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1 Introduction
1.1 Motivation

Let S(n1,...,ny,) be the linear space of symmetric block-diagonal matrices with m blocks of sizes
ng X ng, k=1,...,m, respectively, and let ¥ be a mapping from S(nq,...,ny,) to S(ni,...,ny)
itself. We consider the problem of finding a root of ¥(X) = 0. This symmetric block-diagonal-
matrix-valued equation problem (matriz equation problem for short) has many applications in op-
timization. For example, arising from Lyapunov stability analysis of systems under uncertainty
[4, 23], it is desired to know whether there exists an n x n symmetric matrix X such that the
following system is feasible

{)\X—(LiX—l—XLi)EO, i=1,...,k (1)
X-1*0,
where A is a given constant, I, L;, i = 1,...,k are given n X n symmetric matrices, and for an
arbitrary symmetric matrix Y we write Y > 0 and Y > 0 if Y is positive definite and positive
semidefinite, respectively. It is easy to convert (1) into a matrix equation problem. For X = 0 we
denote its symmetric square root by X'/2. Let |X| := (X?)Y/2? and X, := (X + |X])/2 for any
X € §(n1,...,nm). Note that | X| — X = 0 if and only if X is positive semidefinite. Let
k
U(X):= Z[|)\X—L1X—XLZ-|—)\X+LZ-X+XLZ-]+[|X—I\ - X+1].

i=1

Then solving problem (1) is equivalent to solving the matrix equation W(X) = 0. Note that this
equation is not differentiable (in the sense of Fréchet), but is strongly semismooth [30, 5]. For the
definition of semismooth matrix functions and some related topics see Section 2 below or references
[30, 5] for more details.

Another application of matrix equations refers to semidefinite programming (SDP). As a modeling
tool of optimization and a powerful relaxation form of some combinatorial optimization problems,
SDP has caught great attention of the research community in recent years. The website of semidef-
inite programming (http://www.zib.de/helmberg/semidef.html) contains a nice categorized list of
papers in this area. Assuming strict feasibility of both primal and dual problems, a semidefinite

program is equivalent to finding X = 0, S > 0, and y € IR™ such that

A e X =b;, i=1,...,m, ZyzAz"‘S:Ca XeS =0, (2)

i=1

where o denotes the matrix Frobenius inner product. It is shown by Tseng [33] that

X>0, S0, XeS=0 <+ X-[X-8] =0. (3)



Thus, system (2) can be re-written as

Aje X =b, i=1,....m, Y yAi+S=0C X—-[X-5]; =0, (4)
i=1

which has the form of (W) = 0 with W := diag (y1, - - ., ym, S, X) being a block-diagonal matrix.

A generalization of semidefinite programming — the semidefinite complementarity problem (SDCP)
— can also be reformulated as a matrix equation. The problem (SDCP) is to find, for a given
continuously differentiable mapping F' : S(ni,...,nm) — S(ni,...,nm), an X € S(ni,...,nm)
such that

X >0, F(X)»0, XeF(X)=0. (5)

By (3) this problem is equivalent to

X - [X-F(X)]; =0. (6)

A special case of the SDCP, where F is linear, was introduced by Kojima, Shindo and Hara [19]
and further studied in e.g., [12, 13, 17, 18]. For the general (nonlinear) SDCP, Monteiro and Pang
[21, 22] treated it as a constrained equation and introduced interior-point methods for solving
the constrained equation. Tseng [33] introduced merit functions to reformulate the SDCP as an
optimization problem. Chen and Tseng [6] studied non-interior continuation methods for solving
the SDCP. Pang, Sun and Sun [24] studied semismooth homeomorphisms and strong stability of
the SDCP.

The interest in the nonlinear SDCP is stemmed from the research on nonlinear semidefinite opti-
mization problems. Shapiro [27] studied first- and second-order perturbation analysis of nonlinear
semidefinite optimization problems. Jarre [14] gave an interior-point method for solving nonconvex
semidefinite programs. Fares, Noll and Apkarian [7] investigated a sequential semidefinite pro-
gramming approach for a variety of problems in optimal control, which can be cast as minimizing
a linear objective function subject to linear matrix inequality constraints and nonlinear matrix
equality constraints. Leibfritz and Mostafa [20] proposed an interior point constrained trust region

method for a special class of nonlinear semidefinite programming problems.

In this paper we study a smoothing Newton method for solving a nonsmooth matrix equation
that includes the SDP and the SDCP as special cases. In particular, for the SDP, this method
achieves quadratic convergence under strict complementarity. For the SDCP, quadratic convergence
is proved under the condition that the Jacobian of the problem is positive definite on the affine
hull of the critical cone at the solution. The strict complementarity condition is not assumed

here. To establish these results, we investigate the strong semismoothness and the B(ouligand)-



subdifferential of the so-called squared smoothing matrix function, which are of their own theoretical

interest.

The study on smoothing Newton methods can be traced back to a nonsmooth version of Newton’s
method [26] for solving nonsmooth vector valued equations. It was later found that smoothing
techniques could be applied to the nonsmooth Newton method to improve its computational perfor-
mance. Many researchers have contributed to this area, see for example the book [11] and the refer-
ences therein. The basic idea of the smoothing Newton method is to replace the nonsmooth equation
U(X) = 0 by a smoothing equation G(g, X) = 0, where G : R X S(n1,...,7m) — S(n1,...,0m),
such that
G(EY) — ¥(X), as(sY) — (0,X).

Here the function G is required to be continuously differentiable around (e, X) unless € = 0. The
classical damped Newton method can then be used to solve G(g,X) =0 as ¢ | 0 to get a solution
of U(X) = 0. Computational results show that this type of methods is quite efficient in solving

vector complementarity problems [34].

