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Abstract

Given a real function on a Euclidean space, we consider its “robust
regularization”: the value of this new function at any given point is
the maximum value of the original function in a fixed neighbourhood
of the point in question. This construction allows us to impose con-
straints in an optimization problem robustly, safeguarding a constraint
against unpredictable perturbations in variables or data. After outlin-
ing some examples, we consider in particular a function that is locally
Lipschitz on the complement of a suitably well-behaved (for example,
semi-algebraic or prox-regular) small set, and satisfies a growth con-
dition near the set. We show that, around any given point, the robust
regularization is eventually locally Lipschitz once the size of the neigh-
bourhood is sufficiently small. Our result applies in particular to the
pseudospectral abscissa of a square matrix, a useful function in robust
stability theory.
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1 Introduction and notation

Several concerns motivate the paradigm of robust optimization. The data
of the original optimization problem may be uncertain, either due to inac-
curate measurements or unpredictable inputs (in robust control theory, for
example—see [4]). Numerical efforts to find an optimal choice of the vari-
ables have finite precision. Even after choosing the variables, implementing
the choice precisely in a concrete model may be impossible (design of digital
filters being a typical example [11]).

As a consequence of these unpredictable perturbations, we can imagine
evaluating a typical function appearing in a concrete optimization problem
not at a precise point but somewhere in a neighbourhood of the nominal
point of interest. Since practical optimization problems may be very ill-
conditioned, this fuzziness can have disasterous consequences for the quality
of an optimal solution. For an extensive exposition of these issues in robust
optimization, particularly in the case of linear and quadratic programming,
see the recent monograph [2].

As a tool for “robust” variational analysis, we consider the following regu-
larization process. We fix a finite-dimensional normed space E, and consider
a function f : E — [—o0, +00]. We also fix a compact convex neighbourhood
C of the origin in E. Typically C' is the closed unit ball for some norm.
We denote the closed unit ball in E by B: with no loss of generality, we
could choose E = R" and B as the Euclidean ball. For a real reqularization
parameter € > 0, we now define the robust reqularization f.: E — R by

fe(x) =sup{f(y) :y —x € eC}.

We could interpret this construction, for example, as deriving a version of
f that is robust relative to “implementation” errors in the variable x. If we
wish to impose the constraint f(z) < 0 in some optimization problem, then
by instead requiring fe(xz) < 0, we restrict attention to points z satisfying
f(z) <0 “robustly”: any perturbation to x from the small set eC' leaves the
original constraint satisfied. Similarly, if we want to minimize the function
f over some feasible region, then by instead minimizing f. over the same
set, we obtain a “robust” solution of the original problem: a solution that is
optimized with respect to all possible perturbations from eC' to the chosen
solution.

As a simple example to keep in mind, consider the function f : R -+ R



defined by

—x ifx <0
(1.1) f(x):{ VT if 3> 0.
If C =[-1,1], a quick calculation shows
e—xr ifr<a
(1.2) f) = { Vet+ao ifxz > a,

where
1+ 2e—1+8¢
“= 2

In this work, we begin by discussing some elementary properties of the
robust regularization (which can be considered a kind of “deconvolution”
[12]). We describe some simple examples, noting in particular that the ro-
bust regularization of a strictly convex quadratic function is “semi-definite
representable” in the sense of [2], and hence applicable in tractable compu-
tational approaches to convex optimization.

For nonconvex functions f, where we can no longer hope to say much
about the strict computational tractability of minimization problems involv-
ing f, robust regularization nonetheless remains compelling philosophically.
It also has a surprising benefit from an analytic and numerical perspective:
it often transforms non-Lipschitz functions f into regularizations with en-
hanced Lipshitz properties. For example, the nonlipschitz function (1.1) has
a Lipschitz robust regularization (1.2).

In the main part of this paper, we consider a function f that is locally
Lipschitz on the complement of a well-behaved exceptional set A, and satisfies
a certain growth condition as we move away from the set A. We show that,
around any given point, the robust regularization f. is locally Lipschitz for
all sufficiently small values of the regularization parameter . The function
(1.1) is an example (where we choose the set A to be the origin).

