quadratically constrained quadratic optimization, semidefinite program-
ming relaxation, approximation algorithm.

1 Introduction
Consider the quadratically constrained quadratic program (QP):

Vop = min fO(z)
N s.t. fk(m) <0, k=1,...,m, (1)

where f¥(z) = 2T AFz + (0F)Tx + cF, with A¥ € R"¥" symmetric, b¥ € R", & € R for
kE=0,1,....m. We assume ¢ = 0. If ¥ # 0, our results still hold by suitably replacing
fO(x) with fO(x) — f°(0). This problem is NP-hard.

It was known through the work of Lovasz and Schrivjer [5] and others that certain
NP-hard combinatorial optimization problems can be approximated by semidefinite pro-
gramming (SDP) problems, for which efficient solution method exist [1, 10, 11]. This moti-
vated an important work of Goemans and Williamson [4] showing that, for special cases of
(1) corresponding to certain NP-hard problems like Maximum Cut, SDP relaxation yields
very good (randomized) approximation algorithms. This work was subsequently extended
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by Nesterov [7, 11], Ye [11, 17, 18], Nemirovski et al. [6], and Zhang [19] to other cases
of (1), as well as to other combinatorial optimization problems-see [2, 16] and references
therein.

Motivated by the aforementioned work, in this paper we make further study of the
SDP relaxation of (1). In particular, by defining

gh_ [ AY b2
T (bk)T/Z Ck )

and introducing z, 1 = 1, we rewrite (1) equivalently as
. 1 Ro
min E?j’:l Bz
1 pk _
s.t. E?j’:l Biixiz; <0, k=1,..,m,
Tn4+1 = 1.

By further making the transformation X = 2z’ = [azzm]]?j:ll for x € R*! with 2,1 = 1,
we write the above problem equivalently as

min (B X)
s.t. (B¥,X) <0, k=1,...,m,
Xn+1n+1 = 1, X t 0, RankX = 1.

Relaxing the rank-1 constraint yields the SDP relaxation of (1):

v := min (B X)
s.t. (BF,X)<0, k=1,..,m, (2)

Xn+1n+1 =1, X =0.

SDP

Clearly v, < vgp- Let pgp denote the optimal objective value of (2) but with minimiza-

SDP
tion replaced by maximization. Below we discuss known upper bounds on v, in terms of
USDP and pSDP'
Goemans and Williamson [4] showed that if m = n, A¥ = ek(eF)T, v* =0, & = —1 for

k=1,..,m, and b° = 0, —A° is positive semidefinite with nonpositive off-diagonals and
zero row sums, then

Vgp < (0.87856...) vgpp- (3)
Nesterov [7] showed that if —A° is allowed to be any positive semidefinite matrix, then
2
Yap < % Uspp- (4)

Ye [17] and Nesterov [8] showed that this still holds if A!,..., A™ are further allowed to be
diagonal (or mutually commute). Zhang [19] showed that the Goemans-Williamson bound
(3) still holds if A',..., A™ are similarly allowed to be diagonal (or mutually commute)
and — AV is allowed to have nonzero row sums. Zhang also showed that if instead —A° has



nonnegative off-diagonals, then v, = vy, and an optimal solution of (1) can be easily
found from an optimal solution of (2).
Of special interest is the case of ellipsoid constraints:

AP = (FRYTFF b = 2(F)T gk, & = ||g¥|1> = h*, k =1,...,m, (5)

where FF ¢ §R’"kX”, g* € §R’"k, h* € {0,1}, »* > 1, and || - || denotes the Euclidean norm.
Then f*(z) = ||F*x + ¢*||> — k¥, k = 1,...,m. Nemirovski, Roos, and Terlaky [6] showed
that if in addition the ellipsoids have a common center and nonempty interior (i.e., g* = 0,
h¥ =1 for all k) and 37", A¥ = 0, then a feasible solution z satisfying

1
S S T@(m+ D)

f O(x) Vspp>

with g := min{m + 1, max;—1__m RankA*}, can be found from the SDP relaxation us-
ing a randomization scheme and then derandomizing. Notice that S/, A¥ = 0 implies
maxy RankAF > n/m. Also, if (1) has a ball constraint, then z = min{m + 1,n}. This
result was extended by Ye [18] to allow the ellipsoids not to have a common center but
assuming A% < 0, % = 0, and the origin is an interior feasible solution. Ye showed that a
feasible solution & can be randomly generated such that

SDP*

B [fo(j)] o (1 — max; ||g"])?

