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Göran SPORRE∗ and Anders FORSGREN†

Technical Report TRITA-MAT-2002-OS12
Department of Mathematics

Royal Institute of Technology
June 2002

Abstract

In linear programming, the central path is known to converge to the analytic
center of the set of optimal solutions. Recently, it has been shown that this is
not necessarily true for linear semidefinite programming in the absence of strict
complementarity. The present paper deals with the formulation of a convex
problem whose solution defines the limit point of the central path. This problem
is closely related to the analytic center problem for the set of optimal solutions.
In the strict complementarity case the problems are shown to coincide.
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1. Introduction

We consider the linear semidefinite programming problem

minimize
X∈Sn+

trace(CX)

subject to trace(A(i)X) = bi, i = 1, . . . ,m,
(1.1)

where Sn+ is the set of symmetric positive semidefinite n × n matrices. Simi-
larly, Sn++ denotes the set of symmetric positive definite n × n matrices. In (1.1),
C,A(1), . . . , A(m) are symmetric n× n matrices and b ∈ IRm. Throughout, for con-
venience, we make the following linear independence assumption.

Assumption 1. The matrices A(1), . . . , A(m) are linearly independent.
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2 Limit point of the central path in semidefinite programming

For general discussions on linear semidefinite programming and examples of appli-
cations, see, e.g., Vandenberghe and Boyd [22] and Todd [21]. For a comprehensive
discussion on various aspects of semidefinite programming, see Wolkowicz, Saigal
and Vandenberghe [23]. The standard dual of (1.1) can be formulated as

maximize
y∈IRm, S∈Sn+

bTy

subject to
m∑
i=1

yiA
(i) + S = C, i = 1, . . . ,m.

(1.2)

Unlike linear programming, there is in general no strong duality theorem for the pair
(1.1) and (1.2). However, throughout this paper we make the following assumption
which guarantees that there is no duality gap; see Rockafellar [20, Thm. 31.4].

Assumption 2. There exists a triple (X0, y0, S0) ∈ Sn++ × IRm × Sn++ such that
trace(A(i)X0) = bi, i = 1, . . . ,m, and

∑m
i=1 y

0
iA

(i) + S0 = C.

It is possible to formulate a duality theory with nice complexity properties and
with no duality gap without any assumption like Assumption 2, see Ramana [19].
However, due to the size of the dual it is generally not tractable for computational
purposes.

The primal barrier trajectory, X(µ), associated with (1.1) is given by the sym-
metric positive definite solution to the problem

minimize
X∈Sn++

trace(CX)− µ ln detX

subject to trace(A(i)X) = bi, i = 1, . . . ,m,
(1.3)

for positive values of µ. Since (1.3) has a strictly convex objective, see, e.g., Monteiro
and Todd [13, p. 273], and a convex feasible region, the optimal solution is unique
given that it exists. We return to the issue of existence after formulating the so-called
primal-dual equations below.

The first-order optimality conditions for (1.3) state that there exists a vector
y(µ) ∈ IRm such that X(µ and y(µ) satisfy

C − µX(µ)−1 =
∑m
i=1 yi(µ)A(i),

trace(A(i)X(µ)) = bi, i = 1, . . . ,m,
X(µ) ∈ Sn++.

(1.4)

Letting S(µ) = µX(µ)−1, this can alternatively be written as

S(µ) +
m∑
i=1

yi(µ)A(i) = C, (1.5a)

trace(A(i)X(µ)) = bi, i = 1, . . . ,m, (1.5b)
X(µ)S(µ) = µI, (1.5c)
X(µ), S(µ) ∈ Sn++. (1.5d)

Equations (1.5a)–(1.5c) are known as the primal-dual equations in semidefinite pro-
gramming and the set of unique solutions (X(µ), y(µ), S(µ)) to (1.5) for positive µ



1. Introduction 3

is known as the central path. For a proof of existence and uniqueness of the central
path, see, e.g., Kojima, Shindoh and Hara [11, Thm 3.1]. Note that (1.5a) along
with S(µ) ∈ Sn++ implies that y(µ), S(µ) is feasible with respect to (1.2). Also,
note that (1.5) may be viewed as a perturbation of the optimality conditions, since
these are obtained by setting µ = 0 in (1.5c) and replacing X(µ), S(µ) ∈ Sn++ with
X(µ), S(µ) ∈ Sn+.

