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1. Introduction

In this paper we focus on the nonsmooth convex optimization problem

maximize co(x)
(NSCP)

subject to c¢;(x) >0, i=1,2,...,m,

where ¢;(z) : R" — R are concave functions. The optimal objective value of (NSCP) is
denoted by z*. Let P, = {z € R"|cy(z) > 2, ¢;(z) >0, i =1,2,...,m} be the set obtained
by restricting the set of feasible solutions of (NSCP) with an additional constraint of the
form co(x) > z, where z is a parameter. We assume that m = O(n). In addition, we make
the following assumptions:

A1 The set intP, = {x € R"|co(z) > 2z, ¢i(x) > 0, i = 1,2,...,m} is nonempty and
bounded for all z < z*.

A2 Without loss of generality we assume that c;(z) is of the form r* — zTx > 0. This
ensures the uniqueness of the center of P, which is defined below. The constant r also
appears in the definition of p in Lemma 4.1

For simplicity of notation let us define m identical functions ¢;(z) = co(x) — z, for i =
m+1,...,2m. A point w(z) € R" is called a center of P, if it maximizes the potential
function

Flz,z) = Zlnci(x) (1.1)

subject to x € intP,. Because of the strict concavity of ¢;(x) = r? —2Tx, F(z, 2) is strictly
concave in z on intP,, and therefore w(z) exists and it is unique. Let {w(2)|—o00 < z < 2*}
be the trajectory of centers. In this paper we generate {2*} that follows the trajectory of
centers to an e-optimal solution while {z*} approaches 2*.

The notion of central path defined by the maximizers of the log-barrier function has been
fundamental in the development of practical algorithms for large scale linear and non-linear
optimization problems. The log-barrier was first introduced by Frisch[5] for developing a
sequential algorithm for non-linear programming, and its properties were studied by Fiacco
and McCormick [4]. It became a fundamental tool for developing interior point methods
after Karmarkar [13] introduced his polynomial time algorithm for linear programming.
The method of centers based on following the central path was introduced by Huard [11].
Renegar [19] used the method of center framework to develop an algorithm that improved
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the worst case iteration complexity bound of Karmarkar by y/n. Subsequently Vaidya
[21] used this setting to develop improved overall complexity results for linear programs.
Mehrotra and Sun [14] extended these results to quadratic programs and subsequently
to convex programming [15] under a ”Hessian similarity” assumption. This assumption
uses a curvature constant as part of the complexity results. Jarre [12], and Nesterov
and Nemirovsky [16, 17] also developed similar algorithms for convex programming using
alternative assumptions.

There is also some work on extending interior point methods for non-smooth convex pro-
gramming. Sun and Qi [20] extended the results in Mehrotra and Sun [15] for C'-convex
programs. More recently Frenk, Sturm and Zhang [6] have proposed an algorithm for
linearly constrained nondifferentiable convex programs. Their algorithm combines affine
scaling and subgradient methods and prove its convergence using the log barrier function.
Our analysis extends the results in Vaidya [21] and Mehrotra and Sun [15] to more general
nonsmooth convex programs. Several proofs in the earlier work are reconstructed in the
absence of differentiability assumption.

The work was partially motivated from the recent results of Gilbert, Gonzaga, and Karas
[7]. They have shown that even for infinitely differentiable convex programs the central
path can be ill-behaved. In particular, they constructed examples showing that central
path may have infinitely many fixed length segments and infinite variation. This suggests
that central path may not be followed in finite steps in a path following algorithm. In this
paper we construct an analysis of a path following algorithm that shows that under some
mild assumptions the central path can be followed even for nonsmooth convex programs in
a finite number of steps in a path following setting. The presence of a spherical constraint
(Assumption A2), or box constraints, give sufficient regularity to apply a Newton-like
method. In our Newton-like method we construct a positive definite matrix using subgra-
dient information, and approximate Hessians with identity matrices. Sufficient progress in
a Newton-like method is possible under certain curvature assumptions (see Assumptions
A6 and AT below) on non-differentiable convex functions. A more advanced method may
replace the identity matrices with suitable positive definite matrices obtained possibly us-
ing quasi-Newton type approximations, however we don’t give a detailed analysis here.