=~ 4 In(4mn - maxy r*)

Ye remarked that, for general A° and #°, an additional term depending on Ugpp and
Pspp appears on both sides. We will show that if, in addition to (5), the origin is a
relatively interior feasible solution and (2) has an optimal solution, then a feasible solution
x satisfying

(1-7)?
(VE+)?

where « := Card{k € {1,....,m} : h* = 1} and v := maxy.;, 1 ||g*||, can be found using a
rank-1 decomposition procedure of Sturm and Zhang [15, Procedure 1]. Thus, in contrast
to the bound of Ye, no assumption is made on A® or b and (6) does not involve expectation
nor n. Also, unlike previous work on SDP relaxation, rank reduction does not involve
randomization and the feasible set need not be bounded. In the homogeneous case of
g¥ =0 and h¥ =1 for all k, (6) reduces to fO(z) < Lwvg,,. For m < 11, this improves on
the above bound of Nemirovski et al. For m = 1, (1) and (5) correspond to the single trust-
region problem and (6) implies that an exact optimal solution can be found by solving the
SDP relaxation (2). A similar result was obtained in [15] in a more general context.

The work of Nesterov [7, 8, 11] and Ye [11, 17] showed a more general result than (4),

namely, if

fola) < (6)

K :={k € {1,..,m} : A is diagonal and b* = 0} (7)



equals {1,...,m}, then
2 2
< - 1—— .
UQP = Uspp + ( 7r> Pspp

Our second result is an extension of the above bound to the general case where I #
{1,...,m}. In particular, we show that an # can be randomly generated to satisfy f*(%) <
0, k € K, with probability 1 and

E[l'@)] < 2 vt (1-2) e 0
E [fé(j)] < <1 —~ %) phnr LE{l.,m}\K, (9)

where pgDP, ¢ & K, are defined similarly as pg,, but with B replaced by B and with
the inequality constraints not indexed by K dropped-see (19). An alternative bound that
seems generally sharper is also considered. By using a large deviation result, the above
bounds holding in expectation can be replaced by bounds holding with high probability—
see Section 4. In the case where the constraints not indexed by K are ellipsoid constraints,
we discuss ways to randomly generate feasible solutions that, with high probability, satisfy
related bounds on the objective value-see Theorem 4.

Other approximation results for special cases of (1), not based on SDP, are discussed in
(3, 8,9, 11, 17]. In particular, for ellipsoid constraints with feasible set having nonempty
bounded interior, Fu, Luo, and Ye [3] showed that, for a fixed ¢ > 0 near 0, a feasible
solution z with L.

0
(@) < 214 e Ver
can be found by using a column generation method to find an inexact analytic center
of the feasible set and then minimizing f° over a Dikin ellipsoid centered there. The
computational effort depends on In(1/€) and In(1/4), where ¢ is the radius of an Euclidean
ball contained in the feasible set. The bound (6) improves on the above bound by a factor of
O(m) provided that 7 is uniformly bounded away from zero. Some results of Nesterov [9],
[11, pages 376, 377] suggest that, for simplex-type constraints, approximation techniques
not based on SDP relaxation might be preferrable.

Throughout, R™ denotes the space of n-dimensional column vectors, 8™ denotes the
space of n X n real symmetric matrices, and 7' denotes transpose. For = € R, xj denotes
jth component of x and ||z|| = VaTx. Also, e* denotes the kth coordinate vector. For
A e ™A denotes the (i, j)th entry of A. For A € §™ with |4;;| < 1 for all 4,7,
arcsin(A) denotes the matrix in 8" with (¢, j)th entry arcsin(A;;). For A,B € S§", we
denote (A, B) = 37, i AijBij and A = B (respectively, A = B) means A — B is positive
semidefinite (respectively, positive definite). Also, “:=” means “define”.

