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Abstract. In this paper, thefilter techniqueof FletcherandLeyffer (1997)is usedto globalizetheprimal-
dualinterior-pointalgorithmfor nonlinearprogramming,avoidingtheuseof merit functionsandtheupdating
of penaltyparameters.

Thenew algorithmdecomposesthe primal-dualstepobtainedfrom the perturbedfirst-ordernecessary
conditionsinto a normalanda tangentialstep,whosesizesarecontrolledby a trust-region type parameter.
Eachentry in the filter is a pair of coordinates:oneresultingfrom feasibility andcentrality, andassociated
with thenormalstep;theotherresultingfrom optimality (complementarityandduality),andrelatedwith the
tangentialstep.

Global convergenceto first-ordercritical points is proved for the new primal-dualinterior-point filter
algorithm.

Keywords. interior-pointmethods,primal-dual,filter, globalconvergence

1. Intr oduction

In this paperwe usethe filter techniqueof FletcherandLeyffer [13] to globalizethe
primal-dualinterior-point methodfor nonlinearoptimization.This techniqueincorpo-
ratestheconceptof nondominance(borrowedfrom multi-criteriaoptimization)to build
a filter that is ableto rejectpoortrial iteratesandenforceglobalconvergencefrom ar-
bitrary startingpoints.Thefilter replacestheuseof merit functions,avoiding therefore
theupdateof penaltyparametersassociatedwith thepenalizationof theconstraintsin
merit functions.

Sinceits first appearancein a 1997paperby FletcherandLeyffer [13], the filter
techniquehasbeenmostlyapplied,sofar, to SLP(sequentiallinearprogramming)and
SQP(sequentialquadraticprogramming)typemethods[11,13,14].Globalconvergence
to first-ordercritical pointshasbeenprovedfor SLPby Fletcher, Leyffer, andToint [14]
in 1998andfor SQPby Fletcher, Gould,Leyffer, andToint [11] in 1999.In thecontext
of compositeSQPfor equalityconstrainedoptimization,Ulbrich andUlbrich [21] have
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alsoproposed,basedon filter ideas,a nonmonotonetrust-region algorithm.Recently,
AudetandDennis[2] presenteda patternsearchfilter methodfor derivative-freenon-
linearprogramming.Thefilter ideahasprovento beverysuccessfulnumericallyin the
SLP/SQPframework [12], motivatingits applicationsto interior-pointmethods.

Interior-pointmethods,althoughquitewell studiedfor linearandconvex program-
ming,arestill averyopentopicof researchin nonlinearprogramming.Oneof theissues
is guaranteeingglobalconvergencebecausethereseemsto beno idealmerit function.
Several approachesfor globalizing interior-point methodsusingdifferentmerit func-
tionshavebeenproposed.Seethereferences[5,8,10,15,16,22].Ontheotherhand,the
local convergencepropertiesof interior-point methodsfor nonlinearprogrammingare
quitewell studiedin the literature[6,7,10,18,23,28], althoughdifficultiesarisewhen
the limit point doesnot satisfy strict complementarityor linear independenceof the
gradientsof theactiveor bindingconstraints[17,20,24].

Theprimal-dualinterior-pointmethodis basedon theapplicationof Newton’sme-
thodto a perturbedversionof thefirst-ordernecessaryconditions.Theperturbationin-
corporatesthe(numericallyefficient) notionof centrality, forcing theiteratesto stayas
muchaspossibleaway from theboundaryof thefeasibleset.Our primal-dualinterior-
pointfilter methodis partiallymotivatedby theSQP-filteralgorithmof Fletcher, Gould,
Leyffer, andToint [11]. We alsosplit the primal-dualstepinto normal andtangential
stepsandusea trust-regionparameterto controlthesizeof bothsteps.Thenormalstep
pointstowardsthe quasi-centralpath,trying to achieve an improvementin feasibility
andcentrality. Thetangentialstepis designedto reducethesizeof thegradientof the
Lagrangianfunction(andcomplementarity).Thealgorithmincorporatesalsoa restora-
tion phase(proposedin [11,13,14] for SLP/SQP-filter)aimedto improve,if necessary,
feasibility andcentrality.

This paperis organizedas follows. A brief outline of the basicconceptof filter
methodsis given in Section2. The primal-dualinterior-point framework is presented
in Section3, wherea numberof estimatesarepresentedfor thecompositeprimal-dual
step(the proofsarepostponedto an appendix).The filter mechanismandthe primal-
dualinterior-pointfilter methodaredescribedin Section4. Section5 containstheproof
of globalconvergenceto first-ordercritical points.A restorationalgorithmis proposed
in Section6 andsomefinal remarksandopenquestionsarestatedin Section7.

We use
� � � to denotetheEuclideannormof avectoraswell astheinducedmatrix

norm.Giventwo vectors�������
	 and ��������
 , we use ��������� to representthevector��� ������������������� �
	"!#��
 . Finally, weposethenonlinearprogrammingproblemin the
generalform $&%('*) �,+#� s.t. -���+�� �/. �0+21 . � (1)

where
)43 �6587#9:� and ; 3 �65<7=9>�6? aretwice continuouslydifferentiablefunc-

tionson anopenset @BA�� 5 .

2. Basicconceptof a filter method

We begin by outlining the mainconceptsof thefilter methodby FletcherandLeyffer
[13], usingtheform analyzedby Fletcher, Gould,Leyffer, andToint [11]. Thismethod
is applicableto the generalnonlinearprogrammingproblem.However, sincein our
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interior-point approachthe nonnegativity constraints+C1 . will be handledby the
interior-pointstepcalculation,it is sufficient to sketchthebasicalgorithmicframework
of theoriginal filter methodfor thesimpler(equalityconstrained)problem$&%('*) �,+#� s.t. -���+�� �D. � (2)

where
)E3 � 5 7=9 � and - 3 � 5 7#9 � ? are twice continuouslydifferentiable

functionson anopenset @FA�� 5 .
Theconceptof NLP filter methodsoriginatesfrom theobservationthatthesolution

of a nonlinearprogrammingproblemlike (2) consistsof the two competingaimsof
minimizing a measureof feasibility G=��+#� , e.g. GH�,+#� � � -���+�� � , andof minimizing the
objective function

) �,+#� . Hence,(2) canbe seenasa bi-criteria optimizationproblem
with theadditionalrequirementthat G hassomepriority, sinceconvergenceto afeasible
pointmustbeensured.Insteadof combiningthetwo objectivesby usingapenaltyfunc-
tion, FletcherandLeyffer proposedin [13] to useafilter to build theefficientborderof
thebi-criteriaoptimizationproblemof minimizing infeasibility andobjective function
value.Thedefinitionof a filter takesinto accountthefactthatwe would like to reduce
both, G=��+#� and

) �,+#� . A filter I is afinite setof tuples �,GH��+KJL�M� ) ��+KJL��� – pairsin thiscase
– that correspondto a collectionof points + J , with the additionalrequirementthatno
filter entry is dominatedby any of theothers.Hereby, following [13], a point + , or the
correspondingpair ��G=��+#�N� ) �,+#��� , is saidto dominatea point +#O , or the corresponding
pair ��G=��+ O �N� ) �,+ O ��� , if G=��+#�QP�GH�,+ O � and

) ��+��RP ) �,+ O �MS
If + dominates+ O , thelatter is mostprobablyof no real interest.A naturalrequirement
for a new iterateis, therefore,that it shouldnot bedominatedby previousiterates.The
filter serves the purposeof collecting information on selectedprevious iterates,and
thusprovides,in termsof dominance,a selectioncriteria for new iterates.However,
it is obvious that the acceptanceof iterateswhenever they arenot dominatedby the
filter (i.e., by any of the filter entries)doesnot exclude,for example,a clusteringof
iteratesat aninfeasiblepoint.To avoid theacceptanceof pairsthatarearbitrarily close
to theefficientborder(i.e., to theboundaryof thesetof all pairsthataredominatedby
the filter), acceptabilityof + to the filter is definedin [11] in a morestringentway by
requiringthatfor all filter entries�,GH��+ J �M� ) ��+ J ���T�UI it holdsthat$WVYX#Z G=��+ J �67[G=��+#�N� ) �,+ J �67 ) ��+��]\_^4`bacGH��+ J �M�
wherè�aD�d� . ��eLfhgh� is fixed.Theoriginalconceptof nondominanceis still usedto add
a point, or the correspondingpair �,GH��+��M� ) ��+#�i� , to thefilter: If + is addedto the filter,
thenall entriesthataredominatedby + areremovedfrom thefilter.

In order to producenew iteratesthat areacceptableto the filter, Fletcher, Gould,
Leyffer, andToint [11] proposedthe useof a trust-region framework andthe decom-
positionof thestep jLk � j 5 kml j"nk into a normalstep j 5 k anda tangentialstep j"n k . The
normalstep j 5 k is computedyielding linearizedfeasibility, i.e.-���+�kh� l4o -���+�kh� � j 5 k �<. � � j 5 k � P<p#qRr&k�� (3)
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where p#q/�4� . �"e
� is a constant.It is assumedthatthereexistsa constantp 5 ^ . such
that

� j 5 k � P8p 5 Gsk for all t . Thetangentialstepis in turncomputedverifyingo -���+�ks� � j n k �<. � � j 5 k l j n k � P8r&k��
andproviding a fractionof Cauchydecreasefor aquadraticmodel u�k of

)
.

Problem(3) is infeasibleif r&k is too small in comparisonto Gsk . Therefore,it is
requiredin [11] that � j 5 k � P8p q r k $&%v' Z eh�wp=x�r xk \ (4)

with constantsp=xy^ . and z<�<� . �"e
� . In particular, for small r k , thenormalstep j 5 k
mustbetiny comparedto r k . If it is not possibleto computea normalstepsatisfying
(4), a restorationphaseis enteredwith thegoalof reducingthe infeasibility, measured
by G , asmuchasneeded.Thenthefull normalstepcanalwaysbetaken,andthusGH�,+#k ljLks� �|{ �}rm~k � . Possiblyafterreducingr&k (andreenteringrestorationif necessary),the
new trial iteratewill beacceptableto thefilter if all filter entries�,G J � ) J � satisfy G J ^ . ,
which is ensuredby the mechanismof selectingnew filter entries.If the filter test is
passed,the decreasepropertiesof the full step jLk on the model u�k are checked. If
the predicteddecreasefor

)
is not promising,morepreciselyif u�k���+�kh�R7�u�kK��+#k ljLks�R�<p=�NGh~k with aconstantp#����� . �"e
� , thentheinfeasibility is consideredto dominate

the possibledecreasein
)

. The new iterateis acceptedand +#k is addedto the filter.
Otherwise,the

)
-decreaseis requiredto satisfy the standardtrust-region acceptance

criterion ) ��+�kh��7 ) ��+#k l jLks�u k ��+ k ��7�u k �,+ k l j k � 14�
with preset�d�/� . ��eL� . If the testfails, r�k is reduced.Otherwise,thestepis accepted
and r�k is updatedasin astandardtrust-regionalgorithm.If the

)
-decreaseis met, +#k is

notaddedto thefilter, sinceG k canbeverysmallin thiscaseandadding+ k canenforce
smalltrust-regionradii to getacceptablepointsin lateriterations.

Theinterior-point filter methodintroducedin this paperis inspiredby thesketched
SQPfilter methodof [11]. Essentially, our applicationof thefilter conceptto theglob-
alizationof interior-pointmethodshasthefollowing features:

– A primal-dualinterior-pointNewtonstepformsthebasisfor thetrial stepcomputa-
tion. Thenonnegativity constraintsarehandledby a centeringmechanism.

– Weidentify two objectivesG andGL� , correspondingto feasibilityandobjectivefunc-
tion value,suchthatanappropriatesplittingof thestepin “normal” and“tangential”
componentsguaranteesdecreasefor linearizedmodelsof G and G � , respectively.

– An adaptationof thefilter framework of [11] for thepair ��GK�iG � � is proposed.
– The trial stepsdo not requirethe recomputationof normalandtangentialcompo-

nentswhenthetrust-regionradiuschanges.