For e € R and X € S(ny,...,nn), the squared smoothing function ® : IR X S(ny,...,ny) —
S(ny,...,ny,) is defined by

Be,X):= (2 I+ XH)V2 (6, X) e RxS(ny,...,nm). (7)
Then, ® is continuously differentiable around (e, X') unless € = 0 and for any X € S(ni,...,nm),
[Y+&(,Y)]/2 - Xy, as(e,Y) — (0,X).

Thus we can use ® to construct smoothing functions for nonsmooth systems (4) and (6). We show

that the smoothing function
Ge,X):=X-[X-F(X)+®?(,X - F(X))]/2 (8)

can be used to design a quadratically convergent algorithm for (4) and (6). We note that Chen and
Tseng [6] have developed a nice smoothing Newton method for the SDCP and reported promising
computational results. The difference between our paper and theirs is that we show the strong
semismoothness of the smoothing function, which can be utilized to establish quadratic convergence
whereas paper [6] did not prove the strong semismoothness of the smoothing function. As a result,
paper [6] needs the strict complementarity assumption and the convergence rate proved there is
only superlinear whereas we obtain quadratic rate of convergence without this assumption for the
SDCP.



1.2 Notation and organization of the paper

The notation used is fairly standard. Generally, we use calligraphic letters for sets, capital let-
ters for matrices and matrix functions, lowercase letters for vectors, and Greek letters for scalars,
respectively. A diagonal matrix is denoted by diag(\1,...,A\,) where A1, ..., \,, are the diagonal
entries. Similarly, a block-diagonal matrix is written as diag (Bj, ..., By,) with By, ..., By, being the

block matrices.

For simplicity, here and below, we will write
m
S:=8Mny,...,nyp) and n:= an(nl +1)/2.
i=1

We designate by A;; or a;; the (4, j)-th entry of A. For matrices A, B € S, the Frobenius inner
product is defined as
A e B := Trace (AT B) = Trace (AB).

Consequently, the Frobenius norm of A € § is
1/2
1AllF := J|A]l := (A e A)'V2.
The 2-norm of a vector x is denoted by ||z||. Let I be the identity matrix of appropriate dimension.

This paper is organized as follows. In Section 2 we review some results on nonsmooth matrix
functions and prove the strong semismoothness of ® defined in (7). Section 3 is devoted to char-
acterizing the B-subdifferential of ®, which will be used in the sequel. We describe the squared
smoothing Newton method in Section 4. Applications of the smoothing Newton method to the
SDP and SDCP are discussed in Sections 5 and 6, respectively. Some final remarks are given in

Section 7.

2 Strong semismoothness of ®(e, X)

This section is devoted to proving the strong semismoothness of the squared smoothing function
®. As a preparation we introduce some basic definitions and results on a general matrix function
V.S — &1, where 8§ is also a symmetric block-diagonal matrix space, but could be of different

shape and size from S.

Suppose that U : § — & is a locally Lipschitz matrix function. According to [30], ¥ is differentiable
almost everywhere. Denote the set of points at which W is differentiable by Dy and for any X € Dy,
let JU(X) denote the Jacobian of ¥ at X. Let OpV(X) be the B-subdifferential of ¥ at X defined



opY(X) = { XkliEX JU(X*)} (9)
Xk € Dy

and let 0¥ (X) denote the convex hull of ¥ (X).

Definition 2.1 Suppose that ¥ : § — 81 is a locally Lipschitz matrix function. ¥ is said to be
semismooth at X € S if ¥ is directionally differentiable at X and for any V € 0V(X + H) and
HesS,

V(X +H)—-¥(X)-V(H) = o] H]).

U is said to be strongly semismooth at X if ¥ is semismooth at X and

V(X +H) - ¥(X)-V(H) = O(|H|?). (10)

Instead of showing the strong semismoothness by definition, we will use the following result [30,
Theorem 3.6].

Theorem 2.2 Suppose that ¥ : § — &1 is locally Lipschitz and directionally differentiable in a
neighborhood of X. Then WV is strongly semismooth at X if and only if for any X + H € Dy,

(X +H)—U(X)-JUX+H)(H) = O( H|?. (11)

In order to show that ®(e, X) satisfies (11), we will first identify the differential points of &. We
shall show that @ is differentiable at (e, X) if and only if €21 + X? is nonsingular. Here we view ®
as a function from S(1,n) to S = S(n). This result can be extended to the general block-diagonal

case easily. Unless stated otherwise, S is assumed to be of this simple structure here and below.

For any X € S, let Lx be the Lyapunov operator:
Lx(YV):=XY+YX, VY €S
with L' being its inverse (if it exists at all).

For X € S, there exist an orthogonal matrix P and a diagonal matrix A = diag(A1,...,A,) of
eigenvalues of X such that
X = PAPT. (12)

Define three index sets associated with the eigenvalues of matrix X:

a:={i: N >0}, p:={i: =0} and v:= {i: N\ <O0}.



Let xk := a U~ and write

Aw 0 0
A=] 0 A, 0
0O 0 O

and |D| = (D?)Y? ie.,

Ae O
ID| = .
0 [A]

Lemma 2.3 For (¢,X) € R x S, the following statements hold.

(a) If €21 + X? is nonsingular, then ® is continuously differentiable around (¢, X) and J®(g, X)

satisfies the following equation
J®(e, X)(m, H) = Ly x)(Lx(H) +2e7I), V(r,H) € RxS. (13)
In particular, in this case,

I 7@ (e, X)(m H) || < Vnlr|+ [ H]. (14)

(b) @ is globally Lipschitz continuous and for any (¢,X), (1,Y) € R x S,

[@(e, X) —2(r,Y)| < Vnle—7|+[|X =Y. (15)

(c) @ is directionally differentiable at (0, X) and for (1,H) € R x S,

L—l

p[DHy + HeoD]  |D|™'DH,g

HI,D|D|™ (721 + H3,)'/?

