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Abstract
In multicriteria optimization, several objective functions have to be minimized simultaneously. For this kind of problem, no single solution can adequately represent the whole set of optimal points. We propose a new efficient
method for approximating the solution set of a convex quadratic multiobjective programming problem. The method is based on a warm-start interior
point algorithm for which we derive complexity results, thereby extending
previous results by Yıldırım & Wright. Numerical results on bicriteria problems from power plant optimization and portfolio optimization show that the
method is an order of magnitude faster than standard methods applied to the
problems considered.

1

Introduction

In multicriteria optimization, several objective functions have to be minimized simultaneously. Applications for these problems can be found in engineering design [14]
(especially truss optimization [12] and antenna design [30]) location science [8],
statistics [10], management science [15] (e. g. portfolio analysis [43], production &
project planning [25, 1], and scheduling [3, 35]), environmental analysis [31, 16, 18],
cancer treatment planning [28], bilevel programming [21] etc. Usually, no single
point will minimize all of the several objective functions given at once. As a consequence, a feasible point is defined as optimal if there does not exist a different
feasible point with the same or smaller objective function values such that there is
1
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a strict decrease in at least one objective function value. However, this optimality definition is not as simple as the one from classical single-criteria optimization,
because different optimal points of a multicriteria problem will be incomparable to
each other in terms of the order defined above. As a consequence, no single point
can represent the whole solution set, which will usually be quite large. Therefore,
it is important to gain as much information as possible about the solution set of a
given problem, preferably by constructing a well-defined approximation to it. This
is the subject of this paper.
The necessity for a strategy like the one outlined above was also observed by
Benson and Sayın [5], by Das and Dennis [13, 12], and by Hillermeier [27]. However,
in none of these works the methods under consideration are subject to a worst-case
analysis with respect to their computational complexity, and while it is claimed
that the method developed in [13] generates a discrete approximation to the set of
efficient points, a counterexample by the authors themselves [13, Figure 3] shows that
this is not the case. Berkelaar et al. [6, 7] propose a basis identification algorithm
based on interior-point methodology for convex quadratic bicriteria optimization
problems. However, since their algorithm computes combinatorial information of all
optimal bases of the solutions, it is not clear if their algorithm is computationally
or theoretically efficient.
The rest of this paper is as follows. In Section 2, the problem considered is
defined, and the basic solution methodology is discussed. We will recall that the
construction of the set of solutions to a multicriteria optimization problem involves
solving a family of single-criteria problems, each of which can be viewed as a perturbation of every other one. Section 3 considers solving a single-criteria convex
quadratic problem with an interior point method, an approach which will be put
to heavy use in Section 4. In this Section 4, a warm-start strategy is derived with
which several single-criteria optimization problems can be solved with less effort
than previously thought. Using the results discussed in Section 2 and 4, we propose in Section 5 an efficient warm-start interior point algorithm for approximating
the solution set of a convex quadratic multiobjective problem. Moreover, numerical
results on several different problems types are presented and discussed.
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2

Convex Quadratic Multiobjective Optimization

2.1

The Problem

Let there be given p > 1 convex quadratic objective functions of the form
1
fi (x) = xT Qi x + cTi x,
2
n×n

with positive semidefinite matrices Qi ∈

over, let

G := {x ∈

n

b∈

and vectors ci ∈

(1)
n

for all i. More-

| Ax = b , x ≥ 0}

be the set of feasible points. Here, A ∈
m

i = 1, . . . , p,

m×n

(2)

is a matrix with full row rank and

. We are interested in minimizing simultaneously the functions
f1 , . . . , fp : G −→

(3)

on the set G in a sense to be specified as follows. We have to define the notion
of a solution to the given multicriteria problem. We do this by defining minimal
elements of an arbitrary set in the image space.
Definition 2.1 Let M ⊆

p

be a nonempty set. The element y ∗ ∈ M is called

efficient, if and only if there is no other y ∈ M with
yi ≤ yi∗

∀ i ∈ {1, 2, . . . , p}

and
yk < yk∗

for at least one k ∈ {1, 2, . . . , p}.

The set of all efficient points of the set M is called the efficient set E(M ).
Define the function f : G −→

p

by f = (f1 , . . . , fp )T . With the definition above,

it becomes clear that in multicriteria optimization we are in search for the whole
set E(f (G)) and, obviously, for the corresponding set of optimal decision variables
f −1 (E(f (G))). For typical examples for this type of problem we refer to Section 5.
Clearly, two efficient points f (x(1) ), f (x(2) ) ∈ E(f (G)) (x(1) , x(2) ∈ G) with f (x(1) ) 6=

f (x(2) ) are incomparable to each other. By their very nature of being efficient,

there exist two indices i, j ∈ {1, . . . , p} such that fi (x(1) ) < fi (x(2) ) and fj (x(2) ) <
fj (x(1) ). Therefore, just one efficient point can hardly capture the possible optimal

alternatives we face when solving a multicriteria optimization problem. This shows
that human decision makers need information about the whole set E(f (G)).
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2.2

Scalarization

It is well-known that we can find a point close to E(f (G)) of the problem specified
by (3) by solving the single-objective optimization problem
min

z T f (x)

subject to

x ∈ G,

(4)

with z ∈ Z an arbitrary weight vector from the set
(

Z := z ∈

p
X

p

i=1

)

zi = 1, zi > 0 ∀ i ∈ {1, 2, . . . , p} .

