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Abstract

Recently, it has been shown that Nonlinear Programming solvers can successfully
solve a range of Mathematical Programs with Equilibrium Constraints (MPECs).
In particular, Sequential Quadratic Programming (SQP) methods have been very
successful.

This paper examines the local convergence properties of SQP methods applied
to MPECs. It is shown that SQP converges superlinearly under reasonable as-
sumptions near a strongly stationary point. A number of illustrative examples are
presented which show that some of the assumptions are difficult to relax.
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1 Introduction
We consider Mathematical Programs with Equilibrium Constraints (MPECs) of the form

minimize  f(z)

subject to  ¢s(2) =0
er(z) > 0 (1.1)
0 S 21 1L Z9 2 0,

where z = (2, 21, 22) is a decomposition of the problem variables into controls zy € IR

and states (21,2;) € R*. The equality constraints ¢;(2) = 0, i € £ are abbreviated as

ce(z) = 0 and similarly, ¢z(z) > 0 represents the inequality constraints. Problems of this

type arise frequently in applications, see [8, 16, 17] for references. Problem (1.1) is also

referred to as a Mathematical Program with Complementarity Constraints (MPCC).
Clearly, an MPEC with a more general complementarity condition like

0<G(z) L H(z)>0 (1.2)

can be written in the form (1.1) by introducing slack variables. It is easy to show that the
reformulated MPEC has the same properties (such as constraint qualifications or second
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order conditions) as the original MPEC. In this sense, nothing is lost by introducing
slacks.

One possible way of solving (1.1) is to consider its equivalent nonlinear programming
NLP formulation,

~—

minimize  f(z
subject to  cs(2)
7(2)
Z1 Z 0
Z9 Z 0
2Tz, <0,

0
0

o
(AVANT!

(1.3)

and solve (1.3) with existing NLP solvers. This paper examines the local convergence
properties of Sequential Quadratic Programming (SQP) methods applied to (1.3).

It is obvious that the NLP (1.3) has no feasible point which satisfies the inequalities
strictly. This implies that the Mangasarian Fromovitz Constraint Qualification (MFCQ)
is violated at every feasible point, see [5, 19]. Since MFCQ is a sufficient condition
for stability of an NLP, the lack of MFCQ in (1.3) has been advanced as a theoretical
argument against the use of standard NLP solvers.

Numerical experience with (1.3) in the past has also been rather disappointing.
Bard [3] reports failure on 50 - 70 % of some bilevel problems for a gradient projection
method. Conn et al. [6] and Ferris and Pang [8] attribute certain failures of lancelot to the
fact that the problem contains a complementarity constraint. In contrast to this, Fletcher
and Leyfler [10] reported recently very encouraging numerical results on a large collection
of MPECs [15]. They solved over 100 MPECs with an SQP solver, and observe quadratic
convergence for all but two problems. The two problems which do not give quadratic
convergence violate certain MPEC regularity conditions and are rather pathological. The
present work complements these numerical observations by giving a theoretical explana-
tion for the good performance of the SQP method on apparently ill-posed problems of the
type (1.3). We show that SQP is guaranteed to converge quadratically near a stationary
point under relatively mild assumptions.

The paper also complements the recently renewed interest in the convergence prop-
erties of SQP under weaker assumptions, see e.g. [9, 13, 20]. These studies suggest
modifications for SQP solvers to enable them to handle NLLP problems for which the con-
straint gradients are linearly dependent at the solution and/or strict complementarity
fails to hold.

Anitescu [2] extends Wright’s analysis [20] to NLPs with unbounded multiplier sets.
The fact that (1.3) violates MFCQ is equivalent to the unboundedness of its multiplier
set. Anitescu’s work does therefore apply to MPECs in the given form. However, his
assumptions are different from ours and neither assumptions are implied by the others.
Most notably, Anitescu assumes that the QP solver employs an elastic mode, relaxing
constraint linearizations if they are inconsistent. We do not require such a modification
and provide a local analysis of the SQP method in its pure form.

An alternative approach to MPECs via NLP is considered by Andreani and Martinez
[1]. They argue that an MPEC which satisfies strict complementarity and strong station-
arity can be solved successfully by algorithms which satisfy a certain AGP property. A
new formulation is also introduced, namely zy;z9; = 0, z1; 4+ 29, > 0.

In this paper, we argue that the introduction of slacks is not just a convenience, but
plays an important role in ensuring convergence. In Section 7.2 an example with a nonlin-



ear complementarity constraint is presented for which SQP converges to a nonstationary
point. All QP approximations remain consistent during the solve. By introducing slacks,
on the other hand, SQP converges to a stationary point. Of course, this does not mean
that the use of slacks makes an elastic mode or a feasibility restoration unnecessary. The
example in Section 2.2 clearly shows that NLP solvers must be able to handle inconsistent

QPs.

This paper is organized as follows. The next section gives a few simple motivating
examples which highlight the key ideas of our approach and illustrate the numerical
difficulties associated with MPECs. In Section 3 optimality conditions and constraint
qualifications for MPECs are reviewed. Section 4 shows that the optimality conditions
of (1.1) and (1.3) are related by a simple formula. In Section 5 it is shown that SQP
converges quadratically in two distinct situations. The first arises when SQP is started
close to a complementary stationary point. If the starting point is not complementary,
then we show convergence under the assumption that all QP subproblems remain con-
sistent. Sufficient conditions for this assumption are introduced in Section 6. Finally, in
Section 7 more small examples are presented which illustrate the necessity of some of the
assumptions. The paper concludes by briefly emphasizing the importance of degeneracy-
handling at the QP level before pointing to future research directions.

Throughout the paper, g(z) = V f(z) is the objective gradient and the constraint gra-
dients are denoted by a;(z) = Ve¢;(z). Superscripts refer to the point at which functions
or gradients are evaluated, e.g. agk) = a;(2™) = Vei(2®). Finally, the Jacobian matrices

are denoted by A¢ := [a;],c, and Az := [ai],c7, respectively.

€10

2 Some illustrative example

The fact that the NLP formulation (1.3) of an MPEC violates MFCQ at any feasible
point implies that (1.3) has certain features which pose numerical challenges to NLP
solvers.

1. The active constraint normals are linearly dependent at any feasible point.
2. The set of multipliers is unbounded.

3. The linearizations of (1.3) can be inconsistent, arbitrarily close to a stationary
point.

These features are illustrated by the following examples. The examples also motivate the
analysis in subsequent sections. The main conclusion of this section is that while MPECs
posses these unpleasant properties, these arise in a well-structured way which allows SQP
solvers to tackle MPECs successfully.

Below and in the remainder, *.mod refers to the AMPL model of the problem in
MacMPEC, an AMPL collection of MPECs [15].



2.1

Dependent constraint normals and unbounded multipliers (jr*.mod)

In this section we use a small example due to Jiang and Ralph [14] to illustrate the key

idea of our approach. Consider the two QPECs

{ minimize
z

subject to

fi(2)
OSZQ L 22—2120

(2.1)

with fi(2) = (21 — 1)* + 23 and fy(z) = 2§ + (22 — 1)*. The problems differ only in their
objectives. The solution to both problems is z* = (1/2,1/2)T, see Figure 1.

Z)

1%

The equivalent NLP problem to these QPECs is given by

VI‘ + \\\l‘ Zl f2(Z) ) L/ , ! Zl
- 1
Figure 1: QPEC examples 1 and 2
minimize  fi(z) multiplier
subject to 2z, >0 v>0 (2.2)
Z9 — 21 Z 0 A Z 0 ‘
23 (22 —21) <0 £>0.

The first order conditions for these NL.Ps differ only in the objective gradient and are

D-<(])

(1) (

Clearly, the two active constraint normals are linearly dependent. Since z; =

) -

—1

follows that v* = 0. The multiplier sets, given by
My = {(NOIA>0, A —L=1}

1 .
—§>01t

My = {NE) [A>0, =\ +16=1}.

are unbounded, as expected. The sets are shown in Figure 2.
This situation is typical for MPECs which satisfy a strong stationarity condition.

The multiplier set is a ray and there is exactly one degree of freedom in the choice of

multipliers.