3. Interior -point framework

We returnto thenonlinearprogrammingproblemposedin thegeneralform (1).
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3.1. Stepcomputation

Primal-dualinterior-pointmethodsarebasedon theideaof applyingNewton’smethod
to anappropriateperturbationof thefirst-ordernecessaryoptimalityconditions(Karush-
Kuhn-Tuckeror KKT conditions).For theproblemunderconsideration,theKKT con-
ditionscanbewritten in theform o��Y� ��+������i��� �<. � (5)-���+�� �<. � (6)� � �<. � (7)+�1 . ���W1 . � (8)

where ����� ? and �B��� 5 are the Lagrangemultipliers, � denotesthe Lagrange
function � ��+������i��� � ) �,+#� l -���+#� � �m7[+ � �=�
and

�
is thediagonalmatrixof order � in which the � -th diagonalelementis +=� . Under

aconstraintqualificationtheconditions(5)–(8)arenecessaryfor + to bealocalsolution
of (1).

We now perturbblock (7) of theKKT system(5)-(7)andwrite���x���+������i���=������ �� o � � �,+��i�#�w�b�-���+#�� ��7B�z � �  �/. �
where �z�^ . . Throughout,we will work with �z ��¡ z , where ¡ ��� . ��eL� is a centering
parameter, and z � +=���� S (9)

To abbreviatenotationweset�/� �,+������w�b� and r ��� �¢rm+��wrm���wr��b�NS
The primal-dualNewton step r � is determinedby the Newton equationfor the per-
turbedKKT system,i.e., � O£ x ��+������i����r ��� 7 � £ x��,+������w�b�N�
or, in detail,by�� o ~�
� � �,+������w�b� o -���+��Q7Q¤o -��,+#��� . .¥ . � �  �� r¦+rm�r�� �  � 7 �� o � � ��+������i���-��,+#�� ��7 ¡ z � �  S
Thechoice �z �/¡ z with centeringparameter¡ ��� . ��eL� andcomplementaritymeasurez accordingto (9) ensuresthattheprimal-dualNewtondirection r � is adescentdirec-
tion for +#����fL� andallowsthusadynamicreductionof z . Thischoiceis frequentlyused
in thecontext of linearprogrammingandwasalsousedin thenonlinearprogramming
algorithmof El-Bakryet al. [10].
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To adaptthe methodologyof a filter asoutlinedin Section2 to our interior-point
context, we have to specifythetwo quantitiesfor thefilter entries,thefirst component
correspondingto feasibilityandthesecondcorrespondingto optimality. Along with the
choiceof thefilter components,we have to find a correspondingdecompositionof the
trial stepinto anormalstepandatangentialstepthatyieldsadecreaseof thefeasibility-
andoptimality-component,respectively.

To motivateour choiceof thecomponentsin thefilter andthestepdecomposition,
we rewrite theperturbedKKT-conditionsin theform� £ x ��+��i���i��� � �� .-��,+#�� ��7�z � �  l �� o � � ��+������i���.�§e¨7 ¡ ��z � �  �/. S (10)

Thefirst termin themiddleexpressionmeasurestheproximity to thequasi-centralpath.
We recallthatthequasi-centralpath,parameterizedby z (see[1]), is definedby©_ªx � Z ��+��i��� 3 -��,+#� �/. � � � � z �«\�S
Therefore,in termsof our filter approach,it seemsnaturalto let thequasi-centralpath
play therole of thefeasibleset

Z + 3 -��,+#� �D. \ in Section2 andto choosethemeasure
of quasi-centrality GH� � � � � -���+#� � l � � ��78��+ � ���ifL� � �
as the first componentin the filter. In this context it is importantto mentionthat the
centralpathfor nonlinearprogramming©_¬x � Z ��� �,+��i�#�w�b� 3 o��Y� � � � �D. �=-���+�� �<. � � � � z �«\��
parameterizedby z , is only guaranteedto exist (for sufficiently small z ) in theneigh-
borhoodof a point ��+������i��� that satisfiesthe second-ordersufficient conditions,strict
complementarity(

$WVsX=Z +=�i�i�L��\_^ . �i� � eh�"S�S"SN��� ), andlinearindependenceof thegra-
dientsof theactiveor bindingconstraints.

The secondterm in the middle expressionof (10) measurescomplementarityand
criticality. For thesecondfilter componentwe choosethereforetheoptimalitymeasureG � � � � � + � ��fY� l � o � � � � � � ~ S
We areawarethat this choicecertainlyallows someroomfor improvements,sincethe
fact thatwe aredealingwith a minimizationproblemis not very well reflectedby G
� .
However, giventhattheinvestigationof filter methodsis still in its beginnings,wethink
thatour choiceof the optimality measureis appropriatefor the purposeof this paper.
We believe that our approachis alsoviable for otherchoicesof GL� , andreturnto this
issuein Section7.

With thischoiceof thefilter componentsit remainsto definecorrespondingtangen-
tial andnormalcomponentsof thetrial step.We usethedecompositionassociatedwith
thesplitting (10).For thenormalstep j 5 � �}rm+ 5 �]r¦� 5 �]rm� 5 � wethuschoose� O£ x � � �ij 5 � 7 �� .-���+��� ��7[z � �  � (11)
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whereasour tangentialstep j n � �¢rm+ n �wrm� n �]r�� n � is givenby� O£ x � � ��j n � 7 �� o��s� � � �.�§e¨7 ¡ ��z � �  S (12)

Notethat r ��� j 5 l j"n . However, it will becrucialthatweexploit theflexibility of the
stepsplitting to introducedifferentstepsizesfor j 5 and j�n in our trial stepcomputation.

Theadjectivesnormalandtangentialareborrowedfrom theSQPcontext [4,19] but
have herea slightly differentflavor. Thenormalstepcanbeseenasa steptowardsthe
quasi-centralpath

© ªx . Thetangentialstepis thesumof a tangentialcomponentj"n ­� O£ x � � �ij n ­ � 7 �� o��Y� � � �.. � 
thatattemptsto reduce

� o � � � � � � , with apredictorcomponentj"n~� O£ x � � ��j n ~ � 7 �� ..��eQ7 ¡ ��z � � 
that seeksthe minimization of z � +#����fL� (see,for instance,[27]). Therefore,the
tangentialstepaimsto reducetheoptimalitymeasureGL�b� � � � +=����fY� l � o��L� � � � � ~ .

We introducer asthepositive scalarthatprimarily controlsthe lengthof thestep
takenalong r � , forcing thedampedcomponents® 5 �¢r&��j 5 and ®�nM�}r��ij"n , to satisfy� ® 5 �¢r&��j 5 � P8r¯� � ® n �}r��ij n � P<r¯S
Having theseboundsin mind,andrequiringexplicitly ® n �¢r&�TP�®�5��¢r&� , we set® 5 �¢r&� � $&%('&° eh� r� j 5 �6± � (13)® n �¢r&� � $&%(' ° ® 5 �¢r&�M� r� j n �6± � $�%v' ° e«� r� j 5 � � r� j n ��± S (14)

Hereby, weusefor r²^ . thenaturaldefinition ® 5 �}r&� � e for
� j 5 � �/. and ® n �¢r&� �® 5 �¢r&� for

� j�n � �/. by usingtheconvention
$&%v'�Z e«�]³<\ � e .

Let also� �¢r&� � ��+��}r&�M�����}r��N�i�#�¢r&��� �<� l ® 5 �¢r&��j 5 l ® n �¢r&�ij n � (15)jb�¢r&� �µ´ j � �}r&�M�wj
¶��}r��N�wj
·��¢r&��¸ �8� �}r&�¹7 ��� ® 5 �¢r&��j 5 l ® n �}r��ij n S (16)

Thus, � j«�}r&� � P8g«r¯�
and r playsherea role comparableto thetrust-regionradius.

The scalars® 5 �}r&� and ®�nN�}r&� definethe stepsizestaken along the normal and
tangentialdirections,respectively, andwill be suchthat positivity andsomemeasure
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of centralityof thenew iterate� �¢r&� aremaintained.However, both ®�5��¢r&� and ® n �}r&�
dependon r , that in turn will be adjusted,not only to meetthe purposeof positivity
andcentrality, but alsoto enforceglobalconvergence.

We introducethenotationGsº=� � � � � -��,+#� � � G ¬ � � � �²»»»» � ��7 +#���� � »»»» � G
¼
� � � � � o��L� � � � � �
which allows to rewrite thefilter componentsasG=� � � � G ¬ � � � l G º � � �M� G � � � � � +#���� l � o � � � � � � ~ S
Since

� � mightnot bezero,a point � thatsatisfiesGH� � � � G
¼
� � � �D. and �,+��w�b�R1 . ,
might not bea KKT point.Thedefinitionof G
��� � � , however, guaranteesthata point �
verifying GH� � � � GL��� � � �D. and ��+��i���R1 . , is indeedaKKT point.

With the purposeof achieving a reductionon the function GL� , we introduce,at a
givenpoint � , thequadraticmodelu�� � �¢r&���� +=���� l �,+��}r���7[+��§��� l �,�#�¢r&��7����§��+� l � o��Y� � � � l4o ~½ � � � � ��� � �}r&��7 � � � ~� +��¢r&�����#�¢r&��78��+��¢r&�¹7�+#���c�¢�=�}r��¹7����� l � o � � � � � l�o ~½ � � � � ��� � �}r��¾7 � � � ~ �
byaddingto thelinearizationof +=����fY� thesquarednormof thelinearizationof om�s� � � � .
To shortennotationwealsoset z��}r&� � +��¢r&�§���#�¢r&�� S

In order to prevent ��+��}r&�M�i�#�¢r&�i� from approachingthe boundaryof the positive
orthanttoo rapidlywe will keeptheiterationin theneighborhood¿ �À`6�wÁÂ� � ° � 3 ��+��i���T^ . � � �&1�` +#���� �¯G º � � � l G ¼ � � �TP<Á +=���� ±
with fixed `��µ� . ��eL� and Á ^ . . This is a frequentlyusedcentrality condition in
infeasibleinterior-pointmethodsfor linearandconvex quadraticprogramming,cf. [27]
andthe referencestherein,andhasalsoproven its efficiency in thecontext of nonlin-
earprogramming[10]. We will seein thenext subsectionthat � � ¿ �À`6�wÁÂ� implies� �}r��Q� ¿ ��`��]ÁÂ� whenever r���� . �]rmÃ¹Ä ÅLÆ for a givenconstantrmÃ¹Ä Åm^ . .
3.2. Stepestimates

Thefollowing lemmaprovides,at � �¢r&� , upperboundson thevaluesof Gsº , G ¬ , G"¼ , andGL� in termsof r andof thecorrespondingvaluesat � . It alsoprovidesa lower bound
for thedecreaseproducedon thequadraticmodel u by thestep� �¢r&��7 � .
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Lemma 1. There exist positiveconstantsÁÇº , Á ¬ , and Ád¼ , dependingon an upper
boundfor G
¼ andon theLipschitzconstantsof o - and o ~� ½ � , such that, for all rµ^ . ,G º � � �¢r&���QP|��e¨7�® 5 �¢r&�i��G º � � � l Á º r ~ � (17)G ¬ � � �¢r&���QP|��e¨7�® 5 �¢r&�i��G ¬ � � � l Á ¬ r ~ � (18)G ¼ � � �¢r&���QP|��e¨7�® n �¢r&���§G ¼ � � � l Á ¼ r ~ S (19)

For r satisfying. �<r²P�r�ÈYÉ , it alsoholdsG
��� � �¢r&���QP ´ e¨7�® n �¢r&���§eQ7 ¡ � ¸ GL�b� � � l Ád�Yr ~ � (20)

for somepositiveconstantÁd� .
Finally, for any r�^ . , wealsohaveu�� � �67�u�� � �¢r&���Q1�® n �¢r&���§eQ7 ¡ ��G � � � �NS (21)

Now we statea resultthat saysthat if the currentpoint ��� ��+������i��� satisfiesthe
centralityrequirement

� �&1�`#z � , sodoesthenext point � �}r&� � �,+��}r��N�����¢r&�N�i�#�¢r&��� ,
provided r is sufficiently small.A similar propertyis alsostatedfor the inequalitiesGsºH� � � l G
¼
� � �TP<Á|z and ��+��i���R^ . .
Lemma 2. Let

� � O£ x � � �]Ê ­ � P<Ë and,for `y�d� . �"e
� and ÁÌ^ . , assumethat� �&1�`�z �b�0GYº=� � � l G
¼L� � �QP�Á|z¹S
There existsa constantr Ã¹Ä Å such that, if . �<r²P<r Ã¹Ä Å , then� �¢r&���=�}r��R14`�z��¢r&�§�b� (22)GsºH� � �¢r&�i� l G"¼L� � �}r&���¨P<Á|z��¢r&�NS (23)

Furthermore, if ��+��i���R^ . , then,for all r in � . �wrmÃ¹Ä ÅLÆ ,��+��¢r&�M�w�=�}r��i�T^ . S (24)

Thus,� � ¿ ��`��]ÁÂ� implies � �¢r&�T� ¿ �À`6�wÁÂ� for all r��d� . �wrmÃ¹Ä ÅLÆ .
The proofsof theseresultsarequite technicalandareleft for an appendixof this

paper.

