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Abstract

The dassicd Quadraic Programming formulation of the wel known portfolio
sdection problem, is cumbersome, time consuming and relies on two important
assumptions. (a) the expected return is multivariate normaly digtributed; (b) the
investor is risk averter. This paper formulates two dternative models, (i) maximin,
and (i) minimization of absolute deviation. Data from a very smple problem,
consgting of five securities over twelve months, is used, to examine if these various
formulations provide smilar portfolios or not. As expected, the maximin
formulation has the highest return and risk, while the min s (quadratic

programming) has the lowest risk and return, with the min |S | formulation being
closedtomins formulation.
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Introduction

Expected return and risk are the most important parameters with regard to optima

portfolios. Two well-known gpproaches to formulate optimal portfolios are (i) risk
minimization, given some minimum return, and (i) return maximization, given a
maximum risk investors wish to tolerate. These formulations do not necessarily lead
to efficdent portfolios. One might find other efficient portfolios that yied higher

expected return for the same risk, or lower risk for the same expected return.

Harry Markowitz' was the first to apply variance or stlandard deviation as a measure
of risk. Hisdasscd formulation is the following:
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th = per kronareturn, invested in security j over period t;

r j = average return in security j over the entire period T,
Xj = portfolio dlocation of security j, that should not be larger than an upper bound

U
a = the minimum return demanded by a particular investor;
B = totd budget that isinvested in portfolio;

This classcd modd is dways vdid given two important assumptions. (@) the
expected return is multivariate normally digtributed; (b) the investor is risk averter
and prefers lower risk.



Notice that congtraint (3) does not alow short saling of securities. If that congtraint
isexcluded and short sdlling is dlowed, a different solution will be obtained, by using
perhaps dl securities, either with positive or negative weghts.

However, the following smple example shows tha the minimum variance portfolio
might be inefficient.

Portfolio A, over a specific period, yields areturn of either 8 % (even months) or of
16 % (odd months). Portfolio B o the other hand, for the same period, yields
returns of ether 7 % or 8 %. Given a = 7 %, this formulation would sdlect only
portfolio B, because it has lower variance, despite the fact that A outperforms B in
al monthd Portfolio A should be sdected, aly if a was high enough to diminate
B’slower return.

Another problem with the classcal formulation is its complexity. Since the objective
function is nortlinear (often quadratic), it is very hard to find optima solutions when
the number of securities is large. For instance, for 300 securities, one needs to
cdculate a variance-covariance matrix of (n* (n+1))/2 = 44,850 combinations,

Not only are these caculations cumbersome, but even the implementation of the
(hopefully) optimd solution is hard. In redlity, one is satisfied with loca minima, or
sub optima solutions. If for ingtance the number of securities is larger than 500,
there might be up to 200 of them that take a positive vaue. That forces the investor
to dlocate a part of his budget into alarge number of smal blocks of shares. Given
the transaction codts, it might be unprofitable to split the budget into many smdl
blocks of shares. If we reformulate the problem as integer (for instance a minimum
block of 100 shares), the difficulty increases dramaticaly. Experts argue that Integer
Quadratic Programming with more than 50 securities, might be very difficult to
solvel

In the following sections we will present the smple problem and formulate it as (a)
Quadratic Programming, (b) maximin, () minimization of absolute deviation. The
three portfolios will then be compared with various utility functions and with out of
sample data.

The problem

The portfolio manager Sigma wants to congtruct an optima portfolio for a customer.
Instead of congdering a large number of potential shares to be included in the
portfolio, let us congder only five OMX-shares from the Stockholm stock
exchange: (A, B, C, D, and E). The models developed are of course very flexible
and could include as many shares & one wishes. To amplify caculaions of our
parameters and speed up the solution though, we stick with these five shares.



Based on higtorical data over the last 12 months, (see Appendix, Table Al) the
variance-covariance matrix is depicted in the following tables. Notice that the
variance-covariance matrix is dready multiplied by two.