Note however, that if we restrict attention to multipliers which correspond to a linearly

independent sel of constraint normals, then the following reduced sets are obtained

1
0

0
2
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Figure 2: Multiplier sets of QPEC examples 1 and 2

These multipliers are bounded and well behaved. We should expect SQP to converge
if started near such a stationary point. The KKT multipliers which correspond to a
solution with linearly independent strictly active constraints are illustrated by the black
circles in Figure 2. The half-line shows the unbounded multiplier set.

Observe that in the first example, A > 0 at the solution which implies that this is also
the solution for the NLP with the complementarity condition removed. In the second
example, no A > 0 can on its own satisfy the stationarity conditions and ¢ > 0 is required.
If we had interpreted z; — z; > 0 as an equality constraint, then we could have chosen
A = —1 in the stationarity conditions. However, an NLP solver would never return A < 0
for an inequality constraint and hence £ = 2 ensures that the stationarity conditions are
satisfied.

The effect of the multiplier of the complementarity constraint is to relax the condition
that A\, > 0 for what in effect amounts to an equality constraint. This is exploited in
Section 4, where it is shown that certain MPEC multipliers correspond to multipliers of
(1.3). This situation is typical for MPECs under certain assumptions. The key idea is
to then show that SQP converges to a solution provided the QP solver chooses a linearly
independent basis.

2.2 Inconsistent linearizations (s14.mod)

The following example illustrates a possible pitfall for NLP solvers attempting to solve
MPECs as NLPs. Consider

minimize  z; + 2y

subject to 23 >1 (2.3)
0 S 21 L Z9 2 0.

Its solution is z* = (0,1)T with NLP multipliers \* = 0.5 of 22 > 1, v} = 1 of z; > 0
and & = 0 of z1z9 < 0. In particular, this solution is a strongly stationary point (see
Definition 3.3 below). However, linearizing the constraints about a linear feasible point
20 = (e,1 = §)T (with ¢,d > 0), gives a QP which is inconsistent. Note that 2(°) can be
arbitrarily close to the solution. The linearizations are

(1—=8)4+2(1 = 8) (22— (1 =19))

21

(2.4)

VARV



(1 =38 e+ (1 =68)(z1 —€)+ €(zg — (1 —6))

It is easily shown that

IN TV

(2.5)

14 (1—4)?
(24) = 2z, > m

(25) =z <1-48<1,

which shows that the QP approximation is inconsistent. This is also observed during our
filter solves (where we enter restoration at this point).

Clearly, any NLP solver hoping to tackle MPECs will have to deal with this situation.
snopt [12] uses an elastic mode which relaxes the linearizations of the QP. filter [11] has
a restoration phase. In Section 5 convergence of SQP methods without modifications is
analysed. This analysis is closer in spirit to the results obtained using filter.

> 1

3 Review of optimality conditions for MPECs

This section reviews stationarity concepts for MPECs in the form (1.1) and introduces
a second order condition. It follows loosely the development of Scheel and Scholtes [19],
though the presentation is slightly different.

Given two index sets Z;, Z, C {1,...,p} with

ZU 2, = {1,....p} (3.1)

denote their respective complements in {1,...,p} by Z and Z;. For any such pair of
index sets, define the relaxzed NLP corresponding to the MPEC (1.1) as

minimize  f(2)

subject to  h(z) =0
c(z) >0
2;=0 Vjezf (3.2)

21; 20 Vi€ Z

Concepts such as constraint qualifications, stationarity and a second order condition for
MPECs will be defined in terms of the relaxed NLPs. The term relaxed NLP stems from
the observation, that if z* is a local solution of a relaxed NLP (3.2) and satisfies com-
plementarity ZTTZ§ = 0, then z* is also a local solution of the original MPEC (1.1). One
can naturally associate with every feasible point Z = (2, 21, 22) of the MPEC a relaxed
NLP (3.2) by choosing Z; and Z; to contain the indices of the vanishing components of
Z1 and Z,, respectively. Whilst, in contrast to [19], our definition of the relaxed NLP is
independent of a specific point, it will occasionally be convenient to identify the above
sets of vanishing components associated with a specific point Z, in which case we denote
them by Z1(2), Z5(2) or use suitable superscripts. Note that for these sets the condition
(3.1) is equivalent to 272, = 0.

The indices which are both in Z; and Z, are referred to as the bi-active components
(or second level degenerate indices) and are denoted by

D .= ZlﬂZQ.



Obviously, in view of (3.1), (£, 25, D) is a partition of {1,...,p}. A solution z* to the
problem (1.1) is said to be second level non-degenerate if and only if D(z*) = (.
First two well known constraint qualifications are extended to MPECs, namely the

Mangasarian-Fromowitz constraint qualification (MFCQ) and the linear independence
constraint qualification (LICQ).

Definition 3.1 The MPEC (1.1) is said to satisfy an MPEC-MFCQ (MPEC-LICQ), if
and only if the corresponding relaxed NLP (3.2) satisfies an MFCQ (LICQ).

In [19], four stationarity concepts are introduced for MPEC (1.1). The stationarity
definition which allows the strongest conclusions is Bouligand or B-stationarity.

Definition 3.2 A point z* is called Bouligand or B-stationary, if and only if d = 0 solves
the LPEC obtained by linearizing f and ¢ about z*,

P . T
minimize g d
subject to ¢+ Asz =0

G+ A d >0

B-stationarity is very difficult to check, since it involves the solution of an LPEC
which is a combinatorial problem and may require the solution of an exponential number
of LPs, unless all these .Ps share a common multiplier vector. Such a common multiplier

vectors exists, if an MPEC-LICQ holds.

The results of this paper relate to the following notion of strong stationarity.

Definition 3.3 A point z* is called strongly stationary, if and only if there exist multi-
pliers X\, iy and 0y such that

0 0
Vi—Vex—| o0 =1 0 | =0
0 Uy
cg =0
g >0
27 >0
520 (33)
zfj:O or zgj:
Ar >0
cXi=0
Zi}l)lj:o
Z;jﬁgj:()

if 21, =25, =0 then 11; 20 and 1y > 0.

Note that (3.3) are the stationarity conditions of the relaxed NLP (3.2) at z*. B-
stationarity is equivalent to strong stationarity, if the MPEC-LICQ holds (e.g. [19]).

Next, a second order sufficient condition (SOSC) for MPECs is given. Since strong
stationarity is related to the relaxed NLP (3.2) it seems plausible to use the same NLP
to define a second order condition. For this purpose, let A* denote the set of active



constraints of (3.2) and A% C A* the set of active constraints with nonzero multipliers
(some could be negative). Let A denote the matrix of active constraint normals, i.e.

0 0
A=Az + AZpur = I7 2 0 = [a];cpn 5
0 I

where A7 4+ are the active inequality constraint normals and
* . * .
Iy = [el]iezl* and [y := [ez]iez;

are parts of the p x p identity matrices corresponding to active bounds. Define the set of
feasible directions of zero slope as

st ={sls#0,g7s=0, a's =0, ic A, as 20, ie A4},

We can now give an MPEC-50O5C. This condition is also sometimes referred to as the

strong-SOSC.

Definition 3.4 A point z* satisfies an MPEC-SOSC, if and only if strong stalionarity
(3.3) holds and

sTVL*s >0, Vs € 7,

where V2L* is the Hessian of the Lagrangian evaluated at (z*, X*, 0%, 05) and S* is the
set of feasible directions for the relaxed NLP (3.2).

The definitions of this section are readily extended to the case where a more general
complementarity condition such as (1.2) is used. Moreover, any reformulation using slacks
preserves all of these definitions. In that sense, there is no loss of generality in assuming
that slacks are being used.

4 Strong stationarity versus NLP stationarity

This section shows that there is a relationship between strong stationarity of the MPEC
(1.1) and NLP stationarity conditions for (1.3). It is shown that their respective multi-
pliers are related by a simple formula.

The NLP stationarity conditions of (1.3) are that there exists multipliers u := (A, v1, 19, §)



such that

Vi) =Ve2) A= vn | = 0 | +&] 2 | =0

T2, <0 (4.1)

>0
CZ(Z)/\Z =0

lel/lj =
Z2;V2; = 0

There is also a complementarity condition 27z, = 0 which is implied by feasibility
of z1, 2z and has been omitted.