(I)/((O>X);(TaH)) =P g

where H :== PTHP.

(d) @ is differentiable at (¢, X) if and only if €2 + X? is nonsingular.

Proof. (a) For any C' > 0, we have, by applying [33, Lemma 6.2] or direct calculation, that
(C2+W)YV2 —C = L' (W) + o(|W]|) for all W € S sufficiently small. Then, for 2T + X2
nonsingular (and hence positive definite), we have
Pe+7,X+H)-d(,H) = (C2+W)YV2-C
= L¢' (Lx(H) +2e7]) + O (7° + [|H|]*) + o(|W]))

6



where C 1= ®(¢, X) and W := Lx(H) + 2e7I + 721 + H?. Thus, ® is continuously differentiable
around (¢, X) and
JO(e, X)(1,H) = L' (Lx (H) + 2e7I) .

To prove (14), we first note that
Ly (H)+2erl = P (La(PTHP)+2:71) PT

and for any Y € S,
Lo (Y) = PLg (PTYP)PT.

Thus, we have
L

PT (e, X)(r, H)P = Ly ) (La(PTHP) + 2e71) .

Hence, by direct calculation, for ¢,57 =1,...,n,

—1
(PTHP);;(\i + ))) <\/52 + A2+ /e + A?) if i #j

(PTJ®(e, X) (1, H)P)ij =
()\i(PTHP)n- + 57’) (e + )\22)_1/2 otherwise,

which, implies that

n

) ((PTJ@(EZ,X)(T,H)P)U) <nr Z (PTHP Z])2

1,j=1 3,j=1
Hence,
| JO(e, X)(m,H) |? = ||PTJ®(e,X)(r,H)P|?
< nr? +||PTHP|? = n72 + || H|]?.

This completes the proof of part (a).
(b) By part (a) of this lemma, for € # 0 and 7 # 0 we have

(e, X) —@(r,Y) [ = [[@(e],X)—(7],Y)]|

H/Oljfl>(|7'|+t(|s|—\T|),Y—|-t(X—Y))(|5|_|T|,X_Y)dtH

vel(el=lrDI+ 11X =Y
vile—71[+[| X =Y.

IN

IA

By a limiting process the above inequality is also true for e7 = 0. Hence, (15) holds.

(c) Forany 7 € R and H € S and ¢ € [0, 00), let

At) := O(tr, X +tH) — ®(0, X)



and
A(t):= PTA@)P.

Then, N
A(t) = PTo(tr,X +tH)P — PTo(X)P
= (B4 P x4t P?) " - | PTXP
= (#2014 (PTXP+tPTHP )2)1/2 — | PTXP|
= (err+aed?) - AL
Thus,
A = (IAP+W)"" <Al
where
W = 2721 + tAH + tHA + t*H?
and

a0

O(t?) o(t?)
O(t?) #2721 + 2 [HI;H.p + H3]

After simple computations we have

_ DH,, + H..D DH,g

W=t ~ -
Hl;D 0

By Lemma 6.2 in Tseng [33], we have

Aty = Lip (W) + o( W],

At)ws = D" Wiz + o(|W]))

and
Wag = At) A1) ks + A3

Hence,
A(t)ws = t|D|"*DH,5 + o(t),

which, implies that
~ ~ ~ _ 2 ~ ~ ~
A} 3A) s = *HL5(ID| 7' D) Hyp + o(t*) = t°HlgH,5 + o(t?) .

According to (17) and (16),

A()ws = tLip (DHyge + HewD) + (1)

(22)



Since
Was = 771 + *[HizHes + Hig),

from (19) and (21), we obtain
A(t)is = 21 + 2 Hjg + o(1?). (23)

Furthermore, since A(7) 38 is positive semidefinite (see the definition of A(t)), we know from (23)
that A(t)gg is well defined and

~ ~ 1/2
A)gs =t (721 + His+0(1)) " . (24)
Hence, from (22), (20), and (24),
s AW | Lip [DHy + HeD] D' DHyg
to ¢ HI,D|D|! (721 + H3)'/?

which, completes the proof of part(c).

(d) Only the “only if” part needs a proof. Obviously £2I + X? is nonsingular at ¢ # 0. If ® is
differentiable at (0, X), then part (c) of this lemma shows that ®'((0, X); (7, H)) is a linear function
of (1, H) only if 8 = 0; i.e. only if X is nonsingular. O

Lemma 2.3 shows that the squared smoothing matrix function ® is directionally differentiable
everywhere and globally Lipschitz continuous. It also shows that it is differentiable at (¢, X) € RxS

if and only if €21 + X2 is nonsingular.

The next result is vital in order to prove the strong semismoothness of ®. By noting the fact that
I and X can be simultaneously diagonalized, we may extend the proof used in [30, Lemma 4.12]

from | X| to ®. Here we follow the outline of a simpler proof given in [5, Proposition 4.10].

Lemma 2.4 Let X € S. Then, for any ™ € IR and H € S such that 721+ (X + H)? is nonsingular,
® is differentiable at (1,X + H) and

O(r,X + H)—®(0,X) — J&(r,X + H)(r,H) = O(| AZ|]?), (25)
where AZ := (1, H).
Proof. Let D denote the space of n x n real diagonal matrices with non-increasing diagonal entries.

For each Y € S, define
Oy :={PcO:P'YP e D},



where O ;= { P € R™" : PTP=1}.