Our results are also interesting because they show that a Newton-like method can be
adapted for the nonsmooth case in the method of centers setting. This is important in
practice because a barrier-type method is likely to exploit the sparsity properties of the
problem data in comparison to the cutting plane based methods such as the volumetric
barrier method [22, 1]. In comparison with the ACCPM method [9, 2, 8, 18] the presented



approach allows for the possibility of including curvature information, whenever it can be
approximated.

This paper is organized as follows. In the next section we state several additional assump-
tions and our basic algorithm. Section 3 is devoted to several utility lemmas which are
frequently used in Section 4 to analyze the converge of our algorithm. Concluding remarks
are made in Section 5.

2. Basics

Throughout this paper the following additional assumptions are made:

A3 ¢i(x), i =0,1,...,m, are possibly nonsmooth, concave functions from R™ to R. They
are also bounded on intP,, i.e, there exist a positive scalar K such that | ¢i(z) |< K. Note
that by Lemma 3.1.1 [10, Chapter 4] this assumption implies that ¢;(x), i = 0,1,...,m
are locally Lipschitzian on intP,.

A4 For every x € P, we assume that we can evaluate ¢;(z) and an arbitrary element of the
generalized gradient dc¢;(z), for i = 0,1,...,m, where the generalized gradient of a function
f at x is a set defined as follows:

Of(x) =cof{h | h = lim V f(x;),x; — x,V f(z;) exists and converges}.

Note that since ¢;(+) are finite-valued on int P, (Assumption A3) the generalized gradient
Jc;(+) is a compact set on intP,, for i =0,1,...,m.

A5 The set intP,«_ is sufficiently large to contain a sphere of radius r.

A6 For i = 0,1,...,m, let x7 be the point that maximizes ¢;(x) over an arbitrary sphere
in intP, of radius r and z; be the point that minimizes ¢;(x) over the same sphere. We
assume that there exist a strictly positive scalar L such that:

ci(@}) = cilzp) = Ll

_t

Note that this assumption ensures that ¢;(-) are not constant and they change sufficiently.
It is used to lower bound the slacks in individual constraints defining P,x at the iterates
generated by our algorithm.



AT There exist finite curvature constants v; > 0 such that the inequality
—ci(y) +eix) + 0 (y —x) <villy - |

holds for any z,y € intP, and for any h; € d¢;(z), 1 =0,1,...,m

Since ¢;(+) are finite convex functions, they have the directional first-order expansion [10]
ci(x 4+ h) = ci(x) + f'(z,h) + o(||h]]), for i =0,1,...,m.

More strongly, Assumption A7 requires that ¢;(z + h) = ¢;(z) + f'(z, h) + O(||h])?).

2.1 The Algorithm

Let F'(z, z) be defined as in (1.1) and w(z) be the corresponding center. Let the normalized
potential function f(x,z) = F(w(z),z) — F(x,z). Note that w(z) is the center of P, iff it
minimizes f(z,z) over P,. If ¢;(z), i = 0,1,...,m were twice continuously differentiable
the gradient and Hessian of f(z, z) with respect to x would be given as

B <l Ve (z)
Z ci(x)

and
2m 2m

V2f(z,2) = Z ?ichi(x)Vci(x)T — Z ! V2e(z).

i=1 i=1 ci(z)

Since in our case f(z,z) is not differentiable we approximate V2f(x, z) by

2m
2 =1
where h; is an element of d¢;(x), for i = 1,...,2m. Note that the matrix H(z) is symmetric

and positive definite.

Algorithm.
Initialization: Let 2° € intP,o and 2° < 2* be such that f(z, 2°%) <w.

DO UNTIL ¢(z*) — 2% < ¢/4

Evaluate an arbitrary element p* of 9f(z*, z). Determine a step direction d by solving
H(z")d = p"
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Let

k
okl ok + B*d
dT H(z)d
Jan SR \/‘%(c(ka) —Zk),

where 3%, o, and € have suitable positive values.
LOOP

The algorithm starts from a feasible 2% close to w(z*); i.e., f(z*, 2¥) < v. It takes a partial

F+1a point that is even closer to w(z*).

k+1

Newton-like step to reduce f(z,2*) and gets to

i still remains close to w(z*1); i.e.

Then we increase z* to z by an amount that z
f(xF+L 2k+1) <o This routine is repeated until cy(2*) gets sufficiently close to the optimal
objective z* of (NSCP). The stopping criterion co(z*) — 2% < €/4 implies that 2* — 2% <e,
which will be explained after Lemma 3.2. We will specify the parameters «, 3* and v in

our analysis of the algorithm.