We examine the difference between (4.1) and the strong-stationarity condition (3.3).
In (3.3), the multipliers 4 and 2, may be negative for components that satisfy second
level nondegeneracy, while in (4.1), 11 > 0, v, > 0 is required. We will relate the
multipliers of (3.3) and (4.1) to show that stationarity in both senses is equivalent.

The main observation in proving the following result is that the first order condition
of (4.1) can be written as

0 0
Vi) =Vez)'A=| n—€z | - 0 =0,
0 vy — 521

which is equivalent to the corresponding first order condition in (3.3), if and only if

191 = V1 — 522 (42)

192 = UVy — 521. (43)

Proposition 4.1 A point z is strongly stationary in the MPEC (1.1) if and only if it is
a stationary point of the NLP (1.3).

Proof. First it is shown that (4.1) = (3.3) by distinguishing three cases:

(a) If z1; > 0, then z9; = 0 = 14, from complementarity and slackness. Using (4.2) it
follows that 04; = 0 and Dg; = vg; — €21, satisfies (3.3).

(b) If z3; > 0, then transpose above argument.

(c) Finally, if z1; = z3; = 0, then (4.2) and (4.3) imply that 27, = v4; > 0 and y; =
vy; > 0. Combining (a) - (¢) it follows that (4.1) implies (3.3).

Next it is shown that (3.3) = (4.1) by distinguishing three cases:

(d) If z1; > 0, then £4; = 0 and zy; = 0. This implies that v4; = £z9; + 4; = 0> 0. To
ensure that v,; = {z1; + ; 1s non-negative, it may be necessary to increase ¢ such that
£z15 + 125 > 0, V5.



(e) If zp; > 0, then transpose above argument.
(f) Finally, if z1; = 2z5; = 0, then v4; = £7; > 0 and vy; = 5; > 0. Combining (d) - (f) it
follows that (3.3) implies (4.1). O

The interesting point about the proof is that it relates the multiplier £ to the fact that
the NLP conditions (4.1) are more restrictive in the sense that they enforce vy,vy > 0,
while 24, 7, may be negative. In a way, £ compensates for this: if, for instance, 24; < 0,
then z3; > 0 and we can get the corresponding NLP multiplier v4; = 4; + {22; non-
negative by choosing ¢ sufficiently large.

It is easy to derive an expression for the minimum value which ¢ must take in order
to ensure that all multipliers 14, v, are non-negative. If 25, = 0, then 0y; > 0 (either
because zj; > 0 or because of the last equation in (3.3)) and thus v4; = 24, > 0. If on the
other hand 2}, > 0, then 74; may be negative. Hence, in order to ensure that v; > 0, it
is sufficient to choose ¢ such that

£ > max _I:M.
€25 Zy

A similar expression is obtained for z{; > 0, £5; < 0, so that choosing

N A

£ = max {0 , max — , max _VQZ} (4.4)

€2t 25, i€zt 2%,

will ensure that v1,15 > 0. Examining the expressions on the right hand side of (4.4) it
can be seen that ¢ is bounded.

Clearly, any value £ > ¢ in (4.4) would also satisfy the stationarity conditions (4.1) and
this is how the unboundedness of the multiplier set arises. However, any such é > ¢ would
not correspond to a basic solution, in the sense that the constraint normals corresponding
to nonzero multipliers are linearly dependent. The main argument in our convergence
analysis is to show that an SQP solver which works with a non-singular basis will pick
the multiplier defined in (4.4).

Definition 4.1 The multiplier defined by (4.4) is referred to as the basic multiplier.

The terminology of this definition is justified by the following Lemma, which shows
that if MPEC-LICQ holds, then the MPEC multipliers and the multiplier in (4.4) are

unique and correspond to a linearly independent set of constraint normals.

Lemma 4.1 If MPEC-LICQ) holds at a local minimizer, then il is strongly stationary
and there the multipliers in (3.3) as well as the basic multiplier defined by (4.4) are
unique. Moreover, the set of constraint normals corresponding to non-zero multipliers is
linearly independent.

Proof. For a proof of the existence and uniqueness of MPEC multipliers (3.3) see [19].
Because of the uniqueness of the MPEC multiplier, all expressions on the right-hand side
of (4.4) are unique which implies the uniqueness of £. The uniqueness of the corresponding
NLP multipliers follows from (4.2) and (4.3).

Now distinguish two cases: £ =0 and £ > 0 in (4.4).

If £ = 0 then the linear independence of constraint normals corresponding to non-zero

multipliers follows from MPEC-LICQ.



If £ > 0, then there exists at least one component i € Zi* or ¢+ € Z; such that v = 0
or vy; = 0. It remains to show that the set of constraint normals corresponding to non-
zero multipliers is linearly independent. By MPEC-LICQ, this is true for all but the
complementarity constraint. Then we can exchange the normal of the complementarity
constraint for any normal whose multiplier is driven to zero by (4.4) and (4.2) or (4.3) in
the basis as explained in Lemma 5.1 below. g

The conclusions of this section can be readily extended to cover the case where the
complementarity condition is of more the general form (1.2).

5 Local convergence of SQP methods

This section shows that SQP methods converge quadratically near a strongly stationary
point under mild conditions. Section 7 discusses the assumptions and provides counter-
examples for situations where (some of ) these assumptions are not satisfied. In particular,
we are interested in the situation, where z(*)

R (k) -

z1 ' zy ' 1s nol necessarily zero. SQP then solves a sequence of quadratic programming

is close to a strongly stationary point, z*, but

approximations, given by

minidmize (k)Td + ldTT/V(k)al

subject to ()+A() d=0
AP a >0
(QP") +
W+m>0
AP 4 dy >0
AP 1 4P, <0,

where W) = V2L£(z*) ;#®) is the Hessian of the Lagrangian of (1.3) and p®*) =
(/\(k),l/ik),l/gk),f(k)). The last constraint of (QP*) is the linearization of the comple-
mentarity condition 27z, < 0.

Assumptions 5.1 The following assumptions are made
[A1] f and ¢ are twice Lipschitz conlinuously differentiable.

[A2] (1.1) satisfies an MPEC-LICQ (Definition 3.1), i.e. the relazed NLP satisfies an
LICQ.

[A3] At z* an MPEC-SOSC (Definition 3.4) holds. Note that this implies that z* is a
strongly stationary point of (1.1), (Definition 3.3).

[Ad] X; £0, Vi€ &, A\f >0, Vie A*NZ, and either vi; >0 orvy; >0, Vj € D*.
[A5] The QP solver always chooses a linearly independent basis.

The most restrictive assumption is [A3], which assumes the existence of a common
multiplier. In this sense, [A 3] removes the combinatorial nature of the problem. It is not
clear that [A2] can readily be relaxed in the present context, since [A2] and [A3] imply
that z* is B-stationary. Thus it is possible to check B-stationarity by solving exactly one



LP or QP. Without assumption [A2] it would not be possible to verify B-stationarity
without solving several LPs (one for every possible combination of second level degenerate
indices ¢ € D*). It seems unlikely therefore, that any method which solves only a single
LP or QP per iteration can be shown to be convergent to B-stationary points for problems
which violate MPEC-LICQ. However, it may be possible to replace [A2] by an MPEC-
MFCQ and use similar ideas to [20] to show convergence (at the cost of possibly modifying
the SQP algorithm) to strongly stationary points. Note that we do not assume that the
MPEC (1.1) is second level nondegenerate. Assumption [A5] is a reasonable assumption
in practice, as most modern SQP solvers are based on QP solvers which guarantee this.

This section is divided into two parts. First, the case where complementarity is
satisfied at a point sufficiently close to a stationary point is considered. This case cor-
responds to the situation where all iterates (ultimately) remain on the same face of
0 <z L z >0. The key idea is to show that SQP applied to (1.3) behaves identical
to SQP applied to (3.2).

The second case considered arises, when zik)ngk) > 0 for all iterates k. In this case,
the previous ideas cannot be applied and a separate proof is required and we make the
additional assumption that all QP subproblems remain consistent. This last assumption
[A6] appears to be rather strong, especially in the light of example (2.3), which shows
that the QP approximation may be inconsistent arbitrarily close to a solution. However,
we will give several sufficient conditions for it later which show that is it not unduly
restrictive.