Table1l Variance-covariance matrix over these 5-shares’ returns

Sa Sg Sc Sp SE
s, 000146739 0.00026179 0.00052103 0.00017382  0.00043272
Sp 0.00111640 -0.00001133 0.00059010 0.00048699
Sc 0.00105790 -0.00002990 -0.00017064
Sp 0.00108543 0.00055264
Sg 0.00100371

The customer plans to invest a most 100,000 SEK, demands a monthly return of at
least 3 %, (or 3,000 SEK) and wishes that no share will receive more than 75 %,
of hisbudget (that is at most 75,000 SEK).

Sgma's problem is to minimize his cusomer’'s risk, by neglecting the risk-free
interest rate, and not dlowing short sdlling.

We gtart by formulating it as a quadratic programming.

(@) Quadratic Programming
The objective function is to minimize this variance- covariance matrix, i.e.:

min 0.00146739 X,> + 0.0011164 Xg° + 0.0010579 X-> + 0.00108543 X5~ +
0.00100371X> + 0.00026179%xXg + ... + 0.00055264 Xp Xe

st. the budget congtraint,
Xy Xg+ Xt X+ X = 1 M
the return demand constraint,

0.0207 X, + 0.0316 X; + 0.0323 X + 0.0337 X, + 0.0376 X_% 003  (2)

plus, the lower and upper limitsfor dl shares,

O£ X,%,X, %, ,X. £ 075 3



A quadratic programming agorithm, such as QSB+? in its third edition, provides the
following solution.

X, = 016416, X_ = 0.33148, X = 0.18841, X_= 0.31595,
E(r) = 3.412%, S = 1.847%

(b) Maximin formulation

The standard return/risk formulation, as above, regards variance as a measure of

risk volatility. There are many researchers (and traders as well) who question if s is
an gopropriate measure of risk. They assume tha the norma investor's view
regarding risk, is far away from symmetry or norma distribution. Very often, a smdl

loss is enough to make one very sad. On the other hand, one gets very happy if the
profit is congderable. This implies that the Markowitz classcad modd should be
consdered as an gpproximation to rather complex problems that every investor

mests.

An dterndive formulaion is to maximize tie minimum return demanded by the
investor. According to Young® such a formulation, based on monthly returns on the
stock indices from 8 countries, from January 1991 until December 1995, as wdll as
from asamulation study, performs smilarly with the dlassca Markowitz model.

In addition, Young argues that, for certain digtributions, for instance when data is
log-normaly didtributed, or skewed, the maximin formulation might be more
appropriate method, compared to the classca minimization of variance, which is
optimd for normdly didributed data The maximin formulaion might dso be
preferable, if the portfolio optimisation problem involves a large number of decison
variadles, incdluding integer variables, or if the utility function is more risk averse than
itisimplied by the dassica minimization of variance.

To formulate the problem as a maximin, we use the same 5 variables, Xa, XB, XC,
XD, Xg. In addition, we define the minimum return from the optima portfolio as, Z
3 0. Noticethat Z isnot decided ex ante, but it will be apart of the optima solution

and might differ from the customer’s explicit return demand of 3 %. The objective
function is then to maximize that minimum return, i.e.

max Z

Regarding the condraints, it is required that every month’s return will be at lesst
equal to Z. For January for instance, this congtraint can be formulated as.

0.054 Xp + 0.032 Xg + 0.064 XC + 0.038 Xp + 0.049Xg-Z 3 0 @)



Because the objective function is to maximize Z, this congraint will be 3 0. only if
0.054 Xp + 0.032 Xg + 0.064 Xc + 0.038 Xp + 0.049 Xg 3 Z. Thisis

obvioudy possible if there were not a budget condtraint. It is easy to show that it is
also possble even if the budget congraint isincluded.

Similarly, we can formulate for al other months, i.e,

0.045 Xp + 0.055 Xg + 0.056 XC + 0.062 Xp + 0.067 Xg-Z 3 0 @

0.052 Xp - 0.017 Xg + 0.032 XC + 0.025 Xp + 0.040 Xg-Z 3 0 (12)

The main point with such a formulation is that dl these condraints capture the
interesting “downgde’ risk in portfolios volatility. We smply do not dlow this
“downsde’ risk to be below Z. “Upside’ risk on the other hand, is not of interest
and isfreeto vary.

In addition, we formulate the budget congraint as:
XA+ X+ XC+ Xp+ Xg £ 100,000 (13)
Smilarly, asbefore, the return demand constraint as.