3. Building Blocks for Convergence Analysis

Proposition 3.1 Let 0f(x,z) be the generalized subgradient of f(x,z) and Oc;(x) be the
generalized subgradients of ¢;(+) at x, fori=1,2,...,2m. For all x € intP, we have

2m
dci(x
of () = -3 2ale)
here > should be understood as a set-sum.

Proof.

i=1 i=1
From Theorem 4.1.1 in [10, Chapter 4] by induction it follows that

—0 (Z lncz-(x)> =— Z(‘?lnci(a:)

Since ¢;(x) are locally Lipschitzian functions and In(x) is strictly differentiable for all z > 0,
by Theorem 2.3.9 in [3], for all « € intP,, we have

Olnei(z) = 8@?((;))

flz,2) = Zln [%} and Of (z,2) = —0 (Z lnci(m)>




Hence the lemma follows. m

3.1 Preliminaries

Let ) )
1om sist x~villz—ylP
H(y) == L 4+ —————, where s; € 9¢;(y)
2 ; ci(y)? ; ¢i(y)

and let E(y,0) = {z|(z—y)" H(y)(z—y) < 6°} be the ellipsoid of radius § around y € intP,.
Note that since 7; can be large, ellipsoids defined in this way can be very small. The
following lemma bounds the relative variation of function values in E(y, ¢).

Lemma 3.1 Ifz € E(y,6), where y € intP,, and 6 > 0, then

o) =)l _ g iy
e <V25+682 i=1,..., (3.1)
and
W§m5+52/m,i:m+l,...,2m. (3.2)

Proof. By Assumption A7 we have ¢;(x) — ¢;(y) < sF'(x —y) — v || x — y ||>. Then since

ci(y) >0,
. — T(p — Al — 12
te) )l 15T )| | wulle =yl .
ci(y) ci(y) ci(y)
Now the definition of E(y,d) implies that
2m T i 2 2m ) N 2
(b p Faleu g o
i=1 Cl(y) i=1 cz(y)

The lemma simply follows from (3.3) and (3.4). m

Corollary 3.1 Let y € intP.. Then for all x € E(y,0.5), |1 — ¢;(x)/ci(y)] < 1 for
i=1,...,m. Furthermore, E(y, 0.5) C intP,.

Proof. If y € intP, and 6 = 0.5, then Lemma 3.1 implies |1 — ¢;(x)/c;(y)| < 1 for all
x € E(y,0.5). Thus ¢;(z) >0, i.e., E(y,0.5) C intP,. m



Lemma 3.2 Let w be the center of the convex set P,. Then for any x € P, one has

dr)=z (3.5)

c(w) —z

Proof. Since ¢;(z) are concave functions on P, and ¢;(w) > 0, for any g; € dc;(w) one has

ci(x) 1
ci(w) ci(w)

gl (x —w) fori=1,...,2m.

Hence,
2m

mc(ﬂj)—_zgzﬂ<§[1+w}. (3.6)

cw)—z 7 Halw) ~ = ci(w)
By the definition of the center w, 0 € df(w, z). Therefore by Proposition 3.1 there exist

gi € Oci(w), for i = 1,...,2m, such that 212211 % = 0. Since inequality (3.6) holds for

any g; € 0c;(w), i =1,...,2m, the lemma follows. =

Remark. As a consequence of Lemma 3.2 and Lemma 3.1, for 0 < § < 0.5 and z* €
E(w(2*),d) we have,

Thus the stopping criterion co(z¥) — 2% < €/4 implies z* — 2% < e.

3.2 Linear Approximation of the Normalized Potential Function

Let 1 be an arbitrary element of the generalized gradient Of (y, z). Then f(y, z) +n* (z —1vy)
is a first order approximation of f(z,z), where x and y € P,. The next lemma bounds the
error of this first order approximation on points in an ellipsoid E(y, d).

Lemma 3.3 Let y € intP,, and x € E(y,d), where 0 < 6 < 0.5. Let n be an arbitrary
element of the generalized gradient Of (y,z). Then one has

(V26 + 62)
(1 — /26 — §2)

flx,2) = fly.2) =" (@ —y) < (1 + V20 +6°/2) + 3 (3.7)



Proof. From Corollary 3.1, for x € E(y,d), |1 — ci(x)/ci(y)] < 1 for ¢ = 1,...,2m.
Therefore we have

_ z :—2m nci(x)ZQm 001 —Ci($> k
flx,2) = f(y,2) ;1 ci(y) i=1 kz_;k [1 Cl(y)} .