Without loss of generality, we assume that ZfL = (), i.e. we will assume that the
solution has the form z; = 0 and 25 = (0, z;,) and that z}, > 0. This greatly simplifies
the notation.

5.1 Local convergence for exact complementarity
In this section we make the additional assumption that
[A6] z%k)ngk) = 0 and (2®, ) is sufficiently close to a strongly stationary point.

Assumption [A6] implies that for given index sets Z; = Zl(k) and Z, = ZQ(k), the
following implications hold

ZY;) = Vie Zf
zgf) = Vje zZt
zg) =0 or zglj) =0 VjeD.

In particular, it is not assumed that the bi-active complementarity constraints D* are
active at 2(®. Thus it may be possible that Z; # Z; (and similarly for Z;). However, it
is shown that the bi-active constraints become active after one step of the SQP method
as a consequence of [A4] (the positivity of bi-active multipliers).

The following well-known result shows that if strong stationarity and [A6] hold, then
all relaxed NLPs have the same multiplier.

Proposition 5.1 Lel [A1] to [AB] hold al z* and let Z,, Z,,D be any index sels salis-
Jying

Zla ZQ C {177p}

Z C Z  Z C 2

D = ZN2Z



Then it follows that all corresponding relaxed NLPs (3.2) have the same (unique) multi-
pliers.

Proof. Elsewhere. O

The conditions on Z;, Z, D in Proposition 5.1 are equivalent to requiring that Zi-, Z;-, D
are a partition of {1,...,p} for which the following conditions hold

z:t c 2zt ¢ zPupr
z:;t c 25 ¢ zZPuDr
D C D~

The key idea of the proof is to show that SQP applied to (1.3) is equivalent to SQP
applied to the relaxed NLP (3.2) on a face. For a given partition (Zi, Z5, D), an SQP
step for (3.2) is obtained by solving the QP

minidmize g(k)Td + %dTWd
subject to c(gk) + A(gk)Td =0
P AP g >0

(QPr("), 2)) dy; =0 Vj ezt
dy; =0 VjezZt
A dy >0 Vj € 2
A hdy >0 VjeZ,

where

W = VZf(z(k)) — Z /\Ek)VQCi(z(k))

is the Hessian of the Lagrangian of the relaxed NLP (3.2). Note that the relaxed NLP
(3.2) is never set up, nor is (QPr(2®), Z)) ever solved. These two problems are merely
used in the convergence proof. The key idea is to show that SQP applied to the ill-
conditioned NLP (1.3) is equivalent to SQP applied to the well-behaved relaxed NLP
(3.2), given by the sequence defined by (QPr(z¥), Z)).

Throughout this section, Z; = Zl(k) and Zy = ZQ(k) and it is not assumed that the
correct sets have been identified. However, an important consequence of [A5] is that

Zl(k), ZQ(k) satisfy

zt ¢ 2% zrup
zt ¢ 2Pt ¢ zup (5.1)
Dk c D,

i.e. the indices Zfl and Z;L of the non-degenerate complementarity constraints have
been identified correctly (see Proposition 5.1).

The following proposition states the fact that SQP applied to the relaxed NLP con-
verges quadratically and identifies the correct index sets Z; and Z3 in one step.

Proposition 5.2 Lel [A1] to [A5] hold and consider the relazed NLP for any index sels
ZE ZF (satisfying (5.1) by virtue of [AB]). Then it follows that

1. the sequence of ilerates {(z1, X! I/Y), I/él))}bk converges Q-quadratically to (2%, \*, v}, v5);



2. the sequence {z(VY 5} converges Q-superlinearly to z*; and
() _ =z () _ 2
3. 2 =Zf and Z,’ = Z5 forl > k.

Proof. The relaxed NLP satisfies LICQ and a second order sufficient condition. There-
fore, SQP converges at second order rate when applied to the relaxed NLP. Part 1. is a
standard result whose proof can be found for instance in [7, Theorem 15.2.2]. Part 2. is
due to [4] and part 3 follows from the fact that SQP identifies the correct active set in
one step. 0

Next, it 1s shown that the sequence of steps generated by SQP applied to the relaxed
NLP (3.2) is identical to the sequence of steps generated by applying SQP to the equiv-

alent NLP (1.3), provided that ZYC)ngk) =0, i.e. [A6] holds for some k. If ZYC)ngk) =0,
then an SQP step for (1.3) is obtained by solving the following (Q P¥) with z%k)ngk) =0
in the last constraint.

The two QPs (QP*) and (QPr(z"™, Z)) have different constraints and Hessians. The
Hessian of (QP*) is

00
wE — Wk + .f(k) 0 0
0 7

O~ O

However, despite these differences, it is possible to show that the two QPs have the same
solution (from which second order convergence follows). The following Lemma shows
that the constraint sets are the same.

Lemma 5.1 Lel Assumptions [A1] tp [A6] hold. Then, a step d is feasible in (QP*) if
and only if il is feasible in (QPr(z®, Z)).

Proof. The constraint sets only differ in the way in which indices j € Z+ and j € Z{
are handled. Thus it suffices to consider those constraints.

(a) Let d be feasible in (QPr(2®), Z)). Then it follows in particular that d satisfies

dyj =0 Vj€ 2}

Splitting these constraints into two inequalities, it follows that d satisfies

di; >0 VjeZs (5.2)
di; <0 VjeZ; (5.3)
dy; >0 Vje€Zf& (5.4)
dyj <0 VjeZf (5.5)

Summing (5.3) over all j € Z; weighted with ng) > 0 and (5.5) over all j € Z;{- weighted

with ZY;) > 0, it follows that d satisfies the last constraint of (Q P*) (the simple bounds
follow from (5.2) and (5.4)).
(b) Let d be feasible in (QP*). Then it follows that



Since zg;) >0, Vj € Z4 and zﬁc) >0, Vj € Z&, it follows from

jeZd jezt

that

Thus, d is feasible in (Q Pr(z™®), Z)). O

Next, it is shown that the first order stationary points of (QP*) and (QPr(z™*), 2))
are identical.

Lemma 5.2 Lel assumptions [A1] - [A6] hold, then it follows that the objective func-
tions of (QPr(2®), Z)) and (QP¥*) are identical on the feasible set. Moreover, any first
order stationary point of (QPr(z™, Z)) is also a stationary point of (QP*) and vise-
versa.

Proof. For any feasible point of (QPr(2(¥), Z)) (and hence of (QP¥)), it follows from
[A6] and Lemma 5.1 that dTdy, = 0. Hence, the objective functions of the two QPs are
identical on the feasible set. Thus it follows, that the reduced gradients are the same and

hence that any first order stationary point of (QPr(2(, Z)) is also a stationary point of
(QP*) and vise-versa. O

Lemma 5.3 Let Assumptions [A1l] to A6] hold. Let (X, i4,03) be the multipliers of
(QPr(2®, Z)) (corresponding to a step d). Then it follows that the multipliers of (QP¥),

corresponding to the same step d are p = (X, v1,19,§), where

§ = max (0, jglzai%_ylj_(—f)(k)% » Imax _w%lgw)du) (5.6)

1 Zy; J€Z\D 2y
v; = 1n;>0,Vj€D (5.7)
vy = 1p;>0,Y5€D (5.8)
vi; = g+ EPdy; + fzg? , Vi€ Z\D (5.9)
voj = Ui+ EWdy; + € Vi€ 2,\D. (5.10)

Conversely, given a solulion d and multipliers p of (QP*), (5.7) to (5.10) show how lo
construct multipliers, so that (d,\,in, ;) solves (QPE).

Proof. If z*) is sufficiently close to z*, then the sign of the multipliers in (5.7) and
(5.8) follows from [A4] and the value for the multipliers of (QP*) follows similar to
Proposition 4.1. Similarly, the multipliers of (Q P¥) in (5.9) and (5.10) are non-negative
by construction and satisfy first order conditions by Lemma 5.2. g

Next, it is shown that both QPs have the same (unique) solution in a neighbourhood

of d = 0.