Let A\; > ... > A, denote the eigenvalues of X. By [6, Lemma 3] or [31, Proposition 4.4], there
exist scalars n > 0 and p > 0 such that

Pl’Ieliél |P-Q| <nl|Y —X]| whenever Y € S, [|[Y -X| <p, Q€ Oy.
X

If 7 = 0, then the left hand side of (25) reduces to ¥(X + H) — V(X) — JU(X + H)(H), where for
each Y € §, ¥(Y) :=|Y|. Then, it follows from [30, Lemma 4.12] that (25) holds.

Suppose 7 # 0. Let pu1 > ... > p, denote the eigenvalues of X + H, and choose any @ € Ox .
Then, by (26), there exists P € Ox satisfying

[P=Ql <nlH].
For simplicity, let R denote the left hand side of (25), i.e.,
R:= ®(r, X + H) — ®(0,X) — JO(r, X + H)(r, H).

Letting C := ®(r, X + H) = (721 + (X + H)?)/? and noting that Q € O¢, we obtain from Lemma
2.3 and the formula for LEI given in [33, Page 171] that

JO(r, X + H)(r,H) = L '[(X+H)H+ H(X + H)+ 2721
= QE o (Q"((X+H)H +H(X + H))Q +271)|Q"

where the matrix = € S has entries
= = 1/(6:+9))

and 0; = \/72 + u? is the i-th eigenvalue of C. Then, letting R := QTRQ and H = QTHQ, we
have that
R=%-8TAS —Z o (U+2r%), (26)

where X = diag (\/72 + p3,..., /72 + 12), A := diag (\1,...,\n), S :== PTQ, and U;; == (u; +
,uj)flij for all 4, 5.

Since diag (u1, ..., un) = QT (X + H)Q = ST diag (A1,...,\y)S + H, we have

" ~ pi ifi=j .
ZSkiSkj)\k—i—Hij = , ,j=1,...,n. (27)
=1 0 else

Since S = PTQ = (P - Q)TQ + I and |P — Q|| < n||H||, it follows that

Sij = O([H ), Vi#j. (28)

10



Since P,Q € O, we have S € O so that ST'S = I. This implies

1=S;4+) Sui=58 +O0(H|*, i=1...n (29)
ki
and
0= SiiSz‘j + Siijj + Z SkiSkj = Sz‘z‘Sij + SjiSjj —i—O(H HHQ), Vi#£j. (30)
ki

We now show that R = O(|| AZ ||?), which, by || R|| = || R||, would prove (25). For anyi € {1,...,n},
we have from (26) and (27) that

Ry = \/7 z_: 137,|)‘k’ 20, (27 +2M2sz)
E 72 ) n
= V= SN -G - <m -X Sim>
l k=1
(T
= - 83N —?—0—( pi — SEA) + O(| H |?)
2

= 7 = O )| = G = 2w = (14 O H )20 + O H 1)
72

(
= P = Nl 2= B = ) + O H )

= f(r, ) = £(O,N) = T f (7, 1) (T, i — Ni) + O(| H ||?) (31)
where the third and fifth equalities use (28), (29) and the fact that |u;/60;] < 1. The last equality
follows by defining f(7, ) := /72 + p?. Since f is known to be strongly semismooth and, by a
result of Weyl [2, page 63],

lpi = Xi| < ([ H ||, Vi (32)

and the right hand side of (31) is O(||AZ||)?. For any i,j € {1,...,n} with i # j, we have from
(26) and (27) that

éij = — Z S]%Sk]’ )\k‘ | - Ez](ﬂl + ,Uj)ﬁ[ij
k 1
= — Z Skzsk]’ )\]g ‘ + —ij (/M + /'Lj Z S]“Skj)\k

k=1
= (S”SZ]‘ Ai |+ 85iS551 Aj 1) + Bij (i + p5) (SiaSigAi + S5iS5575) + O H %)

= —((SuSij + SjiSizl Ai ) + SiSis (1 A | — [ Ail)
+8ij (i + 1) (S Sij + SjiSij)Ai + S5iSi5(Aj — Xi)) + O(|| H ||?)
= =85S (1A =X | = Zj (s + 1) (N5 = ) + O(| H[?)

Mg+
= —5jiSj; (\ Aj | =1 Ai| = ej, 0 (Aj — Ai)) +O(|H|?), (33)
7 [

11



where the third and fifth equalities use (28), (30) and Z;;|p; + 1] < 1. We have

Hj + i
Nl = Ni| — Aj— N
M+ i M+ i
= |NI=|N- = 1i) — N — 1+ i — A
(T2 +p1d) = (T2 +p1d) g+
= [N I=TAi] = - — (N =+ = )

A A 2 o\ Mt iy
gl el = (78 = P ) - ROy g a8

Since [+ pil /(05 +0i) < Land [ | A [ = /72 + | = |10, M)l = (7 ) 1] < 1(0, M%) = (7 i) | <
I7| + [ Mg — px| for k € {i,j}, we see from (32) that the right hand side of (34) is O(|7| + || H]|).
This, together with (28), implies the right hand side of (33) is O(||H||(|7| + ||H]|)). The proof is
completed. O

According to Theorem 2.2 and Lemmas 2.3 and 2.4, we obtain the following main result of this

section.
Theorem 2.5 The squared smoothing matriz function ® is strongly semismooth at (0,X) € RXS.

The theorem above provides a basis for quadratic convergence of the squared smoothing Newton
method for the SDCP, which is to be discussed in Section 5.