In particular, our result applies, on the space of square complex matri-
ces, to the spectral abscissa function (the largest real part of an eigenvalue).
Although this function is highly non-Lipschitz, we show that its robust regu-
larization, the so-called e-pseudospectral abscissa, is locally Lipschitz around
any given nonderogatory matrix, for all sufficiently small € > 0. Since the
pseudospectral abscissa is relatively easy to calculate [6, 7], and indeed is in-
teresting in its own right [17], this Lipschitz property is an attractive feature
numerically and analytically.

—€.



2 Quadratic examples

We begin with a more-or-less standard example in the spirit of [4, 2]. We
write X > 0 for a real symmetric matrix X if X is positive semidefinite.

Theorem 2.1 (Euclid norm) For any real m-by-n matriz A and vector
b € R™, consider the function g : R — R defined by

g9(x) = [[Az + b][,
with robust reqularization

ge(r) = max{g(y) : [y — z|2 < €}.
Then the following properties are equivalent for any point (z,t) € R™ x R
(i) t > ge(w);
(ii) there exists a real jn such that

tl,, Az +b €A
(Az+b)T t—p 0 | =0.
eAT 0 wl,

Proof Applying [2, Thm 4.5.60] shows ¢t > g.(x) holds if and only if there
exist real s and pu satisfying

t—s > 0
sl Ar+b €A
(Az +0)T s—p 0 = 0,
eAT 0 wl,

and the result now follows immediately. O

Since the matrix in property (ii) above is an affine function of the vari-
ables x, t and p, it follows that the robust regularization g, is “semidefinite-
representable” | in the language of [2]. This result allows us to use g, in build-
ing tractable representations of convex optimization problems as semidefinite
programs.

An easy consequence of the above result is a representation for the robust
regularization of any strictly convex quadratic function.
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Corollary 2.2 (quadratics) For any real positive definite n-by-n matriz
H, vector ¢ € R"™, and scalar d, consider the function h : R® — R defined

by
h(z) = 2" Hx + 2¢"x + d.

with robust reqularization
he(x) = max{h(y) : [y — =[l> < e}.
Then the following properties are equivalent for any point (z,t) € R™ x R
(i) t > he(2);
(ii) there exists reals s and p such that

t—s>+cHle—d > 0

s, H'Y2p + H12¢ eH'Y?
(HY 2z + H-1/2¢)T s—H 0 = 0.
eH'Y? 0 wly

Proof Clearly t > h¢(z) if and only if
ly—zla<e = |H2y+HPe|i<t—d+c"H e
This property in turn is equivalent to the existence of a real s satisfying

2 < t—d+c"H '¢ and
ly—zlla<e = ||HPy+H ' clly <s,

and the result now follows from the preceding theorem. O
Since the quadratic inequality
t—s>+cH'e—d>0

is semidefinite-representable, so is the robust regularization h..



3 Elementary properties

We begin our general investigation of robust regularization by collecting
some elementary properties. Throughout this section we consider functions
f:E— [—00,+00].

Proposition 3.1 (convexity) If the function f is convex then so is the
robust reqularization f. for any e > 0.

Proof The robust regularization is a supremum of convex functions:
fe(x) =sup{f(x +2):z € eC}.
The result follows immediately. O
An analogous argument holds for lower semicontinuity.

Proposition 3.2 (closedness) If the function f is closed then so is the
robust reqularization f. for any e > 0.

Suppose we are interested in a set defined by several inequality con-

straints:
f(xz) <0 forallyeT.

We would naturally describe a point x as “robustly” feasible in our context
if every point in the set x 4 eC' satisfies all the constraints, or equivalently, if

f2(z) <0 for all ~.

We could also describe the original set equivalently by the single constraint
sup f7(x) <0,
gl

and in this case robust feasibility would naturally mean

(Sgp f”)e () <0.

These two notions of robust feasibility are equivalent, due to the following
easy result.



Proposition 3.3 (suprema) For any collection of functions f7 indexed by
v, we have

(sup f”) =sup f/.
g . g
Proof The left hand side evaluated at any point z is

sup sup f7(z + 2)
z€eC Y

which in turn equals the right hand side, by interchanging the suprema. 0O

We denote the attaining set where the supremum defining the robust
regularization

fe(z) =sup{f(y) : y —x € C}

is attained by M,(x). Clearly, if f is continuous around z then this set is
nonempty and compact for all small € > 0.

Our next result notes that the robust regularization really is an approxi-
mation of the underlying function.

Proposition 3.4 (approximation) If the function f is continuous around
the point x, then

lelfgl fe(z) = f(x).
Proof This is a simple consequence of the continuity of f and the bound-
edness of C. O

We next make the routine observation that the robust regularization of a
continuous function is itself continuous.