(5)

This approach is often called scalarization. (For a discussion of this and other
scalarization techniques see e. g. [24, 29, 27, 19].) Indeed, defining the set of properly
efficient points P by


∗

∗



T

∗

P (f (G)) := f (x ) z ∈ Z, x ∈ G, f (x ) = min z f (x) ,
x∈G

it can be shown [23, 41] that
P (f (G)) ⊆ E(f (G)) ⊆ cl(P (f (G)))

(6)

holds. Here, cl(·) is the closure operator. In fact, this result holds for arbitrary
functions f : G −→

p

as long as f (G) +

p
+

is closed and convex. Since we can not

distinguish numerically between a set and its closure, we can therefore replace E
by P in all applications involving convex functions. Turning our attention to (3), (2),
and (1), we see that we have to consider several scalar problems of the form
min
subject to

1 T
x Qx + cT x
2
Ax = b,

(7)

x ≥ 0,
where Q =

Pp

i=1 zi Qi ,

c=

Pp

i=1 zi ci ,

and z = (z1 , . . . , zp )T ∈ Z is a given parameter

or weight vector. Of course, in applications we have to content ourselves with a finite

subset Z̃ ⊂ Z from which we have to choose our weight vectors. The corresponding

objective functions are once again convex quadratic, while the set of feasible points
is polyhedral.
Note that there exists other scalarization techniques, notably the so-called maxscalarization, in which P is replaced by


p



f (x∗ ) z ∈ Z, x∗ ∈ G, f (x∗ ) = inf max zi fi (x) .
x∈G i=1
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For this and other scalarizations, a result similar to (6) holds, too. Since we do
not want to discuss the peculiarities of different scalarization techniques here, we
stick for the sake of a simplified exposition to the weighted-sum scalarization outlined
above. Note, however, that all results presented here hold for different scalarizations,
too. For more details about different scalarization techniques, the reader is referred
to [19, 27, 9, 17].
The basic idea is now as follows. Our aim is to compute a discrete approximation
of the set of efficient points. We have to solve a standard scalar optimization problem
for each efficient point we want to compute. The different optimization problems
we have to consider can be viewed as perturbations of each other, with vectors of
weights z ∈ Z serving as parameters defining the perturbations. Unfortunately, it

is in general not true that a small perturbation in the weight vector leads to a small
perturbation of a corresponding efficient point, see Fliege [19]. As a consequence, we
have to be careful when discretizing the set Z. A uniform a priori discretization of the

set of weights will usually result in a waste of a large amount of computational effort,
since it is not a priori clear in which part of the weight space a finer discretization
(i. e. a finer grid) is necessary. On the other hand, it has to be expected that
information gained during the computation of some efficient points can be put to
use while computing other efficient points, e. g. by choosing the discretization of
the set of weights in an adaptive way. Therefore, we propose to use an adaptive
discretization technique for the set of weights Z. Basically, we want to use more
parameters in those regions of the parameter space where weight vectors which are
close together result in efficient points whose images in the image space

p

are

far apart from each other. Furthermore, to save work when computing the new
efficient points (i. e. when solving the new optimization problems), we propose to
use a warm-start strategy. With such a strategy, points from the iteration history
of scalar problems already solved are used as starting points for the optimization
problems currently under consideration.

3

An Interior-Point Algorithm for Convex Quadratic
Optimization Problems

This section will review in short an interior-point method for solving convex quadratic
optimization problems of the form (7). The method we will use is an adapted version
of the primal-dual long step algorithm for linear programs by Kojima, Mizuno, and
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Yoshise [32], as explained in detail by Wright [44, Chapter 5]. We will consider here
only the major differences between the linear case described in [44] and the case of
a quadratic objective function needed in what follows.

3.1

The KKT System

The dual problem to (7) is
1
− xT Qx + bT λ
2
−Qx + AT λ + s = c,

max
subject to

(8)

s ≥ 0,
n

where the dual variables are s ∈

and λ ∈

m

. For a primal-dual feasible point

(x, λ, s) the inner product sT x is the duality gap between x and (λ, s). Moreover, we
have strong duality, i. e. the duality gap is zero in a primal-dual solution, whenever

the primal as well as the dual program are feasible. In this case, for arbitrary
primal-dual feasible points (x, λ, s) the chain of equalities/inequalities
sT x = cT x − bT λ + xT Qx ≥ 0
holds. The corresponding KKT-system can be written as


−Qx + AT λ + s − c



SXe



F (x, λ, s) := 

with e := (1, 1, . . . , 1)T ∈

n

Ax − b

(x, s) ≥ 0,










0





= 
 0 ,


0

(9)
(10)

. As usual, the matrices X and S are defined by

X := diag(x1 , x2 , . . . , xn ) and S := diag(s1 , s2 , . . . , sn ). The set of primal-dual
feasible points is given by
Ω := {(x, λ, s) ∈

n

×

m

×

n

| Ax = b, −Qx + AT λ + s = c, (x, s) ≥ 0},

and we denote the set of strictly feasible points by
Ω0 := {(x, λ, s) ∈ Ω | (x, s) > 0}.
Note that the Jacobian of F is regular at points lying in Ω0 , and that therefore a
Newton step for F is well defined for these points. Perturbing the right-hand side
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of the last block of the KKT-system in the usual way with some τ > 0 leads to






−Qx + AT λ + s − c
Ax − b
SXe











0





=  0 ,


τe

(x, s) > 0.

(11)

If Ω0 6= ∅, we denote for fixed τ > 0 the (unique) point in Ω0 solving (11) by

(xτ , λτ , sτ ). The corresponding set of points {(xτ , λτ , sτ ) ∈ Ω0 | τ > 0} is the central

path.

n×n

Denote by I ∈

the identity matrix. In each iteration of the long-step

interior-point algorithm presented below, we do a Newton step by solving a linear
system of the form






−Q AT
A

0

S

0

I



∆x










0








 ∆λ  = 
,
0 
0




X
∆s
−XSe + σµe

(12)

µ = µ(x, λ, s) := xT s/n

(13)

where

describes the duality gap of the point (x, λ, s) ∈ Ω0 . The centering parameter σ
controls the bias of the step made towards the central path.