We can write the above sum as

S [wille —yl)? = (x —y)]"
EIXI[ " ] (39)

=1 k=1

where h; is an arbitrary element of Jc¢;(y), and k; is a nonnegative scalar such that
ci(x) —ei(y) = hf(y —x) — ki || y — 2 ||*>. Note that 0 < k; <y, fori=1,...,2m.

Let ¢ € R?™ and ¢ € R?™, where
hi(z —y) Killz — yl®
ci(y) ci(y)

Note that since z € E(y, ), from the definition of the ellipsoid E(y, ) we have fol(%% +
©;) < 62, which in turn implies that

lolla < V26, |||y < 6% <0.25, and ¢; +¢; < 1,fori=1,...,2m. (3.10)

¢i = and p; = fori=1,...,2m.

We will first bound the third and higher powered terms in (3.8).
Now,

=1 k=3 =1 k= 3
2m \3 o©
< Z (9252_;901) Z(@_'—(pl)k
=1 k=0
2m
_ (¢i + @5) 1
1 2m
3
< (1_\/—5 5 2 Z(aﬁmt%)
_ 3
- e el
1 3
< 30— \/55_52)(“@5“2 + lleell)
1 213
< 3(1_\/55_52)(\/55”) (3.11)
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Now we will establish the bounds on the first two terms in (3.8). The first inequality below
uses Lemma 3.1.

2

3

- [m||x—y||;(—y)h?<x—y>]"

M

_ Z bl ) it [LAEINEL EEI LTS 2
i=1 Cz(y) 2 i=1 Ci(y)2
2m 2m
villz =yl — A (x — y) 1(hT(ﬂf—y))2} 02 rillz — yll?
< d + o (5 +V20))
2 l ) > er TRV
2m
W (@ —y)  vlle—yl* | 1] (z—y)?
< =) - + - + o +0%(5+ V2
) R 7 R R~ 07 5+V2)
< 'z —y) +62(1 + V26 + 6%/2), (3.12)
where n = — sz hq(y)y). By Proposition 3.1 7 is an element of 0f(y, z). Since h; are

arbitrary elements of dc¢;(y), (3.12) will hold for all elements of df(y, z). Combining (3.11)
and (3.12) the lemma follows. =

Remark. Let z¥ € E(w(z¥),0), 0 < § < 0.5, be the solution after the kth iteration of
the algorithm. By Assumption A5 intP,. contains a ball of radius r. Let x* be the point
that maximizes the potential function F(z,2*) over this ball. Due to Assumptlon A6,
F(z*, 2*) should be bounded below, i.e., Y227 In¢;(z*) > —N, where N is some strictly
positive scalar. Consequently we have F(w(z¥), zF) > —N since w(z*) maximizes F(z, z%)
over intP,. Let i* denote the tightest constraint at w(z*), i.e., cq(w(2F)) < ci(w(2F)),
for i = 1,2,...,2m. In view of Assumption A3 Inc;(w(z¥)) is bounded from above
by InK, i = 1,2,...,2m, threfore we have ¢;(w(z%)) > e~N+@m-1mK)  Noting that
2F € E(w(z%),8), Lemma 3.1 implies that ¢;(zF) > (1 — /6 — §2)e~WV+Em-DIK) g4 4
each iteration k of our algorithm, c¢;(z*) is sufficiently larger than zero. We will write
ci(x) > 7, for i =0,1,...,2m, where 7 = (1 — /& — 62)e-(V+CEm-DInEK) We will make use
of the scalar 7 in the sequel.

4. Analysis of the Algorithm
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Lemma 4.1 Let 0 < 0 < 0.5 and let p = 7/(r> 3227 ). If f(x,2) < 0.50% — 0.36%, then
r e E(w,0/\/p).

Proof. By the definition of the center w, 0 € df(w, z). Therefore, from Proposition 3.1 we

know that there exist g; € d¢;(w), for i = 1,...,2m, such that Zf’:nl C,‘(’;}) = 0. Let k" be

nonnegative scalars such that ¢;(z) = ¢;(w)+g! (z —w) — k]||x —w||?, fori = 1,2,...,2m.
Let ) )
I~ 990 ~m ly—a |
H* _ = I 7
(w) 2 ; ¢i(x)? * ; ci(x)

and E*(w,0) = {z|(z — w)TH*(w)(z — w) < 6%}.