Lemma 5.4 The solution d of (QPr(z%), Z)) is the only strict local minimizer in a
neighbourhood of d = 0 and its corresponding mullipliers (X, v1,v2) are unique. Moreover,
d is also the only strict local minimizer in a neighbourhood of d = 0 of (QP*).



Proof. The result for (QPr(2®, Z)) is due to Robinson [18], see also Conn, Gould
and Toint [7], since the relaxed NLP satisfies [A1] to [A4]. The statement for (QP*)
follows in two parts. First order conditions are established in Lemma 5.3. Second order
conditions for (QP*) follow from second order conditions of (QPr(z™*), Z)), as the two
problems have the same null-space (Lemma 5.1) and their objectives are identical on
the feasible set (Lemma 5.2). Thus the solution d of (QPr(2\¥), Z)) is also a solution of
(QPY)

If there were another solution of (Q P¥) in a neighbourhood N of d = 0, then it would be
possible to construct a corresponding solution to (Q Pr(2*¥), Z)) in N (using Lemma 5.3)
which would contradict the uniqueness of that solution. O

The following theorem summarizes the results of this section.

Theorem 5.1 [f assumption [A1] to [A6] hold, then SQP applied to (1.3) generates a se-
quence { (27 \(*), ka), ygk), N Y s which converges Q-quadratically to {(2*, X, v, v}, €)}
of (4.1), satisfying strong stationarity. Moreover, the sequence {z(M} 5y converges Q-
superlinearly to z* and ZY)TZS) =0 foralll > k.

Proof. Under assumption [A1] to [A4], SQP converges quadratically when applied to
the relaxed NLP (3.2). Lemmas 5.1 to 5.4 show that the sequence of iterates generated
by this SQP method is equivalent to the sequence of steps generated by SQP applied
to (1.3). This implies Q-superlinear convergence of {z(®},5;. Convergence of the mul-
tipliers follows by considering (5.6) to (5.10). Clearly, the multipliers in (5.7) and (5.8)
converge, as they are just the multipliers of the relaxed NLP, which converge by virtue
of Proposition 5.2. Now observe, that (5.6) becomes

_/(I§+\1)_ (k) (k) _/(1;+\1)_ (k) 7(k)

g(kﬂ) =max | 0, max 7 0y , max il <
I (k) I (k)
JEZT Z9j JEZ; 215

The right-hand-side of this expression converges, since 1/$+1), ngﬂ) and ZY;-), zgf) converge

and d{ dg];) — 0. Note that the limit of (5.6) is (4.4). Finally, (5.9) and (5.10) converge

17 »
to (4.2) and (4.3) by a similar argument.
zy)Tzél) =0, V[ > k follows from the convergence of SQP for the relaxed NLP (3.2)
and the fact that SQP retains feasibility with respect to linear constraints. Assumption
[A4] ensures that dgl;) = dg];) = 0,Vy € D*, since Vﬁ?), ng) > 0 for bi-active complemen-
tarity constraints. Thus SQP will not move out of the corner and stay on the same face.

O

5.2 Local convergence for non-zero complementarity

This section shows that SQP converges superlinearly, even if complementarity does not

hold at the starting point, i.e. if ZYC)ngk) > 0. Example (2.3) shows that the QP
approximations can be inconsistent arbitrarily close to a stationary point. In order to
avoid this, we make the following assumption which often appears to hold in practice.

[A7] All QP approximations (Q P¥) are consistent.



This is clearly an undesirable assumption, as it makes an assumption on the progress
of the method. However, we show in the next section, that this assumption is satisfied
for some important practical applications.

Our convergence analysis is concerned with showing that for any “basic” active set,
SQP converges. To this end, we introduce the set of basic constraints

B(z):=EUTINAUZ(2)U Zy(2) U {2l 2, = 0}
and the set of strictly active constraints (defined in terms of the basic multiplier, ),
Bi(z) = {i € B(z) | pi £0}.

denote the matrix of strictly active constraint normals at z = 2 i.e.

Moreover, let B_('_k)

o

B_('_k) =

ieBy (M)

Note that Lemma 4.1 shows that the optimal multiplier is unique. However, it may be
possible that for some iterates Bg_k) # B4 (z*) and our analysis will have to allow for this.

The failure of any constraint qualification at a solution z* of the equivalent NLP (1.3)
implies that the active constraint normals at z* are linearly dependent. However, the
linear dependence occurs in a very special form which can be exploited to prove fast
convergence.

Lemma 5.1 Let assumptions [A1] - [A4] hold and let z* be a solution of the MPEC
(1.1). Consider the matriz of active constraint normals al z*,

0 0 0
A AL T 0 ( 0 )
B = ¢ ’ Z;Z )

o [ o

where we have assumed without loss of generality that Z.,Y" = 0. Note, that the last
column is the gradient of the complementarity constraint.

Then it follows that B is linearly dependent and any submatriz of columns of B has
full rank, provided that it contains [A% A%] and either the last column of B is missing or
any column corresponding to z13 = 0 is missing.

Proof. The fact that the columns of B are linearly dependent is clear by looking at
the last three columns of B. Assumption [A2], MPEC-LICQ, implies that B without
the last column has full rank. The final statement follows by exchanging any column
corresponding to zj, = 0 with the final column of B and observing that 25, > 0. O

The proof shows, that in order to obtain a linearly independent basis, any column of
z12 = 0 can be exchanged with the normal of the complementarity constraint. This is
precisely what lies behind (4.2) and (4.3). The corresponding basic multipliers are shown
as dots in Figure 2.

Next, we show that if we are close to z* and the QP solver chooses the full basis B,
then exact complementarity holds for all subsequent iterations. Thus in this case, the
development of the previous section shows second order convergence.



Lemma 5.2 Let (%) be sufficiently close to z* and let Assumptions A1] - [A5] and [AT]
hold. If the QP solver chooses the full basis B, then it follows that zyc)ngk) > 0 and that
after the QP step, ZYCH)ngk‘H) = 0 and moreover there exists ¢ > 0 such that

| (250 D) — ) || < e (29, ) = () ). (5.11)

(k)" (k)

Proof. Assume that z T22 = 0 and seek a contradiction. Since z(¥) be sufficiently close

to z*, it follows that zgg) = O(1). Hence, zg) = 0. Now consider the final 3 columns of B
(k)
2

and observe that if z;,” = 0, then the last column lies in the range of the other two. Hence

the basis would be singular, which contradicts Assumption [A5] and so Zik)ngk) > 0.

z(k—l_l)ngkH) = 0 follows simply by observing that the full basis B implies that 0 =

zyc) +d, = z£k+1).

The third part, follows by observing that Assumption [A2] and [A3] imply that the
relaxed NLP satisfies an LICQ and a SOSC. Hence, the basis B without the final column
gives a feasible point close to 2. Denote this solution by (2,/1) and let the corre-
sponding step be denoted by d. Clearly, if this step also satisfies the linearization of the

complementarity constraint, i.e. if
ZYC)Tng) + zgk)Tczl + ZYC)TaZQ =0,

then (5.11) follows by second order convergence of SQP for relaxed NLP.
If on the other hand,
T T A T A
zyc) ng) + zgk) dy + zyc) dy >0,
then the SQP step of the relaxed NLP is not feasible in (QP*). In this case consider the
following decomposition of the SQP step. Let

0 0
4 . Czl . —ZYC)

don —zyy
0 0
be the normal component and let d* := d — d" be the tangential component. Then it

follows, that the step of (QP*) satisfies d¥) = d" + od' for some o € [0,1]. The desired

bound on the distance follows now from the convergence of d. O

Thus, once a full basis is chosen, the corresponding step will give z§k+1)ngk+1) =0

for a point close to z* and second order convergence then follows using Theorem 5.1.

Corollary 5.1 Let z%) be sufficiently close to z* and let Assumptions [A1] - [A5] and
[AT] hold. If the QP solver chooses the full basis B, then it follows that SQP converges

quadratically from iteration k + 1.

In the remainder we can therefore concentrate on the case, that the full basis B is
T
never chosen and that zﬁk) ng) > 0 for all iterates k (otherwise, we have convergence
from the results of the previous section).