The central path is a key concept in many so-called interior methods for solv-
ing linear semidefinite programs, see, e.g., Helmberg et al. [10], Monteiro [14], Al-
izadeh, Haeberly and Overton [3], Potra and Sheng [18], Zhang [24], Monteiro and
Zhang [16], Monteiro and Tsuchiya [15], and de Klerk et al. [5]. See also Ko-
jima, Shindoh and Hara [11] who treat the more general case of monotone linear
semidefinite complementarity problems. Much of the work done on semidefinite
programming in recent years has been inspired by the work of Nesterov and Ne-
mirovskii which gives a foundation for polynomial time interior methods for convex
programming; see Nesterov and Nemirovskii [17] and in particular Chap. 6.4 which
treats semidefinite programming.

The central path in linear semidefinite programming converges as µ → 0+; see
Halická, de Klerk and Roos [9, Thm A.3]. See also Graña Drummond and Peterzil [8]
for a more general result concerning convergence of the central path for a class of
convex semidefinite programs including linear semidefinite programming. Let the
limit point of the central path be denoted by (X̄, ȳ, S̄) and let p = rank X̄ and
q = n − rank S̄. From (1.5c) and (1.5d) it is clear that X̄S̄ = S̄X̄ = 0. Therefore,
there is an orthonormal n× n matrix Q, partitioned as

Q =
(
Q1 Q2 Q3

)
with Q1 ∈ IRn×p, Q2 ∈ IRn×(q−p) and Q3 ∈ IRn×(n−q), such that

QTX̄Q =


X̄11 0 0

0 0 0
0 0 0

 and QTS̄Q =


0 0 0
0 0 0
0 0 S̄33

 , (1.6)

where X̄11 and S̄33 are positive definite and diagonal matrices. Note that Q is
associated with (X̄, ȳ, S̄), but this dependency is omitted for notational convenience.

Let qi denote the ith column of Q. In consistency with the partition of (1.6), for
any symmetric n× n matrix Y we use the notation

Yij = QTi Y Qj , i, j ∈ {1, 2, 3} and
yij = qTi Y qj , i, j ∈ {1, . . . , n}. (1.7)

This notation is used to avoid formulae cluttered with the rotation induced by Q.
We feel that the main ideas of this paper are easiest understood if Q is thought of as
being the identity matrix. This means that no rotation is needed to bring X̄ and S̄ to
the form (1.6). Further, Yij and yij can then be interpreted in the usual way, i.e., as
block (i, j) and component (i, j) of Y . Therefore, we recommend the reader to adopt
this view. The example in Section 1.2 and 3 has Q = I. A suitable Q can be found
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by letting the columns of Q1 and Q3 be the normalized eigenvectors corresponding
to nonzero eigenvalues of X̄ and S̄ respectively and letting the columns of Q2 be
any orthonormal basis for the null space of (X̄ S̄)T.

It is straightforward to verify that X̄ is an optimal solution to (1.1) and that
ȳ, S̄ is an optimal solution to (1.2). In fact, it can be shown that for any optimal
solution, Xij = 0 for all i and j except i = j = 1. Similarly, for any dual optimal
solution, Sij = 0 for all i and j except i = j = 3. These facts rely on (X̄, ȳ, S̄) being
maximally complementary; see de Klerk [4, Chap. 2.2.2 and 2.3].

In linear programming it is well known that the central path converges to the
so-called analytic center of the set of optimal solutions, see, e.g., Adler and Mon-
teiro [1]. This result was extended to the linear semidefinite case by Goldfarb and
Scheinberg [6, Thm. 4.3] where they claim that X̄ = Q1ŪQ

T, where Ū is the optimal
solution to the problem

maximize
U∈Sp++

ln detU

subject to trace(A(i)
11U) = bi, i = 1, . . . ,m.

(1.8)

Subsequently, Halická, de Klerk and Roos [9] have shown that this characterization
is not correct in general. However, in the special case of strict complementarity, i.e.,
when p = q, the characterization given by (1.8) is correct, see, e.g., Luo, Sturm and
Zhang [12, Lemma 3.4] or de Klerk [4, Thm 2.3.2]. For a discussion on complemen-
tarity and related issues in semidefinite programming, see Alizadeh, Haeberly and
Overton [2].