0.020 Xp + 0.0316 Xg + 0.0323 XC + 0.0337 Xp + 0.0376 Xg 3 3,000 (14)

And finally, as before, the lower and upper bounds as.
0 £ Xp,Xg,Xc, XD, Xg £ 75,000 (15)

The optimal solution to this formulation is Z = 98.5, Xc = 45,959.6, Xg =

54,040.4, and a dack for condraint (14) of 516.4, i.e, this portfolio yidds a
monthly return of 0.5164 % more than the customer’ s minimum demand.

Although this formulation is very smple, it leads to a rather satisfactory portfolio.
This formulation would lead to an infeasble solution though, if dl shares during a
certain month yielded a negative return. If for example during the month of March,
even share C had a negative return, precisdy as dl others, there would not exist any
portfolio with positive shares. One possihility to achieve afeasible solution would be
todlow Z to have negative vaues as well. Such a modification crestes some other
problems. For ingance, if the March return of share C was —0.03, the portfolio
changes sgnificantly, and the new solution is:

Z = -3,155, Xp = 28,321, Xg = 25,929, xc = 45,750, with zero dack in
condraint (14).



(c) Absolute deviation minimization

Portfolio analysts and researchers have ways regarded s asthe main risk measure.
Another dternaive to amplify the Markowitz classc formulation is to use the
absolute deviation as a risk measure. Konno & Yamazaki* and later Speranza®
Mandgni & Speranza® and Rudolf, Wolter & Zimmermann’ formulated smilar
problems.

According to Konno & Yamazaki, if the return is multivariate normaly distributed,
the minimization of the absolute deviation provides smilar results with the dasscd
Markowitz formulation. Also, according to Rudolf, Wolter & Zimmermann,
minimization of the absolute deviation, or of the absolute downsde deviation, is
equivaent to expected utility maximization under risk averson. Mansini & Speranza
developed a mixed integer LP dgorithm to solve ardativdy smdl problem (with less
than 20 securities), they formulated it as a generd mean semi-absolute deviation,
and agpplied to the Milan Stock Exchange.

As known, the (average) absolute deviation, is defined as.

_1 T | —
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This function replaces the Markowitz variance-covariance objective function and
will be minimized.

Since this objective function is not linear, we must firg lineerize it. We are going to
follow Konno & Yamazaki in the transformation procedure, using of course the
same example of 5 shares over 12 months,

We cdculate firg the absolute deviation for every share. All cdculaions are
presented in Appendix, Table A2. Thereafter we linearize the objective function and
smultaneoudy formulate our mode!.

Formulation

We define first 12 Y, 3 O variables, t = 1,2, ..., 12, i.e. one for every month. These
Y; vaiables can be interpreted as linear mappings of the nonlinear

n _
& (Xt - ;)X |. We define then 5 varisbles, A, B, C, D, and E, i.e. onefor
i=1

every share.

Thus, the objective function is to minimize the average absolute devidtion, i.e:



min = %{Y1+ Yo+ ..o+ Yo}

Regarding the budget congraint, we formulate it as equdity, i.e.
A+ B+ C+ D+ E= 100,000 @)

The return demand congtraint on the other hand, is formulated as before:
0.020 A+ 0.0316B + 0.0323C + 0.0337D + 0.0376E 3 3,000 2

It is now time to relate the objective function’s variables 'Y;, with those appeared in
other congtraints A, B, C, D, and E.

n -
a (Xt - 1)%
i=1

Condider the firg month. Because Y, is equd to , Y1 can be

5 — 5 —
ither, at leest equal t0 -8 (X - ;)X , or a lesst equal to +Q (X - I;)X .
i=1 i=1
This can be formulated as:

Y; 3 -{0.0333A + 0.0004B + 0.0083C + 0.0043D + 0.0114E} b
Y; + 0.0333A + 0.0004B + 0.0083C + 0.0043D + 0.0114E 3 0 (3

and,

Y; 3 0.0333A + 0.0004B + 0.0083C + 0.0043D + 0.0114E b
Y; - 0.0333A - 0.0004B - 0.0083C - 0.0043D - 0.0114E 3 0 4

Dueto the fact that dl five deviations for this month are postive, it is not possible for
Y; to be zero, if condraint (4) is valid. Congraints (1) and (2) will ensure that, and
at least one share should be purchased. Therefore, Y; is going to be positive.

