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Abstract. In this paper we present a primal-dual inexact infeasible interior-point
algorithm for semidefinite programming problems (SDP). This algorithm allows the
use of search directions that are calculated from the defining linear system with only
moderate accuracy, and does not require feasibility to be maintained even if the initial
iterate happened to be a feasible solution of the problem. Under a mild assumption
on the inexactness, we show that the algorithm can find an e-approximate solution of
an SDP in O(n?1n(1/e)) iterations. This bound of our algorithm is the same as that
of the exact infeasible interior point algorithms proposed by Y. Zhang.
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1 Introduction

Let 8™ be the vector space of n x n real symmetric matrices endowed with the inner product
Ae B =Tr(AB), and S} the set of symmetric positive definite matrices. For any m x n
matrix A, vecA denotes the mn-vector obtained from stacking the columns of A one by
one from the first to the last. We denote the set of positive numbers by IR, .

Consider the semidefinite program (SDP)

miny CeX
ApeX = by, k=1,...,m (1.1)
X = 0,

where A, C, X € 8", and X > 0 means that X is positive semidefinite. The dual of (1.1)
is

maxy, s by
SheaykAr + Z = C
Z = 0. (1.2)
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The Karush-Kuhn-Tucker optimality conditions for the primal and dual problems (1.1)
and (1.2) are as follows:

ATy + vecZ — vecC
A(vecX)—b =0, X,Z~=0, (1.3)
XZ

where AT = [vecA; vecAy --- vecA,,], b7 = [by by -+ by). We say that a point (X, y, Z)

is feasible (strictly feasible) if it satisfies the first two linear equations in (1.3), and X, Z > 0

(X,Z = 0). It is known that if a strictly feasible point exists, then (1.3) has a solution.
In this paper we assume that A has full row rank, and we define

At = AT(AAT) L (1.4)

Note that AAT = 1I.

SDP arises in a wide variety of areas. Numerous applications of SDP are presented
in [12]. The recent handbook by Wolkowicz et al. [16] has chapters on applications in
combinatorial optimization, nonconvex quadratic programming, eigenvalue and nonconvex
optimization, systems and control theory, structural design, matrix completion problems,
and statistics.

SDP has been an active research area since early 1990s. A comprehensive list of ref-
erences in this field can be found in [16] and [15]. The handbook [16] listed more than
800 references, while the online bibliography on semidefinite programming [15] listed more
than 700 references.

Primal-dual interior point methods, especially infeasible ones, have proven to be one
of the most efficient class of methods for SDP, and many polynomial complexity results
exist for these methods; see [2, 3], [8]-[10], [17, 18] for details. In each iteration of a
primal-dual interior point algorithm, most of the computational work is devoted to the
computation of a search direction by solving a linear system of equations. When the linear
system is large, the computation of the solution by a direct method typically requires a
lot of computer time and memory. In such a situation, one is forced to compute only an
approximate solution by an iterative method such as the conjugate gradient method; the
reader is referred to [14] for a detailed discuss on the computation of such an approximate
solution. This motivates the study of infeasible interior-point algorithms that use inexact
search directions. To a lesser extent, another motivation comes from the fact that even if
one uses a direct method to solve the linear system, the solution may not satisfy the linear
equations exactly due to rounding errors. But in spite of the inexactness of the solution
in practical computation, most analyses of interior-point algorithms have been carried out
under the assumption of having the exact solution of the linear system. In [4], the authors
presented the first inexact search direction interior-point algorithm for SDP. It requires
that the equations corresponding to primal and dual infeasibilities be satisfied exactly,
but the equations corresponding to complementarity are relaxed. In order to satisfy the
equations corresponding to primal infeasibility, a system of the form AATv = r needs to
be solved exactly in each interior-point iteration. However, solving such a system exactly
can be expensive when AA” is not easily invertible or ill-conditioned.

For linear programming (LP), there are numerous papers published on the subject of
infeasible interior-point algorithms using inexact search directions. In particular, Freund,



Jarre and Mizuno [1] presented a global convergence analysis for a class of inexact infeasi-
ble interior-point methods that are deemed practically implementable but no polynomial
complexity result was established. Mizuno and Jarre [7], and Korzak [5] proved global and
polynomial-time convergence of inexact infeasible interior-point algorithms. The algorithm
presented in [5] has the drawback of remaining primal-feasible once the iterate becomes
primal-feasible. Thus if the iterate happens to become primal-feasible before the com-
plementarity gap is significantly reduced, the linear system solver is forced to compute an
exact solution which may be extremely costly when the system is large. On the other hand,
the algorithms in [6] were more of a theoretical nature and may not lead to a practically
implementable algorithm. In addition, the complexity bounds for the algorithms in [5, 7]
are greater than those of the exact infeasible interior point algorithms proposed by Zhang
[17] and Mizuno [6].