2 SDP Relaxation Bounds: Ellipsoid Constraints Case

In this section, we make in addition to (5) the following assumption.



Assumption 1 The origin 0 € R is a feasible solution of (1) and f*(0) < 0 whenever
Rk =1.

Assumption 1 is equivalent to g¥ = 0 whenever h¥ = 0 and ||g¥|| = \/f¥(0)+1 < 1
whenever h¥ = 1. It implies 0 is in the relative interior of the feasible set of (1) but not
conversely. To satisfy Assumption 1, it suffices to find a feasible solution of (1) satisfying
strictly those constraints with h¥ = 1 and then translate the origin there. Such a feasible
solution can be found efficiently by solving

min  maxy.,k_; f5(7)
s.t. fF(x) <0 Vk with by =0

as a second-order cone programming problem [10, page 221]. Notice that those constraints
with h¥ = 0 are in effect linear constraints. We also make the following assumption.

Assumption 2 (2) has an optimal solution X*.

It can be seen by using (5) that if the feasible set of (1) is bounded, then so is the feasible
set of (2) so that Assumption 2 holds. In the footnote below, we show that if {u € R" :
ul' A% <0, Flu =0,..., F™u = 0} = {0}, then (feasible set of (2)) N {X : (B%, X) < 0} is
nonempty and bounded so that Assumption 2 again holds.

We show below that a feasible solution x satisfying (6) can be found efficiently from
X*. Our analysis is based on the following rank-1 decomposition result of Sturm and
Zhang [15, Proposition 3].

Lemma 1 Let X € 8™ be a positive semidefinite matriz of rank r. Let B € ST
Then, (B,X) <0 if and only if there exist w; € R, j =1,...,r, such that

,
X = ijw]T and ijBwj <0, 7=1,...,7
j=1

The proof of Lemma 1 is constructive [15, Procedure 1]: Given X and B with (B, X) <
0, choose any wy,...,w, satisfying X = E§:1 ijjT. If wJTBwj > (0 for some j, then
there is some ¢ with wlTng < 0 and we swap w; and wy with the linear combinations
(wj+aw)/V1+ a2 and (we—aw;)/V1 + a2, where a solves (w;+aw)T B(w;+awg) = 0.
Each swap increases the number of w; with wJTBwj = 0 by at least 1, so the desired
w1, ..., w, are found after at most r — 1 replacements.

For A0 0 /2
(bU)T/2 ~Uspp ’
we have from X7 ,,,,; = 1 and ¢ = 0 that (B, X*) = (B, X*) — v, = 0. Applying
Lemma 1 to X* and B, we can find w; = (uj,t;) € R" xR, j =1,...,n + 1, such that

|

n+1
X* = Zw]’w;‘-ﬁ and ijBwj <0,j=1,...,n+1.
j=1



Since X* is a feasible solution of (2), this and (5) yield

u]TAOuj + tj(bU)TuJ- < ’USDPt?, j=1,...,n+1, (10)
n+1
(uf Afu; + ;09 Ty +83F) = (BS,X*) <0, k=1,...,m, (11)
j=1
n+1
Zt? = Xotint =L (12)
j=1

Using (5), we obtain from (11) and (12) that

n+1
SONIFFu; +tig"|? <BF, k=1,..,m. (13)
=1

Notice that the above results can be generalized to any feasible solution of (2).3 If k¥ =0,
then g¥ = 0 so (13) yields ||F*u;||> = 0 for all j. Also, summing (13) over all k with

hk =1 yields
n+1
> > IFMu + gt P < s, (14)
J=1 k:hk=1

where  := Card{k : h¥ = 1}. We need the following fact.

Lemma 2 For any scalars £ > 0, a;j > 0 and §; > 0, j = 1,...,0 (¢ > 1), such that
25:1 a; <k and 25:1 B;j =1, there exists j € {1,...,¢} such that 85 >0 and a;/B; < k.