We know that

2Zm wax_wHQ HI—U)HQ ( . T,Ww 1)
K, & ——— ———F—  (sInce K, =
—~ ¢i(x) - 72 !
2
Sl ul?
B 2 Z?;nl Vi
2
o T (ille —wlf/ci(@)
B 230

& illz — w])?
'OZ ()

i=1

Relying on the last inequality above, x € E*(w,f) implies that » € E(w,0/,/p).

Since f(z,z) is strictly convex and f(w,z) = 0, its minimum over the region {z | = €
P., z ¢ int E*(w,0)} occurs on the boundary of E*(w,#). Therefore to prove the lemma
it suffices to show that f(x,z) > 0.56% — 0.30% for all points on the boundary of E*(w,6).

Now,

(3

) S Gri=CELuEsTL)
=1

Cz(w)

2m
ci(x)
ro) ==Y
; ci(w)
Consider a point x is on the boundary of E*(w,#). Note that for § < 0.5

|9 (@ —w) — w7 ||z —w |?|

o) < 1.

Using that In(1 +t) <t —t2/4, for —1 <t < 1.5, and that 32" oty =0, we get
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2m z,w . 2 T(y _ 2 T(f _ W _ 2
fo) > Z{m 2= w] +0.25(gz<x w)) L w||}

poy ci(w) ci(w) ci(w) ci(w)
2 2m T z,w 2
> % - 0.5; J; ilx(;)w) iz !:j(cw_) w| (since z € E*(w,0) ) (4.1)
To establish the desired bound we need to get an upper bound on
gg?x— SRS
— ci(w ci(w
To this end, let a; = E?fw and b; = %ﬁ)w Since x € E*(w,#), from the definition

of E*(w, 6) we have ng % | b, < 6%. Now consider the following optimization problem:

2m
U* = max Z a;b;
 m 2
subject to ; 5 +b; <0
It can be verified that

9 1.5
VA (5) 3, for 6 < 0.7. (4.2)

Combining (4.1) and (4.2) we get,
f(x) > 0.50% — 0.36°.

Thus the lemma is valid. =

Lemma 4.2 Let x € FE(w,d), where 0 < § < 0.25. Let p be an arbitrary element of
Of(x,2). Let h; € dc;(x) such thatp = — 32" % Let g; € Ocy(w) such that 32" =

Zlcw)

0. Let ;" and k" be nonnegative scalars satisfying
ci(x) = ¢(w)+g/ (r—w) =K e —w|*  and
c(w) = () +hi (w—2) =&z —w|?.

Then we have

o (e w 9 r — wl? 1/2
Ple—w) 2 (1= 20(V2+0)f(@,2) Y l (em) (+>%”
(4.3)
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Proof. Since f(w,z) =0 and f(z, 2) is convex, we have

0< f(z,2) < fla,2) = f(w,2) <p' (z —w).

Hence (4.3) can be implied by showing that

pl(@—w) > (1—25(\/§+5))zm: [ (M) +(,{Zc,w+,{7,z)\!x—w!!2] .-

i=1 ci(2)

Note that ] (z — w) = ¢f (z —w) — (k™ + ;") |2 — w|)?, for i = 1,...,2m.

Now,

pl(x—w) = — z_: hi(z—w) _ 3 (gi (z—w) - (/f:(”;)r R )l — w||2>

2m

2m
(57 4 R o — w2 2 (L)
= : : + g (x—w) -
LT Tk )
o gl (= w)
(subtracting Z ZCT = 0 from right hand side) (4.4)
=1
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v

Vv

1 1

1;%?;;'5;foiix;))j
) - ()

(

( T z,w w,T 2\ 2 T,w 2 T
gmuw>um’+n;>xw>fﬁg@w<%ww>
|

ci( ci(w)
Cﬁ@—wvz+ﬂﬁw+nﬁwu—wwhﬂx—m%Aﬁ”+¢”Vm—wW}

ci(w ci(x) ci(x) ¢i(x) ci(x)?
w7l = wlP gl (2 - w)
ci(x) ci(w
ci() (hT(ﬂi— ))2 2(k7" + 1)z —wl? (¢f (# — w) = (57" + &) l2 — wl?)
¢i(w) ¢i(x) ci(x) ci(x)