Proposition 3.5 (continuity) Suppose the function f is continuous on the
open set U C E, and the subset V- C U is compact. Then for all small € > 0

(specifically, providing V+eC C U ), the robust reqularization f, is continuous
onV.

Proof Compactness shows V' +¢eC' C U for all small € > 0, so fix such an e.
Suppose f is not continuous at the point x € V' so there exists a sequence of
points z, — x in V and a real 6 > 0 such that

|fe(z,) — fe(x)| > 6 for all r.
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For all large r, continuity implies the attaining set M(z,) is nonempty, so
we can choose an element y,.. Since the sequence (z,) is bounded, and y, — x,
lies in the bounded set eC', the sequence (y,) is also bounded, so without loss
of generality we can suppose it converges to some point y,, € E. Since C' is
closed, we deduce y,, —x € €C, so

fe(@) 2 f(yoo) = lim f(y,) = lim fe (7).
Fix any point § € M,(x), and notice that for all r we have
(y+ 2, — 1) — 2, € €C.
Since f is continous at ¢, we deduce

fe(l"r) > f(g+xr - $) - f(g) = fe(x)

In combination with the paragraph above, this shows lim f.(z,) = f.(x),
which is the desired contradiction. O

The next argument is also straightforward.

Proposition 3.6 (upper semicontinuity) Suppose the function f is con-
tinuous on the open set U C E, and the subset V C U s compact. Then for
all small € > 0 (specifically, providing V + eC C U) the set-valued “attain-
ment” map M, : V — U has closed graph with nonempty compact images,
and is upper semicontinuous: that is, for any point T € V, any open neigh-
bourhood of the image M.(Z) also contains M.(x) for all points x € V close
to .

Proof Continuity shows that the images of M, are nonempty and compact.
We next show that M, has closed graph. To see this, consider sequences
x, = T in V and y, — ¢ in U satisfying y, € M (z,) for all r. Since y, — x,
lies in the closed set eC' for all r, we deduce § — T € eC'. Furthermore, by
the previous proposition we know

7(5) = lim f(y) = lim fo(a,) = fu(2),

so § € M.(Z), as required.
Upper semicontinuity follows from the fact that M, is locally bounded.
We spell out the argument, for completeness. If the result fails, there is an



open set W containing M.(Z), a sequence x, — Z in V, and points y, €
M (z,) lying outside W for all . As in the previous result, the sequence y,
must be bounded, so without loss of generality we can suppose it converges
to some point y, which must also lie outside W. But since M, is closed, we
have the contradiction § € M (7). O

The last result of this section shows that we can approximate strict local
minimizers of the original function by minimizing the robust regularization.

Proposition 3.7 (local minimizers) If the function f : E — [—00, +00]
has a strict local minimizer relative to the closed set F' C E at the point
x € F, and is continuous around x, then for all small € > 0, the robust
reqularization f. has a local minimizer relative to F' near .

Proof Since z is a strict local minimizer, we can choose arbitrarily small
d > 0 such that f(xz) > f(z) whenever z € F and ||z — Z|| = . Hence by
continuity and compactness there exists a real & > f(z) such that

fe(z) > f(z) > @ whenever ||z —z|| =0, x € F.

But by Proposition 3.4 (approximation) we know f.(Z) < « for all small
¢, and providing § is small, Proposition 3.5 (continuity) further shows f
is continuous on (T + dB). Hence for small ¢, the minimum value of the
continuous function f. on the compact set (Z + dB) N F must be strictly less
than «, and so must be attained at a local minimizer of f, relative to F'. O

4 Lipschitz behaviour

We plan to investigate functions f that are locally Lipschitz except on a
small exceptional set. Our main tool is the straightforward idea below: under
reasonable conditions, the robust regularization f, inherits the local Lipschitz

property.

Proposition 4.1 (Lipschitz behaviour) Suppose the function f is con-
tinuous on the open set U C B, and locally Lipschitz on the open set Q2 C U.
Given any point T € U and any small € > 0 (specifically, providing T + eC' C
U), if the corresponding attaining set satisfies M.(Z) C 2, then the robust
reqularization f. is locally Lipschitz around T.