4. The interior -point filter method

Our definition of a filter takesinto accountthe fact thatwe would like to reducebothGH� � � � G ¬ � � � l GsºH� � � and G
��� � � . Hence,we chooseG and G
� to form a filter entry,
whereG measuresfeasibilityand GL� measuresoptimality. We thusreplacetheobjective
function value by the criticality measureGL� . Sincewe introducedthe filter concept
alreadyin Section2, we give hereonly formal definitionsto setthe notationsfor the
restof thepaper.
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Definition 1 (Dominance).A point � , or thecorrespondingpair ��GH� � �M�iGL�H� � �i� , is said
to dominatea point � O , or thecorrespondingpair ��GH� � O �M�iG
��� � O ��� , ifGH� � �TP�GH� � O � and G � � � �QP�G � � � O �M�
or, alternatively, if thefollowing inequalityis violated:$WVYX#Z GH� � �¹7�GH� � O �M��GL��� � �¹7�G
��� � O �]\Í^ . S
Definition 2 (Filter). A filter is a finite subsetIÎAC�6~ consistingof pairs ��GbÏH�iG«Ï� � ,
with G«Ï ������ G Ïº l G«Ï¬ , suchthatno pair candominateany of theothers.

Aspointedoutin Section2, themererequirementthatanew iterateis notdominated
by any of thefilter entriesis too weakasanacceptancecriterion.Instead,we require:

Definition 3. Let ` a �/� . �"eLfsg«� be fixed.Thepoint � is acceptableto thefilter I if,
for all �,G«ÏH��G«Ï� �T�UI , it holds$&VsX=Z G Ï 7�GH� � �M��G Ï� 7�GL�b� � �]\m^�`�a¾G Ï S

In the courseof the algorithm,we will addselectednew pointsto the filter. This
procedureis donein thefollowing way:

Definition 4. By adding � to thefilter I we meanthefollowing operation:I�Ð9ÑI � Z ��G=� � �N��GL�K� � �i�]\YÒÓ �,G Ï ��G Ï� �T�UI 32$&%v'�Z G Ï 7[GH� � �M�iG Ï� 7[G � � � �M\¦� .=Ô S
Remark1. Therefore,if � is addedto thefilter, all old entriesthataredominatedby the
new entryareremoved. ÕÖ

Our primal-dualinterior-point filter methodgeneratesiterates� k ! ­ �F� kK�¢r&kh�m×�� k thatareacceptableto thefilter, but notall new iterates� k ! ­ areaddedto thefilter.
In general,the primal-dualinterior-point filter methodimposesa sufficient reduc-

tion criterion relating the actual reductionin G
� with the reductionpredictedby its
model u�k : Ø km14�
where Ø k �§���� GL��� � k«��7[GL��� � k��}r�k«���u k � � k ��7[u k � � k �¢r k ���
and �¯�d� . �"e
� is a presetconstant.

However, thetestof this conditionis skippedifu k � � k �67[u k � � k �¢r k ���¨��pHGH� � k � ~ �
where pF�µ� . �"e
� is a presetconstant.In other words, the sufficient reductioncrite-
rion

Ø kU1Ù� is only imposedwhenthereductionin themodel u�k is sufficiently good
comparedwith GH� � k«�§~ . In thesituationwhere

Ø k&�8� and u�k�� � kh�¹7�u�k�� � kK�¢r&ks�i�¨�pHGH� � kh��~ , the new iterate � k ! ­ �Ú� kK�¢r&kh� is acceptedand the previous point � k is
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addedto thefilter (guaranteeingthatthis new filter entrysatisfiesGH� � kh�¨^ . ). This se-
lectioncriterionof addingpoints � k to thefilter preventsusfrom building upafilter for
which thecomputationof acceptablepointswould requiretoo smalltrust-regionradii.

If
Ø k¦14� andu�k�� � kh�
7�u�k�� � kH�¢r&ks�i�T1�pHGH� � k«�§~ , theiterate� k is notaddedto the

filter. This situationis theonly onewherea new iterate � k ! ­ �Â� k��}r&ks� is computed
andthepreviousone, � k , is not addedto thefilter.

If G=� � k � is too large comparedto r k (or to an appropriatepower of r k ), the al-
gorithm entersa restorationphasewith the purposeof reducing G . More precisely, a
restorationalgorithmis calledifG=� � kh�T^8r&k $�%v'�Z ` ­ �§` ~ r¦Ûk \«�
where ` ­ , ` ~ , and Ü arepresetpositive constants.Therestorationalgorithmmustpro-
duceanew iterate� k ! ­ thatisnotonlyacceptableto thefilter butalsosatisfiesG=� � k ! ­ �RPr&k $&%('�Z ` ­ �§` ~ r¦Ûk \ . In thissituation,thepreviousiterate� k is addedto thefilter (guar-
anteeingalsothatthis new filter entrysatisfiesG=� � ks�*^ . ). In Section6, we proposea
restorationalgorithm,basedon theprimal-dualinterior-point framework of this paper,
thatverifiestherequirementsof therestorationphase.

The primal-dual interior-point filter methodsatisfyingthe above featuresis now
presented.Notethatstep5 guaranteesthatthepotentiallynew iterate� k��¢r&ks� is always
acceptableto thefilter.

Notation. In the following algorithm,the currentiteratein iteration t is denoted
by � k andthenormalandtangentialtrial stepsaredenotedby j�n k and j 5 k , respectively.
Further, the stepsizes ® 5 k �¢r&� and ®�nk �¢r&� aredefinedaccordingto (13) and(14), re-
spectively, with j 5 � j 5 k and j�n � j"n k . Similarly, � k �¢r&� and j k �¢r&� aredefinedby (15)

and(16), respectively, with ���8� k , j 5hÝ n � j 5hÝ nk , and ® 5hÝ nN�¢r&� � ® 5«Ý nk �}r�� .
Algorithm 1 (Primal-dual interior -point filter method).

0. Choose¡ �4� . �"e
� , Þ2��� . ��e
��` ­ ��` ~ ^ . , . �DÜ¾�����wp[�Âe , and `�a|��� . ��eLfhgh� . SetI 3 ��ß . Choose�,+Hàb�i�
à
�Í^ . and �sà , anddeterminè��<� . �"e
� suchthat
� à"�
àW1`�z�à with z�à � +#�à �
àYfL� . Further, chooseÁá^ . suchthat Gsº=� � àL� l G
¼"� � àY�TP8Á|z�à .

ChooserWâäãà ^ . andset t 3 �/. .
1. Set z�k 3 � +#�k �YksfY� andcomputej 5 k and j�n k by solving the linearsystems(11) and

(12), respectively, with � � ��z�� � � � k���z�ks� .
2. Computer O k ��å . �]r&âæãk Æ suchthat+#kH�¢r&�R^ . ���LkK�¢r&�T^ . � � k��¢r&�§�YkK�}r&�R1�`�z�k��¢r&��� for all rµ��å . �]r O k Æ

andsuchthat r O k is not smallerthanthe largest Þ�ç"rWâäãk , è �C. �"eh��S"S�S , having this
property.

3. Computethelargest r O Ok � Þ J r O k , é �<. ��e«��S�S"S , suchthatGsºH� � kH�¢r O Ok ��� l G
¼
� � k��}r O Ok �i�TP8Á|z�k��}r O Ok �NS
Set r&k 3 � r O Ok .
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4. If GH� � k«�mP�r&k $�%v' Z ` ­ �§` ~ r¦Ûk \ thencontinuein step5. Otherwiseadd � k to the
filter andcall a restorationalgorithmthatproducesa point � k ! ­ suchthat:� k ! ­ � ¿ �À`6�wÁÂ� with z�k ! ­ � +=�k ! ­ �Yk ! ­ fL� ;� k ! ­ is acceptableto thefilter;GH� � k ! ­ �¨P�r&k ! ­ $�%v' Z ` ­ �§` ~ r¦Ûk ! ­ \ with r&k ! ­ � r&k .
Set rWâäãk ! ­ 3 � r&k , t 3 � t l e , andgo to step1.

5. If � k��}r�k«� isnotacceptableto thefilter (with � k consideredin thefilter if u�k�� � k«�N7u�k�� � kK�}r�kh���T�<pKG=� � ks� ~ ), thengo to step11.
6. If u�k�� � ks�¹7[u�k�� � k��}r&ks��� �/. , thenset

Ø k 3 �D. . Otherwise,computeØ k � G � � � k �67[G � � � k �}r k ���u�k�� � kh�67[u�k�� � kK�¢r&kh�i� S
7. If

Ø k ��� and u k � � k �¹7[u k � � k �}r k ���R1<pHGH� � k ��~ thengo to step11.
8. If u�k�� � ks�¹7[u�k�� � k��}r&ks���T�<pHGH� � ks��~ thenadd � k to thefilter.
9. ChooserWâäãk ! ­ 18r&k .

10. Set � k ! ­ 3 �D� k��¢r&ks� , t 3 � t l e , andgo to step1.
11. Set � k ! ­ 3 �/� k , j 5 k ! ­ 3 � j 5 k , j"n k ! ­ 3 � j"n k , r O k ! ­ 3 � r�kbfsg . Set t 3 � t l e andgo

to step3.

In practice,step2 would be implementedas r O k �Fê k �r O k , where �r O k is the largest
valueof r suchthat �,+#kH�¢r&�M�w�LkK�¢r&����1 . and

� k��¢r&�§�Yk��}r&��1�`�z�k��¢r&��� and ê k is
a parameterin �¢Þ��"e
� to enforce �,+#kK�}r&�M�i�Yk��}r&���m^ . . The adjustmentof ê k would be
importantto achievearapidrateof localconvergence.Wepointout thatthecalculation
of r&k is split in steps2 and 3 for good reasons.In fact, in step2 it is possibleto
determineexplicitly r O k (moreprecisely �r O k ). However, becauseof thenonlinearityofGsº and G
¼ , that is not thecasein step3, wherewe know from Lemma2 that indeedall
sufficiently small r O Ok verify G º � � k �¢r O Ok ��� l G ¼ � � k �¢r O Ok �i�_PBÁ|z k �¢r O Ok � but we cannot
explicitly determineit.

5. Global convergenceto first-order critical points

For the rest of this paperwe assumethat
Z � kb\ is a sequenceof iteratesgenerated

by theprimal-dualinterior-point filter method(Algorithm 1). We will alsoimposethe
following assumptions.

Assumption1.

(A1) Thesequence
Z �,+#k��i�«k��i�YkY�M\ is bounded.

(A2) Thederivatives o - and o ~� ½ � exist andareLipschitzcontinuousin anopenset
containingall theiterates�,+#kK���«kb�w�Lkh� andtheline segmentså � k�� � k l jLk��¢r&ks��Æ .