<ﬁ@+¢“ﬂﬁ—w%}_@ﬂu—wWﬂ@—w>
¢i(x) ¢i(w)
q@){Cfm—w52+%@@+¢”Mm—mwﬁu—w>
ci(z) ci(z)
_mﬁwwwvw—wW}_@%u—wau—w>

ci(x)? c¢i(x) ci(w)

a(@) (W= w)\? 205 + 1)z — wf? (gF@—w) (5 4 )z — o]
qw>( () ) " () < () 26:(x) )
K — wlf? g7 (x — w)

ci(x) ¢i(w)
(@) (@ —w)\® | (" + 26 o —wlP gf (= w) (55 + K52 — w?
qwo( (@) ) " e (w) (@) ci(@)es(w)
ei(w) (W (z — w) (K 4 26 o — w0 K202 o — w2
Ci(w)( Cz(x) ) \/55 Cz(x) Yi Cz(x)

2

(4.5)

(1-2v25 - %) (h?f(;)w)) — (V35 + 26%) (5P + 2607 ””“Jj)jH
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kT <

Y 1 —

Last inequality above uses ((w)) > (1—v/26—6%) and (k7" 4+ K"") /7: < 2 (since ™"
i)

From (4.4) and (4.5) we obtain

(e —w) > (1—25([+5/2))Z<%>]
| (1= 20(v2 +5>>f( f’”“ﬁ@)ﬂw—wH?

> (1-20(V2+9)) %[(h >>2+<”"f’w+*’~§”’x)llfﬂ—wu2]

=1 Cl(w)

Lemma 4.3 Let x € E(w,d), where 0 < 6 < 0.25, and 3 be a positive scalar such that
0 < B <0.5. Let p be an arbitrary element of Of(x,z) and let x+ denote the point that
minimizes py, over E(x, (). Let p = 7/(r> 22" v) as it was defined in Lemma 4.1.
Then,

f(l‘+, Z)—f(:t, Z) S _ﬁ\/2p(1 - 25(\/§+ 5))f($, Z)"{'ﬁ (1+\/§ﬂ+ﬁ /2)+3(1 . \/55 . 52)
(4.6)
Proof. Lemma 3.3 gives
fxt,2) = flz,2) < plat —2)+ 821+ V28 + 3%/2) + (V25 + )’
’ T 3(1— V26— ?)

Let T be the point where the straight line joining z to the center w intersects with the
boundary of E(z,3). Since p’x™ < p’T, one has

T2 = flz,2) < — BpT (z — w) 2 2 (V26 + )
flat,2) = f(z,2) < V(@ — w)TH (z)(x — w) + 0 (1—1-\/55—0—5 /2) + 3(1—\/§ﬁ—(527))

From Lemma 4.2,

om T(r_ 2 r— wl? 1/2
P =) > | (1= 26(V2 4 8)f(@.2) ) [ () - WMW)%”
= (4.8)
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Since ¢1(z) = r? — 27z, we have k7" = ;" = 1. Therefore,

2
~ 2z — w|? |z — wl”

T,w w,T |
E 7 Sy —_ > 9
. (I{Z +"€z ) C,L(Jj) — 7"2

2m
2350 illz — wlf?

>
B r2 Y
27 7 (yillw — wl|?/ei(x))
B 72 Z?Lnl Vi
Now (4.8) and (4.9) yield
P (e —w) > [20(1 ~ 26(V2 4 O)f(e ) —w) H)z — )] (4.20)

The proof is completed by combining (4.10) and (4.7). =

Corollary 4.1 Let 0 = 0.1,/p and v = 0.50> — 0.30°. If f(x,z) < v and 3 = pf(x,z),
then f(z%,2) <v—0.93(pv)".

Proof. Since f(z) < 0.56* — 0.30°, where 6 = 0.1,/p, by Lemma 4.1 we know that
x € E(w,0.1). Since p < 1, v < 0.047 and hence pf(x,z) < 0.047. Consequently, setting
d=0.1and 8 = pf(zx,z) in Lemma 4.3, we get

Fatz) < fez) - pf(e WIBPT(E ) + LO0T(pf (x, 2) + (pf (2. 2))°
< f(x,2) = 0.93(pf(z,2))° (4.11)