In this paper we give a characterization of X̄ that does not require strict com-
plementarity. It consists of a problem similar to (1.8), but with an extra term added
to the objective function. This term vanishes in the strict complementarity case.

The paper is organized as follows. After a few notational comments we review
an example by Halická, de Klerk and Roos [9] in Section 1.2. The example is
used for illustrational purposes. In Section 2 we derive the problem whose solution
characterizes the limit point of the central path. We then discuss the results of
Goldfarb and Scheinberg [6] in light of our results in Section 3. The special case of
strict complementarity is discussed in Section 4 before we finish the paper with a
summary and a brief discussion in Section 5.

1.1. Notation

We denote the ith unit vector by ei. For two real sequences {v1(µ) : µ > 0}
and {v2(µ) : µ > 0}, v1(µ) = O(v2(µ)) means that v1(µ)/v2(µ) is bounded as
µ → 0+. Further, v1(µ) = Θ(v2(µ)) means that v1(µ) = O(v2(µ)) and v2(µ) =
O(v1(µ)). For matrices, the “O” symbol should be interpreted componentwise,
e.g. X(µ) = O(v1(µ)) should be interpreted as each component of X(µ)/v1(µ) is
bounded as µ → 0+. For a symmetric matrix A, we mean by A � 0 that A is
positive semidefinite. For a symmetric positive semidefinite matrix A, we denote
the matrix square root of A by A1/2; see, e.g., Golub and van Loan [7, p. 149].
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1.2. An illustrative example

The following example was given by Halická, de Klerk and Roos [9] to show that
in the absence of strict complementarity, the central path need not converge to the
analytic center as defined by (1.8).

minimize x44

subject to


1− x22 x12 x13 x14

x12 x22 −x44/2 −x33/2
x13 −x44/2 x33 0
x14 −x33/2 0 x44

 � 0.
(1.9)

Since the form of the problem is such that Q = I is admissible (see below), indices
can be interpreted the normal way in this section. Let X ∈ S4

+ and note that adding
the linear constraints x11 +x22 = 1, x33 +2x24 = 0, x44 +2x23 = 0, and x34 = 0 gives
the positive semidefiniteness constraint of (1.9). Since the linear constraints can be
written on trace form, (1.9) can be stated on the form (1.1). It is straightforward to
verify that Assumptions 1 and 2 are satisfied and that the set of optimal solutions
to the primal and dual problems are all X, y, S such that y = 0 and X and S are
positive semidefinite matrices on the form

X =


1− x22 x12 0 0
x12 x22 0 0
0 0 0 0
0 0 0 0

 and S =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 .

Note that the dual optimal solution is unique while the primal one is not. The
analytic center problem (1.8) for the set of optimal solutions to this example is

maximize
X11∈S2

++

ln detX11

subject to x11 + x22 = 1,

with solution X11 = diag(0.5, 0.5). However, the limit of X11(µ) as µ → 0+ is
X̄11 = diag(0.4, 0.6); see Halická, de Klerk and Roos [9]. Since Q = I, we use X11

instead of U as variable matrix. In Section 3, we return to this example and illustrate
the main result of this paper as well as the claim by Goldfarb and Scheinberg [6,
Thm. 4.3].

2. Derivation of a well-behaved limit problem

To derive a problem that characterizes the limit point of the central path, we need
to reformulate problem (1.3). This is done in three steps. First, we eliminate the
term trace(CX) from the objective. Then, we make a rotation to bring X̄ and S̄ to
the form of (1.6) and fix the blocks that go to zero at their optimal values. Finally,
we notice that the problem obtained has the same first-order optimality conditions
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as another convex problem which has better limiting properties. These properties
allow us to let µ go to zero and obtain a well-defined limit problem in X11 only.

The first-order conditions for the problem

minimize
X∈Sn++

− ln detX

subject to trace(A(i)X) = bi, i = 1, . . . ,m,
trace(CX) = trace(CX(µ)),

(2.1)

state the existence of a vector π ∈ IRm and a scalar γ ∈ IR such that

−X−1 =
∑m
i=1 πiA

(i) − γC,
trace(A(i)X) = bi, i = 1, . . . ,m,

trace(CX) = trace(CX(µ)).
(2.2)

Since this problem and (1.3) both are convex problems and their optimality condi-
tions (1.4) and (2.2) are equivalent (let γ = 1/µ and π = λ/µ), problems (1.3) and
(2.1) have the same optimal solution.