Proof Since the attaining set M(Z) is compact, there exists a real v > 0
such that the compact set M (Z)+2vB is contained in Q. Choose a Lipschitz
constant L for the function f on M.(z) + 2yB. Applying Proposition 3.6
(upper semicontinuity) at z, there exists a real p € (0,7/2) such that

0 # M.(x) C M(Z) +~yB whenever ||z — Z|| < p.

We now show that the regularization f. has Lipschitz constant L on the set
T+ puB.

To see this, consider any two points z1,xy € T + uB. Choose any point
Y1 € M(z1), so fe(x1) = f(y1). Since y; — x; € eC, we know

(Y1 — 21 + 2) — 2 € €C,
$0 fe(wa) > fly1 — @1 + ma). But ||zy — z2f| < 2p < 7, so
Y1 — o1 + 29 € M(x1) +vB C M (z) + 2vB.
Applying the Lipschitz property shows
fe(we) = flyr — w1+ 22) = f(y1) — Loy — 2ol = fe(w1) — Ll|z1 — 22|
Interchanging the roles of x; and zo, we deduce
|f(z1) = fz2)] < Lf|z1 — 2]

as required. O

In the next sections we develop a property guaranteeing that the attain-
ing set is disjoint from the exceptional set of points where f is not locally
Lipschitz. We can then apply the above result to deduce that the robust
regularization is locally Lipschitz.

5 Nearly radial and semi-algebraic sets

The exceptional sets corresponding to functions of interest to us have a useful
tangential property. Loosely speaking, given any point ¥ in the exceptional
set, at any nearby point there is a tangent vector pointing back approximately
towards Z. The formal definition is as follows. The (Bouligand) tangent cone
(or “contingent cone”) to a set A C E at a point T € A is the set

Ti(z) = {limt, (2, —7) : 1, 10, 7, = 7, z, € A}

(see, for example, [14]).
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Definition 5.1 (nearly radial sets) A set A C E is nearly radial at a
point £ € A if

dist (%, + Tu(2)) = o(|jx — Z[|) asz — Zin A

(where dist denotes distance). The set A is nearly radial if it is nearly radial
at every point in A.

We contrast this definition with a stronger property introduced by [16], which
is the uniform version of the same idea. This idea was called o(1)-convezity
in [15].

Definition 5.2 (nearly convex sets) A set A C E is nearly convex at a
point £ € A if

dist(y,a: + TA(x)) =o(||lxr —y||) as x,y — T in A.
The set A is nearly conver if it is nearly convex at every point in A.

Clearly if a set is nearly convex at a point, then it is nearly radial there, but
the class of nearly radial sets is considerably broader. For example, the set

A={zeR*: 2129 =0}

is nearly radial at the origin but not nearly convex there, since as n — oo
the points z,, = (n™',0) and y,, = (0,n~") approach the origin in A and yet

dist(yn, Tn + Ta(xy,)) = n! £ o(||zn — ynl|)-

It is immediate that convex sets are nearly convex, and hence nearly
radial. A straightforward exercise shows that smooth manifolds are also
nearly convex, and hence again nearly radial. These observations are both
special cases of the following result, rather analogous to [16, Thm 2.2]. A set
A C E is amenable [14] at a point T € A if there is an open neighbourhood
V of Z, a C! mapping F : V — R™, and a closed convex set D C R™, such
that

(53) ANV ={zeV:F(z)e D} and Np(F(z))nN(VF(z)") = {0}

where Np(-) denotes the normal cone to D, and N(-) denotes null space. If
in fact F' is C? then we call A strongly amenable at Z.

11



Theorem 5.4 (amenable implies nearly radial) Suppose the set A C E
is amenable at the point T € A. Then A is nearly convezr (and hence nearly
radial) at T.

Proof Since A is amenable at Z, we can suppose property (5.3) holds.
Suppose without loss of generality = 0, and consider a sequences of points
Ty, yr — 0 in the set AN V. We want to show

dist(yy, z + Ta(z,)) = o(||z, — y.])-

Without loss of generality we can suppose x, # y, for all r, and denote the
unit vectors ||z, — y,|| 7' (z, — y,) by z.. We want to prove

d, = min{||w + z,|| : w € Ty(z,)} — 0.
The unique minimizer w, € T4(z,) in the above projection problem satisfies
dr = |lwr + 2]
wy + 2, € —Ny(x,)=—-VF(z,)"Np(F(z,))
<wr7 wy + Zr> = 07
by [14, Ex 10.26]. Choose vectors u, € —Np(F(x,)) such that
wy + 2, = VF(x,.) u,.