The value of p is not known in advance. However, for any value of p in the interval (0, 1],
the maximum of the right hand side of the inequality (4.11), subject to f(z, z) < v, occurs
at f(x,z) = v. This implies that

f(er’ Z) <v-— 093(yp)15

for all f(x,z) <[0,v) and for all p € (0,1]. m

Lemma 4.4 Let z* > 27 > 2. Also let wt and w be the unique minimizers of f(x,z")
and f(x,z) over the sets P,+ and P,, respectively. Then we have

c(wh) —clw) < 2t — 2.
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Proof. Since w and w* are minimizing points, by Proposition 3.1 there exist ¢ € OF (w, 2)
and n € OF (w™, 27) such that

9i 9i
= = dn= L = 4.12
(=2 gy =0 =2 om =0 412
where g; € dc;(w) and g € dc;(w™), i =1,...,2m.

Since In ¢;(x) are concave , for i = 1,...,m, we have

zmzlnci(wJ’) < ilnci(w)qLiM and

i=1 i=1 i=1
m m m +T +
) o+ Y (w —w )
izlhl Cz(w) S Zzlln Cz(w ) + ZZI —Ci(w"!‘)
Adding these two inequalities we get
g 9
£ - - 2= 2 <0. 4.13
2w Z I (4.13)

Recall that g;(z) = go(z), for i =m+1,...,2m. Now, from (4.12) we have

0 = (-0 —w)
5 (el ) gl () o),y

i=1 ci(w?) ci(w) co(wt) — 2+ co(w) — z

As a consequence of (4.13) and (4.14) one has,

R )

co(wt) — 2zt co(w) — z

(o) — )T (w* — w) — (colwt) — 2H)gT (w* — w)
(@) — 79)(colw) —2)
(colw) — 2)[(gi — g0)" (w — w)]
(@) — 2 (cow) —2)
eolw*) — =) — (colw) — g (w* — w)
- (o) — 2)(colw) — 2) (4.15)

Observing that (g5 — go)” (w' — w) < 0 due to concavity of cy(+), from (4.15) we get

[(co(w™) = 2+) — (cow) = 2)]go (w* — w)
(co(w?) = 2)(co(w) — 2)

17

<0 (4.16)



(4.16) implies that

(co(w™) — co(w)) gy (w* —w) < (27 — 2)gg (w" —w) (4.17)

If g¢'(w™ — w) < 0 were true then by concavity of ¢(-) we would have co(w™) — co(w) < 0.
Since 2T — z > 0 this would contradict with the inequality (4.17), hence g (w* — w) > 0.

For the case g (w* —w) > 0 dividing both sides by g (w* —w) in (4.17), we conclude that

co(w™) — co(w) < 27 — 2.

For gl (w™ —w) = 0, again by concavity of ¢(-), we have co(w™) — co(w) < 0. Thereby the
lemma is proved. m

Lemma 4.5 Let zt = 2z + \/Lm(c(:ﬁ) — z), where /m > « > 0, and x* € int P+. If

xt € E(w,9), then one has
1+ \/76 + 52)

1+\/>5+“2>'

Proof. From the definition of the normalized potential function the following equality

/~/

2
flat, =) < flat )+ ( 254 5—2> -

%IQ

readily holds true:

F ) = 2) 4 Sl )+ min [ 220

(™) = 2")(ew) — ) (4.18)

First we will bound the last term in (4.18). Now note that

(c(a™) = 2)(e(w) —27) (&7 = 2)(e(w) — c(a))

(c(zt) = 27)(c(w) = 2) (c(at) = 2%)(e(w) = 2)

alc(z?) = 2)(e(w) = ¢(zT))

vm(c(xt) = z+)(c(w) - 2)
a  c(w)—c(zT)

vm—a cw)—z)
1+ % (\/%5 + %) using (3.2)
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Noting that In(1 + ¢) <t we then have

<
_ »t 2 2
mIn (c(z?) = 2)(c(w) = 27) < e §+ — 0 (4.19)
() = o) elw) = 2)] = Vin—a \Vi’ T
Next we will get an upper bound on (c(w™) — 21)/(c(w) — 2T) in order to get a bound on
the value of f(w,z"). Note that

clwh) == c(wh) -z (1 L = 2)(e(w) — C(w>)>

c(w) =zt c(w) -z (c(w®) = 2)(c(w) —27) )

Using Lemma 4.4 we have

c(wt) — 2T c(w?) — 2z (21 — 2)?
c(w) =zt 7 c(w) =z (c(w) = 2)(c(w) - 2*)
_ c(wt) —z a?(c(z™) — 2)?
c(w)—z  mc(w) — z)(c(w) — 27T)