In order to reformulate the objective of (2.1), we factorize QTXQ as

QTXQ =

(
I 0

Xb1X
−1
11 I

)(
X11 0

0 Xbb −Xb1X
−1
11 X1b

)(
I X−1

11 X1b

0 I

)
, (2.3)

where

Xb1 =

(
X21

X31

)
, X1b = XT

b1 and Xbb =

(
X22 X23

X32 X33

)
. (2.4)

The factorization can be viewed as a triangular transformation as opposed to the
orthonormal transformation used by Goldfarb and Scheinberg [6] which allows them
to eliminate the extra term we get the objective of (2.6) below. The advantage of
our transformation is that it allows us to formulate a problem whose feasible region
is guaranteed to be well behaved as a function of µ as µ→ 0+. The orthonormality
of Q in conjunction with (2.3) gives

ln detX = ln det(QTXQ) = ln detX11 + ln det(Xbb −Xb1X
−1
11 X1b). (2.5)

Using (2.5) and letting all variables except those in the (1,1) block be equal to their
optimal values allows us to rewrite problem (2.1) as

minimize
U∈Sp++

− ln detU − ln det(Xbb(µ)−Xb1(µ)U−1X1b(µ))

subject to trace(A(i)
11U) = b̄i(µ), i = 1, . . . ,m,

(trace(C11U) = c(µ)),

(2.6)

where
b̄i(µ) = trace(A(i)

11X11(µ)), i = 1, . . . ,m,
c(µ) = trace(C11X11(µ)).

(2.7)

To emphasize that the problem is in the rotated coordinates, we use U as the
variable matrix. The reason for putting the last constraint in parentheses is that it
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is redundant. To see this, note that if y is an arbitrary vector which is optimal to
the dual, then

∑
i yiA

(i)
11 = C11. The last constraint is therefore a linear combination

of the other constraints. Hence, it is redundant and will be omitted from hereon.
For notational convenience, we introduce the matrix function M(µ) in the follow-

ing definition. Further, the limit of convergent sequences of values of this function
as µ tends to zero is a key ingredient in the characterization of the limit point of
the central path.

Definition 2.1. For positive µ, let

M(µ) = X1b(µ)(Xbb(µ)−Xb1(µ)X11(µ)−1X1b(µ))−1Xb1(µ),

where Xb1(µ), X1b(µ) and Xbb(µ) are given by (2.4).

An alternative formulation of M(µ), which is used in proofs below, is given by
the following lemma.

Lemma 2.1. The function M(µ), given by Definition 2.1, can alternatively be writ-
ten as

M(µ) = X1b(µ)Sbb(µ)Xb1(µ)/µ, where Sbb(µ) =

(
S22(µ) S23(µ)
S32(µ) S33(µ)

)
.

Proof. The proof is based on the factorization (2.3) and the relation X(µ)S(µ) =
µI. For simplicity, we suppress the dependency of X and S on µ in the proof. Let

L(µ) =

(
I 0

Xb1X
−1
11 I

)
and D(µ) =

(
X11 0

0 Xbb −Xb1X
−1
11 X1b

)
.

It is straightforward to verify that QTXQ = L(µ)D(µ)L(µ)T and, based on XS =
µI, that QTSQ = µL(µ)−TD(µ)−1L(µ)−1. The inverses of L(µ) and D(µ) are

L(µ)−1 =

(
I 0

−Xb1X
−1
11 I

)
and D(µ)−1 =

(
X−1

11 0
0 (Xbb −Xb1X

−1
11 X1b)−1

)
.

An explicit formation of Sbb then shows that Sbb/µ = (Xbb−Xb1X
−1
11 X

T
1b)
−1. Inser-

tion in the definition of M(µ) gives the desired result.

The following lemma shows that the optimal solution to (2.6) satisfies a set
of conditions closely related to first-order optimality conditions for (2.6). In the
subsequent lemma, these conditions are shown to be the first-order conditions for
another convex problem.