Proof. If the assertion is false, then for every j € {1,...,¢} such that 5; > 0 we would
have «j/B; > k or, equivalently, a;; > k(. Then we would have

¢
K> a;> Y ;> Y KB =k,

Jj=1 3:8;>0 7:8;>0

a clear contradiction. n

By (12) and (14), we can apply Lemma 2 to aj = 3" p.ps—y |[FFuj +t;g%||? and 8; = t2
to conclude the existence of j € {1,...,n + 1} such that

2 k k12 /42
2>0 and Y |[Ffu;+t;6"(7 /85 < k.
k:hk=1
3In particular, Assumption 1 implies X = e™**(e"™!)7 is a feasible solution of (2) with (B, X) = 0.
Thus, X° := (feasible set of (2)) N {X : (B% X) < 0} is nonempty. Then for any X € X°, repeating the
above argument with X and 0 in place of X* and vy, yields X = E?;l ij]T for some w; = (uj,t;) €
R" x R satisfying u; A%u; +¢;(b°)"u; < 0, (12), and (13). For each j, (12) implies ¢; is bounded while
(13) implies ||[F*u; +t;g"||*> < h*. If u; is unbounded for some j, then dividing by ||u;||*> and taking limit
yields a cluster point u of u;/||u;j|| satisfying ||ul| = 1, ¥ A%u < 0 and ||F*ul|*> <0, k = 1,...,m. Thus, if
{fue R :uTA% <0,Flu=0,.. F™u =0} = {0}, then X° is bounded.




In particular, we can choose j to minimize the ratio a;/3; over all j with 3; > 0. Thus

HF’“u;/t; +¢*| < vk whenever h* = 1. (15)
Let
[ u;/tj if (bO)T.Uj/ti <0
—uj/t; otherwise,
7 = max{r €[0,1]: f¥(rz) <0, k=1,...m}.

Using (10) and (15), we prove below the following result.

Theorem 1 Under Assumptions 1, 2 and (5), the above construction yields a feasible
solution x = 7% of (1) satisfying (6), where k := Card{k € {1,...,m} : k¥ = 1} and
v i= maxgp, =1 ||g"|.

Proof. We estimate 7. Fix any k € {1,...,m}. Suppose h* = 0. Then we have from
||Fku5||2 = 0 that f¥(rz) = 0 for all 7 € [0,1]. Suppose h* = 1. Then we see from (15)
that if (b°)7uz/t; <0, then ||[F*Z + ¢*|| < \/k; and otherwise

1F*2 + g* || = || = (F*u;/t; + g*) + 26" < 1 F%u;/t; + ¢" |l + 206" < Ve + 216"
Thus for any 7 € [0, 1] we have
IE*(r2) + ¥l = |7 (F*z + ¢*) + (1 = 7)g"|| < (Vi + 209" (1) + (L = 7)llg" -

Using ||¢¥|| < 1, the right-hand side is below 1 (i.e., f*(rZ) < 0) whenever 7 < (1 —
lg* 1D/ (V& + lg®[l). Thus,

- S 1—lg"ll 1 —maxgp,—1l¢"]
T 2 min AT AT
kihi=1 vk + [|gF || /K 4+ maxg.p,—1 [|g¥]]

(16)

where the equality follows from (1 —+)/(y/k + ) being a decreasing function of v € [0, 1).
Notice that 7 can be easily computed by solving the quadratic equation ||7F¥z 4 ¢*||> = 1
in 7 for each k such that ||F*z+ ¢*||?> > 1 and then taking the minimum of all the positive
roots found.

Finally, our choice of z implies (b°)7z < 0 and (b°)Tz < (bO)T’LLj/tj. Then for any
7 € [0,1] we have 7 > 72 and hence

forz) = 22TA% + (") Tz
22T A% + 2 (b0) T z
2=-T 40 = 2/1.0N\T
73" AT+ 7°(b°) u;/t;
72 (u;:.FAoui + t;(bO)Tu5) /t?

T2U

VARPAN
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SDP)?



where the last inequality uses (10). Since 0 is a feasible solution of (1) so that vy, <
vop < f(0) =0, setting 7 = 7 in the above inequality and using (16) completes the proof.
[

In the above construction, the main effort lies in solving the SDP relaxation (2),
for which many efficient methods exist. Given that an exact optimal solution of (1) is
constructed when m = 1, we may speculate that when m = 2, which is also of considerable
interest for trust-region methods (see [2, 12] and references therein), a good approximate
solution will generally be found. It is worthwhile to test this numerically. In particular, if
the rank-1 decomposition given by Lemma 1 is not unique, can we choose one so that the
corresponding ¥ minimizes min ¢y 7 f O(rz)?