3 Properties of the B-subdifferential of ¢

In this section, we shall discuss some properties of the B-subdifferential of the squared smoothing
function ® at (0, X) € IR x S. These properties play a key role in the proof of nonsingularity of
the Jacobians arising from the SDP and the SDCP. Assume that X has the eigen-decomposition
as in (12), i.e.,

X = PAPT,

where P is an orthogonal matrix and A is the diagonal matrix of eigenvalues of X and has the form

A 0 0
A=|0 A, 0
0 0 0

Partition the orthogonal matrix P according to
P = [Wa WV WB ] )

12



with W, € R, W, € RN and Wg € R4,
Recall that the critical cone of Sy :={X = 0: X € S} at X € S is defined as:
C(X;8y) = T(X4;8:) N (Xp—X)t,

where 7 (X, ;S,) is the tangent cone of S at X and (X; — X)* is the subset of matrices in S
that are orthogonal to (X — X) under the matrix Frobenius inner product. The critical cone can

be completely described [3, 9] by
C(X;Sy) ={Y e S:WJYW, =0, WYWz =0 WjYWs = 0}. (35)
Consequently, the affine hull of C(X; Sy ), which we denote £(X;S;), is the linear subspace

{(YesS:WIYw, =0 W/YWs=0}.

Proposition 3.1 For any (0,H) € R xS and V € dp®(0, X), it holds that

V(0,H) = P(Q o PTHP)PT, (36)
H+V(0,H) € L(X;S;) (37)

and
[H—V(0,H)] e [H+V(0,H)] >0, (38)

where o denotes the Hadamard product and the matriz Q0 € S has entries

wij = {1 A+
Al + [ A]

otherwise .

Proof. Let V € 9p®(0,X). By Lemma 2.3 and the definition of the elements in dp®(0, X),
it follows that there exists a sequence {(¢¥, X*)} converging to (0, X) with (¢¥)2I + (X*)? being

nonsingular such that
VO,H) = lim J(,XF)(0,H) = lm Lo (Ly(H)) |

where C* := & (e, X*). Let X* = Pk A¥ (P*)T be the orthogonal decomposition of X*, where A*
is the diagonal matrix of eigenvalues of X* and P* is a corresponding orthogonal matrix. Without
loss of generality, by taking subsequences if necessary, we may assume that {P*} is a convergent
sequence with limit P = khl& PFand A = kllrgo AF (clearly X = PAPT). Then,

lim A% = 0.
o, =0

13



For any H € S with H* := (P*)THP* we have
Low (JO(F, X5)(0, H)) = Ly (H),

ie.,
1/ /

2 ~ ~
((Ek)QI—i-(Ak)Q) :Aka—l—HkAk,

where U := (P¥)T {J@(sk,Xk)((),H)} P%. By denoting C* := ((¢¥)2I + (A¥)2)'/2 we have

2 ﬁk+ﬁk((€k)2l+(Ak)2)l

Ck Uk, + Uk, CE, CEUE +ULCE  Ch Uk, +TUE,CH,

aa~ay ay Y
Ak [Tk 4 [Tk Ok Ak TTk o 7Tk Ok Ok Tk 4 [Tk Ok
CUya + UjaCaa  C3Ux, + U3, 05, CWUW + U Cﬂﬁ

~k 17k rrk Ak ~k 17k rrk Ak ~k 17k Tk ~k
C3sUsa + UsaCaa  CpsUsy + U5, O3y ChgUss + UssClp
ALHE, + HEAE ASHE + HE AL ALHE, + HE AR
_ k 17k 1k k k 17k 7k k k 17k 1k k
= | AjHyo + HygAo  AVHY, + Hyp Ay AYHyg + Highg
k 11k Tk k k 11k Tk k k 11k Tk k
ASHE + HE NS ABHE + HE AR ABHE, + HE AR

For each k, define the matrix QF € S with entries

Wi = (mwm)_l(mm ij=1,...,n.

Since {QF} is bounded, by taking a subsequence if necessary, we assume that {Q2*} is a convergent

sequence and

lim QF = Q.
k—o0
Hence, it follows that
Jim Uk = Jim OF o H* = Qo H,

which, proves (36). Hence,

ﬁaa QCW © IN{O"Y Ha[j

PTV(0,H)P = | HL, o QL —H, —H,s
al, ~HT; Qg o Hpgg
Let E € S be the matrix whose entries are all ones. Thus,
2Ho0 (Qary + Eay) © Ha, 2H 5
P'H+V(0,H)|P = | HE o (Qay + Eqy)T 0 0 (39)
2H 5 0 (Q5 + Egp) o Hyg

14



and

0 (Eary — Qay) © Ha 0
PTH-V(0,H)P = | HL o (Eay — Q)" 2H.,, 2H.5
0 2H7, (Eps — Q) o Hgg
(40)
Hence, from (39), we get
WIH +V(0,H)W,=0 and W.][H+V(0,H)]Wsz=0,
which, proves (37).
By noting the fact that w;; € [-1,1] for all 4,5 = 1,...,n, from (39) and (40), we obtain
= (PT[H - V(0,H)]P) o (PT[H +V(0, H)]P)
= Y 20 -wi)(L+wy)HE+ > (1 —wij)(1+wy)H
i€, jEY i€B,j€B
>0,
which, proves (38). This completes the proof. O

4 The squared smoothing Newton method

Let ¥ : S(ni,...,nm) — S(n1,...,ny) belocally Lipschitz continuous. Let G : RxS(nq,...,ny,) —
S(ny,...,n,) be an approximate function of ¥ such that G is continuously differentiable around
(e,X)€e R xS8(ny,...,ny) unless € = 0 and
li G(,Y) = ¥(X).
e x) ) (%)

The existence of such a G was proved in [29] for vector valued functions. It can be easily extended
to matrix valued functions by making use of the isometry between R" and S(ni,...,n,). For the
SDP and the SDCP, there are many choices for G. In particular, a computationally efficient form
for the SDCP is

GEe,X): =X - [X-F(X) + ®(,X - F(X))]/2. (41)

The squared smoothing Newton method, in particular, solves the auxiliary equation

Ee, X) = [G(;XJ —0 (42)

15



and uses the merit function ¢(Z) := 2+ ||G(Z)||? for the line search, where Z := (¢, X).