We next observe that the sequence of vectors {u, } is bounded. Otherwise,
we could choose a subsequence {u,.} satisfying ||u,|| — oo, and then any
limit point of the sequence of unit vectors {||uy|| *u,} must lie in the set
—Np(F(0)) "N N(VF(0)*), contradicting property (5.3).

We now have

0 < d& = (2,VF(z,)u,) = (VF(z,)z,u,)
= (VF(z;)z — |lzr =yl [F(20) — F(yr)], ur)
+ (2 — el 7 () = F(ye)], ur)-
The first term converges to zero, using the smoothness of the mapping F
and the boundedness of sequence {u,}. On the other hand, since the set D
is convex, we have F(y,) — F(z,) € Tp(F(z,)), and u, € —Np(F(x,)) by
assumption, so the second term is nonpositive, and the result follows. O

It is worth comparing these notions to a property that is slightly stronger
still: proz-regularity (in the terminology of [14]), or O(2)-convezity [15].
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Definition 5.5 (prox-regular sets) A set A C E is proz-regular at a point
zeAif

dist(y,x + TA(a:)) =O(||lz —y||*) asz,y — T in A.

Theorem 5.4 (amenable implies nearly radial) is analogous to the fact that
strong amenability implies prox-regularity [14, Prop 13.32] (and also to [15,
Prop 2.3]).

The class of nearly radial sets is very broad, as the following easy result
(which fails for nearly convex sets) emphasizes.

Proposition 5.6 (unions) If the sets Ay, As, ..., A, are each nearly radial
at the point © € N;A;, then so is the union U;A;.

Proof If the result fails, there is a sequence of points z, — z in U;A; and
real € > 0 such that

(5.7) dist (

T —x,
|_

|z — =

- 7‘”

10, 4, (a:r)) > ¢ for all r.

By taking a subsequence, we can suppose there is an index ¢ such that z, € A;
for all . But then we know

T—x
dist %T,TAI. (ZUT) — 0,
Wx—%ﬂ )
which contradicts inequality (5.7), since Ty, (z,) C Ty, 4, (7). O

A key concept in variational analysis is the idea of Clarke regularity (see
for example [9, 10, 14]). We make no essential use of this concept in our
development, but it is worth remarking on the relationship (or lack of it)
between the nearly radial property and Clarke regularity. Note first that
nearly radial sets need not be Clarke regular: the union of the two coordinate
axes in R? is nearly radial at the origin, for example, but it is not Clarke
regular there.

On the other hand, Clarke regular sets need not be nearly radial. Con-
sider, for example, the function f : R — R defined by

9o g ml(g _ gnHl )2 jf 2l < [ < 277 (n e N)

ﬂ@:{o it z = 0.
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The graph of this even function consists of concave segments on each interval
x € [27"71 27", passing through the point 27"(1, 1) with left derivative zero,
and through the point 27"7!(1,1) with right derivative 1 +27". A routine
calculation now shows that this function is everywhere regular, and hence
its epigraph epi f is everywhere Clarke regular. However, epi f is not nearly
radial at the origin. To see this, observe that for each n € N, if we consider
the sequence x, = 27"(1,1) — (0,0), then we have

Topi £(x0) = {(x,y) : y > (1 +2'") max{x,0}},

SO
[ |

V2
contradicting the definition of a nearly radial set.

One other class of sets is very important for our development, namely
semi-algebraic sets (those sets defined by polynomial equations and inequal-
ities).

dist(0, zp + Tepi f(2)) =

Theorem 5.8 (semi-algebraic sets) Semi-algebraic sets are nearly radial.

Proof Suppose the origin lies in a semi-algebraic set A C E. We will show
that A is nearly radial at the origin.