2 (e 1)2<c<w> - (—;u) z>>
- =t () (- e =9)

using (3.2) (4.20)

Now we are ready to bound f(w,z"):

flw,z*) = in:ln ) | in <C<w+) - Z+)

W

IN
o
B
=
|
o
E
o
B
=
|
N
3R
/N
—_
+
e
(=)
+
3%
SN——
[N}

2
om 2 2 52>

< Z T(w+—w)+ @ <1+\/;5+m

~ — C('lU) 1_\;% 1+ %5+62>

(4.21)
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where g; is an arbitrary element of dc;(w), for i =1,2,...,2m.
Since 277 oty € OF(w,z) and 0 € 9F (w, z), we then have

flw,z7) < <1 - \/76—‘_ ) (4.22)
1——<1+f5+52)

The proof is completed by combining (4.18), (4.19) and (4.22). m

Now we are ready for the proof of the following convergence theorem.

Theorem 4.1 Let 2* be the optimal objective value of (NSCP). Let v = 0.5 — 0.363.
Suitably choosing 0 = 0.1/\/p, o = 25(pv)'®, and B = pf(a*,z) at each iteration, the
algorithm is well-defined. Furthermore, at each iteration k we have

<1 1.5

2.1( )
e — _ — V
2 —zk — vm p

Proof. We first show that f(z*, 2*) < v by induction. This inequality is valid for k = 0
after the initialization step of the algorithm. Now we suppose that f(z*, 2*) < v. Plugging
in f(z*, 2%) < v = 0.56? — 0.30°, where § = 0.1/,/p, in Lemma 4.1 we know that z* €
E(w*,0.1). Since 3 = pf(x*,2) from Corollary 4.1, we get

f(@™ 2% < v —0.93(pv)P.
Hence z"! € E(w*,0.1) by Lemma 4.1.

For o = .25(prv)*5 and m > 1, we have

2
52 a? (14 %(5 + %
e e et

Lemma 4.5 now implies that f(z < v. This completes the induction. Corollary
3.1 and Lemma 4.1 then ensure that all ¥ € E(w*,0.1) C int P, thus the algorithm is
well-defined for the given choices of the parameters.

k+17 ZkJrl)

Now, since 2* € E(w*,0.1), using Lemma 3.2 and Lemma 3.1, we get

co(z") = 2F > (1 — @ — 5—2) [co(wF) — 27]



Thus

P zk+1 — o Zk . L[Co(wk) . Zk] < (1 . —(pl/)l'S)(z* o Zk)

vm

The proof is now complete. m

Using Theorem 4.1, one can show that after the initialization step in the algorithm, an
e-optimal solution can be obtained in (2.1)7*(pr)~'*y/m|In[e/(z* — 2°)]| iterations, where
v =0.50% — 0.30° and 6 = 0.1,/p. We conclude that the algorithm converges globally at a
linear rate and total number of iterations is of the order of O(p~3y/m|In¢|). Note that p=3
can be exponentially large, so we have not shown a polynomial-time complexity. However,
we have shown that starting from a near central solution the algorithm will generate an
e-optimal solution in a finite number of iterations.

5. Conclusions

We have shown that the trajectory of analytic centers can be followed by using a partial
Newton-like subroutine for a class of nonsmooth convex programming problems. Our anal-
ysis indicates that the performance of the method depends on the curvature of the objective
and constraint functions and on the size of the feasible set. For a complete description of
the algorithm we also need to specify a method for generating a near-central starting point.
The can be accomplished by a two phase algorithm as suggested in Mehrotra and Sun [14].
In the first phase we expand the feasible region to make any point trivially a near-center of
the expanded convex set. We use an algorithm similar to the one specified in this paper to
shrink the expanded set to the original set, and then use algorithm of this paper to solve
the optimization problem.

The algorithm suggested in this paper replaces the second order information of non-smooth
convex functions ¢;(-) with an identity matrix. In certain situations it might be useful to
use a suitably build approximation that proxies for the curvature of the convex function.
For example, one may build such approximations using quasi-Newton updates at suitable
points generated during the algorithm. The analysis of this paper remains valid for as long
as the condition number of the ”"approximate Hessian” replacing the identity matrix are
bounded, and the smallest eigen value of this approximated is sufficiently positive.
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