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Abstract

The search directions in an interior-point method for large scale semidefinite pro-
gramming (SDP) can be computed by applying a Krylov iterative method to either the
Schur complement equation (SCE) or the augmented equation. Both methods suffer
from slow convergence as interior-point iterates approach optimality. Numerical ex-
periments have shown that a diagonally preconditioned conjugate residual method on
the SCE typically takes a huge number of steps to converge. However, it is difficult
to incorporate cheap and effective preconditioners into the SCE. This paper proposes
to apply the preconditioned symmetric quasi-minimal residual (PSQMR) method to
a reduced augmented equation that is derived from the augmented equation by uti-
lizing the eigenvalue structure of the interior-point iterates. Numerical experiments
on SDP problems arising from maximum clique and selected SDPLIB problems show
that moderately accurate solutions can be obtained with a modest number of PSQMR
steps using the proposed preconditioned reduced augmented equation. An SDP prob-
lem with 127600 constraints is solved in about 6.5 hours to an accuracy of 107% in
relative duality gap.

Key words: Large scale semidefinite programming, interior-point methods, aug-
mented systems, conjugate residual method, symmetric quasi-minimal residual method,
preconditioners, maximum-clique problem
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1 Introduction

Let 8™ be the vector space of n x n real symmetric matrices endowed with the inner
product A ¢ B = Trace(AB). Given a positive integer n, we let 7 = n(n + 1)/2. We
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use the notation X = 0 (X > 0) to denote that X is symmetric positive semidefinite
(symmetric positive definite). Given k x [ matrices G, H, we define the linear map
GOH:S8 S by GOH(M)=(HMG" + GMH")/2, for M € S'.

Consider the standard primal semidefinite program (SDP)

miny CeX
A(X)
X

b (1)
07

Yl

where A4 : S — IR™ is the linear map defined by
AX) = [AjeX - A, eX]".
Here b € IR™ and A4,...,A,,C € 8" are given data. The dual of (1) is

max, z by
Aly+ 7 = C (2)
Z =0,

where AT : IR™ — S" is the adjoint of A defined by
ATy = " yr A
k=1

In this paper, we assume that (1) and (2) are strictly feasible, and the set {A44,..., A}
is linearly independent in S".

We consider primal-dual path-following methods [32, 35] for SDP using the Nesterov-
Todd direction in which the general framework in each iteration is as follows. Given
a current iterate (X,y,Z) and a centering parameter o € [0,1), where X, Z > 0, the
methods find a search direction (AX, Ay, AZ) € §" x IR™ x S™ so as to generate the
next iterate by solving the following linear system of equations:

AAX = R, := b— AX (3a)
ATAy + AZ = Ry = C—-2Z-ATy (3b)
EAX + FAZ = R, := opl — %2 (3c)

where p = X @ Z/n, £ = GT ®GZ, and F = G"TX ® G. Here G is the unique

matrix such that ¥ := GZGT = G~TXG! is a positive definite diagonal matrix. Note

that W := GTG is the Nesterov-Todd (NT) scaling matrix such that WZW = X; see

[32]. Instead of solving (3a)-(3c) directly, one can substitute AZ = Ry — AT Ay from
(3b) into (3c) and solve the following augmented system:

~UAX +ATAy = R := Rg—F 'R. = Rg—ouX~'+ 2, (4a)

AAX = R, (4b)

where U := F '€ =W-t® WL



One can further eliminate AX from the augmented system above by substituting
AX = U Y ATAy — Ry + F'R,) from (4a) into (4b) to obtain the following Schur
complement equation (SCE) involving only Ay:

AUT'AT Ay = h = R+ AU 'Ry — AE'R.. (5)
M

The m x m matrix M is known as the Schur complement matrix and its (7, ) element
is given by M;; = A; ¢ WA;W. Most implementations of interior-point methods for
SDP use (5) to compute the search direction. Generally, (5) is solved by a direct
method by first computing and storing the matrix M, and then computing its Cholesky
factorization to find Ay. Substantial reduction in the cost of computing M is possible
when the SDP data is sparse; see [13] for the details. However, M is generally fully
dense even when the data is sparse. Thus when m is larger than a few thousands, it is
impossible to store M in the memory of most current workstations. Furthermore, the
m3/3 flops required to compute the Cholesky factor of M also becomes prohibitively
expensive. Consequently when m is large, it is extremely difficult to solve (5) by a direct
method, and a Krylov subspace iterative method such as the preconditioned conjugate
gradient (PCG) or preconditioned conjugate residual (PCR) method becomes necessary
as these methods do not require M to be stored explicitly.