In this paper, we present an inexact search direction primal-dual infeasible interior
point algorithm for SDP. This inexact algorithm has two important features. First, in each
iteration of our algorithm, the linear system is only solved to a moderate accuracy in the
residual. Thus we may employ an iterative solver such as the conjugate gradient method to
compute an approximate solution of the linear system. Moreover, our algorithm does not
require feasibility to be maintained even if the iterate happened to become feasible. Second,
we show that the algorithm can find an e-approximate solution of an SDP in O(n? In(1/¢))
iterations. The bound we established for our algorithm is the same as that of the exact
infeasible interior point algorithms proposed by Zhang [18].

The rest of the paper is organized as follows. In Section 2, we define an infeasible central
path and its neighborhood. In Section 3, we discuss issues in defining an inexact search
direction. In Section 4, we give a detailed discussion on how to choose a step length along
an inexact search direction. In Section 5, we present an inexact infeasible interior-point
algorithm for the SDP using inexact search directions, and state the main theorem which
establishes a polynomial complexity result for our algorithm. Section 6 is devoted to a
proof of a key lemma used in the proof of the main theorem. In Section 7, we make some
concluding remarks.

Throughout this paper, we use || -|| to denote the 2-norm of vectors, or Frobenius norm
of matrices. Recall that we write U > 0 to mean that U is positive semidefinite. Similarly,
U = 0 means that U is positive definite (p.d). The notation U < V means that V —U > 0.
IfU > 0, we write U3 for the positive semidefinite square root of U. We use the notation I
for the m» x n identity matrix. The maximum and minimum eigenvalues of a matrix U € S"
are denoted by Amax(U) and A\min(U), respectively.

2 An Infeasible Central Path and Its Neighborhood
Let (Xo,y0, Zo) be an initial point such that
Xo = Zo = pl, (2.1)
where p > 0 is a constant. We define
po = XgeZg/n = p (2.2)
Rb = AvecX; —b, (2.3)



R = ATy, +vecZ, — vecC. (2.4)

For 6 > 0, we consider the following system:

ATy + vecZ — vecC 0 R¢
A(vecX) —b =| 6RY |, X,Z»0, (2.5)
XZ 0 pol

If (1.3) has a strictly feasible point, then the system (2.5) has a unique solution for 6 € (0, 1].
Define

» (0,X,y,Z) € Ry x ST x R™ x S :
| ATy +vecZ — vecC = 0RY, A(vecX)—b=0R:, XZ=0pl |
The set P is called the set of (infeasible) centers, and (X,y, Z) converges to a solution of

(1.3) if (0, X,y,Z) € P and 6 — 0.
For any M € IR"*", we define the similarly transformed symmetrization operator

L [PMP! 4+ (PM P, (2.6)

Hp(M) := 3

for a given nonsingular matrix P. When P = Z %, we omit the subscript P from Hp in
(2.6).
Let 1,72 € (0,1). We define a neighborhood of the path P as follows:
0,v,X,y,Z) e Ry x Ry xS xR™ xS : §<v,
ATy + vecZ — vecC = 0(R§ + (), [I<Il < mp,
AlvecX) —b=0(Rh+¢€), A€l < mp,
VH (X 2Z) = vpio|| < yavpio,

It is readily shown that if (0,v, X,y,Z) € N, then

(1—y)vpel = H(XZ)=2:XZ% < (1+y)vuol, (2.8)
(L—y2)vpo < p < (1+72)vpg, where p=XeZ/n, (2.9)
Xest, Zes (2.10)

Remark 1. (a) In (2.7), we defined what is known as the narrow neighborhood of P.
However, the reader may check that the complexity result we established later for our
algorithm also holds for a wider neighborhood of P by replacing the condition ||H(XZ) —
vupl|| < yarvpp in N by a condition of the form yrpg < Amin(H(XZ)) < Amax(H(XZ)) <
Tvpp.