Next, we show that for z(¥) be sufficiently close to z*, the basis at z(*) contains both

E and Z*.



Lemma 5.3 Let z¥) be sufficiently close to z* and let Assumptions [A1] - [AB5] and
[A7] hold. Then it follows, that the optimal basis B of (Q P¥) contains the normals A(gk)
and A(I]i).

Proof. This follows by considering the gradient of (Q P¥),

0
0 = vf(k) + W(k)d(k) _ Vc(k)T/\(k+1) _ I/Yﬂ—l) . f(k+1)zgk) + f(k) d(Qk) :
vy(k + 1) — €5+ 2 (k) d{®)

where W*) is the Hessian of the Lagrangian without the term corresponding to the
complementarity constraint (which is the last term above). Now, for 2% be sufficiently

close to z*, it follows from [A4] that )\gk—H) #0forallte EUT™ O

Thus, as long as the QP approximations remain consistent, the optimal basis of
(QP*) will be a subset of B satisfying the conditions in Lemma 5.2. The key idea is now
to show that for any such basis, there exists an equality constraint problem for which
SQP converges quadratically. Since there is only a finite number of basis, this implies
convergence for SQP.

Now introduce the reduced NLP, which is an equality constraint NLP corresponding
to a basis with properties as in Lemma 5.2 and given by

minimize  f(z)
subject to  ¢s(2) =0
ez (z) =10
=0 (5.12)
291 =0
z12 =10

Z?ZQ =0

The next Lemma shows, that any reduced NLP satisfies an LICQ and an SOCS.

} subset satisfying Lemma 5.2.

Lemma 5.4 Lel Assumptions [A1] to [A4] and [AT] hold. Then it follows, thal any
reduced NLP satisfies an LICQ and an SOSC.

Proof. Lemma 5.2 shows that the normals of the equality constraints of each reduced
NLP are linearly independent. The SOSC follows from the MPEC-SOSC and the obser-
vation, that the MPEC and the reduced NLP have the same null space. O

Thus applying SQP to the reduced NLP results in second order convergence.

Proposition 5.1 Lel Assumptions [A1] to [A4] and [AT] hold. Then it follows, that
SQP applied to any reduced NLP converges quadratically to z*.

Proof. Lemma 5.4 shows that the reduced NLP satisfy LICQ and SOSC and therefore,
convergence of SQP follows. In particular, it follows that for a given reduced NLP
corresponding to a basis B, there exists a constant ¢g > 0 such that

|, u ) = () | < e || (29, 1) = (2% p) |12 (5.13)
[l

Summarizing the results of this section, we obtain



Theorem 5.1 Let assumptions [A1] - [A5] and [AT] hold. Then it follows that SQP
applied to the NLP formulation (1.3) of the MPEC (1.1) converges quadratically near a

solution (2%, p*).

Proof. Proposition 5.1 shows that SQP converges superlinearly for any possible choice
of basis B and assumption [A7] shows that (Q P*) is consistent and remains consistent.
Therefore, there exists a basis for which superlinear convergence follows. Thus for each
basis, a step is computed which satisfies a contraction condition like (5.13) for a constant
¢ > 0 which depends on the basis. Since there is a finite number of basis, this condition
holds also for ¢ = maxcp independent of the basis and SQP converges superlinearly
independent of the basis. O

5.3 Discussion of proofs

(075 _

An interesting observation of the convergence proofs of this section is that if 2, 2" =
then the actual value of £*) has no effect on the step computed by SQP. This shows, that
the curvature information contained in the complementarity constraint zfz, < 0 is not
important. As a consequence, one could simply leave out this contribution to the Hessian
of the Lagrangian. This can be easily implemented and convergence results follow along
similar lines to the observation above.

The conclusions and proofs presented in this section also carry through for linear
complementarity constraints, but not for general nonlinear complementarity constraints.
The reason is that the implication

ZYC)Tzék) =0 = Z§k+1)ngk+1) =0
holds for linear complementarity problems, but not for nonlinear complementarity prob-
lems, since in general, an SQP method would move off a nonlinear constraint. This is
one reason for the introduction of slacks to deal with complementarity of the form (1.2).

Similar conclusions can easily be derived for alternative NLP formulations of the
MPEC (1.1). For instance, the complementarity constraint in (1.3) can be replaced by

21529, <0, Vy=1,...,p.

In this case, a similar construction to (5.6) is possible, where gis replaced by a vector
of complementarity multipliers, one for each constraint. Equations (4.2) and (4.3) then
become componentwise conditions and similarly, (5.9) and (5.10). In addition, it can now
be seen, that a basis that satisfies the conditions of Lemma 5.2 satisfies a complementarity
condition between the multipliers & and vy; (and vy;).

The strongest assumption in the present convergence analysis is Assumption [AT7],
namely that all (QP*) remain consistent. It is shown in the next section that this as-
sumption holds for several interesting cases. Finally, it is shown that a simple restoration
procedure always ensures consistency after one step.

6 Sufficient conditions for consistency of (QP*)

Example (2.3) shows that the QP approximation to an MPEC can be inconsistent arbi-
trarily close to a stationary point. This section gives two situations in which consistency



of (QP*) can be guaranteed under assumptions [A1] to [A5]. The first such situation
arises, when there are no general constraints. Next, we show that one step of a simple

(k)" (k)

T
restoration procedure is guaranteed to find an iterate with 2,/ 25’ = 0, thus ensuring
consistency.
6.1 Vertical complementarity constraints

This section shows that the QP approximations (Q P*) are consistent arbitrarily close to
a strongly stationary point, provided that the MPEC has the following form

minimize  f(z)
subject to 0 < G(2) L H(z) >0,

i.e. there are no general constraints apart from the vertical complementarity constraints.

This case has been brought to our attention by Anitescu. This argument can also be

extended to the case, where the complementarity condition is written in terms of slacks.
In this section, we make the following additional assumption.

[A8] (I(z) and H(z) are twice continuously differentiable and VG/(z*) and VH(z*) have
full rank.

Define index sets
G:={i: Gi(z*)=0} and H:={1 : H(z") =0},

which take the place of Z; and Z,. Note that the full rank assumption [A8] is in addition
to the MPEC-LICQ which in the present case implies that the columns of the matrix

[VGg : VH;],
are linearly independent.

Lemma 6.1 Let assumptions [A1] - [A5] and [A8] hold, then it follows that (QP¥) is
consistent for all z%) in a neighbourhood of z* where GRTHE > . If in addition, the
functions G(z) and H(z) are convex, then GEDT D) >

Proof. From assumption [A2] it follows that there exists a solution d to the set of
equations

W ive™ =0 |, ieg (6.14)
a® yva® a=0 | icH, (6.15)

which is strictly feasible with respect to the remaining inequalities, i.e.
GH 4 vaP i 0, Viegt and HP +vHE® d >0, Vi e HE.

Note, that d is feasible for an LPEC approximation, since G UH D {1,...,p} implies
that

(Gﬁk) + vagk)TcZ)T (H,}“ + VH,}WCZ) = 0. (6.16)



It remains to show that d is also feasible in the linearization of the complementarity
constraint, which is given by

0 > GO gk L 'y g®T] L g®Tya®’g

= G0 3G )+ 3 (-6

i€t i€g
+ Y @ vaM iy a va®d
iE€HL €gL

where we have split the summation into G and G+ and used (6.14) and (6.15). Now note
that the first three term on the right hand side simplify to give

=Y PP+ N ¢ e i+ Y B va® .
i€GNH ieHL iegt
Since d € range(VHi(k), ¢t € H) and by [A8] it follows that

T »

VH® d =0, Vie H*,
and similarly for 7 € G*. Thus the right hand side now becomes

-- Y &P <o
t€GNH

which follows from G®" H® > ( and thus, we have shown that d satisfies the lineariza-
tion of the complementarity constraint.
Finally, if G(z) and H(z) are convex, then it follows that

GEHD = GV 1) > G 1 vaWTg

and similarly for H*+t1), Using this, it follows that
GUHDT 1) (G(k) n VGuc)Td)T ( oW L v H(k)Td> >0,

by (6.16). O
Lemma 6.1 can be generalized to the situation where the MPEC has the form

minimize  f(z)
subject to  ¢(z9) >0
0<G(z) L H(z)>0,

provided that 0 < G(z) L H(z) > 0 is consistent for any zq in a neighbourhood of z*.
Finally, note that the conclusions of this section remain valid, if slacks are added to the
vertical complementarity problem.