Lemma 2.2. Let Assumptions 1 and 2 hold and adopt notations (1.7) and (2.4).
Let M(µ) be given by Definition 2.1. Then, X11(µ) solves

−U−1 + U−1M(µ)U−1 =
∑m
i=1 πi(µ)A(i)

11 ,

trace(A(i)
11U) = b̄i(µ), i = 1, . . . ,m,

U ∈ Sp++,

(2.8)

where π(µ) is the set of multipliers to (2.6) and b̄(µ) is given by (2.7).



8 Limit point of the central path in semidefinite programming

Proof. From the derivation of (2.6), we know that X11(µ) is the unique optimal
solution to that problem. Convexity together with the first-order optimality condi-
tions of (2.6) imply that U = X11(µ) solves

U−1X1b(µ)(Xbb(µ)−Xb1(µ)U−1X1b(µ))−1Xb1(µ)U−1 − U−1 =
m∑
i=1

πi(µ)A(i)
11 ,

trace(A(i)
11U) = b̄i(µ), i = 1, . . . ,m,

U ∈ Sp++.

Therefore, U = X11(µ) solves the system even if the third U−1 of the first line is
replaced X11(µ)−1. Identification with M(µ) then completes the proof.

We are now in a position to state a convex problem whose optimal solution is
X11(µ) and whose feasible region is well behaved as µ tends to zero.

Lemma 2.3. Let Assumptions 1 and 2 hold and adopt notation (1.7). Let M(µ)
be given by Definition 2.1 and let b̄ be given by (2.7). Further, let X(µ) denote the
unique solution to (1.3) for positive µ. Then, for every positive µ, X11(µ) is the
unique optimal solution to the problem

minimize
U∈Sp++

− ln detU + trace(M(µ)U−1)

subject to trace(A(i)
11U) = b̄i(µ), i = 1, . . . ,m.

(2.9)

Proof. The idea of the proof is the following. First, we prove strict convexity of
the objective of (2.9). Since the feasible set is convex it then follows that any point
satisfying the first-order conditions must be a unique minimizer. Comparing the
first-order conditions with (2.8) shows that X11(µ) is the unique minimizer.

Let Ekl = eke
T
l + ele

T
k for k 6= l and Ekk = eke

T
k and write U as

U =
∑

1≤k≤l≤p
uklEkl,

with ukl being component (k, l) of U. Denote the second term of the objective of
(2.9) by hµ(U). Then,

∂hµ
∂ukl

= − trace(M(µ)U−1EklU−1) and

∂2hµ
∂uklust

= trace(M(µ)U−1EstU−1EklU−1) + trace(M(µ)U−1EklU−1EstU−1).

Since trace is a linear operation it follows that the Hessian of hµ(U) is positive
semidefinite if and only if

2 trace(M(µ)U−1PU−1PU−1) ≥ 0 (2.10)
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for all symmetric p× p matrices P . Positive semidefiniteness of M(µ) follows, e.g.,
from Lemma 2.1 upon noticing that S33(µ) is positive definite and µ is positive. In
conjunction with the positive definiteness of U , (2.10) is equivalent to

trace((M(µ)1/2U−1PU−1/2)(M(µ)1/2U−1PU−1/2)T ) ≥ 0. (2.11)

Since the trace of a positive semidefinite matrices is nonnegative, (2.11) holds and
convexity of trace(M(µ)U−1) follows. Strict convexity of the objective of (2.9)
follows since the first term of the objective of (2.9) strictly convex; see, e.g., Monteiro
and Todd [13, p. 273]. Together with the convexity of the feasible region, it follows
that any point satisfying the first-order conditions for (2.9) is the unique optimal
solution. However, the first-order conditions for (2.9) state that there exists a vector
π ∈ IRm such that

−U−1 + U−1M(µ)U−1 =
∑m
i=1 πiA

(i)
11 ,

trace(A(i)
11U) = b̄i(µ), i = 1, . . . ,m,

U ∈ Sp++,

(2.12)

A comparison with (2.8) shows that U = X11(µ) and π = π(µ) satisfy (2.12) and
hence, X11(µ) is the unique optimal solution to (2.9). This completes the proof.

The aim is of course to let µ tend to zero in (2.9). To obtain a well-defined
limit problem, we need the following lemma which states boundedness of M(µ) as
µ tends to zero. The proof is based on the alternative formulation of M(µ) given
by Lemma 2.1.