(b) For simplicity, we picked the so called HKM scaling matrix [2, 3, 8] in defining the
neighborhood N. However, the reader can easily adapt the complexity analysis in this
paper to other scaling matrices (such as the Nesterov-Todd scaling matrix [13]) in the
commutative class of the Monterio-Zhang family [10].



In this paper we always assume that
(1 =7)Xo = Xy and (1—7)Z = Zi, (2.11)

where (X, ., Z.) is a solution to (1.3). Let p be a constant such that

1
p > —(Tr(x.) + Tx(Z,). (2.12)
It is worth noting that the above assumption is a direct extension of the one in [18] that is
imposed to obtain polynomial complexity bounds.
The following lemmas are pivotal to the complexity analysis of our inexact interior-point
algorithm described later.

Lemma 2.1 For any rp and rq satisfying ||rql| < vip and ||ATr,|| < yip, there emists
(X,9,7Z) that satisfies the following conditions:

ATj+vecZ —vecC = RI+ry, (2.13)
A(vecX)—b = Rb+r, (2.14)
l=m)pl = X =2 (1+m)pl, (2.15)
(l=m)pl = Z = (L+m)pl. (2.16)

Proof. Let .
vecX = vecXy+ Atr,

g = yo+ (AN rg,
vecZ = vecZy+ QQ"ry,

where @ is a matrix whose columns form an orthonormal basis of the null space of A. It
is readily shown that for (X, g, Z), all the conditions hold true. 0

Lemma 2.2 If the conditions (2.1), (2.11) and (2.12) hold, then for any (0,v,X,y,Z) €
N with v € (0,1], we have

O0Tr(X) = O(vpn) and 6Tr(Z) = O(vpn).
Proof. For (0,v,X,y,Z) € N, there exist r, and ry satisfying ||rq|| < y1p and |ATr,|| <
~y1p such that
ATy +vecZ —vecC = 6O(RI+ry), (2.17)
A(vecX)—b = 0(RE+rp). (2.18)

By Lemma 2.1, there exists (X,7,Z) that satisfies conditions (2.13)~(2.16). From
(2.17), (2.18) and the fact that (X,,y., Z.) satisfies the equations A(vecX,) = b and
ATy, + vecZ, = vecC, we have that

A((1 —6)vecX, + fvecX — vecX) =0,



and
AT((1 = 0)y. + 07 — y) + (1 — O)vecZ, + OvecZ — vecZ) = 0.

Hence we have
- T -
((1 — 0)vecX, + fvecX — vecX) ((1 — O)vecZ, + OvecZ — vecZ) =0
or equivalently

(1-0)X. +0X)eZ + X o ((1-0)Z +07)
5 5 (2.19)
= ((1 —0)X, +9X) . ((1 —-0)Z, + oz) L XeZ
Using (2.9), (2.12), (2.15), (2.16) and the fact that X, e Z, = 0, we obtain
0(1—7)p(Te(X) +Te(Z) = 0(L—m)p(IeX +1eZ)
< (BX)eX +(02)0Z < ((1 —0)X*—|—0X') o X + ((1—9)z*+92) o7
= ((I—H)X*+0X) . ((1—0)Z*+02) 1 XeZ

< 01-0)(1L+m)p(XeoI+TeZ) + 0*(1+7)%p*n + (1 +y2)vnu
< 8vpn.
Therefore,

S8vpn
l—n

OTx(X) < 8vpn

and 0Tr(Z) <

H
—_
|
<
=

and thus the lemma holds. 0

Remark 2. (a) Suppose
L={Xy,2): (0,v,X,y,2)eN,ve(01], 0 =v}

Then by Lemma 2.2, the set £ is bounded.
(b) Suppose we generate a sequence {(6x, vk, Xk, Yk, Zx)} in the neighborhood A such that

vp >0, V k, and 1:VOZVkZVk+1ZO.

If vy, — 0 as k — 0, then any limit point of the sequence {(Xg,yk,Zx)} is a solution of
(1.3). If 6, = vy, then the sequence {(X, Z;)} is also bounded.

3 Inexact Search Direction

We choose parameters 71 € (0,1], 9o € (0,1) with n; > ny. Let 6y, 9 = 1. Choose a vector
yo € R™. Tt follows from (2.1) that (6, vo, Xo,y0, Zo) € N.