(A3) Thereexists Ëë^ . suchthatfor all t it holds
� � O£ xsì � � kh� Ê ­ � P8Ë .

Remark2. (A3) holdsin a neighborhoodof a regular point ��í satisfyingthe second-
ordersufficient conditionsandstrict complementarity, seefor instance[10]. Moreover,
conditionsaregiven in [10] underwhich (A1) and(A3) areensuredif the iterates� k
arekeptin

¿ ��`��]ÁÂ� andonly theboundednessof
Z +#kb\ is assumed.



A globally convergentprimal-dualinterior-point filter method 13

As wewill see,theseassumptionswill allow usto proveglobalconvergenceto KKT
points.SinceKKT pointsarefeasible,we arerestrictingtheanalysisto problemsthat
arenot infeasible.It is theuniformboundednessof theinverseof theJacobiangivenin
Assumption(A3) thatrulesout infeasibility. ÕÖ
Thefollowing simpleresultis a directconsequenceof theseassumptionsandof Lem-
mas1 and2.

Lemma 3. Thefollowing hold:

i) Thesequences
Z G º � � k �]\ , Z G ¬ � � k �M\ , Z z k \ , and

Z G � � � k �]\ arebounded.
ii) TheconstantsÁ º �wÁ ¬ �wÁ ¼ �wÁ � in Lemma1 are boundedfor all t .
iii) There exists r Ã¹Ä Å ^ . such that the conditionsin steps2 and 3 are satisfiedfor

all r O k �wr O Ok �8å . �wr Ã¹Ä Å Æ . Thus,steps2 and3 leave rWâäãk unchangedfor . P|rWâäãk Pr Ã¹Ä Å andwehave r k � r âäãk .
iv) It holds

$WVsX=Z � j 5 k � � � j"n k � \ÍP8Ë&�}Á l �,� ~T7[� l e
� ­ Ý ~"�§z�k for all t .

For theresultiv) we usethat
� � ��7�z � � PÙ��� ~¨7���� ­ Ý ~Nz and

� �§e¨7 ¡ ��z � � P4� ­ Ý ~Nz .
Given the fact that

Z ��+ k ��� k �i� k �]\ is bounded,the boundednessof the sequenceZ jb�}r k �]\ follows by Lemma3. (Note that
� j 5 k � and

� j�n k � areboundedby iv) and ® 5 k
and ®�nk donot exceedone.)

Westarttheconvergencetheoryby showing thatnew iteratesarealwaysacceptable
to the filter andthat all filter entries �,G«ÏK�iG«Ï� � obey GbÏ�^ . , two factsthat requireno
analysisandfollow directly from thestructureof thealgorithm.

Lemma 4. If � k is addedto thefilter, then GH� � kh�R^ . .
Proof. An iterate � k is addedto thefilter eitherin step4 or in step8. In thefirst case
(step4), we seethat GH� � kh�¨^Dr&k $&%(' Z ` ­ �§` ~ r¦Ûk \¦^ . . In thesecondcase(step8), we
concludefrom Lemma1, (21) thatGH� � k«� ~ ^ ep �,u�k�� � kh��7�u�k�� � kK�¢r&ks�i�T1 . S
Thus,in bothcases,GH� � k �R^ . . ÕÖ
Lemma 5. In all iterations t¯1 . , thecurrentiterate � k is acceptableto thefilter.

Proof. Theproof is by induction.SinceI is emptyin iteration t �<. , theinitial iterate� à is certainlyacceptableto thefilter. Now let tU1 . andassumethat � k is acceptable
to thefilter. The iterate � k ! ­ is eithergeneratedin step4, or in step10, or in step11.
If � k ! ­ is obtainedin step4, then � k is addedto thefilter anda restorationalgorithm
is calledthatreturnsa point � k ! ­ thatis acceptableto thefilter. If � k ! ­ is obtainedin
step10, thenthenew iterate � k ! ­ �B� k��¢r&kh� passedthefilter acceptancetestin step
5 (with � k consideredin thefilter in thecasewhere � k is addedin step8). Finally, if� k ! ­ resultsfrom step11, then � k ! ­ �²� k and � k is not addedto the filter. By the
inductionhypothesis,� k is acceptableto thefilter. Sincethefilter is not changed,the
sameholdstruefor � k ! ­ �D� k . ÕÖ
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Thenext threelemmasdescribea few technicalresultsthatareneededto establish
global convergenceto first-ordercritical points.The first of theselemmasprovidesa
crucial inequalityshowing that feasibility andcentralityat � k��¢r&ks� areof theorderofr�~k .
Lemma 6. There existsa r ç ^ . such that, if r&kmP�r ç in step5, it holdsGH� � k �¢r k ���RPÙ�¢Á º l Á ¬ ��r ~ k S
Proof. If step5 is reached,then G=� � ks�TP�` ~ r ­ ! Ûk S
Thus,by (A3) and(11),wehave

� j 5 k � P8Ëî` ~ r ­ ! Ûk . In thecase
� j 5 k � �/. wegetfor allr k ^ . that ® 5 k � $�%v' Z eh�]r k f � j 5 k � \ � e by our naturalconvention

$&%v' Z e«�]³<\ � e .
Otherwise,wehave r k� j 5 k � 1 eËî` ~ r¦Ûk S
We seethenthat ® 5 k � e wheneverr�kmP<r ç ������0ï eËî` ~Kð 	ñ S
Thus,wehave in bothcases® 5 k � e for r k P8r ç . But then,by Lemma1,GH� � kK�¢r&k«���RPÙ�¢ÁÇº l Á ¬ ��r ~ k S ÕÖ
Remark3. We stressthat Lemma6 as well as the next two Lemmas7 and 8 make
assertionson thesituationin step5 of thealgorithm. Step5 is precededby step4, and
thus,in step5 alwaysholds G=� � kh�TP8r&k $�%v'�Z ` ­ �§` ~ r Û k \«� (25)

sinceotherwisestep4 calls restorationinsteadof step5. As we have alreadyseenin
Lemma6, (25) makesit possibleto show GH� � kH�¢r&ks��� ��{ �}rm~k � for sufficiently smallr k , whichwould beimpossiblewithout (25)holding. ÕÖ
Thenext two lemmasdealalsowith step5of theprimal-dualinterior-pointfilter method.
They provide sufficient conditionson the valueof r&k for � �}r�k«� to be acceptableto
thefilter in step5. In both lemmaswe analyzetheacceptabilityof � �}r�k«� to thefilter
consideringthat thefilter contains� k if u�k�� � kh��7du�k�� � k��}r�k«���î��pHGH� � k«�§~ , despite
the fact that, in this situation, � k will possiblybe addedto the filter only in step8.
Firstly weconsiderthecasewhere� k is boundedawayfrom aKKT pointandthefilter
hasafinite numberof entries.



A globally convergentprimal-dualinterior-point filter method 15

Lemma 7. Supposethat G=� � ks� l G
��� � k«�21Úò�^ . for all t . There exists r&ó8^ .
dependingonly on ò andon thevaluesof thefilter entries,such that, if. ��r k P8r ó �
then � �¢r&kh� is in step5 acceptableto thefilter (with � k considered in thefilter whenu�k�� � kh��7�u�k�� � kK�}r&ks���T�8pKG=� � kh��~ ).
Proof. Since. �4` a �/eLfhgm��e , wehave from Lemma4 thatGLa � $&%v'a �§e¨7[`�aR��G Ï ^ . S

Considerfirst thecasewhereGH� � ks�T18òMfhg . Then � kK�¢r&kh� is acceptableto thefilter
(with � k consideredin thefilter when u�k�� � kh��7�u�k�� � kK�¢r&ks�i�T��pHGH� � k«� ~ ) ifGH� � kK�¢r&ks�i�TP eg $&%v' Z G
aî�"��e¨7y`�aT��òNfsg�\�� $�%v'�Z G
aî�"��e¨7y`�aT��òNfsg�\bS (26)

We alsoknow from Lemma6 thatGH� � kK�}r&ks���TP|�¢ÁÇº l Á ¬ �ir ~ k
holdsfor r&k2Për ç . Thus,(26) is satisfiedfor r&k�PBrõô ­�öó with rõô ­§öó ^ . depending
only on GLa , ò and,of course,on ÁÇº , Á ¬ , `ba , and r ç .

Otherwisewehave GL��� � kh�R18òNfsg . If � k is notconsideredin thefilter in step5, then

a similar argument,with GH� � k �¢r k �i��P ­~ G a insteadof (26), shows that if r k PÙr ô ­§öó
then � k �}r k � is acceptableto thefilter. Moreover � k �¢r k � is alsoacceptable,with � k
consideredin thefilter when u k � � k ��7[u k � � k �¢r k ���¨��pHGH� � k ��~ , if, in addition,G
��� � kH�¢r&ks���¹7[GL��� � ks�T��7T`bacGH� � k«�MS (27)

In therestof theproof we show how this boundcanbeachievedfor sufficiently smallr&k . Sincestep5 is reached,we know thatG=� � k �TP�` ~ r ­ ! Ûk S
On theotherhand,we obtainfrom GL��� � ks��1|òNfsg andLemma1 with . �Ùr�kUPÙr ÈLÉ
that GL��� � k��}r�k«���67�GL�b� � kh�RP|7_�§e¨7 ¡ �§® n k òNfsg l Ád�Lr ~k S
Hencewe needto show that7_�§e¨7 ¡ �§® n k òNfhg l Ád�Yr ~k �|7T`�a�` ~ r ­ ! Ûk S
Since

� j 5 k � and
� j"n k � areboundedby aconstantÁ�÷ and ®�nk � $&%('�Z e«� q¹ìø ÷�ùì ø � q¹ìø ÷�úì ø \ , we

have for all r&kmP8Á ÷ , that ®�nk 18r&khfNÁ ÷ . Thus(27)holdsifÁd�Yr�k l `�a�` ~ r¦Ûk P �§e¨7 ¡ �§òû Á ÷ � ��eQ7 ¡ �§òghÁ ÷ �
which in turn holds for all r&k8PÚrõô ~ öó with rõô ~ öó ^ . dependingonly on ò andof
courseontheconstantsÁd� , `�a , ` ~ , Ü , ¡ , Á ÷ , and r ÈYÉ . Taking r&ó � $&%v' Z rõô ­�öó �wrõô ~ öó \
concludestheproof. ÕÖ
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Secondlywelook atthecasewhereonly themeasureof optimality is boundedaway
from zero,but wherewe imposeaconditionrelating GH� � k«� and r�k .
Lemma 8. Supposethat for given ò*^ .G � � � k �R18ò and G=� � k �R^ r kg $�%v'�Z ` ­ �§` ~ �¢r k fhgh� Û \bS (28)

Thenthereexists r Ï ^ . such that, if. �<r k P8r Ï �
then � �¢r k � is in step5 acceptableto thefilter (with � k considered in thefilter whenu�k�� � kh��7�u�k�� � kK�}r&ks���T�8pKG=� � kh��~ ).
Proof. Since,by Lemma5, � k is acceptableto thefilter, � k �¢r k � is acceptableto the
filter (with � k consideredin thefilter when u�k�� � ks�¹7[u�k�� � k��}r&kh���R�<pHGH� � kh��~ ) ifG=� � kK�}r�kh���TP4GH� � kh�
and G � � � k �¢r k �i�T��G � � � k �67y` a G=� � k �NS (29)

We know from Lemma6 that,if r k P<r ç ,GH� � k �¢r k ���RPÙ�¢Á º l Á ¬ ��r ~ k S
Hence,GH� � kH�¢r&ks���¨P�GH� � k«� is ensuredby thesecondinequalityin (28) if in addition�¢Á º l Á ¬ ��r k P eg $&%('�Z ` ­ �§` ~ �}r k fsgh� Û \«S (30)