Obvioudy, Y; would be positive too, even if dl five deviations for that month were
negative. That would be ensured by congraint (3) instead, together with congtraints
(1) and (2). It must be stressed however, that it is not necessary that al Y, must be
pogtive. They will be pogtiveif dl deviations for the same month are either pogdtive
or negative. Some of them can be equa to zero, in case of mixed plus and minus
ggns for the same month. As we will see in the optimad solution below, there are
three months (April, June and August) which lack absolute deviations, because the
respective Y, = Yg = Yg=0.

We continue with dl remaining months

Y, + 0.0243A + 0.0234B + 0.0203C + 0.0283D + 0.0204E 30 (5
Y, - 0.0243A - 0.0234B - 0.0203C - 0.0283D - 0.0294E 3 0 (6)



Y1, + 0.0313A - 0.0486B - 0.0037C - 0.0087D + 0.0024E 3 0 (25)
Y1, - 0.0313A+ 0.0486B + 0.0037C + 0.0087D - 0.0024E 2 0 (26)

Findly, we need lower and upper limitsfor al shares as before:
O£ AB,C, D E £ 75,000 (27)

The optimd solution to this formulation is B = 8,568.9, C = 36,295.2, D=1,600.2
E = 53,535.7, min = 1,286.7, and dack for the return demand constraint, almost
0.510 %.

This formulation has many advantages. For instance, we did not need to estimate the
variance-covariance matrix and the optimal solution of this modd is faster compared
to the nontlinear formulation. In fact it ist that decides the number of congraints, no
matter if the number of sharesisvery large. The number of condraintsis smply 2t +

2, if we count the budget and the return demand congraints. The optima solution
cannot incdlude more than 2t + 2 shares in portfolio, no matter if the number of

shares is very large. One can therefore use t as a control variable, if one wishes to
limit the number of shares in portfolio. The solution exigts dways, even if dl possble
shares happen to yield a negative return during the same month. Findly, this modd

can eadly reformulated as an Integer LP, to take into account fixed and variable
cogts or other decision variables.

Risk aversion and choice of portfolios

A standard method to determine which portfolios will be sdlected for different risk
measures, is to assume various utility functions. Let us assume the following smple
form that represents the investor’ sindifference curves:

U=E()- ws?

where U isthe congtant leve of utility, and w is a positive congtant that indicates the
investor'srisk averson. If w = 0, the investor is risk-neutrd, because the utility level
the specific portfolio provides is independent from its risk. If the vaue of w
goproaches infinite, the investor will never invest in risky assets, and prefer the risk-
freeinterest rate.

Instead of using variance, and therefore obtaining linear indifference curves upward
doping, one can use standard deviation and obtain standard parabolas that open
upwards.



Let us now estimate the indifference levels provided by these portfolios, for various
vaues of w. The following table summarizes the estimates, based on standard
deviation.

It is clear that the highest the risk averdon the lower the indifference kevd for dl
three portfolios. As expected, the Markowitz classca formulation provides higher
indifference levels when the risk averson is high, while for rather low degrees of risk

aversgon, or risk neutraity, the portfolio obtained from the min |S| formulation

seems to provide higher indifference levels. To ensure that the min |S | formulation

might be a satisfactory method to linearize the quadratic objective function, more
examples based on alarger data set are required.

Table 2 Utility leves from these three portfolios

w min S Maximin min |S|
0 3.412 3.516 3.510
0.1 3.2273 3.1718 3.2840
0.3 2.8579 2.4834 2.8320
05 2.4885 1.7950 2.3800
0.7 2.1191 1.1066 1.9280
0.9 1.7497 0.4182 1.4760
1 1.5650 0.0740 1.2500
15 0.6415 -1.6470 0.1200

Out of sample performance of portfolios

Let us now examine the performance of these portfolios usng additiond data. We
assume that these portfolios were constructed based on these 12 months and check
how well they performed during the next 3 and 6 months. Redl data for these
shares are given in Appendix, Table A3.