If the result fails, then there is a real 6 > 0 and a sequence of points
Yy, — 0 in A such that

Hu+

‘ > § for all u € Ta(y,).

|lyr

Hence for each index r there exists a real 7, > 0 such that

H“Z—yr |>5 for all z € A such that 0 < ||z — .|| < 7.

z =yl Iy,«

Consequently, each point y, lies in the set

Ag={yeA: 37>0so\| |H>5VZEA\{y}W1th||z yll <7},

|2 —yll |

so 0 € cl Ay.
By quantifier elimination (see for example the discussion of the Tarski-
Seidenberg Theorem in [3, p. 62]), the set Ay is semi-algebraic. Hence the
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Curve Selection Lemma (see [3, p. 98] and [13]) shows that there is a real-
analytic path p : [0, 1] — E such that p(0) = 0 and p(t) € A, for all t € (0, 1].
For some positive integer k£ and nonzero vector g € E we have, for small ¢ > 0,
p(t) = gt* +0("")
p(t) = kgt* '+ 0Ot

and in particular both p(t) and p'(¢) are nonzero. For any such ¢ we know

== ||p 1 il >

for any point z € A\ {p(t)} close to p(t). Hence for any real s # ¢ close to t

we have
s) — p(t) p(t)
Iy =pn * Tonl >

Taking the limit as s 1 ¢ shows

H II%;H - IIZEgH H

for all small £ > 0. But since

Pt _ g9 _ . P

1m = = 11m
do [lp®I Nlgll o [l )]

this is a contradiction. O

By contrast, semi-algebraic sets need not be nearly convex. For example, the
union of the two coordinate axes in R? is semi-algebraic, but it is not nearly
convex at the origin.

Semi-algebraic sets have another useful tangential property, which we
need later. Let us call a unit vector in E an analytic direction to an arbitrary
set A C E at a point x € E if it can be written in the form

i _P(®) = p(0)
to [Ip(t) — p(0)]|

for some analytic path p : [0,1] — A such that p(0) = z. Geometrically, an
analytic direction is simply the direction at x of some analytic path from x

15



into A. We denote the set of analytic directions by U4 (z): clearly in general
we have

Ua(z) C {u € Tu(z) : [Jull =1},

so since the tangent cone is always closed we deduce
(5.9) clUa(z) C {u € Ta(z) : |Jul| = 1}.

The following result shows that this inclusion is in fact an equality when the
set A is semi-algebraic.

Proposition 5.10 (tangent versus analytic directions) At any point T
in a semi-algebraic set A C E, we have

AUAT) = {u € Ta(%) : ||ul| = 1}.

Proof Denote the right hand side by T. Without loss of generality, suppose
Z = 0. Consider any vector u € T, and fix any real § > 0. By definition,
some sequence of points z, — 0 in A and reals ¢, | 0 satisfy ¢, 'z, — u.
Hence as r — oo we have

T, t, . t,

lim — lim == - lim

. T
lim . = =
28 ||x,«|| 28 ||x,«||

]l

u.

Consequently the origin lies in the closure of the semi-algebraic set
x

zhz{xeA\m}WU—mmH<ﬂ.
Hence by the Curve Selection Lemma [13, 3], there is a real-analytic path
p:[0,1] — E such that p(0) = 0 and p(t) € A, for all ¢ € (0,1]. We deduce
u € Ua(0) + 0B. Since the vector u € T' was arbitrary, we have the inclusion
T C Ua(0) + 6B, and since 6 > 0 was arbitrary, we deduce T C clU4(0).

The reverse inclusion is just (5.9). O

6 Functions with sharp growth

In this section we investigate functions that grow rapidly as we move away
from an associated nearly radial set. We first recall an idea from variational

16



analysis. The subderivative of the function f : E — [—o00,400] at a point
x € E (see [14]) in a direction z € E is

df (z)(z) = liminf flo+tw) = f(x)

tl0, w—z t

Definition 6.1 (sharp growth) A function f : E — [—o00,+00] grows
sharply from a set A C E at a point z € A if

Ta(x) Ccl{z € E:d(—f)(z)(2) < 0}.
The following is an illustrative example to keep in mind.

Proposition 6.2 (distance to manifolds) If the set M C E is a smooth
manifold of dimension strictly less than that of E around the point x € M
then the distance function dist(-, M) grows sharply from M at .

Proof Choose any unit vector z € N/ (Z). By [14, Ex 6.8 and 8.53], for any
vector u € Ty (Z) and any real § > 0 we have

—d(—dist(-, M))(z,u + 6z) > d(dist(-, M))(x,u + 02)
= dist(u + 0z, Ty (x)) = > 0.

The result now follows, since v+ dz — u as d | 0. O
We make some comments about our definition of sharp growth.

1. Since zero is always a tangent vector, if f grows sharply from A at z,
then x cannot be a local maximizer of f.

2. If = is not isolated in A, then T4 (z) # {0}. In this case, if A is semi-
algebraic, then it suffices to check

Ua(z) Ccl{z € E:d(—f)(z)(z) <0},
by Proposition 5.10 (tangent versus analytic directions).