Moreover, when . ��r&kõP�r ÈYÉ , we have by Lemma1 andthefirst inequalityin (28)
that G � � � k �¢r k ���¹7[G � � � k �RP|7Q® n k �§e¨7 ¡ �§ò l Á � r ~ k S
We have pointedout beforethat ®�nk 1�r k fNÁÇ÷ for all r k P�ÁÇ÷ , seethe endof the
proof of Lemma7. So,GL�b� � kK�¢r&ks�i�67�G
��� � k«�RP8r&k ï 7 ��eT7 ¡ ��òÁ ÷ l Ád�Yr�k ð S
Sinceweconsiderstep5 of thealgorithm,weknow that GH� � k«�TPÇ` ~ r ­ ! Ûk , seeRemark
3, (25).Hence,weobtain(29) wheneverÁd�Yr�k l `�a�` ~ r¦Ûk P �§e¨7 ¡ �§òg«ÁÇ÷ � ��eQ7 ¡ �§òÁÇ÷ S (31)

Therequirements. �/r�kWP $&%v' Z r ç �wr ÈYÉ \ , (30) and(31) on r�k areobviouslysatis-
fied if . �8r&k¦P<r Ï with someconstantr Ï ^ . . ÕÖ

Now wearereadyto deriveasymptoticresults.Weappealfirst to acommonlyused
argumentin filter convergenceproofs to show that ü %v$�%('�ý kNþ_ÿ�GH� � kh� � . whenin-
finitely many iteratesareaddedto thefilter.
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Lemma 9. Beginningfromthemomentwherea point � k is addedto thefilter, thefilter
alwayscontainsanentrythatdominates� k .
Proof. Since � k dominates� k , the assertionis trivial as long as � k remainsin the
filter. If � k is removed from the filter then it is replacedby an iterate � k � , t O ^ t ,
that dominates� k . Thus,the assertionremainstrue aslong as � k � staysin the filter.
If � k � is removed from the filter thenit is replacedby an iterate � k � � , t O O ^Ct O , that
dominates� k � andthusalsodominates� k by thetransitivity of dominance.Thus,the
resultfollows inductively. ÕÖ
Lemma 10. Supposethere are infinitely manypoints addedto the filter. Then there
existsa subsequence

Z th��\ such that � k�� is addedto thefilter andü %v$�vþ_ÿ G=� � k��i� �/. S (32)

Proof. Let infinitely many pointsbeaddedto thefilter andset� � Z t 3 � k is addedto thefilter \«S
Assume(for deriving a contradiction)that the assertionis wrong.Sinceby Lemma4
holds GH� � kh�R^ . for all t¯� � , we thenfind ò¨^ . with GH� � ks�T1�ò for all t¯� � .

For tõ� � , definethesquare� k � å GH� � k �67[` a ò"�iGH� � k � Æ��då G � � � k �67y` a ò
�iG � � � k � Æ S
We provethatfor all t��	�6� � with t¯^
� it holds� k�� ��
 ��ß S (33)

In fact, at the time where � k is addedto the filter, the filter containsan entry � 
 �
that dominates� 
 accordingto Lemma9. In addition, � k is acceptableto the filter
by Lemma5, sothatat leastoneof thefollowing inequalities(34)or (35)holds:GH� � k �R��GH� � 
 � ��7y` a GH� � 
 � �RP4G=� � 
 �67[` a ò (34)

or G � � � k �R��G � � � 
 � �67[` a GH� � 
 � �RP�G � � � 
 �67y` a ò
S (35)

In eithercase,this implies (33). Therefore,all theseinfinitely many squares
� k , t8��

, with area �À`�aRòM��~ aredisjoint. Sincethesequence
Z GH� � kh�M��GL��� � k«�]\ is bounded,we

obtainthedesiredcontradiction. ÕÖ
Remark4. Note that Lemma 10 asserts(32) only for someparticular subsequenceZ � k �]\ of iteratesaddedto the filter andnot for any suchsubsequence.The reasonis
that acceptabilityof a pair doesnot imply acceptabilityof a dominatedpair. In fact,
let

© ­ � �§eh�"e
� and
© ~ � ��eLfsgK��eL� . Then

© ~ is acceptableto
© ­ anddominates

© ­ ;
nevertheless,all pointsin theset åæe¨7�`�aî�M³����då(eQ7�`�a*��e*7[`�aQfsgh� are acceptableto© ~ , but are not acceptableto

© ­ . Therefore,if
© ­ is in thefilter and

© ~ entersthefilter,
then,by dominance,

© ­ is removed,andthis canresultin pointsthatareacceptableto
theupdatedfilter, but werenot acceptableto thefilter beforetheupdate.

If required,thiseffectcanbecircumventedin severalways.Theeasiestapproachis
to never remove dominatedentriesfrom thefilter. Thentheabove proof canbeeasily
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modified to establishthat (32) holds for any infinite subsequenceof iteratesthat are
addedto thefilter. An alternative to derive this strongerresult,if onewishesto remove
dominatedfilter entries,canalsobeobtainedby modifying thefilter acceptancetesta
little bit, see[9, � 15.5].In fact,if we require

either G Ï 7[GH� � �¨^�` a G Ï or G Ï� 7�G � � � �T^4` a GH� � �M�
thenacceptabilityto apair impliesacceptabilityto all dominatedpairsandit is straight-
forward to prove that (32) holds for any infinite subsequenceof iteratesaddedto the
filter, see[9, Lem.15.5.2]. ÕÖ
Our next stepis to show that in the casewhereinfinitely many iteratesareaddedto
the filter thereexistsa subsequenceof iteratesthat convergesto a KKT-point. In fact,
our previous result ü %($�%('Ký kNþ_ÿ�G=� � kh� �Ú. canbe extendedto ü %v$�%('�ý kNþ_ÿ�GH� � kh� lGL��� � ks� �D. . Sinceiteratesareaddedto thefilter only if restorationis invokedor in step
8, thesequence

Z t«�§\ of Lemma10mustcontaineitherasubsequencewhererestoration
is invoked,or asubsequencewheretheiteratesareaddedto thefilter in step8. Westart
with thefirst case.

Lemma 11. Supposethat there existsan infinite sequence
Z t � \ of iterationsat which

restoration is invokedandfor which holdsü %v$�vþ_ÿ G=� � k��i� �/. S
Then

Z t � \ containsa subsequence
Z t OJ \ withü %v$J þ_ÿ G=� � k �� � �/. � ü %($J þ¦ÿ GL��� � k �� � �<. S

Proof. Let t � beasubsequencewhererestorationis invokedfor every t � (andthus � k �
is addedto thefilter) suchthat ü %($ ��þ_ÿ GH� � k �w� �Â. . Sincetherestorationis invokedit
musthold G k �R^8r k � $&%('�Z ` ­ �§` ~ r¦Ûk�� \bS (36)

Therefore,we have ._� ü %v$��þ_ÿ G k � � ü %v$��þ_ÿ r k �
andthuscanfind �Wà�^ . suchthat r&k�����ÞKrmÃ¹Ä Å for all t«�Í1�� à with rmÃ¹Ä Å from
Lemma3.iii, with Þ¯�d� . �"e
� . We show next that r&k�� Ê ­ P�ghr&k�� for all th�¹1��Wà which
thenyields .¦� ü %($��þ_ÿ G k � � ü %($��þ_ÿ r k � � ü %($��þ_ÿ r k � Ê ­ S (37)

In fact, r&k�� �CÞKrmÃ¹Ä Å for th��1��Wà shows that r&k�� � r âäãk � for t«�m1��Wà , since,by
Lemma3.iii, step2 andstep3 yield only r&k���×� rWâäãk�� if rWâäãk�� ^CrmÃ¹Ä Å . But thenthe
resultof step2 andstep3 would bea radius r&k��Í^FÞKrmÃ¹Ä Å , which is not thecasefort � 1�� à . Thus,we have r k � � rWâäãk�� for t � 1�� à andconcludethat r k ��1Ùr k � Ê ­ fsg
for all t � 1�� à . Thus,(37)holds.

By (37) andLemma3.iii we know that for largeenough� step2 andstep3 do not
changerWâäãk�� Ê ­ and rWâäãk�� . Thus,wefind � ­ 1
� à withr&k�� Ê ­ � r âäãk � Ê ­ �ár&k�� � r âäãk � for all th��74e�1�� ­ . (38)
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We show next that step5 is reachedin all iterations th�67�e�1�� ­ . In fact,otherwise
therestorationprocedureis calledin iteration th�#7Çe . Thus,wehave rWâäãk � � r&k�� Ê ­ and
consequentlyr&k�� � r�k�� Ê ­ by (38).Sinceby ourassumptiontherestorationis invoked
in iteration th��7<e , by using r&k�� � r�k�� Ê ­ theoutcomeof therestorationis an iterate� k�� with Gsk��¾P<r&k�� Ê ­ $�%v'�Z ` ­ �§` ~ r¦Ûk � Ê ­ \ � r&k�� $&%v'�Z ` ­ ��` ~ r_Ûk � \«�
whichcontradicts(36).Hence,step5 is reachedfor all t«��7ÇeÍ1�� ­ andthusin partic-
ular GYk�� Ê ­ P<r�k�� Ê ­ $&%v'�Z ` ­ ��` ~ r¦Ûk�� Ê ­ \«S

For the purposeof deriving a contradiction,supposethat GL�b� � k��w�[1 ò�^ . fort«��1�� ~ with somesufficiently large � ~ 1�� ­ . We show next that thenthereexists����1�� ~ suchthat GL��� � k�� Ê ­ �¨14òNfsg for all t«�¹1����sS (39)

In fact,we have either � k � �C� k � Ê ­ or � k � �C� k � Ê ­ �}r k � Ê ­ � . In the first case(39)
is obvioussincethen G � � � k � Ê ­ � � G � � � k ���&1ëò for all t � 1�� ~ . In the case� k � �� k � Ê ­ �¢r k � Ê ­ � it followsfrom Lemma1 thatfor . �<r k � Ê ­ P<r�ÈYÉG � � � k ��� � G � � � k � Ê ­ �¢r k � Ê ­ ���¨P|��e¨7�® nk � Ê ­Y�§e¨7 ¡ ���§G � � � k � Ê ­ � l Á � r ~ k � Ê ­Y�
andthusfor th�61�� ~ ò*P4GL��� � k��i�RP�GL�b� � k�� Ê ­ � l Ád�Lr ~k�� Ê ­ S
We canthereforeconcludefrom (37) that(39)holdsfor ����1�� ~ largeenough.

Next, weshow thatstep7 mustbereachedfor all iterationst � 7�e with t � 7�eÍ1
���
and ���U1�� � largeenough.In fact, let r Ï be theboundof Lemma8 corresponding
to òNfhg insteadof ò . By (37) we canfind ���m1�� � suchthat r k � Ê ­ PDr Ï holdsfor allt � 7�e�1���� . Now assumethatstep7 is not reachedin iteration t � 7�e�1���� . Thenstep
5 is followedby step11andthus G k � � G k � Ê ­ , and,using(38), r k � � r&âæãk�� � r k � Ê ­ fhg .
Therefore,by (36), G k � Ê ­ ^ r&k�� Ê ­g $&%v'�Z ` ­ ��` ~ �¢r k � Ê ­ fsg«� Û \«S
Hence,weobtainfrom Lemma8 that � k�� Ê ­ �¢r&k�� Ê ­ � wasacceptableto thefilter in step
5, sincet«�=7�eÍ1
� � ensuresr&k�� Ê ­ P8r Ï . Therefore,step5 wouldnothavebranched
to step11 asassumed.Hence,step7 is alwaysreachedin all iterationst«��74eÍ1�� � .