Lemma 2.4. Let Assumptions 1 hold and 2 and adopt the notation given by (1.7)
and (2.4). Then, M(µ), given by Definition 2.1, is bounded as µ→ 0+.

Proof. As previously noted, the two assumptions imply that the central path
(X(µ), y(µ), S(µ)) exists for all positive µ. Since this lemma only concerns the
behavior along the central path, we may suppress the dependency on µ in the proof.
An explicit formation of the expression for M given by Lemma 2.1 in terms of the
partitioning (1.6) gives

M =
1
µ

(X12S22X21 +X13S32X21 +X12S23X31 +X13S33X31). (2.13)

The proof is done by proving that each term in the parentheses is O(µ). First, note
that the diagonal elements of X11 and S33 are all Θ(1) per definition. By feasibility,
trace((X− X̄)(S− S̄)) = 0 holds. Further, X̄ and S̄ are optimal, QTX̄Q and QTS̄Q
are diagonal and X and S satisfy (1.5c). This, along with the facts that the trace
is unchanged by rotations and that QQT = I, implies that

0 = trace(XS)− trace(QTX̄QQTSQ)− trace(QTXQQTS̄Q)

= nµ−
p∑
i=1

x̄iisii −
n∑

i=q+1

s̄iixii.
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Hence,
p∑
i=1

x̄iisii +
n∑

i=q+1

s̄iixii = O(µ).

Since every term in the two sums is nonnegative and the present x̄ii and s̄ii are
positive it follows that xii = O(µ) for i = q+1, . . . , n and sii = O(µ) for i = 1, . . . , p.
By positive definiteness of X33 and S11 for µ > 0, it follows that X33 = O(µ) and
S11 = O(µ). Note that the proof that X33 and S11 are O(µ) essentially follows Luo,
Sturm and Zhang [12, Lemma 3.2].

Each component xij such that 1 ≤ i ≤ p and q+ 1 ≤ j ≤ n, i.e., a component of
X13, must be O(

√
µ). To see this, consider the submatrix(

xii xij

xij xjj

)
,

which by positive definiteness of X must be positive definite for all µ > 0. Therefore,
x2
ij < xiixjj = O(1)O(µ) and X13 is O(

√
µ). Similarly, S13 = O(

√
µ).

The (1, 1), (1, 2) and (1, 3) blocks of the equality QTXQQTSQ = µI give

X11S11 +X12S21 +X13S31 = µI, (2.14a)
X11S12 +X12S22 +X13S32 = 0, (2.14b)
X11S13 +X12S23 +X13S33 = 0. (2.14c)

From the results above, the first and third term of (2.14c) are O(
√
µ) and therefore

X12S23 = O(
√
µ). The first and the third term as well as the right-hand side of

(2.14a) are all O(µ), implying that X12S21 = O(µ). Multiplying (2.14b) from the
right by X21 gives

X11S12X21 +X12S22X21 +X13S32X21 = 0.

Since X11 = O(1) and S12X21 = O(µ), the first term is O(µ). Further, the third
term is also O(µ) since X13 = O(

√
µ) and S32X21 = O(

√
µ). Hence, the second

term is also O(µ).
To summarize, we have proved that

X11 = O(1), X13 = O(
√
µ), X12S21 = O(µ), X12S22X21 = O(µ),

S33 = O(1), S13 = O(
√
µ) X12S23 = O(

√
µ).

Insertion into (2.13) shows that M is bounded as µ→ 0+.

The boundedness of M(µ), given by the previous lemma, implies the existence
of a convergent subsequence as µ tends to zero. The following theorem shows that a
reasonable limit problem of (2.9) is obtained when M(µ) is replaced with the limit
of any such subsequence and b̄(µ) is replaced with its limit, b. The limit problem
may be viewed as a “corrected” analytic center problem in that a convex term is
added to the objective.
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Theorem 2.1. Let Assumptions 1 and 2 hold. Further, let X(µ) denote the unique
solution to (1.3) for positive µ and let X̄ = limµ→0+ X(µ). Also, let M(µ) be given
by Definition 2.1 and let {µk}∞k=1 be an arbitrary positive sequence converging to zero
such that {M(µk)} converges. Denote the limit matrix of {M(µk)} by M0. Finally,
adopt the notation (1.7) so that X̄ = Q1X̄11Q

T
1. Then X̄11 is the unique optimal

solution to the convex problem

minimize
U∈Sp++

− ln detU + trace(M0U
−1)

subject to trace(A(i)
11U) = bi, i = 1, . . . ,m.