Earlier research works on using the PCG or PCR method to solve the SCE arising
from large scale SDPs include [8, 20, 23, 24, 36]. As the coefficient matrix M is dense,
traditional preconditioning techniques that are designed for sparse matrices, such as
incomplete Cholesky factorizations, cannot be readily applied to M without incurring
a significant computational cost and memory usage. Thus in all the above mentioned
papers, except [20], only simple preconditioners such as diagonal or block-diagonal pre-
conditioners were used. In [20], attempts had been made to use incomplete Cholesky
factors as preconditioners but no substantial improvement over diagonal precondition-
ers was observed. The preconditioners just mentioned are ineffective when the Schur
complement matrix becomes increasingly ill-conditioned as the interior-point iterates
approach an optimal solution. As a result, in all these works, only low accuracies in
the duality gap can be achieved at reasonable costs.

The difficulties in constructing cheap and effective preconditioners for the SCE lead
one to believe that second-order methods like those presented in [1, 18, 22, 32, 35] are
too expensive for large scale SDPs. Thus, despite the success of second order methods
in solving small and medium size SDPs, attention has been diverted to first order
methods for large scale SDPs. Currently, there are 3 main classes of first order methods.
In [16], the dual SDP (2) was first formulated as a non-smooth convex optimization
problem and was solved by a spectral bundle (SB) method based on standard non-
smooth optimization techniques. On the other hand, Burer, Monterio, and Zhang, [4]
converted the dual SDP into a nonconvex nonlinear program in IR} | x IR™, and used
a log-barrier method to solve the resulting nonlinear program. The third class of first
order methods [3] is based on the primal SDP (1). In this class of methods, the primal
positive semidefinite constraint X > 0 is eliminated by employing the factorization
X = VVT for some matrix V € IR" P, where p is an estimate on the rank of an
optimal primal solution. Such a technique transforms (1) into a nonlinear nonconvex
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program. In [3], an infeasible first-order augmented Lagrangian method (called BMPR
method) is used to solve the resulting nonlinear program.

However, there are recent advances in using second-order methods to solve large
SDPs. In [31], Toh and Kojima constructed preconditioners for the SCE based on or-
thogonal projectors derived from the eigenvalue structure of W. It was shown that these
preconditioners can improve the convergence rate of the PCR method substantially in
solving the SCE. However, each preconditioning step is rather expensive. Furthermore,
the construction of these preconditioners require the computation of a dense p X p ma-
trix and its Cholesky factorization. Though p is generally a few times smaller than
m, it does grow proportionately with m, and when m is very large, computing these
preconditioners will require excessive memory space and time. Such a drawback poses
a limit on the size of SDPs one can solve using these preconditioners. In [14], Fukuda,
Kojima, and Shida used a predictor-corrector approach to numerically trace the central
path in the space of Lagrange multipliers. The method uses the BFGS quasi-Newton
method in the corrector procedure to locate points on the central path and the PCG
method with BFGS preconditioners to solve a Schur complement type equation in the
predictor procedure. Preliminary numerical results on small SDPs show that this ap-
proach is promising for solving large scale SDPs, but careful numerical implementations
have yet to be done to actualize this goal.

We should mention that in a primal-dual interior-point method, memory problem
can also occur when n is large, since the primal variable X is typically dense even if
the SDP data and the resulting dual variable Z are sparse. However, the root cause of
this problem lies in the primal-dual framework used to solve the SDP and it cannot be
easily overcome by simply using an iterative method to compute the search direction.
For such a problem, it is more appropriate to use methods, such as the dual scaling
method in [7], that avoid the need to form X explicitly. Another method that can
alleviate the memory demand of the primal variable is the matrix completion method
proposed in [15]. However, the implementation of the latter method is more complex
than the dual scaling method.