3.2

The Long-Step Algorithm

Before presenting the long-step algorithm for convex-quadratic problems, we define
the wide neighborhood of the central path in the usual way, i. e.
N−∞ (γ) := {(x, λ, s) ∈ Ω0 | xi si ≥ γµ,

i = 1, 2, . . . , n}.

Given (x, λ, s) ∈ Ω0 and a step vector (∆x, ∆λ, ∆s) satisfying the system (12), we

define

(x(α), λ(α), s(α)) := (x, λ, s) + α(∆x, ∆λ, ∆s)
as well as

(14)

x(α)T s(α)
.
(15)
n
The following algorithm is based on the long-step algorithm for linear programs,
µ(α) :=

see [32] and also [44, p. 96f].

8

Version from February 12, 2004.
Algorithm I: Long-step path-following method

Initialization: Define k := 0 and choose  > 0, σmin , σmax with 0 < σmin < σmax <
1, γ ∈] 0, 1[, as well as (x0 , λ0 , s0 ) ∈ N−∞ (γ).
Loop: While

(xk )T sk
µk :=
>
n

(16)

do the following:
Compute Step: choose σk ∈ [σmin , σmax ] and solve






−Q AT
A

0

Sk

0

I



∆xk












0





.
 ∆λk  = 
0
0 




−X k S k e + σk µk e
∆sk
Xk

(17)

Compute step length: set
αk∗






n(1 − σk )
µk if (∆xk )T ∆sk ≥ n(1 − σk )µk /2,
:=  2(∆xk )T ∆sk

 1
else.

(18)

choose αk as the largest α ∈ [0, αk∗ ] such that

(xk (α), λk (α), sk (α)) ∈ N−∞ (γ).

Update: Set (xk+1 , λk+1 , sk+1 ) := (xk (αk ), λk (αk ), sk (αk )) and k := k + 1.
End (Loop)
Comparing the algorithm described above with the one for the linear case, we see
that there are two differences. In the linear case we have Q = 0 and due to this,
(∆x)T ∆s = 0 as well as µ(α) = (1 − α(1 − σ))µ holds (see [44, Lemma 5.1]). But
both equalities break down in the more general case considered here, and we only
have
(∆x)T ∆s ≥ 0

(19)

as well as

(∆x)T ∆s
.
(20)
n
This is the reason why the computation of the step length α has to be modified
µ(α) = (1 − α(1 − σ))µ + α2

from the one presented in [44] to (18). A constant step length of α = 1 works only
in the linear case, while in the quadratic case the important inequality µ(1) < µ(0),

9
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used when proving convergence of the method, might break down. Fortunately, if
µ(α) is nonlinear, we can choose α∗ > 0 as the minimizer of µ(α) (cmp. (20) with
(18)). By this, we get a large reduction of the duality gap. It is easy to show that
µ(α) remains strictly positive for all α ∈ ] 0, 1] and that µ(α) < µ(0) holds for all

α ∈ ] 0, α∗ ].

Similar to the linear case, there exists a constant δ > 0 depending only on γ,
σmin , and σmax (but not on n) such that
µk+1

!

δ
≤ 1−
µk
n

(21)

holds for all k ≥ 0. This can be shown in the same way as Theorem 5.11 of [44].
Clearly, the iterates produced by this algorithm are strictly feasible. The convergence properties as well as the computational complexity are discussed in Section 4.3,
p. 17.

4

A Warm-Start Strategy

Suppose now that two optimization problems of the form (7) are given. If we have
solved one of them by an interior-point algorithm, we might view the second problem
as a perturbation of the first one and try to use one of the iterates calculated while
solving the first problem as a starting point for the second one. It is exactly this
situation that we are in if we want to construct an approximation to the set of
efficient points of a given convex quadratic multicriteria optimization problem. Of
course, the smaller the perturbation of the first problem is, the higher are our
hopes that an iteration point generated rather late in the algorithm (i. e. close to
a solution of the first problem) is close to a suitable starting point for the second
problem, thereby saving a large amount of computational effort. Such a suitable
starting point for the second problem is called a warm-start point. We now turn our
attention to generating a strictly feasible point for the second optimization problem
out of a strictly feasible point for the first optimization problem.
For the warm-start strategy outlined in this section we introduce notation and
ideas adapted from the ones given by Nunez and Freund [42] and Yıldırım and
Wright [46].

10
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4.1

A Warm-Start Step

A data instance
d = (A, b, Q, c)
represents the optimization problems (7) and (8). We define the norm of d by
kdk2 := max{kAk2 , kbk2 , kQk2 , kck2 }.

(22)

Perturbations in the objective function are represented by a data instance like ∆d =
(0, 0, ∆Q, ∆c) with a symmetric matrix ∆Q. Of course, if the problem changes, the
feasible set and the wide neighborhood as defined in the last section changes, too.
Therefore, we define Q̃ := Q + ∆Q,
Ω̃(∆d) := {(x, λ, s) | Ax = b, AT λ + s = Q̃x + c + ∆c, (x, s) ≥ 0},

Ω̃0 (∆d) := {(x, λ, s) ∈ Ω̃(∆d) | (x, s) > 0},
and

Ñ−∞ (γ, ∆d) := {(x, λ, s) ∈ Ω̃0 (∆d) | ∀i = 1, 2, . . . , n : xi si ≥ γ(xT s/n) = γµ}.
Suppose now that we are given a point w := (x, λ, s) ∈ N−∞ (γ). Then we are in

search for a corrector step ∆w := (∆x, ∆λ, ∆s) such that

w + ∆w =: w̃ = (x̃, λ̃, s̃) ∈ Ñ−∞ (γ, ∆d)
holds.
A corrector step will be obtained by solving the following system of equations:






−Q̃ AT
A

0

S

0

I





∆x







∆c + ∆Qx




 ∆λ  = 
0 



X
∆s

0
0





.