Let £ € IR, and 5 € (0,1) be such that nZ < 1. Define an auxiliary point Z by
Z:= (£,0) € RxS8(ni,...,nm)
and 0 : IR x S(nqy,...,ny) — IRy by
0(2) := nmin{1,6(2)} .
Let
N:={Z=(EX)eRxSn1,...,nm) : € >0(Z)E}.

Algorithm 4.1

Step 0. Select constants § € (0,1) and o € (0,1/2). Let * := &, X° € S(ny,...

arbitrary point and k := 0.
Step 1. If E(Z¥) =0, then stop. Otherwise, let 0y := 6(Z%).
Step 2. Compute AZF := (Ack, AXF) € R x S(n1,...,nm) by
E(Z*) + JE(Z*)(AZ*) = 6,7
Step 3. Let I be the smallest nonnegative integer | satisfying
p(Z% + 6'AZF) < [1—20(1 —na)dt |p(ZF).
Define ZF+1 .= ZF 4 s AZF.

Step 4. Replace k by k+ 1 and go to Step 1.

Theorem 4.2 Assume that

(i) for every k >0, if ¥ € R,y and Z* € N, then JE(Z¥) is nonsingular; and

,Ny) be an

(ii) for any accumulation point Z* = (e*,X*) of {Z*} if e* > 0 and Z* € N, then JE(Z*) is

nonsingular.

Then an infinite sequence {Z*} is generated by Algorithm 4.1 and each accumulation point Z* of
{Z*} is a solution of E(Z) = 0. Moreover, if E is strongly semismooth at Z* and if all V € OgE(Z*)

are nonsingular, then the whole sequence {Z*} converges to Z*,

1254 =z = o(l 2 - Z*|I)
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and

M= 0(()?). (46)

The vector version of the above convergence result is proved in [25], where the smoothing parameter
is a vector rather than a scalar. However, the proof was independent of the dimension of the
parameter vector. Therefore, with a slight revision if necessary, its matrix version can be established

similarly. For brevity we omit the proof.

The key conditions for quadratic convergence of Algorithm 4.1 are: (a) the strong semismoothness
of the smoothing function E and (b) the nonsingularity of all V' € 9gE(Z*) (in [25], OE(Z*),
rather than dpE(Z*), was used. However, it is easy to check the convergence properties are still
valid if we replace 0E(Z*) by OpE(Z*) in the analysis). In the subsequent sections we will provide
sufficient conditions for (b) to hold in the cases of SDP and SDCP where (a) is naturally implied

by the strong semismoothness of .

5 Application to the SDP

In this section we shall show how to use Algorithm 4.1 to solve (4), which constitutes the optimality
conditions of the semidefinite programming. For this purpose, we assume that {4;}", are linearly
independent, i.e., any o € IR™ satisfying > ;" a;A; = 0 implies a; =0, i =1,...,m.
Define A: S — IR™ as follows
A1 o X
AX) 1= : , XeS§.
A, 0 X

Then solving (4) is equivalent to finding a solution to

AX) = b
\Ij(Xayvs):: ZyZA,—l—S—C :O7 (X7y75)€SX1RmXS‘ (47)
=1
X —[X - Sl

DefineG:RxS xR xS — R™xS8 xS as follows
AX)—b
G(E,X,y,S) = ZyiAi+S* C . (48)

X - [X © S+ (X — 5 /2

17



Then G is continuously differentiable around (e, X, y, S) with € # 0. Let

B(e,X,y,S) = [G(e’ ; . S)] . (49)

Hence, finding a solution of ¥(X,y,S) = 0 is equivalent to finding a solution of E(e, X,y,S) = 0.

Similar smoothing functions for the SDP are first used in [6] and very recently in [15]. Based on
these smoothing functions, smoothing Newton methods are also designed in [6, 15]. The major
differences between our method and those in [6, 15] in the context of SDP are: (i) our algorithm
needs to solve only one linear system per iteration while the methods in [6, 15] need to solve two; (ii)
quadratic convergence has been established for our algorithm while only superlinear convergence
has been established for methods in [6, 15]; and (iii) numerical results are reported in [6, 15] while

our paper is focused on theoretical analysis.

The next result shows that JE(e, X,Y, S) is nonsingular at (¢, X,y,5) € R x § x R™ x § with
e # 0. Similar proofs can be found in [32, 6, 15].

Proposition 5.1 For any (¢,X,y,S) € RxSxIR™ xS withe # 0, JE(e, X,Y, S) is nonsingular.

Proof. By Lemma 2.3, we know that JE(e, X,Y, S) exists. Suppose that there exists (7, H, z,T) €
IR xS x IR™ x S such that
JE(e, X.,Y,8)(r,H,2,T) = 0,

A(H)
m — 0, (50)
ZZiAi—i-T
CH—[H T+ J0(. X — S)(r. H—T)] /2 |

which, implies that
7=0 and 2H—-[H-T+J®(e,X - S5)(0,H—-T)] = 0.
Hence, by Lemma 2.3,
2H — [H—T+ Lyl o Lix—s)(H-T)| =0,

which, implies that
Ly x—s)(H+T) = Lix_s)(H-T),

18



(21 + (x - 9) )1/2 (H+T) + (H+T) (1 + (X - 5)? )1/2 = (X—8)(H-T)+ (H-T)(X-S5).

Since X — 5 € §, there exist an orthogonal matrix P and a diagonal matrix A of eigenvalues of
X — S such that
X - S = PAPT.