3 SDP Relaxation Bounds: General Case

In this section, following Goemans and Williamson, Nesterov, and Ye, we derive approxi-
mation bounds for (1) based on the SDP relaxation (2) under Assumption 2. Notice that
Assumption 2 does not guarantee feasibility of (1), which is NP-hard to check in general.
Since X* > 0, we can express
T T 1
X*=V'V =v;v; z;;l,

for some V' € R*H1*"+1 Here v; denotes the ith column of V. Choose randomly (according
to uniform distribution) v on the unit sphere in R*™'. Since |[vp11|* = X} 1np1 = 1,
Vn1 also lies on this unit sphere. If v7v, ;1 < 0, then set for i = 1,...,n + 1,

- { X if vTv; <0

€Tr; = .

—/X;; else

If vTv, 11 > 0, then set for i = 1,...,n + 1,

e T
—/X5 vty <0

Ti= { N2E else
The above choice and X}, ;,,; = 1 ensure that 2,1 = 1 always.

For each i,j we have that |7;7;| = /X X7, If X5X75 # 0, then 2;%; = /X[ X7, if
and only if v"v; < 0, vij <0 or v'v; >0, vTUj > 0. As was shown by Goemans and
Williamson [4], the probability that this event occurs is

1 1
p=1-— - arccos (v v;/|lvi|l llvj|l) = 1 — = arccos(X7; /([ X5 X7).

Thus, the expectation of Z;Z; is

Blzid;] = X;X5p+ (= /X5X5) (1 —p)



2 d * * *
= ;ﬁ/X;z'X;j (5 — arccos(Xij/ Xiinj)>
2 * * ] * * *
= %,/Xiinjarcsm(Xij/ X5X55). (17)

If X:X7, =0, then X5 = 0 since X* = 0, so (17) still holds with the convention that
0/0 = 0.
Thus, for k = 0,1,...,m, since Z,11 = 1 always, (17) yields

n+1
E[ff@] = Y BiE#)

ij=1
n+1 2

= > Bijoy /X5 aresin(XG /| /X5 X)
ij=1
2

= Z(B* Darcsin(D'X*D 1)D), (18)
™

where D = diag[,/X|"!". Notice that |(D~'X*D~1);;| < 1foralli, j, so arcsin(D~' X*D~1)
is defined. Since &7 = X}; always for all i, we have f*(#) = (B¥, X*) < 0 always for k € K
(see (7)).

We now derive bounds on E [ f k(ic)], k ¢ K, by using (18) and extending an analysis
of Nesterov and Ye. We will make in addition to Assumption 2 the following assumption.

Assumption 3 {r € R : f¥(x) <0, k € K} is bounded.
Consider for each ¢ & IC the following SDP problem:

pgDP := max (B% X)
s.t. (BF,X) =, kek, (19)
<Bm+17X>:17 X =0,

where B™H1 .= e t1(e" )T and f := (B¥, X*) < 0. For £ # 0, p_ measures how much
the ¢th inequality in (2) is violated by the feasible solutions of the inequalities indexed
by K. Here we use the tigher constraints (B¥, X) = ¢ instead of (B* X) < 0 used by
Nesterov and Ye [11]. This yields a tigher upper bound.

Let X denote the feasible set of (19). Since X* € X', X’ is nonempty. By Assumption
3, the diagonal entries of X € X are bounded which, together with X > 0, implies X is
bounded. By a result of Rockafellar [14, Theorem 30.4(i)], strong duality holds between
(19) and its dual:

Poop = Inf Eke/c 't +ymn kb (20)
S.t. —B + ZkeKu{m+1} B y E 0

In general, the infimum in (20) need not be attained. Asin [7, 11, 17], we make use of the
following result of Nesterov [7].



Lemma 3 For any Y > 0 with Y;; < 1 for all i, we have arcsin(Y') = Y.