Given a current point (0, vk, Xk, Yk, Zr) € N, we outline the idea on how to generate
a new point (Og1, Vki1, Xpa1, Ykt Zes1) € N. At the current point, we try to compute
a search direction (A Xy, Ayg, AZ) that satisfies the following linear system:

0 AT T vecA Xy —mR,‘g
A 0 O Ay, = -mRY |, (3.1)

E, 0 F; vecAZy vecli],

where
1 1 1 _1 _1 1
By = 22 ©%}, F= 4} Xk®24,7 + 2,7 © 4] Xy,). (3.2)
1 1

RZ = (1 - n?)VkMOI - Zk:szZlf . (33)

It is worth noting that Ej is symmetric p.d., but F} is generally nonsymmetric. Note that
the last equation in (3.1) is equivalent to

H(XpZp + AXyp Zp + Xp AZy) = (1 — n2)vgpiol. (3.4)

We define
Op(a) = (1 —am)bk, vi(a) = (1 —an)v, (3.5)
Xk(oz) = X+ OZAXk, yk(a) = Y+ aAyk, Zk(oz) = Zp+ OZAZk. (36)

It is obvious that fi(a) < vg(a) for a € (0,1]. We choose oy, € (0,1] so that the new
iterate

(Okt1, Vi1, Xkt 1, Y1, Zi1) 2= (Or(ar), vi(ar), Xi(ar), ye(ar), Zi(ag)) € N.

For practical reasons, the search direction (AXy, Ayg, AZr) may not be computed by
solving the linear system (3.1) exactly. This leads us to consider using an inexact search
direction (AXy, Ayg, AZy) instead.

Let {0;}2, be a monotonically decreasing sequence of numbers in (0, 1] such that
g = » 2p0; < oo. In this paper, we accept (AXy,Ayy, AZy) as an inexact search
direction at the k-th iteration if it satisfies the following linear system:

0 AT T vecA X, —m (B¢ +rd)
A 0 0 Ay = | —m@®+r3) | (3.7)
E, 0 F vecAZy veclty

where the “residual components” satisfy

IAPR|| < yipbor,  |rill < mpOrog. (3.8)

Remark 3. (a) In practice, it is easy to check whether the conditions in (3.8) hold. Let opmin
be the smallest singular value of A. Since ||[A™|| = 1/0min, if we have ||[r?|| < 710 0k0k0min,
then [[ATrY|| < y1p0koy.



(b) One can also check the first condition in (3.8) directly by carrying out a small number
of conjugate gradient iterations to estimate the norm ||[A*r}||. Note that one needs only
a very crude estimate of the norm, say 90% in relative accuracy, to check this condition in
practice.

(c) For the algorithms proposed in [4], the quantity Aﬂ“i needs to be computed exactly, and
this can be expensive when AA” is not easily invertible or ill-conditioned. Our algorithm
avoids such a need and thus offers some computational advantages over those proposed in
[4].

In (3.7), we require the third equation to be satisfied exactly, because in practical com-
putation, either AX; or AZ; is first computed, and then the other unknown is computed
by using the third equation. For example, an inexact search direction (AXy, Ayy, AZy)
can be computed in practice by either one of the following procedures.

Procedure A.
e Compute a Ay that satisfies the following linear system:

A(B F) AT Ay = —m B — AE! (ankag + vec(Rz)) —mrk,

with the residual vector r} satisfying [|A*r]| < v1p 0,04

e Compute AZj by
vecAZk = —ATAyk —7’]1Rz.

e Compute AXy by

_ 1 _ _
AXy = (1—m)vgpoZy ' — Xy — §[Xk(AZk)Zk " (Xk(AZp) 27D

Procedure B.
e Compute a Ay, and AX} that satisfies the following linear system:

[ —F, 'Ey, AT] [AX,C] B [ —m Ry — F, 'vecR§ ] [Wg]
A 0 Ay —mRj, mry, |

with the residual vectors r¢ and 7! satisfying ||ré||, ||A*rl|| < y1p0k0y.
e Compute AZ; by

vecAZ, = F,;lvecRc - F,;lEkvecAXk.