We concludethe proof by showing the existenceof �� �1!��� suchthat step9 is
reachedfor all iterationst � 7&e with t � 7&e�1
�� . Thisassertionleadsto acontradiction:
by (38)andsteps9, 10wehave r k � � rWâäãk � 1<r k � Ê ­ , � k � �<� k � Ê ­ �¢r k � Ê ­ � . Thus,we
obtainby Lemma6 for all r k � Ê ­ P8r ç (whichholdsby (37) for all � largeenough)G k � � GH� � k � Ê ­ �¢r k � Ê ­ ���¨P|�}Á º l Á ¬ �ir ~ k�� Ê ­ P��¢Á º l Á ¬ �ir ~ k�� S
This contradicts(36)and(37).
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It remainsto show that step9 is eventually reachedin all iterations t«�¾7Âe witht«�c7Âe41"�  , �  1"� � large enough.We note that by (39) andLemma1 for allt«�¹1
� �u k � Ê ­ � � k � Ê ­ �67�u k � Ê ­ � � k � Ê ­ �¢r k � Ê ­ �i�T14® nk�� Ê ­ �§e¨7 ¡ � òg 1<r k � Ê ­ �§e¨7 ¡ � òg«ÁÇ÷ S
Hereby, we useagainthefact that ®�nk�� Ê ­ 1Br&k�� Ê ­ f�Á ÷ if r�k�� Ê ­ PBÁ ÷ , which holds
by (37)possiblyafterincreasing� � . On theotherhand,we have# u k � Ê ­ � � k � Ê ­ �M7¨u k � Ê ­ � � k � Ê ­ �}r k � Ê ­ ���N7¨G � � � k � Ê ­ � l G � � � k � Ê ­ �}r k � Ê ­ ��� # �%$ �}r ~ k�� Ê ­ �MS
The last two inequalitiesshow that

Ø k�� Ê ­ 9Ìe andhencethereexists �  1&� � such
thatstep9 is reachedin all iterationst«��7�e with th� 74eÍ1��  .

As wehavealreadyseen,this leadsto acontradictionwith G � � � k �w�R1�ò for all t � 1� ~ . Theproof is thereforecompletedsincethereexistsasubsequence
Z t OJ \_A Z t«��\ for

which ü %v$ J þ_ÿ�GH� � k �� � � ü %v$ J þ¦ÿ�G
��� � k �� � �D. . ÕÖ
The other situation is where the sequence

Z t � \ of Lemma10 containsa subse-
quence,wheretheiteratesareaddedto thefilter in step8. Analogouslyto theprevious
Lemmawehave thefollowing result.

Lemma 12. Supposethat there existsan infinite sequence
Z t«��\ of iterationsfor which� k�� is addedto the filter in step8 and, in addition, ü %v$ ��þ_ÿ�GH� � k��i� � . . Then

Z th��\
containsa subsequence

Z t OJ \ such thatü %v$J þ_ÿ G=� � k �� � �/. � ü %($J þ¦ÿ GL��� � k �� � �<. S
Proof. Let

Z t � \ weasequenceof iterationssuchthat � k � is addedto thefilter in step8
and ü %($ ��þ_ÿ GH� � k �w� �/. . Supposenow that G � � � k �i�¨1�ò*^ . for all t � 1�� à for some� à 1 . . By Lemma1 andsince� k � is addedto thefilter in step8 we have® n k�� �§e¨7 ¡ �§òîP�u�k��N� � k��w��7[u�k��N� � k����¢r&k��i�i�R�8pHGH� � k���� ~ S
Thus,we obtain ®�nk�� 9 . andconsequentlyr&k��_9 . . In particular, ®�nk�� 1�r�k��wfNÁ ÷
for largeenough� , andsincetherestorationprocedureis not called,we have G=� � k����TP` ~ r ­ ! Ûk�� andconcludethatr&k��N��eQ7 ¡ �§òNfNÁ ÷ P�u�k��M� � k��w��7[u�k��N� � k��"�¢r&k����i�R�8p��À` ~ r ­ ! Ûk � � ~
which is a contradictionto r k ��9 . . ÕÖ

We summarizebothsituationsin thenext theorem.

Theorem1. Supposethat infinitely manyiteratesare addedto the filter. Thenthere
existsa subsequence

Z tLJs\ such thatü %v$J þ_ÿ G=� � k � � �/. � ü %($J þ¦ÿ G � � � k � � �<. S
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Proof. By Lemma10 thereexistsa sequence
Z th�§\ of iteratessuchthat � k�� is addedto

the filter and ü %v$ �vþ¦ÿ�GH� � k��i� �µ. . As we have alreadyobserved thereexists eithera
subsequence

Z t OJ \ of
Z t«��\ suchthat � k �� areaddedto the filter in the restorationor a

subsequence
Z t OJ \ of

Z t � \ suchthat � k �� areaddedto thefilter in step8. In thefirst case
theassertionfollows from Lemma11; in thesecondcasefrom Lemma12. ÕÖ

It remainsto considerthe casewherethe algorithmrunsinfinitely but the filter is
left with a finite numberof entries.

Theorem2. Supposethat the algorithm runs infinitely andonly finitely manyiterates
are addedto thefilter. Thenü %($kNþ_ÿ GH� � ks� �<. � ü %v$4%v'�ýk�þ_ÿ GL��� � kh� �/. S
Proof. The assumptionsaysthat for t|1'� , with � large enough,no further filter
entry is added.Hence,thefilter containsfor all t21%� thesamefinitely many entries,
andtherestorationis never invoked.Thus,all new iterates� k ! ­ ×�<� k arecomputedin
step10.We now show thatstep10 is reachedinfinitely many times.

In fact,step5 is reachedin eachiteration,and,by Lemma7, step7 is reachedafter
finitely many reductionsof r k in step11. Again, step8 is reachedafterfinitely many
reductionsof r k . In fact,if GH� � k �R^ . thenclearlyu k � � k �67�u k � � k �¢r k �i�R�8pHGH� � k � ~
for r&k sufficiently small andstep8 is reached.Otherwise,GH� � k«� ��. and G
��� � kh�_^. and therefore

Ø kÙ1 � for all r&k small enough(we may apply exactly the same
argumentsasat theendof theproof of Lemma12).So,step10 is alwaysreachedafter
finitely many reductionsof r&k , producingalwaysnew iterates.

Sinceno further entry is addedto the filter we know, cf. step8, that in step10 it
alwaysholdsG � � � k ��7�G � � � k ! ­ �R14����u k � � k �67[u k � � k �¢r k �i���T14��pHGH� � k � ~ S
Sincethis holdsfor all successfulstepsand

Z GL�b� � ks�]\ is bounded,we concludethatü %($kNþ_ÿ GH� � kh� �D. S
Now assumethat G � � � k �R1�ò*^ . for all t¯1�� andsomeòQ^ . . Sincethefilter entries
do not changefor ty1%� , the testin step5 is passedwhenever r k P|r ó (cf. Lemma
7). Also, since GL��� � ks��1Ùò_^ . , we obtainasbeforethat

Ø k¯1�� whenever r&kUPÂr O
for some r O ^ . . Finally, we know by Lemma3.iii that for rWâäãk PFr¦Ã¹Ä Å steps2 and
3 yield r�k � rWâäãk . Hence,we seethat r&kõ1%( ������ $&%('�Z r&ósfsg��]r O fsgK�wÞKrmÃ¹Ä Å�\&^ . fort¯1
� . Thus,step10 is reachedfor all successfulstepswith r&k¦1
(�^ . andwehave,
asabove,G � � � k �67�G � � � k ! ­ �R1�����u k � � k ��7[u k � � k �¢r k ���i�T1�����e¨7 ¡ ��ò]® n k1����§e¨7 ¡ �§ò $&%('W° (Á ÷ ��e ±
where Á ÷ is asbeforea uniform upperboundon

$&VsX�Z � j"n k � � � j 5 k � \ . This is againa
contradictionto theboundednessof GL��� � ks� andtheproof is complete. ÕÖ
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Themainresultis obtainedby combiningTheorems1 and2:

Corollary 1. Under Assumption1, the sequenceof iterates
Z � k \ generated by the

primal-dualinterior-pointmethod(Algorithm1) satisfiesü %v$�%('�ýkNþ_ÿ GH� � kh� l GL��� � ks� �<. S
6. A restorationalgorithm

In this sectionwe presentrestorationalgorithmsthat can be usedin step 4 of the
primal-dual interior-point filter method(Algorithm 1). The purposeof a restoration
algorithm is to find a point � k ! ­ � ¿ ��`��]ÁÂ� acceptableto the filter andsuchthatGH� � k ! ­ �TP8r k ! ­ $&%(' Z ` ­ �§` ~ r¦Ûk ! ­ \ with r k ! ­ � r k . In a restorationalgorithm,it is
thereforedesiredto decreasethevalueof G=� � � � Gsº=� � � l G ¬ � � � . To achieve this goal
we introducethefunctionG ~ � � �������� eg ´ G º � � � ~ l G ¬ � � � ~ ¸ � eg ) � -���+�� � ~ l � � ��7[z � � ~+* S
6.1. A RestorationAlgorithmbasedon theKKT-Newton-System

Thenormalstep j 5 computedfrom (11) is a descentdirectionfor G ~ � � � . In fact,o G ~ � � � � j 5 � � � ��7�z �Y� � � ¥ r¦+ 5 l � r�� 5 � l -���+�� � o -��,+#� � rm+ 5� 7_� � ��7�z �Y� � � � �Í7�z �Y��7d-���+�� � -��,+#�MS
Thus, o G ~ � � ����j 5 � 7*gsG ~ � � � , and j 5 is, in fact,a descentdirectionfor G ~ � � � . One
canalsoshow using� � ��7�z �L� � ��eQ7 ¡ �§z � � �§e¨7 ¡ ��z��,��zU7���z�� �/.
thatthetangentialstep(12)yields o G ~ � � �§�6j�n �D. . Wesummarizethesetwo properties
for futurereference:o G ~ � � � � j 5 � 7*gsG ~ � � �N� o G ~ � � � � j n �/. S (40)

Therestorationalgorithmthatwe presentworkswith thestepframework � �¢r&� �� l ® 5 �¢r&��j 5 l ®�nM�¢r&��j"n , where® 5 �}r&� , j 5 , ®�nN�¢r&� , and j"n aregivenby (13),(11),(14),
and(12), respectively. Severalotherrestorationalgorithmsareplausiblebut we chose
the following onebecauseit is consistentwith the stepcalculationof our primal-dual
interior-pointfilter method.
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Algorithm 2 (Restoration algorithm).

0. Choose,��wÞ¯�d� . ��e
� . Set � àk 3 �8� k , r à k 3 � r&k , é 3 �D. andstartwith step4.
1. If G=� � J k �QP/r k $&%v' Z ` ­ ��` ~ r¦Ûk \ and � J k is acceptableto thefilter thenset � k ! ­ 3 �� J k andstoprestoration.
2. Set z J k 3 � �,+ J k � � � Jk fY� andcomputethe steps j 5.- Jk and j n - Jk by solving the linear

systems(11)and(12), respectively, with � � ��z�� � � � J k �iz J k � .
3. Computer J k ��� . �wr âäã - Jk Æ suchthat+ J k �¢r&�R^ . ��� Jk �¢r&�T^ . � � Jk �¢r&�§� Jk �}r��¨1�`�z J k �¢r&�§� for all r��då . �]r J k Æ (41)

andsuchthat r J k is notsmallerthanthelargestvalue Þ�ç"r âäã - Jk , è �<. ��e«��S�S"S , having
thisproperty.

4. If G ~ � � J k �¹7[G ~ � � J k �¢r J k �i�T1|7�, o G ~ � � J k � � j J k �¢r J k �N� (42)G º � � J k �¢r J k ��� l G ¼ � � J k �¢r J k �i�TP<Á|z J k �¢r J k �M� (43)

thenchooser âäã - J ! ­k 1<r J k , set � J ! ­k 3 �/� J k �¢r J k � , é 3 � é l e , andreturnto step1.
Otherwiseset r J ! ­k � r J k fsg , é 3 � é l e , andrepeatstep4.

Thisrestorationalgorithmterminatessuccessfullyin afinite numberof iterationsas
we provein our final theorem.In analogyto Assumption1 we require

Assumption2. Assumption1 holdsfor � k , j k �¢r k � , z k replacedby � J k , j J k �¢r J k � , z J k ,
respectively.

Theorem3. Under Assumption2, the restoration algorithm 2 terminatesin a finite
numberof iterations.