Fix any ¢ ¢ K. For each € > 0, let (yk)kelcu{m+1} be any feasible solution of the
dual problem (20) such that 3", ckyF + y™H1 < pﬁDp + €. Let D := diag[/X) ! and

Y := D7'X*D~", with the convention that ¥;; = 1 if X; = 0 and Y; = 0 if X5 X% =0
and ¢ # j. Since X* > 0, then Y > 0and Y;; =1,¢=1,...,n+ 1. Thus

(B*, D arcsin(Y) D)

= (B'— Z B*y*, D arcsin(Y) D) + Z y*(B¥, D arcsin(Y)) D)

keKu{m+1} keKu{m+1}
< (B'- Y BY% DyDy+ Y y¥B* Darcsin(Y)D)

keKu{m+1} keku{m+1}
=B+ (5-1) S MEha)

keKU{m+1}
= <B€X*>+<g—1> >yt 4yt
keK

. 7r

< B+ (3-1) oy, 0 1)

where the first inequality uses dual feasibility, Lemma 3 and the fact that (W,Z) > 0
whenever W > 0, Z > 0; the second equality uses DY D = X* and the observations that
B* is diagonal for k € K U {m + 1} and D arcsin(Y)D has diagonal entries ZX for all i.
Since (21) holds for every e > 0, taking the limit as € — 0 and using (18) yields

E[f{@)] = =(B,Darcsin(D™'X*D7")D)

(B, D arcsin(Y') D)

2
)4 X* 4
S <B 7 > + <]' - ;) pSDP.

ERRENERESERE N

Since X* is an optimal solution of (2), this establishes the following result.
Theorem 2 Under Assumptions 2 and 3, the bounds (8) and (9) hold.

In the case where K = {1,...,m}, the above bounds slightly refine analogous bounds
obtained by Nesterov [7, Theorem 3.3], [11, Theorem 13.2.1] and Ye [17, Theorem 2], [11,
Theorem 13.3.2, part 2]. As was considered by Nesterov [11] (also see [19]), the quadratic
inequalies f*(x) € 0, k € K, can be generalized to constraints of the form [22], € F,
where F is a compact convex set intersecting the positive orthant. In this general case,
however, the corresponding relaxation may no longer be an SDP problem.

10



We can also obtain lower bounds analogous to those obtained in the above references.
Consider for each ¢ ¢ K the following QP:

vl = min  fYz)

T st @) <0, ke k. (22)

Since X is nonempty and bounded, then so is the feasible set of this QP. Thus Uép is

finite. By the definition of I, we can apply [11, Theorem 13.3.1] or [19, Theorem 1] to

reformulate this QP as an equivalent nonlinear program for which X* and Y, D defined

above form a feasible solution with objective function value %(BZ, D arcsin(Y) D). Thus,
‘ 2

vh, < ~(B', Darcsin(Y)D) = E @) (23)

Notice that ng < vgp, With equality holding when K = {1,...,m}. If constraints not

indexed by K are ellipsoid constraints, an upper bound on v, in terms of vgp will be
derived in Section 4.

We can more generally replace K in (20) by any K’ C {1,...,m} containing K. This
would yield a lower pgDP, but then the right-hand side of (21) would have an additional
term of the form =,k y*(B*, Darcsin(D~'X*D~!')D — 2X*). By Lemma 4 below,

this term is at most
() S #Yim

keK\K i£]

Thus, the resulting bound would involve a dual solution y*, k € K \ K, as well as X*.
Below we consider alternative bounds that complement the bounds from Theorem

2. Since arcsin(t) is convex for ¢t € (0,1] and has derivative 1 at ¢ = 0, we have that

1 < arcsin(t)/t < arcsin(1)/1 = 5. By symmetry, this holds for ¢ € [~1,0) as well, so that

1< w < g Vt € [~1,0) U (0,1]. (24)
By using (24), the following lemma readily follows.
Lemma 4 For any X > 0 and B € S™', we have
‘E(B,Darcsin(D_lXD_l)D) - <B,X>‘ < (1 - 2) > By Xijl,
4 T it
where D = diag[y/X;]" !
By using (18) and Lemma 4, we obtain

E [ff(az)] < (B, X*) + (1 - —) S IBEXE, 6=0,1,..m
1]

Since X* is an optimal solution of (2), the above inequalities yield the following bounds.