The main conclusion of this section is that Assumption [A8] turns out to be satisfied
for a range of practical problems as long as the vertical complementarity problem has
certain properties. These assumption are satisfied for instance, for obstacle problems.



6.2 Feasibility restoration for complementarity

(k)"

Finally, this section examines the properties of (QP*), in the case, where z; ng) > 0.
In this case, it is possible that (QP¥) is inconsistent. This section describes a simple
restoration procedure which can be invoked, if (Q P*) is inconsistent and which finds a
new iterate z(*t1) with ZYCH)TngH) = 0. Thus after one step, all subsequent iterates
retain feasibility of the QP approximations by virtue of Theorem 5.1.

If (Q P*) is inconsistent, then we consider solving the following LP
minimize 6
subject to c(gk) + A(gk)Td =0
; AP 4> 0
(LPp) 1 T 7=
M 4 dy >0
Y4 dy >0

ZYC)ngk) + ng)le + Z§k)Td2 <.

e

It follows from Assumption [A2] that any QP approximation to the relaxed NLP (3.2)
is consistent for z(*¥) sufficiently close to z* and thus that (LPE) is consistent (since it is
a relaxation of the relaxed QP). If z(*) is far away from 2*, then clearly, (LPE) need not
be consistent and in that case we enter a restoration phase.

The following Lemma shows that the solution d of (LPf) satisfies (Z%k) + dl)T(zgk) +

dy) = 0. The key idea of the proof is to show that the optimal active set includes Z; and
Z,.

Lemma 6.2 Let assumptions [A1] to [A4] hold and assume that z*) is sufficiently close
to z*, so that the linearizations of cg(2), cz(z) are consistent and Zyc),zgk) > 0. Then il
follows that (LPE) has a solution d such that z*+V) = 2% 1 d satisfies ZYC—H)ngk—H) =0.

Proof. Assume without loss of generality that Z& = ), i.e. that z} = 0 and consider the
dual feasibility conditions of (LPE) (primal feasibility follows from Assumption [A2]).

0 (*) (*) A

0 . A.A [1 Z%k) 141 _ 0 (617)
0 I, = V2

1 1 £

where A® is the matrix of active constraint normals of ce(2),ez(z) at z*and I, = [&;].. - -
A ’ 1€ 2

It follows immediately, that £ = —1 and that this active set gives rise to a primal feasible

solution. Moreover, the columns of the basis matrix in (6.17) are linearly independent

by Assumption [A2]. Thus there exists a unique solution to (6.17) which satisfies

v = ng) >0 and vy, = z{k) >0Ve € 2.
This choice implies by complementary slackness of (L PE), that z§k+1)Tz£k+1) = 0. To see,
how this follows, consider three cases:
Case 1:1 € 22L implies that ng) > 0 which implies that v;; > 0 and thus Zﬂc) +dy; = 0.



Case 2: 1 € Z5 and zgc),zgf) > 0. This implies that vy;,14; > 0 and thus ch) +di; =0
and zgf) + dy; = 0.

Case 3: 1 € Z5 and Zﬂc) > 0 but zgf) = 0. This implies that v; > 0 and thus Zﬂc) +dy; = 0.
Finally, the case where ch) = 0 but ng) > 0 is analogous.

Putting all 3 cases together and recalling that Z; = () it follows that z§k+1)ngk+1) = 0.

It remains to be proven that there exists multipliers A with Az > 0 such that (6.17) holds.
If Azna > 0, then there is nothing to show. Hence assume that there exists a multiplier
Ai < 0 for s € TN A. Then it is possible to perform an iteration of an active set method
on (LPE), which will not remove any columns of I; or I from the basis. Since (LPf) is
bounded (6 > 0, since (Q P*) is inconsistent) it follows that after a finite number of such
pivots, a basis is found with vy, 14 as above and the conclusion follows. O

Solving (L PE), if (Q P¥) is inconsistent is related to the elastic mode of snopt. In elastic
mode, some of the constraints are relaxed and an /.-QP is solved. The application of
snopt to MPECs s explored in [2]. However, unlike snopt, the present restoration will
only occur at one iteration.

An alternative to solving (L PE) would be to move z(¥) onto the “nearest” axis. This
is the effect of (LPE) as can be seen from Lemma 6.2. However, solving (LPE) avoids
the need to choose tolerances to break ties between “close” values.

Finally, note that this restoration does not address the wider issue of global conver-
gence. It may be possible, that the solution to (LPf) is not acceptable to the global
convergence criterion of the SQP method. Clearly, this has to be taken into account in
designing a globally convergent SQP method. It is beyond the scope of the present paper,
which deals exclusively with local convergence issues.

7 Discussion of assumptions

This section discusses some of the assumptions made in the proof above. In particular,
examples are presented which show that SQP will fail to converge at second order rate, if
some or all of the assumptions are removed. The following table shows which assumptions
seem difficult to remove. Below, each example is presented in turn.

Example | [A2] MFCQ [A3] slacks SOSC | comments

scholtes4 no yes no yes yes | £ — oo, linear convergence
sl2 yes yes yes no yes | £ — oo, nonstationary limit
ralph2 yes yes yes yes no | £ < oo, linear convergence

7.1 TUnbounded multipliers & slow convergence (scholtes4.mod)

The following MPEC shows that if we remove the assumptions [A2] and in particular
[A3], then the NLP multipliers are not bounded (and may not even exist). Despite this,
SQP converges linearly to the solution in the example presented here, although quadratic
convergence is lost.



Consider the following MPEC (scholtes4) from MacMPEC, see also [19]

(P)

minimize

subject to

z1+ 22— 20
—4z + 20 <0
—4zy + 20 <0
0<2z L 2>0,

whose optimal solution is z* = (0,0,0)”. Writing (P) as an NLP gives

(P')

zZ1+ 22 — 2o

—4z1 + 2o
—4zy + 2o
2122

minimize
z

subject to

21
22

multiplier

A >0
A >0
£>0
v >0
vy > 0.

Next, it is shown that SQP converges linearly for this problem.

Proposition 7.1 SQP applied to (P') generates the following sequence of iterales

22—k 1 k—1
RCI - T ( : ) € = 91 4 gl g Y gk
Q_k 2 7=0

for suitable starting values (e.g. z = (4,1,1)T). Moreover, SQP converges linearly.

Proof. By induction. Holds trivially for & = 0, i.e. starting point. Now assume the
assertion holds for £ and show it also holds for £ + 1. At iteration k&, SQP solves the
following QP for a step d

minimize dlf(k)dg + dl + dg — do
subject to —4dy +dy <0
—4dy +dy <0
P(k) 2 =
(@P7) zyc)zgk) + zgk)dl + ZYC)dQ <0
A pdy >0

Since all QP approximations are consistent, it is possible to choose § = 0 and not to
relax the linearization of the complementarity constraint for the sake of simplicity. It is
easy to see that the first three constraints are active. Subtracting the second from the
first constraint it follows that dy = dy. Substituting into the third constraint, it follows
that d; = dy = —2=*+Y from which it follows that dy = 4(—2_(k+1)). Now verify KKT
conditions of (Q P®):

—1 0 1 1 0
0= L]+ | =276 | N | —4 | + X 0| + ¢ 27F
1 —2- (k1) ¢(¥) 0 —4 2~k

Subtracting the second from the first equation shows that Ay = Ag. Substituting into the

third equation then verifies that )\(lkH) = )\ng) = % Finally, the second equation shows



¢0) = 2k=1 4 ¢(k=1) /9 the recurrence relation for £. The explicit formula for ¢ follows
easily. The iterates clearly converge linearly to the solution. O

Note that (P) satisfies an MPEC-MFCQ, but violates an MPEC-LICQ (which can
be seen easily by observing that 4 constraints are active at the solution). In addition,
(P) fails to satisfy strong complementarity. For strong complementarity, it would be
necessary that A; > 0 and v; > 0, since z; = z9 = 0. Checking the first order condition,

—1 1 1 0 0
0 — 1 —|— /\1 —4 —|— /\2 0 - 191 1 - 192 0
1 0 —4 0 1

it can be seen that the system is underdetermined. Setting A\; = ¢ we obtain Ay =1 — ¢,
vy =1 —4t and v, = —3 4 4¢. The condition v; > 0 now implies that ¢t < i and t > %
which cannot hold simultaneously. Thus the solution of (P) is not strongly stationary.
The linear inequalities always ensure that z§0) = Zgo) > 0 and the above analysis goes
through for alternative starting points. It is not clear, what would happen, if we allowed
z1 < 0, but sensible NLP solvers will always project the starting point into the set of
linear constraints (or at least of the box constraints). filter, snopt and lancelot behave in

this way.