If f grows sharply from A at every point in A, then we simply say that
f grows sharply from A. For such functions, the result below shows that the
attaining set M (z) must be disjoint from A for all small € > 0.
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Lemma 6.3 (attaining set) Consider an open set U C E. If the set A C
U is nearly radial at the point v € A and the continuous function f : U — R
grows sharply from A, then the attaining set M (x) is disjoint from A for all
small reqularization parameters € > 0.

Proof Suppose without loss of generality that x = 0. If the result fails,
there is a sequence of parameters ¢, decreasing to zero, and a sequence of
attaining points y, € M., (0) N A. Since the origin is not a local maximizer,
we can suppose each y, is nonzero.

Choose reals K > k > 0 such that kB C C' C KB. Since A is nearly
radial, for n sufficiently large, there exists a tangent vector u € T'x(y,) such
that

lynll T K
Since f grows sharply from A at y,, there exists a direction z € E such that

d(=)(yn)(2) <0 and

Hu+

By the definition of the subderivative, there exist sequences ¢, | 0 in R and
w, — z in E such that

f(yn +trw,) — f(yn)
I

— —d(=[)(yn)(2) > 0.
Hence for sufficiently large » we have the inequalities

flyn +trw,) > flyn)

tr < |yl
Yn k
w, + —.
H "yl K

This last inequality implies the inclusion
Yn + ||Yyn||wr € €,kB C €,C,
so since the set C' is convex we have
Yn + trw, € €,C,

contradicting the definition of M, (0). O
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Of course, if the point € E lies outside the closure of any set A, then so
must the attaining set M, (Z) for all small e.
We are now ready for our main result.

Theorem 6.4 (Lipschitz robust regularization) Consider an open set
U C E and a continuous function f : U — R that grows sharply from the
closed, nearly radial set A C U, and is locally Lipschitz on the complement
ANU. Given any point x € U, the robust reqularization f. is locally Lipschitz
around x for all small € > 0.

Proof As we noted above, if z ¢ A then M (z) C A° for all small € > 0.
The same holds for z € A, by Lemma 6.3 (attaining set). The result now
follows by Proposition 4.1 (Lipschitz behaviour). O

The role of the specified point x in the above is worth emphasizing. Con-
sider, for example, the function f(z) = y/max{z,0} on R. If we choose

A = {0}, the assumptions of the theorem are satisfied, so in particular the
robust regularization f, is locally Lipschitz around zero for all small € > 0.
However, for any fized neighbourhood U of zero, it is easy to see that f, is
nonlipschitz on U for all small ¢ > 0. The neighbourhood of zero predicted
by the theorem, on which f, is locally Lipschitz, must shrink as e shrinks.

7 Example: the spectral abscissa

Let M"™ denote the Euclidean space of n-by-n complex matrices, with inner
product (X,Y) = Retr(X*Y) for matrices X,Y € M". The spectral abscissa
a: M™ — R is defined by

a(X) = max{Re A : A an eigenvalue of X}.

An eigenvalue is nonderogatory if it has geometric multiplicity (the dimension
of the corresponding eigenspace) equal to one. Thus a nonderogatory eigen-
value corresponds to a single block in the Jordan form. We call an eigenvalue
of a matrix active if its real part equals the spectral abscissa, and we call a
matrix active-nonderogatory if all its active eigenvalues are nonderogatory.
If a matrix is active-nonderogatory, then it is easy to check that so are all
nearby matrices.
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We call a matrix active-simple if every active eigenvalue is simple (that
is, has algebraic multiplicity one). We denote the set of matrices that are not
active-simple by A™: it is routine to verify that this is a closed, semi-algebraic
set. Since the dependence of any simple eigenvalue on the matrix is locally
analytic, the spectral abscissa is locally Lipschitz on (A™)¢.

On the other hand, the spectral abscissa is not locally Lipschitz around
any active-nonderogatory matrix X € A™ [8]. We can be more specific with
our current perspective.

Theorem 7.1 (sharp growth of spectral abscissa) The spectral abscis-
sa grows sharply from the set A" of non-active-simple matrices at any active-
nonderogatory matriz in A".