(23)

A similar corrector step has been used by Yıldırım and Todd [45] for linear and
semidefinite programs. The first and second block of (23) ensures that w̃ fulfills the
primal-dual equality constraints of the perturbed problem represented by d + ∆d.
The third block ensures that the duality gap of w̃ is at least as small as the duality
gap of w, see Theorem 4.1 below.
The corresponding augmented system is
∆x = −D 2 ∆s,

∆s = B(∆Qx + ∆c − AT ∆λ),

∆λ = (AD 2 BAT )−1 (AD 2 B)(∆c + ∆Qx),

(24)
(25)
(26)
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where D 2 := S −1 X and
B := (I + Q̃D 2 )−1 .

4.2

(27)

Feasibility of the Warm-Start Step

The new point w̃ = w + ∆w is not necessarily strictly feasible with respect to the
new problem represented by d + ∆d. In fact, it might happen that some components
of x̃ = x + ∆x and s̃ = s + ∆s are nonpositive. Changing the step size in the update
w̃ = w + ∆w to some value not equal to 1 does not help, since then w̃ does not
necessarily fulfill the dual equality constraints. (Cmp. with the first block of (23).)
However, by taking a closer look at the third block of (23), we can derive a condition
equivalent to strict positivity of (x̃, s̃).
Clearly, x̃i > 0 resp. s̃i > 0 is equivalent to ∆xi /xi > −1 resp. ∆si /si > −1.

This in turn is equivalent to

kX −1 ∆sk∞ = kS −1 ∆sk∞ < 1.

(28)

(Cmp., e. g., the proof of Proposition 5.1 in [46].) But from a practical point of
view, checking (28) is quite expensive. This is due to the fact that the definition
of ∆s and ∆x involves the matrix B defined in (27). Moreover, the warm-start step
has to be computed before we can check if this step leads to a feasible point. Hence,
some simple sufficient conditions, easier to handle, are needed. The next theorem
will be used later on as a stepping stone towards such a simple condition.
Theorem 4.1 Let there be given a data instance d = (A, b, Q, c) and a strictly feasible point w = (x, λ, s) for d. Furthermore, let ∆d = (0, 0, ∆Q, ∆c) be a perturbation
and let ∆w = (∆x, ∆λ, ∆s) be a solution to (23). Define
w̃ = (x̃, λ̃, s̃) = w + ∆w.

(29)

and
T := I − AT (AD 2 BAT )−1 AD 2 B.
If



∆c
∆Qx




<
∞

1
k S −1 B[T, T ] k

(30)
∞

holds, then w̃ is strictly feasible for the perturbed problem with data instance d + ∆d.
Moreover,
x̃T s̃ ≤ xT s
holds.

(31)

12
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Proof: The proof follows the proof of Proposition 5.1 from Yıldırım and Wright [46].
We just have to replace the linear augmented system by the system (24)–(26).

2

In applications it will usually make sense to replace (28) by
kS −1 ∆sk∞ ≤ 1 − θ,
where θ ∈ ] 0, 1[. Now we are able to describe in which wide neighborhood the
warm-start point w + ∆w will be.

Theorem 4.2 Let there be given d, ∆d, w, ∆d, B, and T as in Theorem 4.1 and let
θ ∈] 0, 1[. If




∆c
∆Qx




≤
∞

1−θ

k S −1 B[T, T ] k

(32)
∞

holds, then w̃ = (x̃, λ̃, s̃) = w + ∆w is a strictly feasible point of the optimization
problem associated with the perturbed data instance d + ∆d and we have x̃ T s̃ ≤ xT s.
If γ0 ∈ ] 0, 1[ and w ∈ N−∞ (γ0 ), then

w̃ ∈ Ñ−∞ (θγ0 , ∆d).
Proof: The proof follows the lines of the proof of Proposition 5.3 of [46], invoking
Theorem 4.1 instead of [46, Proposition 5.1] at the appropriate instances.

2

Next, we derive a sufficient condition for (28), leading to a complexity analysis
of a corresponding warm-start algorithm.
The set
L := {(A, b, Q, c) | ∃ (x, λ, s) : (x, s) > 0, Ax = b, −Qx + AT λ + s = c}

(33)

contains those data instances for which strictly primal-dual feasible points exist.
Hence, the complement LC of L contains those instances for which there does not

exist a strictly primal-dual feasible point. The intersection of the closure of the two
sets,
B := cl(L) ∩ cl(LC ).

(34)

is the boundary between those data instances for which strictly feasible points exists
and those for which no such point exists. Note that (0, 0, 0, 0) ∈ B. Following

Renegar [36, 37, 38, 39] and Nunez & Freund [42] we define the distance to illposedness
ρ(d) := inf{k∆dk2 | d + ∆d ∈ B}

13
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and the condition number of a data instance d ∈ L,
C(d) :=

kdk2
ρ(d)

(we will use C(d) = ∞ if ρ(d) = 0). By noting that ∆d = −d leads to d+∆d = 0 ∈ B

we see that ρ(d) ≤ kdk2 holds. Due to this, we always have C(d) ≥ 1.
Lemma 4.3 Let there be given A ∈

m×n

systems can not be solved simultaneously:

,Q∈

n×n

, and c ∈

n

. The following

1.
AT λ < c + Qx
2.
Ax = 0,
x ≥ 0,

cT x + xT Qx ≤ 0,

x 6= 0.
Proof: Assume that both systems can be solved simultaneously. Then we have due
to System 1
c > AT λ − Qx.
But with System 2 we get
cT x + xT Qx > λT Ax − xT Qx + xT Qx = 0,
which is a contradiction.