4 Step Length

In this section, we discuss how to choose a step length o, along an inexact search direction
(AXy, Ay, AZ}) obtained from (3.7) to generate a new point (01, Vk11, Xka1, Ykr1s Zps1) €
N. For any « € (0,1], let

Rl (a) = A(vecXi(a)) —b, and Ri(a)=ATy(a)+ vecZy(a) — vecC,



where Xy (o), yi(@) and Zi(«) are defined as in (3.6). From (3.7), we have

Ri(a) = Rﬁ — am(Rﬁ + ’I"Z) = (1- am)Rﬁ — amri
= (1 — am)0(RY +E&k—1) — amry,
- (1— D o an p)
(1 — am)b (Ro + k1 A= an)r®
= Or() (R) +&k(a)), (4.1)

where 0 () is defined as in (3.5), and

an P
a) = &1 — ———T.
gk( ) fk 1 (1_0"’71)019 k
It is readily proven that
k—1
B R | B
= (1 —aim)o; i (1 —om)f *
Assume that a;,« < ———, then
m(1+75)
— it o
ATg ()] < - |ATPP|| + —— || AP
|A* (e Z G IAN A
k—1
< Y mp=+mp= < nip= )0
=0
< mp
Similarly, we have that
Ri(0) = Ox(a) (RS + Cul(e) (4.2)
where
= am 4 o d
- f— ———— 7y, and a)|| < .
; 1_0[”71)9 T (1 _0”71)9]4: k ||Ck( )H = 7P

Now from (3.4), we have
H(Xg(a)Z(a)) = H((Xg+ aAXy)(Z) + aAZ))
= H(XpZy)+ aH(AXpZy + XpAZy) + o H(AXLAZY)
= (1 -a)H(X1Z) + a(l —no)vppol + 2H(AXRAZL).  (4.3)
Thus,

H(Xg () Zk () —ve(@)pol = (1 —a) (H(XpZk) — vipol) + o H(AX AZy).  (4.4)
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Let P = (Zk(a))%. By Lemma 4.2 in [18] and (4.4), we have

1H P (Xk(@) Zk (@) = vi(@)pol || = yavk(e)po
< H(Xk(e) Zi () = vi(@)pol || — vavi(a)uo

< (1 - )| H(XkZk) = vipol|| + | H(AX AZE)|| = vavk(@)po
< (1= a)yorgpo + o | H(AX R AZy)|| = v2(1 — ama)vipo
= —a(l — m)yevkio + 2| H(AX A ZE)||. (4.5)
Let . (1 )
_ . — 12)7Y2VEk o
Qr = min | 1, —, > . 4.6
Y (e R N VAT (46)

By (4.1), (4.2), (4.5) and (4.6), we have that for any « € (0, o],

(Ok (), vk (@), Xk (), yr (@), Z () € N.

Remark 4. Notice that if the step-length taken at the ith iteration is «;, then

k-1 k—1
0, = H(l —a;m), v = H(l — a;n2). (4.7)
=0 1=0

Since 72 < 11, we see that 0, decreases at a rate that is faster than v;. Thus primal
and dual infeasibilities are reduced at a rate faster than the complementarity gap, unless

m=rn2.

5 An Inexact Infeasible Interior Point Algorithm

In this section, we present an inexact infeasible interior point algorithm and show that the
algorithm has polynomial convergence.

Algorithm. Let 6,19 = 1. Choose parameters n; € (0, 1] and 71,72,m2 € (0,1) with ny <
m. Pick a sequence {o}}7°, in (0,1] such that ¢ := > 72,0, < co. Choose (Xo,yo, Zo)
satisfying (2.1), (2.11), (2.12), and (6o, 1o, X0, Y0, Z0) € N

For k=0,1,...

(Let the current and the next iterate be (0, v, Xk, Yk, Zi) and (Op11, Vi1 Xkt1, Ykt1s Lkt1)
respectively.)

e Find an inexact search direction (A Xy, Ayx, AZy) by solving the linear system (3.7).

e Let ay be the maximum of all a € [0, min (l,m)] satisfying (0 (), vi(a),
Xi (@), yp(@), Zk(a)) € N. Update (0k, vk, Xk, Yk, Zx) to the point defined below:

(Okg1, Ukt Xk 1, Yt 1y Zig1) = (Or(a), v(ar), Xi(or), ye(ar), Zi(ag)).
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Theorem 5.1 Let € > 0 be a small constant. Suppose the conditions in (2.1), (2.11) and
(2.12) hold. Then vy, < € for k = O(n?In(1/e)).