11



Theorem 3 Under Assumption 2,
- 2
E [fo(x)} < Uspp + (1 - %) 50,
E[f"(gz)] < (1—2> 5, re{l,..,m}\K,
T

where 6¢ ;= Y iz 1 Bii Xijl.

The bounds in Theorem 3 depend on X™* as well as the off-diagonal quadratic co-
efficients Afj, i # j, and the linear coefficients b¥. While these bounds might look less
attractive than the bounds in Theorem 2, they were found to be sharper in all the examples
this author tried. For example, if

m:n:2a f0($):$1x2—|—flj1—|—[l)2, fl([II):Z'%—l, f2($):$%—1,
then K = {1,2} and it is straightforward to verify that

1 -
Vop = —1, X*'= |-

1 1

2 2 3 3
1 _ 0 _ 0 _

? 11 —51 ) Ugpp = —5, ’OSDP = 3, 0 = 5
3 —3 1

QP

Here 6 is smaller than p0  — vy, by a factor of 3!

4 Generating Approximate Solutions: General Case

The results of Section 3 show that Z is an approximate solution of (1) in expectation
only. In this section we refine this result to generate approximate solutions with high
probability.

The following lemma, attributed to Bernstein, refines the Chebychev inequality for
bounded random variables. Its proof can be inferred from the argument in [13, pages 385-
386]. A similar result was used in [6]. We note that the probabilistic analysis of Nesterov
[7, page 159] is not applicable here since vy, need not be below vgp in Theorem 2, except
in the case of £ = {1,...,m}.

Lemma 5 Let £ be a random wvariable with standard deviation o. Suppose o < C and
|€ — E[¢]| < K always for some constants C and K. Then, for any t € (0,C/K],

Prob {5 —E[¢] > %t(] <e 2

Fix any tolerance ¢ > 0. For each k ¢ K, if f¥(&) — E[f*(Z)] > e, then since &, = 1

always we have
n+1

> ij (2% — B[7:%4]) > e (25)
1,j=1

12



Let
AR =3B X5 X
i#]
Also, let Af; := |Bf|, /X5 X3/ AF for i # j. Then 3,; A, = 1. Since &7 = E[#7] for all i,
(25) implies that ij (25 — E[z;24]) > )\fje for some i # j. The variance o2 of ;% can
be bounded above as follows:

0% = B[(#:3)?] - Blaiz,]? < Bl(#:d5)?] = XX

Also, |#;2j| = /XjX7; and, by (17) and |¢| < |arcsin(t)] < F|t| (see (24)), we have

B[] < m Thus
|#d; — B[#:d]] < 2\/)(7)(”
Then, applying Lemma 5 with £ = (ij/)\%)jijj, C = maxpgx AF K =2C, and t =
2¢/C, we obtain that
Prob [(Bf /\5) (#:; — Bliiig]) > €] <e a9/
provided that € < %C’ . Thus, provided that e < %C , we obtain

Prob [wmax{£4(2) — BIA@I} > o] <moe 3/,

where mg := m + 1 — CardK. For each k € K, we have f¥(#) < 0 with probability 1.
Thus, if we generate  randomly and independently L times, the probability that one
of these L samples satisfies

f¥@) <EB[ff@)]+e k=0,1,..,m, (26)

L
is at least 1 — (mge_%GZ/CZ) . If mp = 1 and we choose L to be, say, 50 - C?/e2, then

this probability is about 0.999985. However, Z is not likely to be a feasible solution of (1).
Notice that since X* = 0 so that |X5| <\ /XZX7, = |Z;2| and Xj, 1,11 = Zpp1 = 1, we
have 0F < A% = Y0, | AL + 32, [bEEs).