2

Lemma 4.4 Let d = (A, b, Q, c) ∈ L be a data instance with ρ(d) > 0 and A 6= 0.
Let w = (x, λ, s) be a primal-dual feasible point for the problem described by d. Then
we have that
kxk2 ≤
holds.

|cT x + xT Qx|
max{kbk2 , |cT x + xT Qx|}
≤ C(d) +
ρ(d)
ρ(d)

(35)
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Proof: (Following an idea of Nunez and Freund [42, p. 7f].) Given the data instance d, let w = (x, λ, s) be a point satisfying the assumptions. Assume that x 6= 0.

Define ∆A := −bxT /kxk22 , ∆c := (−|cT x + xT Qx|/kxk22 )x and the problem instance
d + ∆d by ∆d := (∆A, 0, 0, ∆c). With this, we have (A + ∆A)x = 0 and
(c + ∆c)T x + xT Qx = cT x + xT Qx − |cT x + xT Qx| ≤ 0.
But since x ≥ 0 as well as x 6= 0, Lemma 4.3 tells us that there does not exist

strictly feasible dual points of d + ∆d, i. e. there does not exist a pair (x, λ) with
(A + ∆A)T λ < c + ∆c + Qx. Using (22), this leads to
ρ(d) ≤ k∆dk2 = max{k∆Ak2 , k∆ck2 }
max{kbk2 , |cT x + xT Qx|}
≤
kxk2
T
kdk2 + |c x + xT Qx|
.
≤
kxk2

From this, the conclusions follow.

2

Before we can formulate a sufficient condition for (28), we need a technical result
from Forsgren & Sporre [22].
Corollary 4.5 Let Mj ∈
matrices. For α ∈

t

n×n

, j = 1, . . . , t, be symmetric positive semidefinite

, α ≥ 0, define M (α) :=

χ(A) :=

sup
α≥0:
M (α) p. d.

t
P

j=1

αj Mj . If A has full row rank,

k(A(M (α))−1 AT )−1 A(M (α))−1 k < ∞

holds (here, ”p. d.” stands for ”positive definite”).
Proof: The result follows directly from inequality (5.6) in the proof of Corollary 5.2
in [22], which is in itself based on Theorem 5.1 in the same paper.

2

Note that the quantity k(AW −1 AT )−1 AW −1 k is not bounded for arbitrary sym-

metric positive definite matrices W , see [22].

For the following theorems and the complexity estimate we assume that a data
instance d = (A, b, Q, c), a perturbation ∆d = (0, 0, ∆Q, ∆c), and symmetric positive semidefinite matrices Q1 , . . . , Qp as well as a vector α ≥ 0 are given such that
Q + ∆Q =

Pp

i=1

αi Qi holds. We are in exactly this situation if we change the

weight vector z ∈ Z of a scalarization of a multiobjective optimization problem see
Section 2.2.
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Theorem 4.6 Let there be given the data instances d and ∆d as in Theorem 4.1 and
a parameter γ0 ∈ ] 0, 1[ as well as a constant q > 0. For feasible points w = (x, λ, s)

of the instance d define µ = µ(w) = xT s/n. Then, for the right hand side of (30)
we have with
ψ(A) := 1 + kAT k∞ χ(A)
that
kS −1 [BT, BT ]k−1
∞ ≥

γ0 µ
2n1/2

(36)

!

q
ψ(A)
C(d) +
ρ(d)

holds for all w = (x, λ, s) ∈ N−∞ (γ0 ) with |cT x + xT Qx| ≤ q. (Note that S, B,
and T depend on w and ∆d.)

Proof: We have the estimate
kS −1 [BT, BT ]k∞ = 2kS −1 BT k∞

= kS −1 B(I − AT (AD 2 BAT )−1 AD 2 B))k∞

= kS −1 B − S −1 BAT (AD 2 BAT )−1 AD 2 B)k∞

≤ kS −1 Bk∞ + kS −1 BAT k∞ k(AD 2 BAT )−1 AD 2 Bk∞ .
By using
2kS −1 Bk∞ ≤ 2n1/2 kS −1 k∞ kBk2
and noting that D 2 B = (D −2 + Q + ∆Q)−1 = (D −2 +
Corollary 4.5. This results in
kS −1 [BT, BT ]k∞



Pp

i=1

αi Qi )−1 , we can invoke

≤ 2n1/2 kS −1 k∞ kBk2 1 + kAT k∞ k(AD 2 BAT )−1 AD 2 Bk∞


≤ 2n1/2 kS −1 k∞ kBk2 1 + kAT k∞ χ(A)
= 2n1/2 kS −1 k∞ kBk2 ψ(A)





Next, we have B = (I + Q̃D 2 )−1 = D −1 (I + D Q̃D)−1 D, and B −1 is similar to
I + D Q̃D, a symmetric matrix with all eigenvalues in [1, +∞ [. Therefore,
kBk2 ≤ 1,
and xi si ≥ γ0 µ as well as Lemma 4.4 lead to

2n1/2 ψ(A)
i=1
si
1/2
xi ψ(A)
n 2n
= max
i=1
xi s i


q
1/2
2n
C(d) + ρ(d)
ψ(A)
≤
.
γ0 µ
n

2n1/2 kS −1 k∞ kBk2 ψ(A) ≤ max
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2
Now we can estimate how small a perturbation and the duality gap of a primaldual feasible point has to be in order to reach a wide neighborhood of the perturbed
problem with the corrector step. In the following theorem, we will make use of
k∆dk∞ = max{k∆ck∞ , k∆Qk∞ }.
Theorem 4.7 Let there be given γ and γ0 with 0 < γ < γ0 < 1, θ := γ/γ0 , and d,
∆d, w as well as w̃ as in Theorem 4.2. Suppose that there are given bounds ξ and q
with ξ > 1, ξ C(d) ≥ kxk2 and |cT x + xT Qx| ≤ q. If w ∈ N−∞ (γ0 ) and
!