We need the following lemma, to prove the theorem. The proof of the lemma will be
given in the next section.

Lemma 5.1 Suppose the conditions in (2.1), (2.11) and (2.12) hold. Then
| H(AXRAZ)|| = O(n*vgpo). (5.1)

Proof of Theorem 5.1. It follows from (4.6) and Lemma 5.1 that at k-th iteration, ay
exists and satisfies )
o> a=min (1, 5,

where ¢ > 0 is a constant. Since

k-1

1
v, = H(l — i) < (1—an)¥, and = O(n?),
=0
we have vy, < € for k = O(n%1In(1/e)). 0

6 Proof of Lemma 5.1
Our purpose here is to establish an upper bound for ||H(AX,AZ)||. Let
1,1 1 1 1 _1 TR
Sy = FyEy = §(Z,§XkZ,§ @I+IQ® Z,ngz,g), Dy =S, °F.=SE;'.  (6.1)
where Ej and Fj, are defined as in (3.2). Consider the following eigenvalue decomposition:
1 1 .
42X 2F = Q. (62)

where QT Qi = I, and Ay, = diag(A\F, A5, -+, AE) with AF > A5 > .. > A% > 0. From (2.8),
we have
(1 —y)ukpo < A < oo < AF < (14 72)vm0. (6.3)

From (6.2) and (6.3), the eigenvalues of S are {1(AF + Af) 14,7 =1,2,---,n}, and

2(1 = yo)vgpo < AP+ N5 < 2(1 +y)vppo, 4,5 = 1,2, ,m. (6.4)
Let
[ S 4,1k
Gh=35(X 22, X, T @I+ T0 X, 2, X, *). (6.5)
1 1 1 1
Due to similarity, Z; X Z? and X? Z; X;? have the same spectrum. This implies that the
eigenvalues of G, are {%(/\—1,c + )\L,c) 24,7 =1,2,---,n}, and
i J
2 1 1 2
< — 4= < i,j=1,2,...,n. (6.6)

(L+y2)vkpno — AF X T (L= 72)vkpo’

1 1 1 1
Note that E, 'F = (X7 @ X7 )Gr(XZ @ X2).
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Lemma 6.1 For any M € IR"*",

— 1 1 1
| Dy "veeM|? < muz,gMz,gH?,
1 1 1
||Dk"e0]\4||2 < muXﬁMsz”Q-

Proof. By the definition of the matrices Fy, Fi, G, S; and Dy, we have
ID,; TveeM|* = (vecM)" E.S, ' EpvecM

1
2

1 \T 1
= vec (Z,g MZ,g) S, vec (Zk MZ,g)

1 1 1
< m”vec(ZﬁMZﬁ)“Qa by (6.4)
Ly
= T M AT
Similarly,
|DyvecM|? = (vecM)TE, 'SyE_ 'vecM = (vecM)'E, ' FivecM

1 T 1 1
= vec<X,fMXkQ> Gkvec<X,§MX,§>

1 1 1
< mHVGC(XkZMXf)HQa by (6.6)
= m!l R MXZ"

Lemma 6.2
_1
Dy TvecAXy||? + || DyvecAZg|? + 24Xy o AZy = ||S, > vecRg||?,

K _
|E(AXAZ)]| < 5 (IDF" veeAX|” + [ DivecAZ)

— Yk /\k 1472
where kK = N[ /A; < s

Proof. See Lemma 3.1 and Lemma 3.3 in [18].

Lemma 6.3 We have
_1
IS, ? veeRg||” = O(nvgpug)-
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Proof. Observe that from (6.2),

St = 2(QreQr) (M @T+I®A) QL ®QF),

veclp = (Qr ® Qx)vec ((1 —n2)vppol — Ay).
Thus
7% cl2 _ c\T ¢g—1 c
|S, *vecRL||* = (vecRy)" S, “vecR;,
= 2vec (1 — mo)vppol — M) (A © I +1® Ap) tvee (1 — n2)vgpol — A)
_ = (= m2)vgpo — AF)?
- k
=1 >\7,
R
T (L= y)vkpo o '
< Xn:ﬂvkuo — A+ maviito)?
T (L= y)vkpo o '
nv,
< T +m)% by (63).
— 72
Thus the lemma is proven. 0