By denoting H:=PTHP and T := PTTP, we have
(2T +A)YV2(H+T) 4+ (H + T) (2T + A2 = A(H-T) + (H-T)A.

Hence,

where the matrix 2 € S has entries
1
wij = <\/m + 52_1_)\?) Ni+2j), 4,ji=1,....n.

H = QOT,

Thus,

where the matrix Q € S has entries

-1
@ij:</\i+>\j—\/e2+/\3—./52+A§) (/\i+/\j+ g2+ A2 + 52+A§>,

where 7,7 = 1,...,n. From (50), we know that

m
A;e H=0,i=1,...,m and ZziAi—}—T =0,
i=1

which, implies that
m m
TeH=> zAeH+TeH= (ZziAi—i—T) e H =0.
i=1 =1
Hence,
0=TeH=TeH=Te(QoT)),
which, together with the fact that w;; < 0 for all 7 and j, implies that T =0. Thus,
H=QeT =0 and T=H=0.

From the linear independence of {4;}"; and that fact >.;*; 2;4; + T = 0, we can conclude that
z = 0. This shows that JE(e, X,y,S) is nonsingular. O

Proposition 5.1 shows that Algorithm 4.1 is well defined when it is applied to the SDP. We state it
formally in the following theorem. Its proof is a direct application of Theorem 4.2 and Proposition
5.1.
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Theorem 5.2 If Algorithm 4.1 is applied to the SDP, then an infinite sequence {Z*} is generated
and each accumulation point Z* of {Z*} is a solution of E(Z) = 0.

For local convergence analysis of Algorithm 4.1 for the SDP, we need the nonsingularity of dg E(Z*)
at a solution Z* of E(Z) = 0. Next, we discuss a sufficient condition to guarantee the nonsingularity
of Op E(Z*) at a strict complementary and nondegenerate solution Z* = (0, X*,y*,S*) of E(Z) =0,
i.e., Z* satisfies the following two conditions: (a) X*+S5* > 0 and (b) for any (H,z,7T) € SXIR™ xS
satisfying

AH) =0, > zA+T =0 and X*T + HS* =0,
=1

it holds that H = T = 0. Condition (a) is called the strict complementarity, under which F
is continuously differentiable around Z*. Condition (b) was first introduced by Kojima, Shida
and Shindoh [16] for local analysis of interior-point methods. Conditions (a) and (b) are also
used in non-interior point methods for solving the SDP [6, 15]. See [1] for a discussion on strict

complementarity and nondegeneracy cobditions in the SDP.

Proposition 5.3 Let Z* = (0, X*,y*,5*) € Rx S x R™ x S be a strict complementary and
nondegenerate solution of E(Z)=0. Then JE(Z*) is nonsingular.

Proof. Since (X* y*, S*) is a solution to the SDP, we have
X*=0, S*»=0 X'S*=95X"=0,
which, implies that there exists an orthogonal matrix P such that
X*=PAPT and S* =pPxpPT,

where A = diag(d1,...,9,) and ¥ = diag(o1,...,0,) are two positive semidefinite diagonal
matrices and d;,0; = 0, ¢ = 1,...,n, where 41,...,0, and o1,...,0, are eigenvalues of X* and

S*, respectively. By using the fact that X* 4+ 5* > 0, we also have
0;+0; >0, i=1,...,n.
Denote A := A — 3. Then, A = diag (A1,...,\,) is nonsingular and
X*— 6% = PAPT,

where )\Z‘:(si—Ui,i:l,...,n.
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Suppose that there exists (7, H,2z,T) € R x § x R™ x § such that
JE,X* y*,S*)(r,H,2,T) = 0.

We have 7 = 0 and
A(H)

> zAi+T = 0. (51)
i=1
H+T - Jo0,X*—S*)(0,H-T)

In particular, from the third equality of (51), we obtain
PT(H + )P — PT J®(0,X* - 5*)(0,H-T)P = 0,
which, together with Proposition 3.1, implies that

H+T=PlJjo0,xX*—5)(0,H-T)P = Qo (H-T),

where H := PTHP, T = PTTP and Q € S has entries

Ai + A o
wij = m, ,j=1,...,n.
Hence,
(E-Q) oH+To(E+Q) =0, (52)

where E € S denotes the matrix whose entries are all ones. Denote two index sets
o= {/\z A > 0} and vi= {Az A< 0}.
By noting the fact that \; = 6; if \; >0 and \; = —0; if \; <0 and a U~y = {1,...,n}, from (52),
we have
Tij = 0 Y (i,§) € (,a); Hyoj + Ty = 0 ¥(i,5) € (a,7) and Hy; = 0 ¥ (i,5) € (7,7).
Thus,
AT + HY = 0,

ie.,

X*T + HS* =0,

which, together with the first and second equalities of (51) and the non-degeneracy assumption at
Z*, shows that
H=T=0.

The linear independence of {A4;}", and that fact that 7" = 0 imply z = 0. Hence, JE(Z%) is

nonsingular. O

We can now state quadratic convergence of Algorithm 4.1 for solving the SDP, which does not

require a proof.
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Theorem 5.4 If an accumulation point Z* of {Z*} generated by Algorithm 4.1 for solving the
SDP is a strict complementary and nondegenerate solution of E(Z) = 0, then the whole sequence
{Z*} converges to Z* with

|25 =z | = o(| Z* = Z*|P) (53)
and

el = O((eF)?) . (54)

In the above theorem for the SDP, we need the non-degeneracy to prove quadratic convergence
of Algorithm 4.1. In the next section, we shall show that, for the SDCP, this assumption can be

replaced by the positive definiteness of the Jacobian of the problem on a certain subspace.