Proof Consider an active-nonderogatory matrix X € A”. Notice X is not
isolated in A", since since X + pul € A" for all real u. By note 2 after
Definition 6.1, it suffices to check that any analytic direction U € Ugn(X)
lies in
c{Z e M" :d(—a)(X)(Z) < 0}.
By definition, there is a real-analytic path P : [0,1] — A™ such that
P(0) = X and
P~ PO) _
to||P(2) — P(0)]]
The matrix P(t) is active-nonderogatory for all small ¢ > 0. If we consider
the active eigenvalues for the matrix P(¢), listed say by decreasing imaginary
parts, there are only finitely many possibilities for the corresponding list of
algebraic multiplicities. For all ¢ > 0 sufficiently small we can therefore
assume that P(t) has a constant number of active eigenvalues, with constant
algebraic multiplicities, each one nonderogatary. The set M of matrices with
this property is a manifold [1, 5].
We now appeal to the results of [5], which show that at each matrix
M € M there exists a horizon subgradient Z of norm one for the spectral
abscissa, and Z is orthogonal to M at M:

U.

Z € 0°a(M) C Nu(M), ||Z]| =1.

Applying this observation at a sequence of matrices P(t,) where ¢, | 0 shows
the existence of matrices Z, satisfying

Z, € 9a(P(t,)) € Nu(P(t)), |12, =1.
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Taking a subsequence, we can suppose Z, converges to some nonzero matrix
7, which satisfies
Z € 0%a(X) = 0a(X)™,

since the spectral abscissa function « is subdifferentially regular at X (see
[14, Cor 8.11] and [8]). Hence for some matrix Z, € M" we have

Zy+ BZ € 0a(X), forall g eR,.
Since the path p(¢) lies in the manifold M for small ¢ > 0, we have

(Zp, 1P (t0)[I71P' (£)) = 0
for all large r. Taking the limit as » — oo and using ’'Hopital’s rule shows

(Z,U) =0.
Now for any real § > 0 we have, using [14, Thm 8.30],

—d(—a)(X)(U +46Z) > da(X)(U+62)

sup{(U+6Z, W) : W € da(X)}
sup{(U +Z,Zy+ BZ) : § > 0}
+00

v

and the result now follows. O

The e-pseudospectral abscissa of a matrix X € M™, denoted «(X) is the
largest possible real part of an eigenvalue of a matrix Y € M” lying within
a distance € of X (measured in the usual operator norm):

a.(X) = max{Re X : A an eigenvalue of Y, ||} — X|| < €}.

Since
@ (X) = max{a(Y) : ||V — X|| < €},

the pseudospectral abscissa is exactly the robust regularization of the spectral
abscissa, justifying the notation.

The pseudospectral abscissa has important modelling applications (see
for example [17]). For example, a.(X) often reveals more about the realistic
behaviour of the dynamical system w = Xw than the spectral abscissa «(X)
alone. Furthermore, by using the equivalent definition

a.(X) =max{Rez : (X — 2I) < €}
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(where o, denotes the smallest singular value), the pseudospectral abscissa
can be computed relatively easily, along with sensitivity information [6, 7].
This makes it a viable function to use in optimization applications.

Applying the observations of this section, we obtain the following nice
application of Theorem 6.4 (Lipschitz robust regularization). An analogous
result appears in [6], proved by a very different approach.

Corollary 7.2 (Lipschitz psesudospectral abscissa) If the matrizc X €
M" is active-nonderogatory, then the pseudospectral abscissa . s locally
Lipschitz around X for all small € > 0.

Spectral abscissa minimization problems typically have active-nonderog-
atory solutions with multiple eigenvalues [5]. Around such a solution, the
spectral abscissa is not Lipschitz. On the other hand, if the solution is a
strict local minimizer, for small regularization parameters € > 0 the corre-
sponding pseudospectral abscissa minimization problem has a nearby local
minimizer, by Proposition 3.7 (local minimizers). Furthermore, as we have
seen above, around any fixed matrix the pseudospectral abscissa is locally
Lipschitz for small € > 0. This example demonstrates how robust regulariza-
tion in optimization, as well as serving a compelling intrinsic purpose, can
reduce a non-Lipschitz problem to a Lipschitz setting, which may be more
numerically tractable.

Acknowledgements Thanks to Jim Renegar for helpful discussions con-
cerning Theorem 5.8 (semi-algebraic sets), and to Jon Borwein for the state-
ment of Definition 5.1 (nearly radial sets).
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