For the rest of the analysis, we need to introduce an auxiliary point (X, 7, Z;) whose
existence is ensured by Lemma 2.1. From (4.1) and (4.2), we have the the following
equations at the k-th iteration,

ATy + vecZy — veeC = Ok (RS + Cp), 11kl < m1p, (6.7)
A(vecXy) —b=0,(RE + &), ||ATE] < mip (6.8)

Thus by Lemma 2.1, there exists (X, §, Z;) such that

AT 4+ vecZy —vecC = REH+ (G, (6.9)
A(vecX;) —b = Rb+&, (6.10)
(1-m)pI = X, X (1+m)pl, (6.11)

(L—y)pl = Zp = (1+m)pl. (6.12)

Lemma 6.4 The following equations hold:

(X,c — X, — 0,(X) — X*)) . (Zk — 7, — 04(Z) — Z*)) =0, (6.13)

- T .
(vecAX/c + mOpvec(Xy — X,) + 771A+7’£) (vecAZk + mOpvec(Zy — Z,) + nlr,‘f) =0.
(6.14)
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Proof. From (6.7)—(6.10) and the fact that AvecX, = b and ATy, + vecZ, = vecC, we
have

A (vec(Xk — X,) — Opvee(Xy — X*)) =0,
AT (e — v — OOk — y4)) + (VeC(Zk — Z.) — Opvec(Zy, — Z*)) =0.
The above two equations imply that
- T .
(vec(X]c — X,) — Opvec(Xy; — X*)) (vec(Zk — Z,) — Ovec(Zy, — Z*)) =0,

which proves (6.13).
Next we proceed to prove (6.14). From (3.7), and (6.7)-(6.10), we have

A (vecAXk + mOpvec(Xy, — X,) + mAﬂaZ) =0,

AT(Ayr +mO(Jx — ys)) + (VeCAZk + mbgvec(Zy — Z,) + 7717";%) = 0.

With the above two equations, (6.14) follows. 0
Let

t = (||D,€_TvecAXk||2 + ||DkvecAZk||2)%, (6.15)

B = (1D, vee(Xe — X + | Divee(Zi — Z.)|) . (6.16)

5 = (1D A + 1D . (6.17)

Then we have the following lemma.

Lemma 6.5
b < 20k +0) + VT,
where T = ||S,;%vecR,CcH2 + 2(m0)%( Xy, — X,) ® (Z1, — Z,) + 203 (018 + 6)0.
Proof. Let RY, R4 € R™ " be the unique matrices such that
vecRL = AT and vecR{ =r{.
Then (6.14) is equivalent to the following equation:
(AXk +mOu(X = X.) +mRY) o (AZk+ mbc(Zs — Z.) + mRE) =0. (6.18)
From (6.18), we have that

AXp o AZy = —mby (AXk o (Zy — Z)+ (X — Xu) @ AZk)
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— (k)3 (X — X.) @ (Z — Z.) — m(AXg e RE 4+ RE o AZ)
20 (X = X.) o RE+ RY o (Zy — Z.)) = ni Ry o R
> —mOpBt —mot — (m0)*(Xi — X.) @ (Zy — Z.) — {0480 — %n%ﬁ
> —n(0xB + O)t — (mOk)*(Xp — X)) @ (Z — Zi) — 17 (0kB + 6)0.
By Lemma 6.2 and the above inequality, we have

t2 — 21 (0B + 0)t — 7 < 0.

Hence,
t< m(BkB+8) + [0k +8)2 + 7
< 2m(0kB +0) + VT
The second inequality is obtained by the fact that Va+b< Va + Vb for a,b>0. 0

Lemma 6.6 We have
(52 = O(nQVk,uo).

Proof. From (3.8), we have
IA*Hl < kyip, and rfll < Bkyip. (6.19)

By Lemma 6.1, (6.18), and using the fact that the Frobenius norm ||M| < Tr(M) for
M € S%, we have

1
D.TAY?E < —————— |1 Z P AT
IDTATIE < Gz PlA
1
< . Tv(Z)?|| A2
(1 — y2)Vpo (Ze) |
2 2
P 2 2
S Va— WA
(= g )
1
= ——0(n%?p"), by Lemma 2.2
(1 = y2)vkpo
= O(n*vgpo).
Similarly,
1
IDrfl? < e Xl
1
< Tr(X)? I

(1 = y2)vppio
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Vip?
(1 — y2)vppio
1
(1 — y2)vppio

07 Tr(Xy)?

IN

O(n*vip'), by Lemma 2.2
= O(n*vppg).