6 Application to the SDCP

In this section, we shall deduce quadratic convergence of the squared smoothing Newton method

in solving the SDCP. We first prove a result on the generalized Jacobian for a composite function.

Proposition 6.1 Let ' : S — &; be continuously differentiable on an open neighborhood N of X
and W : 8y — Sy be locally Lipschitz continuous and semismooth on an open neighborhood of F(X).
Then, for any H € S, it holds that

Op( Vo F)(X)(H) C 0p¥(F(X)) o JF(X)(H), (55)
where o stands for composition.
Proof. Let T := Wo F. Then Y is differentiable almost everywhere in N'. For any V € 957 (X),
there exists a sequence of differentiable points {X*} C N of T converging to X such that

V= lim JY(XF).
Since ¥ is directionally differentiable on an open neighborhood of F(X), for any H € S,
JT(XR)(H) = W(F(XF); JF(XR) ().
Since V¥ is semismooth at F(X*), there exists a W € 9p¥(F(X*)) such that
V(F(X*); JR(XF)(H)) = W o JE(X®)(H).

Thus,
JY(X")(H) € dpW(F(X")) o JE(X")(H),
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which, together with the upper semicontinuity of dp, implies
Jim JY(X*)(H) € 0¥ (F(X)) o JE(X)(H).
—00

This proves (55). ]

In the following analysis, we assume that F' : § — § is continuously differentiable and £ : R xS —

IR x S is defined as
€

G(e, X)
where G : R x § — S is defined by (41), i.e.,

Ee, X) = [ } (6,X) € Rx S, (56)
Gle,X) = X — [X — F(X) + ®(c, X — F(X))] /2

and for any Y € S,
B(e,Y) = (214 V%)%,

Then solving the SDCP is equivalent to solving the following equation

E(,X)=0. (57)
The next result is on the nonsingularity of the B-subdifferential of E at (0, X) € R x S.

Proposition 6.2 Suppose that for a given X € S, the Jacobian JF(X) of F at X 1is positive
definite on the linear subspace L(X — F(X);S4), the affine hull of C(X — F(X);S+). Then all
U € 0pE(0,X) are nonsingular.

Proof. Let U be an element of dgFE(0, X). Assume that (7, H) € IR x S is such that U(r, H) = 0.
Then, from the definition of the B-subdifferential of E, we know that 7 = 0 and there exists a
W € 0pG(0, X) such that W (0, H) = 0. By Proposition 6.1, there exists a V' € dp®(0, X — F(X))
such that

W(0,H) = H—[H — JF(X)(H) + V(0,H — JF(X)(H))]/2,

which, together with the fact that W (0, H) = 0, implies that
2H—-[H-JF(X)(H)|-V(0,H—-JF(X)(H))=0.
Let H := H — JF(X)(H). We have
2H = H+ V(0,H) (58)

and



ie.,

which, implies that
[H+V(0,H)|e[H—-V(0,H)] + [H+V(0,H)]e[JF(X)(H+V(0,H))] = 0. (59)
By Proposition 3.1, (59), and the assumption that JF(X) is positive definite on £(X — F(X);S),
we conclude that

H+V(0,H) =0,

which, together with (58), implies that H = 0. This shows that for any (7, H) € IR x S satisfying
U(r,H) =0, one has (7, H) = 0. Hence, U is nonsingular. The proof is completed. O

Finally, we can state quadratic convergence of the squared smoothing Newton method for solving
the SDCP.

Theorem 6.3 Suppose that F': S — S is continuously differentiable on S. Suppose that for each
X €8, JF(X) is positive semidefinite. Then an infinite sequence {Z*} is generated by Algorithm
4.1 for solving (57) and each accumulation point Z* of {Z*} is a solution of E(Z) = 0. Moreover,
if JF(-) is Lipschitz continuous around X* and JF(X™) is positive definite on the linear subspace
L(X*— F(X*);Sy), the affine hull of C(X* — F(X*); Sy), then the whole sequence {Z*} converges
to Z*,

1244 — 70 = 0(|2* — 27 ) (60)

and
L= O((H)?). (61)

Proof. For any € # 0 and X € S, by Lemma 2.3, E is continuously differentiable around (g, X).
It can be checked easily that JE(e, X) is nonsingular if and only if JG(e, X)(0, H) = 0 implies
H = 0. It has been shown by Chen and Tseng [6] that the latter is true. Thus, for any ¢ # 0
and X € S, JE(g, X) is nonsingular. By Theorem 4.2, an infinite sequence {Z*} is generated by
Algorithm 4.1 and each accumulation point Z* of {Z¥} is a solution of E(Z) = 0.

If JF(-) is Lipschitz continuous around X*, then by Theorem 2.5 and a property on the strong
semismoothness of a composite function (originally due to Fischer [10], for the matrix version,
see [30, Theorem 3.10]), we know that F is strongly semismooth at (0, X*). Furthermore, by
Proposition 6.2 , all U € dgE(0, X*) are nonsingular. Thus, by Theorem 4.2, the whole sequence
{Z*} converges to Z*, and (60) and (61) hold. O
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7 Conclusions

We have studied quadratic convergence of a squared smoothing Newton method for nonsmooth
matrix equations. For the SDCP, the strong semismoothness of G, together with the positive
definiteness of JF'(X™*) on the affine hull of C(X™*— F(X*); S, ), implies that the proposed algorithm

has quadratic rate of convergence without requiring the strict complementarity.

There are several possible directions to extend our work. Ome direction is to study the strong
semismoothness of other smoothing functions used in [6] and then to improve the local analysis in
[6]; another direction is to relax the nonsingularity condition on the Jacobians. It is also possible to
use some regularization techniques, for example, the Tikhonov-type regularization, to get stronger

global convergence results as has been done for vector valued complementarity problems [8, 28].
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