2
q
µ≥
k∆dk∞ ψ(A)
ξn1/2 C(d) C(d) +
γ0 (1 − θ)
ρ(d)

(37)

holds, then
w̃ ∈ Ñ−∞ (γ, ∆d).
Proof: The inequality (37) can be written as
k∆dk∞ ξ C(d) ≤

2n1/2

γ0 (1 − θ)µ
!
q
ψ(A)
C(d) +
ρ(d)

Moreover, we have



∆c
∆Qx




≤ max{k∆ck∞ , k∆Qk∞ kxk2 }
∞

≤ max{k∆dk∞ , k∆dk∞ ξ C(d)}
= k∆dk∞ ξ C(d),

and after invoking Theorem 4.6, we see that



∆c
∆Qx




≤
∞

2n1/2

γ0 µ(1 − θ)
1−θ
!
≤
q
kS −1 [BT, BT ]k∞
C(d) +
ψ(A)
ρ(d)

holds. Theorem 4.2 tells us that w̃ = w + ∆w ∈ Ñ−∞ (θγ0 , ∆d) = Ñ−∞ (γ, ∆d),
where ∆w = (∆x, ∆λ, ∆s) is defined by (23).

2

Note that we need an estimate for the slightly enigmatic bound ξ before we can
use Theorem 4.7. This, however, turns out to be not that difficult. Indeed, under
the assumptions of Lemma 4.4 we can define q := |cT x + xT Qx| to get
kxk2 ≤ C(d) +

q
,
ρ(d)
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and therefore we can use
ξ := 1 +
as a suitable constant ξ for which

q
kdk2

ξ C(d) ≥ kxk2 ,

(38)

ξ>1

holds.

4.3

Complexity Estimates

Suppose we have given a problem as a data instance d as well as a primal-dual feasible
starting point (x(0) , λ(0) , s(0) ) with the duality measure µ0 = (x(0) )T s(0) /n > 0.
Moreover, let  > 0 be given. We want to stop iterating as soon as for an iterate
(x, λ, s) with duality measure µ = xT s/n the inequality
µ ≤ kdk2 .

(39)

holds. Due to (21), Algorithm I stops after
µ0
K := O n log
kdk2

!

iterations. Afterwards, we have (39).
Now, we want to a use warm-start point for solving a perturbed problem represented by the data instance d + ∆d. We have already generated iterates w (k) =
(x(k) , λ(k) , s(k) ) (k = 0, . . . , K), primal-dual feasible for d. Assume we have given a
perturbation ∆d, an iterate w (j) , j ∈ {0, . . . , K}, as well as a corresponding duality

gap µj , satisfying the assumptions of Theorem 4.7. Then the interior-point algo-

rithm applied to the problem with data d + ∆d, using the starting point w (j) + ∆w
generated by the warm-start method stops after
µj
O n log
kd + ∆dk2

!

iterations. Finally, assume that k∆dk2 ≤ kdk2 /2. This yields
1
1
2
≤
≤
,
kd + ∆dk2
kdk2 − k∆dk2
kdk2
and we need

!

µj
O n log
kdk2
iterations. Note, however, that the size of µj is directly linked with k∆dk∞ as well

as C(d) via (37). A suitable small perturbation ensures that the allowed µj will be

small, too. Moreover, it can be clearly seen that the warm-start method will be
more efficient the smaller the perturbation is.
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Numerical Results

Based on Theorem 4.7, we can generate an approximation to the set of efficient points
to a given convex quadratic multicriteria optimization problem by the following
algorithm. (For the sake of a simplified exposition and a less cumbersome notation
we consider here the bicriteria case. How to extend this algorithm to more than two
criteria is outlined below.)
Algorithm II: Warm-start algorithm for bicriteria convex quadratic programs
Initialization: Choose µmin > 0 as well as γmin ∈ ] 0, 1 [ and γ0 ∈ ] γmin , 1 [. Define
z := (0, 1)T as the weighting parameter vector of the scalarization (cmp. Sub-

section 2.2). Define Q := Q1 , c := c1 , and d := (A, b, Q, c) as the data of
the first scalar optimization problem considered. Set the boolean variable
gotWarmStart := False.
Loop: WHILE z1 < 1 DO:
Compute one efficient point:
IF NOT(gotWarmStart)
w = defaultStart(d, γ0 );
γ = γ0 ;
ENDIF
M := {(w0 , µ0 ), . . . , (wN , µN )} = longstep(d, w0 , γ);

(w, µ) := argmin{µ ≥ µmin | (w, µ) ∈ M };
Choose Perturbation:
∆z = computePertubation(w, d);

∆d := (0, 0, ∆z Q1 + (1 − ∆z) Q2 , ∆z c1 + (1 − ∆z) c2 );
Calculate a Warm-Start Point:
[∆w, gotWarmStart] = calcWarmStart(d, ∆d, w, γmin );
Update Data:
IF (gotWarmStart)
w := w + ∆w ;
γ := (n/xT s) mini xi si
ENDIF
d := d + ∆d; z := z + ∆z;
End(Loop)

Version from February 12, 2004.

19

As it can be seen, we have divided the algorithm into several different subroutines. This results not only in a simplified exposition, but also
The accuracy ε > 0 of the interior-point method is chosen beforehand. Next,
we generate a strictly primal-dual feasible ε-approximation w to a (weakly) efficient
point by solving the scalarized optimization problem d corresponding to the parameter z = (0, 1)T . Then, we choose a parameter vector z + (∆z, −∆z)T (and thereby

a scalarized problem d + ∆d) with ∆z sufficiently small such that w can be used to
generate a warm-start step w + ∆w for d + ∆d by way of Theorem 4.7. The problem
d + ∆d is then solved from the starting point w + ∆w, and we proceed inductively
until we are sufficiently close to the parameter vector (1, 0)T . The overall process
resembles a ”sweep” along the set of efficient points.
Several subroutines involved remain to be explained. Subroutine defaultStart
is responsible for choosing a (feasible) starting point. An arbitrary strategy can
be used here, usually depending strongly on the application at hand. Subroutine
longstep is nothing else than Algorithm I (p. 8), computing a sequence of primal-

dual pairs wk as well as their duality measures µk . Subroutine computePerturbation
is responsible for computing a perturbartion for the data instance such that it is possible to use a warmstart method for the perturbed data. Since the parameter set
in the bicriteria case is onedimensional, the perturbation takes on the form of a
∆z ∈