In this paper, we will mainly focus on SDPs where m is large, but n is moderate,
say, less than 1000. We propose an efficient preconditioned iterative method to solve
the augmented system (4a)-(4b). Like the SCE, the augmented system also suffers
from ill-conditioning as the interior-point iterates approach optimality. We overcome
the ill-conditioning problem by transforming the original augmented system into a
better-conditioned reduced augmented system based on a newly developed block pre-
conditioning technique in [30]. The basic idea is to analyze the eigenvalue structure
of the (1,1) block U of the augmented system and eliminate the small eigenvalues
by applying the technique in [30]. For SDP problems that are primal and dual non-
degenerate and strict complementarity holds at optimality, the coefficient matrix of
the reduced augmented system is shown to have bounded condition number even as
the interior-point iterates approach optimality. Like the Schur complement matrix, the
reduced augmented matrix is dense even if the SDP data is sparse. Thus, to further im-
prove the conditioning of the reduced augmented matrix without incurring significant
computational and storage cost, we are restricted to consider only diagonal precondi-
tioners. Fortunately, the class of diagonal preconditioners that are proposed in [27] for



augmented systems arising from soil consolidation problems in civil engineering is also
quite effective for our reduced augmented systems. To solve the reduced augmented
system, we use the preconditioned symmetric quasi-minimal residual (PSQMR) method
[12].

Because the cost of applying the PCR method to the SCE is typically 2 to 3 times
cheaper than that of applying the PSQMR method to the reduced augmented system, it
is desirable to use the SCE unless the Schur complement matrix is highly ill-conditioned.
By using the hybrid approach of applying the PCR method to the SCE when interior-
point iterates are not close to optimality and switching to the PSQMR method applied
to the reduced augmented system when they are, we are able to solve some large SDPs
arising from maximum clique problems of graphs, and selected SDPLIB problems [6] to
moderately high accuracies, but at reasonable costs. Numerical experiments indicate
that our method is promising in solving large SDPs. But there is a slight limitation in
that our method cannot be adapted for the HRVW/KSH/M direction [17, 18, 22], for
reasons that we will explain later.

The paper is organized as follows. In Section 2, the derivation of the reduced
augmented system is presented. The implementation of the PCR method for solving the
SCE is given in Section 3. The implementation of the PSQMR method for solving the
reduced augmented system and the class of diagonal preconditioners used are presented
in Section 4. This is followed by numerical results in Section 5 showing the effectiveness
of the preconditioned reduced augmented systems on two collections of SDPs arising
from maximum clique problems of graphs. Section 6 presents further numerical results
for SDPs (selected SDPLIB problems and those arising from frequency assignment
problems) whose degeneracies make them potentially ill-suited for computation via an
iterative solver. In Section 7, we conclude our paper.

We end this section by introducing some notations. We let svec : S® — IR" be the
isometry defined by

T
svec(U) = [Un, V2Uia, Uz, V2Uis, V2Us, Uss, =+ ,V2Uip, - aUnn:| . (6)

Note that for K, L € S", K o L = svec(K) svec(L). We let smat : IR" — S™ be the
inverse of svec. We define the linear map vec : IR™*™ — IR™ by

vec(U) = [Ui1, - Upi, Uzs = sUm2, = >Utny =+ Upn]” (7)
and tvec : IR"*" — IR" by
tvec(U) = [Ui1, Uiz, Usg, Uz, Usz, Usg, -+ Uty -+, Upn]” (8)

For a vector d, diag(d) denotes the diagonal matrix with d as its diagonal. The MATLAB
notation [z; y] is used to denote the column vector formed by appending a column
vector y to z. We use || - || to denote the vector and matrix 2-norms, and || - ||F
to denote the Frobenius norm. The notation diag(P, Q) is used to denote the block
diagonal matrix with P and @ as its diagonal blocks. The condition number x(P) of
a matrix P is defined to be the ratio between the largest and smallest singular values
of P. For a vector x € IR", , the notation x = O(¢) means that there exists positive
constants 1,y such that y1e < x; <ypeforalli=1,...,n.