7.2 No slacks & convergence to nonstationary point (s12.mod)

The next example shows that SQP methods could converge to nonstationary points,
if slacks are not added to replace nonlinear complementarity conditions. Consider the
following MPEC (s12) from MacMPEC which involves a nonlinear expression in the
complementarity condition
minimize  —z; — %ZQ
(P) subject to 2z + 2, <2
ngf—zl L 2>0.

The problem has a global solution at z* = (2,0)7 with f* = —2 and a local solution at
z* = (0,2)T with f* = —1. Both solution satisfy assumptions [A1] to [A4]. The feasible

set is illustrated by the bold lines in Figure 3.
%

2@

70
[
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Figure 3: Example s12

Starting at 2(0) = (—e,1)7 gives convergence to the non-stationary point 2> = (0,¢)7,
where t > 0 is arbitrary. Moreover, it can be shown that ¢ — oo and that both the



complementarity constraint and 0 < z? + z; remain in the active set. Thus, the active
set is singular in the limit. Despite this, second order convergence is observed!

It is straightforward to prove quadratic convergence to a non-stationary limit. Let
2B = (—e, )T with ¢ < 1. Then the following problem is solved for a step of the SQP
method

minidmize —d; — %dg
subject to di+dy < 24—t
(P) (e+e)—(2e+1)dy > 0
t+dy, > 0
t(e* + €) —t(2e+ 1)dy + (62 +¢e) <0

whose solution is

d 515 £ 71 71 + &t
— € ] VvV = -
0 ’ 2(e2+¢)’ ! €

It can be seen that z**+) = (—O(€?),1)T and quadratic convergence occurs to z* =
(0,#)T. On the other hand, the multiplier ¢ clearly diverges to infinity. Note that including
the Hessian of the Lagrangian leeds to a similar conclusion. This example shows that it
is not sufficient to trigger the elastic mode only when QP become inconsistent. Clearly,
elastic mode is also required, if the multipliers become too large. The introduction of
slacks avoids the need for elastic mode in this example.

Introducing a slack, SQP converges quadratically. The SQP solver filter exhibits
this behaviour, while lancelot and loqo converge even for the problem without slacks.
The reason for this apparently better behaviour is of course the fact that both introduce
slacks internally before solving the problem!

Another reason for using slacks (rather than linear or even nonlinear complementar-
ity) is that SQP solvers maintain linear feasibility throughout the iteration. Thus they
guarantee that zyc) >0, zgk) > 0 for all iterations k in ezact arithmetic. In inezact arith-

metic, it is possible to truncate QP steps such that ZYC) >0, zgk) > 0 for all iterations
k. This is not possible for general linear complementarity conditions even if iterative
refinement were used.

Thus the use of slacks ensures that z£k)Tz§k) > 0 for all iterations k and the trivial
pitfall of [5] where it was observed that perturbing the right-hand-side of the complemen-
tarity constraint to —e renders an inconsistent QP cannot occur.

7.3 No second order condition (ralph2.mod)

The following MPEC shows that if the second order sufficient condition [A3] is violated,
then SQP may converge only linearly.

minimize 2} + 22 — 422,

subject to 0<z; L 2,>0.
The problem has a global solution at (0,0). Starting at z = (1, 1) causes SQP to converge
linearly to the solution. Note that (P) also violates any upper level strict complementarity
condition.



The MPEC-SOSC is rather stronger than needed for MPECs in the sense that the set
of directions over which positive curvature is required for SQP is larger than the set of

MPEC-feasible-directions. This is illustrated by this example. The set of MPEC-feasible-

directions at (0,0) is
. _ 1 0
w={(s) (1))

while the set of directions over which curvature is required to be positive for SQP to
converge is the whole positive orthant (i.e. conv(S%,)). The linear rate of convergence is
due to the fact that the curvature in the direction (1, 1) is negative.

8 Conclusions and future work

We have presented a convergence analysis which shows that SQP methods converge
quadratically when applied to the NLP equivalent of an MPEC. This analysis goes some
way towards explaining the extraordinary success of SQP solvers applied to MPECs which
we have observed. This is a remarkable result since MPEC violate the Mangasarian Fro-
mowitz constraint qualification.

Conditions are identified under which local second order convergence occurs. These
conditions include the assumption that all QP approximations remain consistent. It can
be shown, that this assumption always holds, if zik)ngk) = 0, i.e. for iterates which
satisfy complementarity and this is often observed in practice. We have also shown that
MPECs whose lower level problem is a certain vertical complementarity problem generate
consistent QP approximations. Finally, we have given a restoration phase which ensure
that this can always be guaranteed sufficiently close to a solution.

We have also experimented with an alternative to a restoration problem. In this
approach, the linearization of the complementarity condition is relaxed as

1+k
A oy < 5 ()T (8.1)

where 0 < §,k < 1 are constants. Note that the perturbation to the right hand side of
the complementarity condition is o(||dyr||) where dyg is the Newton step. This form of
perturbation allows the superlinear convergence proof to be extended by virtue of the
Dennis-Moré characterization theorem.

However, the perturbation alone is not sufficient to guarantee consistency of (Q P*).
The following example illustrates the need for further assumptions. Consider the following
feasible set

Zl—|—22—120,0§21J_2220.

Then it is easy to see, that for any z = (¢!, 1 — ¢), the (QP*) relaxed using (8.1) with
0 = k = 0.5 is inconsistent. Note that if we restrict attention to points z which satisfy
the linear constraints, e.g. z = (¢,1 — ¢), then (QP¥) using (8.1) is consistent in a
neighbourhood of z = (0, 1). Thus it seems as though (8.1) ensures consistency of (Q P*),
as long as z(®) satisfies the linearizations of cg(z), ¢z(z) about z(*=1). Unfortunately, we
have been unable to prove any general results along those lines. Such a proof would
clearly allow us to boot-strap a convergence of SQP for MPECs with a relaxed equation

(8.1).



We finish this paper with some observations on the role of degeneracy and point to
some future work. It has been observed that any QP approximation about a feasible point
of (1.3) is degenerate. Moreover, approximations about points which satisfy 22, = ¢ > 0
are near-degenerate and we would expect this to play a role in the SQP method. In our
numerical experiment we use two SQP solvers, snopt and filter.

snopt uses EXPAND to handle degeneracy. This procedure, perturbs the bounds of
(QP*) to remove degeneracy. Some numerical experiments suggest that this is not the
best way to handle degeneracy in the case of MPECs. The QP solver in filter, bgpd
applies a different methodology to handle degeneracy. It creates degeneracy whenever
near degeneracy is detected and then handles the degenerate situation. This has two
implications.

1. If exact degeneracy exists (i.e. if zyc)ngk) = 0), then bgpd will deal with it.
: e e (BT _(R)
2. Secondly, if near degeneracy exists (i.e. if z;7’ z3 ' = € > 0), then bgpd creates
degeneracy by perturbing the bound € to zero. This has the effect of pushing the
solution onto the axis. As we have shown above, this is a very favourable situation

for SQP methods.

Future work will focus on the questions of relaxing some assumptions and in providing
a global convergence analysis. Some numerical results suggest that SQP converges under
even weaker assumptions than those made above and it may be possible to pursue the
ideas of [20] in this context. Another important question concerns the global convergence
of SQP methods. [2] provides a framework for convergence (possibly under additional
assumptions) of Sl,QP methods. However, the numerical results suggest, that a similar
proof may be possible for filter methods.
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