To construct feasible solutions with probability 1, we consider the special case where
the constraints not indexed by I are ellipsoid constraints, i.e.,

FH) = [Fre + gHP =1 Vk € {1,..,m} \ K, (27)

where F¥ € §R’"kxn, g* e §Rrk, r# > 1. We also assume that the origin is a feasible solution
of (1) satisfying strictly those constraints not indexed by K. This is equivalent to

F<0 VkekK and |¢f|l<1 VkgK. (28)
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Then, by moving & sufficiently close toward the origin as was done in Section 2, we will
construct feasible solutions with certainty. We give more details below.
Suppose 7 satisfies (26). Let

{5: if (19)7% < 0;

LT — otherwise,
7 = max{r €[0,1]: f¥(rz) <0, k=1,...,m},
7 = argmin{f’(rz): 7 € [0,7]}.

Notice that 7 and 7 can be easily computed. By using (26)-(28), we obtain the following
main result.

Theorem 4 Under Assumption 2 and (27), (28), for any € > 0 and integer L > 1 and
any n* > B[f¥(2)] for k € {1,....,m} \ K, if we generate & randomly and independently L
times as described in Section 3 and construct x = 7x as above, then x is a feasible solution
of (1) with probability 1 and satisfies

f°(x) < min L llg" 2 (E[fo(gz)] + e) (29)
VI+iF et gk ’

. . 202\ k
with probability of at least 1 — (mge e ) , where C := maxggx A" and mg := m +
1 — CardK.

Proof. For each k € K, since A* is diagonal and b* = 0, we see that
FHaE) = fHr) = P2 7H@) + (- )k <0

for all 7 € [0,1]. For each k € {1,...,m} \ K, we see from (26) and (27) that if (b°)7% <0,
then ||F¥z + ¢*|| < V/kF; and otherwise

IFRZ + g4 = Il = (FR2 + g%) + 261 < | F*2 + g + 20lg*1] < ViF + 216",

where k¥ := 1 + E[f*(2)] + e. Thus, arguing identically as in the proof of Theorem 1, we
obtain that

= Re Vi + g e
Moreover, for all 7 € [0,7], 7Z is a feasible solution of (1) with probability 1. Since
7 € [0, 7], then = = 77 is a feasible solution of (1) with probability 1.
For each k € {1,....,m} \ K, since E[f¥(%)] < n¥, then k¥ < 1 +n¥ + ¢ and it follows
from (30) that
- 1—|lg"|

AT +e+HMH
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implying ¥ € (0,7]. Finally, our choice of z implies (b°)7z < 0 and (0°)Tz < (b°)7z.
Then, arguing similarly as in the proof of Theorem 1, we obtain for any 7 € [0, 7] that

10(75)
72 (37 A% + (1°)"3)
7 (BIf°@)] +¢) ,

fo(7z)

IN N

IA

where the last inequality uses (26). Setting 7 = 7 completes the proof. ]

By Theorem 3, we can choose n* = (1 — %) 6% in Theorem 4. Then (29) becomes

2

_ k
fO(x) S inl’rcl 1 Hg “ (USDP + (1 _ g) 50 + 6) ’
¢ \/1+(1—%)6k+e+|lgk|| d

If Assumption 3 also holds, then by Theorem 2, we can choose 7* = (1 — %) p’S‘CDP in

Theorem 4. Then (29) becomes

2

. L llg"] 2 2
fo(w) < g}gllfcl ; (% Uspp + (1 B %) pgDP + 6) ’
Lt (1= 2) phop + e g

If Assumption 3 also holds, then (22) with £ = 0 has an optimal solution, say z°. Since
—29 is also a feasible solution of (22), then (b°)72° < 0. By an argument similar to the
proof of Theorem 4, it can be shown that tz° is a feasible solution of (1) whenever

1—|lg"|

0<t< min .
T T kil FRaO4gk > 1 [|[FR20 4 gk — [|g"]|

Moreover, fO(tz?) < t2f0(2%) = t%gp. Since t2¥ is a feasible solution of (1), this implies
Vgp < o>tz < tQUgP. Thus, we obtain the following upper bound on v, in terms of
0

UQpi

2
v, < min - Hgk“ 0 .
W k| ka0 gk >1 \ [[FR20 4 gF|| — [|g* || ar

This can be combined with the lower bound (23) and the upper bound (8) to yield bounds

. . . 0 o, . 0
involving mainly vy, Ugpp, Py, and quantities depending on z°.
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