Proof. Let us first considerthe well-definednessof the algorithm.Hereby, the only
critical issuesarethecomputationof thetrial stepsj 5/- Jk and j n - Jk , which is possibleby
Assumption2 (A3), andthecomputationof r J k in step3, which is possibleby Lemma
2. Thus,thealgorithmis well-defined.

For the restof theproof, assumethat the restorationalgorithmdoesnot terminate
finitely. Let G a � $&%v'a ��e¨7y` a �§G Ï S
Since `�a �Ú� . �"eLfhgh� , we have from Lemma4 that GLa ^ . , and � J k is acceptable

to the filter if G=� � J k �4P g10 G ~ � � J k ��P GLa¨fhgF� GLa . This condition and GH� � J k �ÇPr&k $&%('�Z ` ­ �§` ~ r¦Ûk \ areeventuallysatisfiedifü %($�%('KýJ þ_ÿ G ~ � � J k � �<. S (44)
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Hence,if therestorationdoesnot terminatefinitely, thenthereexistsan ò�^ . withG ~ � � J k ��1�ò for all é . We show that this uniform boundwill leadto a contradiction.In
fact,from (40),we haveo G ~ � � J k � � j J k �¢r&� � ® 5.- Jk �¢r&� o G ~ � � J k � � j 5/- Jk l ® n - Jk �¢r&� o G ~ � � J k � � j n - Jk� 7*gs® 5/- Jk �¢r&��G ~ � � J k �NS
Moreover, thereexistsaconstantÁ ~ ^ . suchthatG ~ � � J k �¹7[G ~ � � J k �¢r&�i� � 7 o G ~ � � J k � � j J k �¢r&�67�Á ~ � j J k �}r&� � ~ �
which in turn,appealingto ® n - Jk �}r&�RP�® 5/- Jk �¢r&� , impliesG ~ � � J k �67[G ~ � � J k �}r��i�T1/7 o G ~ � � J k � � j J k �¢r&�67ÇghÁ ~ ® 5.- Jk �¢r&� ~ � � j 5.- Jk � ~ l � j n - Jk � ~ �NS
Hence,(42)holdsfor all ® 5/- Jk �¢r&� suchthatgH�§e¨72,h�§® 5/- Jk �}r��§G ~ � � J k �T1�g«Á ~ ® 5/- Jk �¢r&� ~ � � j 5/- Jk � ~ l � j n - Jk � ~ �M�
i.e., for all ® 5.- Jk �¢r&� suchthat

® 5/- Jk �}r&�RP43® 5/- Jk ������ $&%('�5 eh� ��e¨76,h�§G ~ � � J k �Á ~ � � j 5/- Jk � ~ l � j n - Jk � ~ ��7 S
¿FromLemmas2 and3.iii, we seefinally that (41), (42), and(43) aresatisfiedfor allr J k suchthat . �<r J k P $&%('98 r Ã¹Ä Å �/3® 5/- Jk � j 5.- Jk �;: �
showing that all theseconditionsaresatisfiedafter finitely many reductionsof r J k in
step4.

Now, if G ~ � � J k �T1�òQ^ . holdsfor all é , then,since
$&VsX�Z � j 5/- Jk � � � j n - Jk � \ÍP<Á ÷ ,

® 5/- Jk �}r J k �T1 eg $�%v'�5 r Ã¹Ä Å� j 5/- Jk � �/3® 5/- Jk 7 143®�^ .
for some 3®�^ . , andweconcludethatG ~ � � J k ��7�G ~ � � J k �¢r J k ���¨18g<,=3®�ò
which yieldsa contradiction.Hence,wehave(44)andthefinite terminationis proved.ÕÖ
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6.2. OtherrestorationproceduresandtheWächter-Biegler example

Therestorationalgorithm2 usesthesamestepcomputationasthe interior-point filter
method.Globalconvergenceis attainedaslongasAssumptions1 and2 hold.In practice
it mayhappenthatAssumption(A3) is violated,affectingnotonly Algorithm1,but also
therestorationalgorithm2.Wewill briefly discussherethemainissuesrelatedwith this
situationandleaveamoredetailedstudyfor a forthcomingpaper.

For thepurposeof thisdiscussion,let usconsidertheproblemproposedby Wächter
andBiegler in [25], which takesthefollowing form:$�%v'�<>@?�A ) ��+�� s.t. + ~ ­ 7�+ ~ lCB �D. �¯+ ­ 7[+D�¨7FE �D. ��+ ~ �i+G��1 . � (45)

with B �2� and E�1 . . Theparticularform of the(sufficiently smooth)objective is not
relevantsincetheinterestingpropertiesof theproblemaregeneratedby theconstraints.
For brevity, weset - ­ ��+�� � +#~­�7�+ ~ l9B and - ~ �,+#� � + ­ 7�+ � 7HE . Theproblemis nonde-
generate,becauseo -���+#� hasfull rankandits conditionnumberis uniformly bounded
on setswhere + ­ is bounded.Nevertheless,it wasshown in [25] that for every initial

point + à ����7î³<� . �=�õ� . �]³4�§~ with è 3 � º 	 ô �JI öK º 
 ô � I ö K 1 . and B 7 è<EîP $&%v' Z . ��7 B fhg�\ any

methodfails to convergeif it computesthenew primal iterate + k ! ­ from theold point+ k ������� . �]³4�§~ by a stepof thefollowing form:+ k ! ­ � + k l ¡ ksj k ������� . �M³�� ~ � ¡ km��� . ��e�Æ}�
where j k satisfies -��,+ k � l4o -��,+ k � � j k �/. S (46)

It is straightforward to seethatAlgorithm 1, which canbe trivially adaptedto the
fact that + ­ is not subjectto nonnegativity constraints,is containedin this class,as
long as restorationis eitherof the sametype or restorationis not called. In fact we
have run this problemusing our Matlab implementationof Algorithm 1, combined
with Algorithm 2 for the restoration,andwe have observed badnumericalbehavior.
We have seenthat the iteratesapproacheda point whereAssumption(A3) is violated
andthatthis wasthecausefor suchbadnumericalperformance.

Oneway to overcomesuchsituationis obtainedby usinga restorationalgorithm
thatterminatessuccessfullyevenif assumption(A3) is violated.To illustratethispoint,
we haveconsidereda restorationprocedurethatdoesnot belongto theclass(46).This
alternative is basedon theoptimizationproblemin thevariables+ and �$&%(' eg ´ � -��,+#� � ~ l � � ��7�z ¬ � � ~ ¸ s.t. +�1 . ���&1 . � (47)

where z ¬ �§���� z�k denotesthe valueof z whenrestorationis entered.Analogously, we
denoteby � ¬ � ��+ ¬ ��� ¬ �i� ¬ �=������ ��+ k ��� k �i� k � the iteratefor which restorationis entered.
Notethatif thereexistsastrictly feasiblepointof (45),i.e.,apoint + suchthat -��,+#� �/.
and +<^ . , thenwe canchoose� � z ¬ � Ê ­ � andobtaina global minimizer of (47).
Conversely, if thereexists a strictly feasiblepoint then any global minimizer ��+��i���
satisfies-���+�� �ë. , +��w��^ . , and

� �_7Çz ¬ � �F. . Therefore,any solver that is ableto
find a globalminimizer �L3+��<3�«� of (47) for which, in addition,Gsº=�L3+���� ¬ �M3�«� l G
¼
�N3+���� ¬ �<3�b�RP8Á|z ¬ (48)
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holds,providesa valid restorationprocedure(with � k ! ­ � �L3+���� ¬ �M3�b� ). In orderto in-
cludeadeviceto enforce(48)wetried(amongmany otherpossibleoptions)to augment
theobjectivefunctionin (47)by thepenalizationterm O 	~ � o��L� ��+���� ¬ �i��� � ~ . In addition,
it canbeadvantagousto addtheregularizationterm O 
~ � �,+��i����7���+ ¬ �i� ¬ � � ~ to makethe
Hessianof therestorationproblempositivedefinite.Bothparameters

Ø ­ , Ø ~ arechosen
small, i.e., . P Ø ��P�e . Sincethesemodificationsmay leadto non-interiorsolutions,
i.e., + � �B. or � � �B. for some� , we move thenonnegativity constraintsslightly. The
resultingproblemis$�%v' eg ´ � -���+�� � ~ l � � ��7[z ¬ � � ~ l Ø ­ � o � � �,+��i� ¬ �w�b� � ~ l Ø ~ � ��+��i����7��,+ ¬ �i� ¬ � � ~ ¸

s.t. +��w�&1
(s�
where (&^ . is very smallandshouldbechosen,e.g.,dependingon thevalueof z ¬ . If
required,thevalueof

Ø ~ canbeadjustedduringtheminimizationprocess.ThevalueofØ ­ is keptsmall,but largeenoughto ensure(48).WeappliedBertsekas’projectedNew-
ton methodto solve this problemin thecontext of (45).We havenumericallyobserved
thatAlgorithm 1 usingthisalternativerestorationprocedure(adaptedto thecasewhere+ ­ is unrestricted)wasableto successfullysolveproblem(45).

The useof new alternativesfor the restorationprocedure,including the onepre-
sentedabove,is subjectof ongoingresearch.Anotheralternative is for instancetheuse
of therestorationalgorithm2 but with a suitableregularizationfor thematrix

� O£ x � � � .
Oneshouldalsoconsidera modificationof the Algorithm 1 so that restorationis also
calledif

� � O£ x ì � � kh�MÊ ­ � exceedsaprescribed,very largeboundË�O – largerthanweex-
pector wishtheconstantË to bein assumption(A3). If therestorationprocedureis able
to find a new point � k ! ­ at which, besidestherequirementsof step4 in Algorithm 1,� O£ xsìRQ 	 � � k ! ­ � satisfies(A3) with a reasonablevalueof ËÚ�ëË O , thenthe chancesof
satisfyingassumption(A3) will beimprovedsothattheinterior-pointfilter methodcan
continuesuccessfully.

7. Concluding remarks

Thefilter mechanismhasbeenusedfor thefirst time to globalizeprimal-dualinterior-
point methods.Global convergenceto first-ordercritical pointshasbeenproved,and
the main resulthasbeenreportedin Corollary 1. (Sincethe appearanceof this paper,
two othershavealsoappearedin thetopic: [3], [26].)

Thecombinationof interior-point andfilter ideasled to a new classof algorithms.
We have alreadytestedour primal-dualinterior-point filter methodin Matlab for QP
problemsandsmall-scaleNLP problems.Theresultsareencouragingbut thereis still
somework ahead.We are currently working on a fortran 90 implementationof our
primal-dualinterior-point filter methodandwe plan to reportnumericalresultsin our
futurepaperon thetopic.

This paperis hopefullya first stepin this challengingtopic. Several issuesneedto
beaddressedandbetterunderstood,andamongthemwe highlight thefollowing there.
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The new primal-dualinterior-point algorithmuseda 2D filter: onedimensionfor
feasibility and centrality combinedand the other for the size of gradientof the La-
grangian(with complementarityadded).An openquestionis theuseof 3D filters. In a
3D filter, onecouldusethefirst dimensionfor feasibility, thesecondfor centrality, and
thethird for thesizeof thegradientof theLagrangian.

As wehavementionedin theintroduction,therateof localconvergenceis well stud-
ied in the literaturefor primal-dualinterior-point methodsunderthestandardassump-
tions, andeven in caseswheresomeof thesestandardassumptionsdo not hold. The
openissuein interior-point filter methodsis whetherthe globalizationscheme(where
the filter playsan importantrole) becomeslocally inactive to allow fastconvergence
rates.

Another interestingtopic for future researchis the choiceof alternatives for the
componentsusedin the filter. As alreadymentioned,it would be desirableto replace
the optimality measureG
� by a function that reflectsbetterthe goal of minimizing

)
.

Essentially, anappropriatecandidateshouldbea functionfor which thetangentialstepj"n yieldsa fractionof Cauchydecreasecloseto thequasi-centralpath.

Appendix

Thefollowing lemmameasuresthedecreaseon complementarityobtainedby thenew
iterate� �¢r&� andis neededto proveLemmas1 and2.