, representing a perturbation of the weights in use (see Section 2.2). In our

implementation, the perturbation is chosen adaptively as follows. Let κ1 , κ2 > 0

be two parameters, chosen a priori with κ1 < 1 < κ2 . Moreover, let ∆zold be the
last perturbation used. If the last warm start was successful, set ∆z := κ2 ∆zold .
Otherwise, set ∆z := κ1 ∆zold Finally, calcWarmStart solves the system (23) for
∆w = (∆x, ∆λ, ∆s) and checks if w + ∆w ∈ Ñ−∞ (γmin , ∆d) holds. The flag
gotWarmStart is set accordingly (to be used in the update step as well as, e. g.,
in the next call of computePerturbation). Of course, other warm start strategies
can be used here instead.
Note that Algorithm II does not contain an adaptive strategy which takes the
geometry of the set of efficient points into account. In some applications, it might be
worthwhile to choose a smaller perturbation ∆z than those chosen by Algorithm II,
because the variation in the set of efficient points is too large. However, in our
numerical tests we did not observe large ”gaps” in the computed approximation of
the set of efficient points. Therefore, such an additional step size constraint has not
been added to the algorithm.

20

Version from February 12, 2004.

The algorithm can be easily generalized to convex quadratic multicriteria problems with an arbitrary number of criteria p > 2. For this, define the parameterized
set of weight vectors
(

Z(%, q) := z ∈
(% ∈

,q∈

q
X

q

i=1

zi = %, zi > 0

)

q

⊂

fixed). We need to consider Z(1, p), see Section 2.2. Now, we write
Z(1, p) =

[

{%} × Z(1 − %, p − 1)

% ∈ ] 0,1 [

and by noting that this formula can be used recursively, we see that in the case of
p criteria, we have to solve a family of multicriteria problems with p − 1 objective

functions, each of which can be solved in the same way. This family of problems is
parameterized by the parameter % ∈ ] 0, 1 [. Therefore, as soon as we have means to

solve a multicriteria problem with p − 1 criteria efficiently, we can solve problems

with p criteria in an efficient way by discretizing ] 0, 1 [ by a finite grid of parameters

0 < %1 < %1 < · · · < 1. After solving the (p − 1)-criteria problem for the grid
point %k , we can use e. g. the last efficient point generated for this grid point to

generate a warm-start point for a (p − 1)-criteria problem at the grid point %k+1 .

This scheme can be applied to reduce the number of criteria that have to be consid-

ered when applying our warm-start technique until the number of criteria is equal
to 2. Note that this approach is akin to using a lexicographic order in the vector
space

p

of weight vectors and to work through the set of weights in a prescribed

fashion. In the bicriteria case above, we start at z = (1, 0)T and the perturbation
of the weights ∆z are of the form ∆z = (−δ, δ)T (δ > 0). The process continues
until z = (0, 1)T is reached. In the general multicriteria case, we might start at
z0 = (1, 0, . . . , 0)T , choose perturbations of the form ∆z = (−δ, δ, 0, . . . , 0)T until
z = (0, 1, 0, . . . , 0)T is reached, then restart at z0 , choose a perturbation of the form
∆z1 = (−δ1 , 0, δ1 , 0, . . . , 0)T to reach z1 = z0 + ∆z, and after that, choose perturbations of the form (−δ, δ, 0, . . . , 0)T again until z = (0, 1 − δ1 , δ1 , 0, . . . , 0)T is reached,

etc.

Algorithm II does not only compute a finite number of primal-dual points wj
(j = 1, . . . , N ), but also corresponding weight vectors zj ∈

2

, (j = 1, . . . , N ) such

that wj is an ε-solution to a scalar optimization problem with parameter vectors zj .
In what follows, we compare the warm-start strategy for approximating the set
of efficient points described in this paper with a so-called ”naive” strategy. This
simpler strategy consists of solving the scalar optimization problems with parameter

Version from February 12, 2004.

21

vector zj (j = 1, . . . , N ) by applying Algorithm I. In this strategy, no information is
shared or reused when solving different scalar optimization problems. Of course, this
strategy is used for comparison purposes only, since we use here weights zj which
are generated only by Algorithm II. Nevertheless, we feel that important insights
on the behaviour of different algorithms can only be gained by solving problems
with similar or the same numerical properties by the algorithms in question. These
properties are partly inherited from the weights chosen to scalarize the problem in
question, and therefore we use the corresponding problems generated as test cases.
The code was implemented in Matlab Version 5. The numerical tests described
in what follows were done on a 1GHz Pentium PC with Linux operating system.
√
For the stopping criterion we used ε = eps throughout all our tests (eps is the
machine precision).