Therefore, 02 = O(n?vuo).

Lemma 6.7 Under the conditions (2.1), (2.11) and (2.12),

(Xk - X*) hd (Zk - Z*) = O(”MO)-

Proof. Using the fact that Xy, Zy, X, and Z, are in S7, (6.11) and (6.12),
(Xk—X*)O(Zk—Z*) = XkOZk—XkOZ*—X*OZk—i-X*OZ*
S Xk [ ] Zk
2.2 _ 2
< (T +72)"np" = (1472) npo,
which proves the lemma.
Lemma 6.8 Under the conditions (2.1), (2.11) and (2.12),
0; 67 = O(n*vipo).-

Proof. By Lemma 6.1, and noting that X, = X,, we have

D5 Tvee(X, ~ X € 17 (R - X2
1 Lo 1\ 2
< o™ (A K- %02
o 2
= T (Ko=)’
and similarly,
|Dpvec(Zy, — Z,)|? < v (Xk .« (7 — Z*))Q,
(1 — y2)vkpio
Thus,
hf< — T g ((Xx = X.) 8 Zi+ X o (Z - 2.)).

(1 — y2)vppio
Using (6.13) and the fact that X, e Z, = 0, we get

O ((Xk — X.) o Zy+ Xi 0 (Z), — Z*))
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= XpoZ,—Xp0Z, —X,0Z, +0p(Xp0Z, + X, 0 Z)
+0]%(Xk02k—Xk.Z*—X*.Zk)

< XpoZp+0p(Xp 0 Zs + X, 0 Zp) + 62 Xy, 0 2,

< L+ y)nvppo + vl +71)p(I  Zy + X, 0 I) + v2(1 4 v1)*nug

< 6nwgpo 4 2vkp (Tr(X.) + Tr(Z))

< 6nugpo + 2nukp?,  (by (2.12))

= 8nyguo.
Hence

0i 5* < ban v _ O(n*vpio),
1=

and this completes the proof. 0

Proof of Lemma 5.1. It follows Lemma 6.5 and the fact that (a +b)? < 2a%+ 2b? that

2 < (200k8+0) +/1)? < 8(6kS + ) + 27,
_1 ~ ~
T < |18, ?vecRy||* + 207 (Xy — Xi) ® (Zk — Zs) + 2(0k B + 0)0.
Thus
1 ~ ~
2 < 8(0kB + 0)(0kB + 20) +2||S, *vecRy||? + 407 ( Xy — Xi) o (Zk — Z.)
< O(n*vppo) + O(nvguo) + O(nvipg), (6.20)

where we used Lemmas 6.3, 6.6, 6.7, and 6.8 in proving the last inequality. By Lemma 6.2,
we have

K
|H(AX AZE)|| < 5152 = O(n’vpuo),

and this proves Lemma 5.1. O

7 Concluding Remarks

In this paper, we presented an inexact infeasible interior-point algorithm for SDP. Our
algorithm uses an inexact search direction in each iteration by solving a linear system of
equations approximately. Our algorithm bears some resemblances to the exact infeasible
algorithm proposed in [18], and part of our complexity analysis is modeled after that paper.
In each iteration of our algorithm, we used an inexact version of the HKM direction, but it
is easy to extend our result to other search directions such as the Nesterov-Todd direction
in the Monterio-Zhang family [10].

It is known that SDP includes linear programming (LP) as a special case. Thus the
polynomial complexity bound we established in this paper also holds for LP. By adapting
the algorithm proposed in this paper to LP, we obtain an inexact infeasible interior-point
algorithm which can find an e-approximate solution in O(n?In(1/¢)) iterations. The bound
is the same as that of the exact infeasible interior point algorithms proposed by Zhang [17]
and Mizuno [6].
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Appendix

We

list some useful properties of Kronecker products that are used in this paper. We use

¢(A) denotes the spectrums of A.

AQ® B = [a;;B].

vec(AXB) = (BT ® A)vecX.

(A B)T = AT @ BT

(A B) '=A'®B L

(A® B)(C® D) = AC® BD.

A ® I is symmetric iff A is.

B(A) = (s}, $(B) = {vi} = H(A ® B) = {pivs }.
|4 & B| = ||l B].

NSO =
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