(2.15)

Proof. By (1.6), X̄ = Q1X̄11Q
T
1, where X̄11 is diagonal and positive definite. It

remains to show that X̄11 is the unique optimal solution to the convex problem
(2.15).

The existence of a positive sequence {µk} converging to zero such that the se-
quence {M(µk)} converges follows from Lemma 2.4. The feasible region of (2.15)
is convex. Since M(µ) ∈ Sp+ for each positive µ and Sp+ is closed, M0 ∈ Sp+. The
objective of (2.15) is strictly convex by the same argument as the objective of (2.9)
is strictly convex; see Lemma 2.3.

Let f0(U) denote the objective of (2.15) and let fµ(U) denote the objective of
(2.9). Further, let the set of feasible points with respect to (2.15) and (2.9) be
denoted by F0 and Fµ respectively.

Note that b̄(µ) is continuous and converges to b as µ → 0+. The inner product
is also continuous and, therefore, X̄11 ∈ F0 since µk → 0 as k → ∞. Further,
f0(X̄11) is finite and f0(U) is unbounded at the relative boundary of F0. Hence,
any optimal solution to (2.15) must lie in F0. Let W̄ be arbitrary in F0 and let
Wk = W̄ + X11(µk) − X̄11. Then, there is a constant K such that Wk ∈ Fµk for
all k ≥ K since trace is a linear operation, Sp++ is an open set and X11(µk) −
X̄11 → 0 as k → ∞. By optimality of X11(µk) with respect to (2.9) for µ = µk it
follows that fµk(X11(µk)) ≤ fµk(Wk) for all k ≥ K. Furthermore, both ln detU and
trace(MU−1) are continuous on Sp++. Along with the following facts: trace is a linear
operation, M(µk) and Wk converge to M0 and W̄ respectively and W̄ , X̄11, X11(µk)
and Wk all belong to Sp++, this implies that f0(X̄11) ≤ f0(W̄ ). Since W̄ is arbitrary
in F0, X̄11 solves (2.15). By the strict convexity of f0(U) and the convexity of F0,
X̄11 is also the unique optimal solution.

In the next section, we discuss the example in Section 1.2 in light of this theorem.
Then, in Section 4, we show that in presence of strict complementarity, the result
of Theorem 2.1 simplifies to the ordinary analytic center result since M(µ) in that
case converges to zero.

3. Discussion based on the example in Section 1.2

Let us return to the example (1.9) and see what is the problem with the proof in
Goldfarb and Scheinberg [6, Theorem 4.3]. Remember that the example is on a
form for which Q = I is admissible. As in Section 1.2, the ordinary interpreta-
tion of indices can therefore be used. Empirically, problem (10) in Goldfarb and



12 Limit point of the central path in semidefinite programming

Scheinberg [6] applied to (1.9) gives that X11(µ) is the solution to a problem on the
form

maximize
X11∈S2

++

ln detX11

subject to x11 + k1(µ)x22 = k2(µ),
li(µ)x22 = li(µ)γ(µ), i = 1, . . . , 4,

(3.1)

where k1(µ) and k2(µ) converges to one as µ goes to zero, while li(µ) → 0 for
i = 1, . . . , 4 and γ(µ) → 3/5. This means that for small positive µ, the problem is
approximately

maximize
X11∈S2

++

ln detX11

subject to x11 + x22 = 1,
x22 = 3/5,

which is not “close” to the analytic center problem

maximize
X11∈S2

++

ln detX11

subject to x11 + x22 = 1.

The reason for the discrepancy is clearly that li(µ)→ 0. This means that for small
µ values the last four constraints of (3.1) approximately state that x22(µ) = 3/5.
However, these constraints vanish if we put µ = 0 since li(0) is equal to zero. This
is what happens in the analytic center problem.