Lemma 13. For all r�^ . andall � � e«��S"S�SN�i� it holds+=�w�¢r&�§�L�w�¢r&�TP���eQ7d® 5 �}r��i��+#�}�L� l ´ ® 5 �}r&�67�® n �¢r&���§eQ7 ¡ � ¸ z l û r ~ � (49)+=�w�¢r&�§�L�w�¢r&�T1���eQ7d® 5 �}r��i��+#�}�L� l ´ ® 5 �}r&�67�® n �¢r&���§eQ7 ¡ � ¸ zU7 û r ~ � (50)z��¢r&�TP ´ e¨7d® n �}r����§eQ7 ¡ � ¸ z l û r ~ ��z��¢r&�T1 ´ e¨7d® n �}r&�N�§e*7 ¡ � ¸ zU7 û r ~ S
(51)

Proof. By thedefinitionof j
5 and j n , wehave+ � �¢r&��� � �¢r&� � ��+ � l ® 5 �}r&��rm+ 5� l ® n �}r&��rm+ n� ���,� � l ® 5 �}r&��r�� 5� l ® n �}r&��r�� n� �� +=�}�L� l ® 5 �}r����,�L� r¦+ 5� l +#�}r�� 5� � l ® n �¢r&���,�L�}rm+ n� l +=� r�� n� �l �,® 5 �¢r&��rm+ 5� l ® n �¢r&��rm+ n� �N�,® 5 �}r&��r�� 5� l ® n �}r��ir�� n� �� + � � � 7d® 5 �}r�����+ � � � 7�z��67d® n �}r����§eQ7 ¡ ��z l ��+ � �}r&�67[+ � ���,� � �¢r&�67d� � �MS
So,inequalities(49)and(50) follow from this derivationand# + � �¢r&�67�+ � #S# � � �}r��¹7�� � # P|�}ghr&� ~ S

Summing(49) and(50) over all � , dividing theresultby � , andusing z � +#����fL� ,z��¢r&� � +��}r&�§���=�}r��wfL� , yield (51). ÕÖ
We cannow proveLemmas1 and2.
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Proof of Lemma 1

Proof. Denoteby T ¼ anupperboundfor G ¼ , andby Ë º and Ë ¼ � ^�e Lipschitzconstants
for o - and o ~� ½ � , respectively. We will proveLemma1 withÁ º � g«Ë º � Á ¬ �%U;V �6�Á ¼ � ghË ¼ � � Á � � û ��e l T ¼ Ë ¼ � � l û Ë ~¼ � r ~ÈLÉ S
We notethat o -��,+#�§�6j � �}r�� � 7Q® 5 �¢r&��-���+�� , andthusG º � � �}r&��� � � -���+��¢r&��� � �²»»»» -��,+#� l
W ­à o -���+ lFX j � �}r&��� � j � �}r��RY X »»»»�²»»»» �§e*7�® 5 �¢r&���i-��,+#� l W ­à ´ o -��,+ lCX j � �¢r&���¹7 o -���+#� ¸ � j � �}r&�ZY X »»»»P|�§eQ7d® 5 �¢r&���§GYº#� � � l ËTº � j � �¢r&� � ~ W ­à X Y X �
which proves(17).

Similarly, wehave o ~� ½ � � � ����jb�¢r&� � 7Q®�nM�}r�� o � � � � � and,asabove,we getG ¼ � � �¢r&���QP���eQ7�® n �¢r&���§G ¼ � � � l
W ­à � o ~� ½ � � � lCX jb�¢r&����7 o ~� ½ � � � � �«� jb�¢r&� � Y X �
which yields(19).

Theestimate(18) follows from Lemma13:[ ´ + � �¢r&�§� � �¢r&�67�z��¢r&��¸_P [ ) �§e¨7d® 5 �¢r&���§+ � � � l ´ ® 5 �¢r&�67d® n �}r&�N�§e*7 ¡ �i¸�z * l û r ~\ ´ e¨7d® n �¢r&�N��eQ7 ¡ �i¸"z l û r ~� [ ��eR7�® 5 �¢r&������+#���
��7�z�� l U r ~ S
Inequality(20) is derivedby appealingto Lemma13 andto the previously estab-

lishedinequality(19):GL��� � �}r��i� � z��¢r&� l G
¼
� � �¢r&��� ~P ´ e¨7d® n �}r&�N�§e*7 ¡ �i¸�z l û r ~ l ´ ��e¨7�® n �¢r&���§G ¼ � � � l ghË ¼ � r ~ ¸ ~P ´ e¨7d® n �}r&�N�§e*7 ¡ � ¸ G � � � � l ´ û l û �§e¨7d® n �¢r&���§G ¼ � � � ¸ Ë ¼ � r ~ l û Ë ~¼ � r � S
Finally, we haveud� � ��7[ud� � �}r&��� � z�7[z��}r�� l �,+��¢r&��7[+�� � �,�#�¢r&�67d�b�wfL�l �§e¨78�§e¨7d® n �}r��i� ~ � � o � � � � � � ~� ® n �}r&�N�§e*7 ¡ �§z l �§e¨7<��e¨7�® n �¢r&��� ~ � � o � � � � � � ~1�® n �}r&�N�§e*7 ¡ �§G
��� � �M�

andtheproof is thereforecompleted. ÕÖ
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Proof of Lemma 2

Proof. We will proveLemma2 withr Ã¹Ä Å � ° ¡ �§eQ7[`��û �§e l `��iË&�¢Á l ��� � ¡ Á�}ÁÇº l Á�¼ l û ÁÂ��Ë&�}Á l ��� ± S (52)

1. We first show that(22)holdsfor all rµ�d� . �]rmÃ¹Ä ÅLÆ with rmÃ¹Ä Å satisfying(52).
FromLemma13 weobtain� �¢r&���=�}r��R1 ´ ` l ��eQ7y` �§® 5 �¢r&�67d® n �¢r&�N��eQ7 ¡ � ¸ z �Q7 û r ~ �bS (53)

On theotherhand,Lemma13 alsoyields`#z��}r&�RP�`�z¯7[`�® n �¢r&���§eQ7 ¡ ��z l û ` r ~ S
Hence,

� �¢r&���=�}r��R14`�z��¢r&�§� holdswheneverû r ~ P �§eQ7[` �N�,® 5 �¢r&��7�®�nM�¢r&�N��eQ7 ¡ �i��ze l ` S (54)

Since®�nN�¢r&�TP8® 5 �}r�� , a sufficient conditionfor this inequalityto hold isr ~ P ® 5 �}r&� ¡ �§eî7y` ��zû ��e l ` � �
which,by (13), is implied byr²P $&%('�5^] ¡ ��e¨7y` ��zû �§e l `�� � ¡ �§eQ7[`��§zû ��e l ` � � j 5 � 7 �
which in turn is trueifr²P $�%v' 5_] ¡ �§e*7y` ��zû ��e l ` � � ¡ �§eQ7[`��û �§e l `��iË&�¢Á l ��� 7 �§���� ( ­ ��z��N�
since

� j 5 � P8Ë&�¢Á l ��� ~¨7���� ­ Ý ~"��zdP8Ë&�¢Á l ���§z .
On theotherhand,wecanalsodeducethat

� j�n � P<Ë&�¢Á l � ­ Ý ~��§z[P<Ë&�¢Á l ����z ,
andtherefore ( ������ $WVYX�Z � j 5 � � � j n � \ÍP<Ë&�¢Á l ���§z¹S (55)

We considernow two possiblecasesin orderto show that(22)holdswhenever$&%(' �¢r¯�	(s�TP�( ­ ��z��NS (56)

In the first caser P`( we usethat,aswe have just shown, (22) holdsprovided r P( ­ ��z�� . Since r>P�( in this case,the inequality r:P�( ­ ��z�� is equivalentto (56). In
the case(�� r , we know that ® 5 �¢r&� � ®�nM�¢r&� � e , � �¢r&� �E� �a(s� , and jb�¢r&� �jb�a(s� . Thus,(22) is thesameas

� �a(s���=�b(s��1/`�z��a(s� . Onecanapply thesamealgebraic
argumentsusedin thefirst paragraphof theproofto show that

� �a(s���=�b(s�R1�`�z��a(s� holds
if (mP�( ­ �,z�� . Now, since(���r , wehave that (¦P�( ­ ��z�� is alsoequivalentto (56).
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Hence,it remainsto show (56) for r²�då . �wrmÃ¹Ä ÅLÆ with rmÃ¹Ä Å accordingto (52).Letz ­ced Ä f ������ ¡ �§eQ7[` �û �§e l ` ��Ë ~ �¢Á l ��� ~ S
If z4P�z ­ced Ä f , then ( ­ ��z�� is givenby its first expression,and(56) follows directly from
(55),sinceby thedefinitionof z ­ced Ä f for z[P�z ­ced Ä f with (55)holds

(mP<Ë&�¢Á l ���§z[P 0 Ë ~ �¢Á l ��� ~ z ­ced Ä f z � ] ¡ ��eQ7y` ��zû ��e l ` � � ( ­ �,z��MS
If z�^4z ­ced Ä f , then ( ­ �,z�� is givenby its secondexpression,and(56)holdsif$&%(' �¢r¯�	(s�TP
( ­ ��z�� � ( ­ ��z ­ced Ä f �
which is trueif r²P
( ­ ��z ­ced Ä f � � ¡ �§eQ7[`��û �§e l `��iË&�¢Á l ��� S

2. We provenow that(23)holdsfor all rµ�d� . �]rmÃ¹Ä ÅLÆ with rmÃ¹Ä Å satisfying(52).
FromLemma1 and ®�nM�¢r&�TP8® 5 �¢r&� wederiveG
¼L� � �}r��i�¨PÙ�§e¨7d® n �}r&����G
¼L� � � l Á�¼Mr ~ �Gsº=� � �}r��i�¨PÙ�§e¨7d® n �}r&����Gsº#� � � l Á�º«r ~ S

Using GsºH� � � l G
¼
� � �TP8Á|z we getG º � � �¢r&�i� l G ¼ � � �}r&���¨PÙ�§e¨7d® n �¢r&���iÁ|z l �¢Á º l Á ¼ ��r ~ S
Ontheotherhand,by Lemma13Á|z��}r&�R1|��e¨7�® n �¢r&���iÁ|z l ¡ ® n �¢r&��Á|z�7 û ÁÂr ~ S
Therefore,(23)holdswhenever�¢Á º l Á ¼ l û ÁÂ��r ~ P ¡ ® n �¢r&�iÁ|z¹�
which,by (14), is implied byr²P $&%(' 5^g ¡ Á|zÁÇº l Á�¼ l û Á � ¡ Á|z�¢ÁÇº l Á�¼ l û ÁÂ� $WVsX=Z � j 5 � � � j n � \ 7 �
which in turn is true,by (55), ifr�P $&%v' 5_g ¡ Á|zÁ º l Á ¼ l û Á � ¡ Á�}Á º l Á ¼ l û ÁÂ��Ë&�}Á l ��� 7 ������ ( ~ �,z��MS
Fromnow on,this partof theproof followsexactly thesamestepsof part1, withz ~ced Ä f �§���� ¡ Á�}ÁÇº l Á�¼ l û ÁÂ��Ë ~ �¢Á l ��� ~ �
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replacingtherole of z ­ced Ä f , and. �8r�P
( ~ ��z ~ced Ä f � � ¡ Á�¢ÁÇº l Ád¼ l û ÁÂ��Ë&�¢Á l ��� S
3. Finally we prove that (24) holdsfor all r suchthat (52) is satisfied.We know

from part1 that(53) and(54) areverifiedif rE�4� . �wrmÃ¹Ä ÅLÆ with rmÃ¹Ä Å satisfying(52).
It followsfrom (54) that û r ~ � ´ ® 5 �¢r&�¹7d® n �}r&�N�§e*7 ¡ � ¸ z
So,from (53),we get � �}r&�§�#�¢r&�R^�` ´ e¨7�® 5 �¢r&��¸"z �¦1 . �
for all r for which (52) is satisfied,andassertion(24) follows trivially. ÕÖ
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