5.1

Power Plant Optimization

Power plant optimization considers the following problem: given a number of electrical power plants and a prognosis of the electricity demand for a time interval
[t0 , t0 + T ] (T > 0), compute a control function for each power plant such that
• the total energy production cost is minimized,
• the wear & tear of the power plants is minimized,
• the prognosis is met, and
• all technical constraints are met.
This is a bicriteria optimization problem. Basically, such an optimization problem
has to be solved all the time, since the data given (especially the prognosis data) is
constantly updated. The time horizon T varies from 60 sec. to 20 minutes. Since the
actual control unit of a power plant is comparatively simple, we use piecewise constant control functions. With this discretization we arrive at two convex quadratic
objective functions which have to be minimized subject to linear equality and inequality constraints. More details on the model and the corresponding optimization
problems can be found in [2, 20].
Using real-world data from Northrhine-Westfalia, a region in Germany containing
14 power plants and about 18 million private electricity consumers, we generated
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1440 optimization problems, one per minute t0 of a given 24 hour period. For
example, problem no. 113 is the problem to be solved at 1:52 o’clock a.m. Figure 1
shows a typical result obtained. For problem no. 113, the efficient points generated
are mapped by the two objective functions involved onto the curve shown.
6

Second Objective Function Value

−2.37

x 10

−2.371

−2.372

−2.373

−2.374

−2.375

−2.376
1.656

1.657

1.658

1.659

1.66

1.661

1.662

1.663

1.664

First Objective Function Value

1.665

1.666
6

x 10

Figure 1: Image of the generated efficient points under the two objective functions,
shown for Problem No. 113 (representing the problem to be solved at 1:52 a.m.).
Generally, the weigths generated by our strategy change almost linearly along
the line of efficient points, see Figure 2 (p. 23) for a typical example. Graphs for
the other problems behave in a similar way.
The number of efficient points generated per problem varies roughly between 200
and 300 points, see Figure 3 (p. 24). Note that at around 6 o’clock a.m., the optimization problems became infeasible. Consequently, no efficient points have been
generated. Further investigations showed that the cause of this effect was a sudden
surge in the electricity demand, leading to primal infeasibility in the mathematical
model.
With respect to computation times, it can be seen from Figure 4 (p. 26) that our
warm-start strategy is consistently about 5 times faster than the standard method
reusing only the starting point.
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Figure 2: Efficient point generated versus weight (z1 ) in use for objective function
no. 1 to generate this point, shown for problem no. 113 (representing the problem
to be solved at 1:52 a.m.).

5.2

Portfolio Optimization

For our second set of numerical tests we consider portfolio problems derived from the
standard Markowitz model, see [34]. For bicriteria portfolio problems of this type
there exist already efficient methods, notably the critical line algorithm [34, 33, 40].
Note, however, that the applicability of this algorithm relies crucially on the fact
that one of the objective functions is linear. This is not the case for the more general
warm-start method proposed here.
Table 1 (p. 25) describes the results of our numerical tests on the Beasley portfolio
problem test set [4]. The number of assets corresponds to the number of unknowns
in the primal problem. As it can be seen by the number of floating point operations
needed to generate the approximation to the set of efficient points, the strategy
presented here is several orders of magnitude faster than the naive strategy outlined
above.
Table 2 (p. 25) shows the results of our numerical tests on historical data, see [26].
As it can be seen, the speed-ups differ widely between a factor of 4 and three orders
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Figure 3: Number of efficient points generated with the warm-start strategy for
the power plant problems considered. The x-axis indexes the different optimization
problems according to t0 , the start of the control period on the given day. Note that
at around 6:00 a.m. the problems generated where primal infeasible.
of magnitude. Our conjecture is that the speed-up depends strongly on the influence
of Q on the conditioning of the system matrix of (12). Further theoretical as well as
numerical investigations with respect to this and other phenomena are underway.
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No.

Flops/pt.

Flops/pt.

Sec/pt.

Speed-up

of

naive

new

new

factor

Assets

strategy

strategy

strategy

(in flops)

31

7.5 × 107

3.1 × 106

4.7 × 10−3

240

2.1 × 109

5.6 × 106

2.2 × 10−2

381

1.9 × 10

85
89
98
225

1.8 × 108
3.4 × 10

6.5 × 10

9

10

6.9 × 106
7.6 × 10
9.2 × 10

6
7

2.2 × 10−2

264

2.2 × 10

−2

445

−1

705

Table 1: Summary of numerical results for the Beasley portfolio test set. Flops/pt.:
floating point operations per computed efficient point. Sec/pt.: seconds of runtime
per computed efficient point.

No.

Flops/pt.

Flops/pt.

Sec/pt.

Speed-up

of

naive

new

new

factor

Assets

strategy

strategy

strategy

(in flops)

100

6.0 × 108

1.3 × 107

1.5 × 10−1

42

8

7

4.1 × 10

10

100
100
100
150
150
150
200
200
300
350
400

3.1 × 108
4.6 × 10

4.0 × 108
1.9 × 109
6.7 × 10

9

1.8 × 109
6.3 × 109
6.2 × 109

2.1 × 10

10

3.8 × 1010
7.6 × 1010

1.4 × 107
3.8 × 10

3.8 × 107
5.5 × 106

1.7 × 10−1

36

4.5 × 10−1

7

−1

9.3 × 10−2

346

9.7 × 107

8.3 × 10−1

4

1.0 × 109

9.4 × 100

3.4 × 10

8

2.1 × 108
1.6 × 10

9

9.0 × 109

1.5 × 1010

2.6 × 10

0

20

1.5 × 100

29

1

12

1.4 × 10

5.7 × 101
9.5 × 101

5
4
5

Table 2: Summary of numerical results for the Frankfurt stock exchange test set
from [26]. Flops/pt.: floating point operations per computed efficient point. Sec/pt.:
seconds of runtime per computed efficient point.
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Computation Times
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Figure 4: Computation times of the warm-start strategy described here and a
”naive” strategy reusing just the starting points for the power plant problems. The
x-axis indexes the different optimization problems according to t0 , the start of the
control period on the given day. As it can be seen, the warm-start strategy is about
5 times faster than reusing the starting points only.
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[22] Anders Forsgren and Göran Sporre. On weighted linear least-squares problems
related to interior methods for convex quadratic programming. SIAM Journal
On Matrix Analysis and Applications, 23(1):42–56, 2001.
[23] Arthur M. Geoffrion. Proper Efficiency and the Theory of Vector Maximization.
Journal of Optimization Theory and Applications, 22:618–630, 1968.
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