The performance is summarized on Table 3. The third column shows the return and
risk for these three models, based on the 12-months data, i.e. the optimal portfolios
in these formulations, while the last two columns show the respective performance of
these portfolios over the next 3- and 6-months. Both returns and risk are expressed
in percentage units.

Table 3 Optima portfolios and performances

model weights 12-months Next 3- Next 6-
months months

E(r) |s E() |s E() |s

10




min S B=0.16416 [3.412 (1847 |-.302 |.901 |-.656 |.745
C=0.33148
D = 0.18841
E = 0.31595

maximin |C= 0459 |[3.516 |2.286 |.079 |1.72 |-.685 |1.551
E = 0.5404

min |S | B=0.08569 |3510|2.260 |.043 [1.49 |[-.651 [1.345
C = 0.36295
D = 0.01600
E = 0.53535

Again, as expected, the maximin has the highest return, the min s has the lowest
risk and return, while the min |S | lies somewhere between. This applies for dl the
periods. Notice however that the min s portfolio performs worse during the next 3-
months, compared to the other two portfolios. Similarly, despite the fact that the
differences are margind, the min |S | portfolio provides the lowest losses during the

next 6-months.
Before afina word is said, more examples, based on alarger data set are required.
Conclusions

Despite the fact that computers capacity and speed has increased considerably
over recent years, optima solutions to very large quadratic problems might be hard
to achieve, especidly if one wants integer solutions as well. Alternative linear
goproximations, as those presented in this paper might provide satisfactory returns
and risks, chegper and faster. The example, dthough the datais red, was extremely
ample to decide if these dternative models are to be strong candidates to the
classcad Markowitz modd. On the other hand, these findings show that one can do
much more with LP than many think of!

A possible way to go isto reformulate this problem as an Integer LP, for instance by
taking into account fixed and variable costs associated with the purchase of shares.
Vey often, if the fixed cods are high, it is unprofitable to purchase smdl posts.
Large ILP, dthough they are hard to solve, they are rather “easy” compared to
Integer Quadratic problems of the Markowitz type. The other way to go is to use
these smple LP moddsfor larger data sets.

Appendix
Table A1 Higtoric monthly returns for five sdected shares over one year

XA X Xc Xp Xg
Jan. 0.054 0.032 0.064 0.038 0.049

1



Feb. 0.045 0.055 0.056 0.062 0.067

March -0.030 -0.036 0.048 -0.037 -0.039
April -0.018 0.052 0.007 0.050 0.051
May 0.043 0.047 0.053 0.065 0.049
June 0.047 0.034 0.036 -0.043 0.037
July 0.055 0.063 0.017 0.062 0.055
Aug. 0.036 0.048 0.047 0.034 0.025
Sept. -0.039 0.025 -0.059 0.035 0.052
Oct. -0.043 0.040 0.047 0.056 0.020
Nov. 0.046 0.036 0.040 0.057 0.045
Dec. 0.052 -0.017 0.032 0.025 0.040

Average  0.0207 0.0316 0.0323 0.0337 0.0376

Table A2 Absolute deviation per month

A B C D E
0.0333 0.0004 0.0083 0.0043 0.0114
0.0243 0.0234 0.0203 0.0283 0.0294

-0.0507 -0.0676 0.0123 -0.0707 -0.0766
-0.0387 0.0204 -0.0087 0.0163 0.0134
0.0223 0.0154 0.0173 0.0313 0.0114
0.0263 0.0024 0.0003 -0.0767 -0.0006
0.0343 0.0314 0.0013 0.0283 0.0174
0.0153 0.0164 0.0113 0.0003 -0.0126
-0.0597 -0.0066 -0.0747 0.0013 0.0144
-0.0637 0.0084 0.0113 0.0223 -0.0176
0.0253 0.0044 0.0043 0.0233 0.0074
0.0313 -0.0486 -0.0037 -0.0087 0.0024

Table A3 Red returns over the next 6-months

Xa Xg Xc Xp Xe
J -0,028 -0,023 0,018 -0,021 0,013
F -0,011 0,018 0,009 -0,034 0,007
M 0,016 0,011 -0,016 -0,011 -0,024
A 0,023 -0,026 -0,021 0,018 -0,018
M -0,033 -0,015 -0,011 -0,023 0,005
J 0,019 0,021 -0,019 0,015 -0,025
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