The discussion above demonstrates that it is essential to make sure that the
feasible points of the limit problem are close to feasible points of the parameterized
problem for parameter values that are small enough. This is not necessarily the case
in problem (10) in Goldfarb and Scheinberg [6] as demonstrated by the example
above. However, for problems (2.9) and (2.15) this is the case because the feasible
region is described as the intersection of a constant cone and the solutions to a
set of linear equations with a constant matrix and a right-hand side continuously
parameterized by µ.

Numerically, M(µ) converges for the example (1.9) and the limit is

M0 =

(
0 0
0 0.3

)
.

Applying (2.15) to the example (1.9) then gives the problem

minimize
X11∈S2

++

− ln(x11x22 − x2
12) +

0.3x11

x11x22 − x2
12

subject to x11 + x22 = 1.

Eliminating x22 and setting the partial derivatives with respect to x11 and x12 to
zero gives

− 1− 2x11

x11(1− x11)− x2
12

+
0.3(x11(1− x11)− x2

12)− 0.3x11(1− 2x11)
(x11(1− x11)− x2

12)2
= 0,

2x12

x11(1− x11)− x2
12

+
0.6x11x12

(x11(1− x11)− x2
12)2

= 0.
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It is straightforward to verify that x11 = 0.4 and x12 = 0, i.e., the limit of the
trajectory, solve these equations. Because of convexity, this is the solution to the
problem.

Note that since X̄11 is diagonal by construction, (2.15) can alternatively be
posed as a convex nonlinear programming problem in the diagonal elements of U
only. Therefore, if the eigenvectors corresponding to the p positive eigenvalues are
known, these eigenvalues are given by the optimal solution to (2.15).

4. The strict complementarity case

In the strict complementarity case, the central path converges to the analytic center;
see, e.g., Luo, Sturm and Zhang [12, Lemma 3.4] or de Klerk [4, Thm 2.3.2]. The
following corollary to Theorem 2.1 shows that, in this case, problem (2.15) simplifies
to the ordinary analytic center problem since M(µ) tends to zero as µ tends to zero.

Corollary 4.1. Let Assumptions 1 and 2 hold and adopt notation (1.7). Assume
that strict complementarity holds and let X(µ) be the unique solution to (1.3). Fi-
nally, let X̄ = limµ→0+ X(µ). Then, X̄11 is the unique solution to the convex
problem

minimize
U∈Sp++

− ln detU

subject to trace(A(i)
11U) = bi, i = 1, . . . ,m.

(4.1)

Proof. First, note that strict complementarity implies that p = q, Xb1 = X31 and
Xbb = X33. The result is a consequence of Theorem 2.1 since limµ→0+ M(µ) = 0.
To see this, use the formulation of M(µ) given by Lemma 2.1. It implies that

‖M(µ)‖ ≤ ‖X13(µ)‖‖S33(µ)‖‖X31(µ)‖/µ.

We know that ‖S33(µ)‖ = Θ(1). From Luo, Sturm and Zhang [12, Lemma 3.3] we
get ‖X13(µ)‖ = o(

√
µ). Therefore, ‖M(µ)‖ converges to zero and the result follows

from Theorem 2.1.

It should be noted that apart from getting a problem with a simpler objective,
less information is needed to formulate the problem defining the limit point of the
central path in case strict complementarity holds. In that case, only the optimal
partition is needed, while otherwise the asymptotic behavior of the central path is
needed to determine the matrix M0 needed in the limit problem.

5. Summary and discussion

In the present paper we have given a characterization of the limit point of the
central path in linear semidefinite programming. This characterization consists of
an optimization problem over the set of optimal solutions, just like the problem
defining the analytic center of the set of optimal solutions. However, the problems
differ in that our problem has an extra term in the objective which guarantees
that the solution to the problem is the limit point of the central path. This holds
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without the strict complementarity assumption which, in all proofs we are aware of,
is required to guarantee that the central path converges to the analytic center.

We have, for brevity, focused on results for the primal part of the central path.
For the dual part, analogous results can be established in a similar fashion to the
results concerning the primal part. Further, the results of course hold for problem
classes which are special cases of semidefinite programming, in particular for classes
where strict complementarity is not guaranteed to hold, e.g. second order cone
programming.

An open question is whether M(µ) can be proven to converge as µ→ 0+. This
would simplify the theorem of the paper since M0 then could be defined as the limit
of M(µ) as µ→ 0+ instead of the limit of some convergent subsequence {M(µk)}.
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