2 Reduced augmented system

Given an interior-point iterate (X,y, Z), let u := X o Z/n and W be the associated
Nesterov-Todd scaling matrix. Let W~ = QDQ" be the eigenvalue decomposition of
W L. Then the eigenvalue decomposition of I/ is given by

U=Q®ADO®D)Q" ®Q"). (9)

With the above decomposition, the augmented system (4a)-(4b) can be rewritten as
follows:

—(D®D) (QTAXQ) + (Q"®QNAT Ay = Q"RQ (10a)

AQ®Q) (QTAXQ) = R, (10b)

Suppose (X,y, Z) is close to some optimal solution (X*,y*, Z*) of the primal and
dual SDP. If (X*, Z*) satisfies the strict complementarity condition defined in [2] (that
is, rank(X™*) + rank(Z*) = n), then as (X, Z) approaches this optimal solution (i.e.,
when p is sufficiently small), the eigenvalues of W ~! will separate into two groups,
one with small magnitude of the order ©(,/iz) and the other with large magnitude of
the order ©(1/,/i). Now suppose that W~ has a group of p small eigenvalues, and a
group of ¢ := n — p large eigenvalues. Let the vector of small and large eigenvalues be
di and dy, respectively. We can rewrite W~! as

W=t = Q1D1Q7 + Q2D:Q7, (11)

according to the partition D = diag(D1, D2) and Q = [Q1 Q2], with Dy = diag(d;) €
IRP*P ()1 € IR™P correspond to the small eigenvalues, and Dy = diag(ds) € IR,
Q2 € IR™*Y correspond to the large eigenvalues. When p is sufficiently small, the
number of eigenvalues of W~! with magnitudes O(y/;) is equal to the rank of X*.
Thus p is usually equal to the rank of X*. In actual computation, however, we can set
p to be any integer such that p < m, and it is not necessary to know the exact rank
of X*. Recall that by a theorem of Pataki [26], there exists an optimal solution X*
whose rank p satisfies the inequality p < m. Thus it is legitimate to choose p such that
p < m in actual computation.

Based on the eigen-structure of W', we will now propose a method to overcome
the ill-conditioning problem in the SCE and augmented equation when p is small.
We start from the augmented system (10a)-(10b) by diagonalizing U based on the
eigenvalue decomposition of W1,

As a reminder, we have d; = diag(D;) and dy = diag(Dy3).

Theorem 2.1 With the partition in (11), the augmented system (10a)-(10b) can be
rewritten as

[ Dy, BL 1 [ svec(QFfAXQq) ] [ svec(QTRQ)
—D1 Biy | | V2vee(QIAXQ2) | | v2vec(QTRQe) )
—Dap B, svec(Q] AX Q) svec(Q] RQ2)
| B Bz B 1L Ay J L R, J
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where

Bli = [svec(QTAiQ) - svee(Qf4uQi) | € B7™,
By = | V2vec(QT41Qy) -+ v2vec(QlAnQ») | € RF*™,
Bl = [svec(Qf41Q2) -+ svec(QF4nQu) | € BRI,

and

Dy = diag(tvec(did?)), Do = diag(vec(didl)), Doy = diag(tvec(dadl)).

Proof. Using the fact that for any U € &7,

QTUQ1 QTUQ:
QIUQ1 QIUQ: |’

we get from (10a) the following equations:

Q'UQ = l

—D1(QTAXQ1)D: + Y (QTAQ)AY: = QI RQ:
k=1

—Di(QTAXQ2)Ds + > (QT AxQ2)Ayr = QT RQ:
k=1

—Dy(Q5AXQ2)Da + > (Q5 AxQ2) Ay = Q3 RQo.
k=1

It is readily shown that these three equations correspond to the first three block equa-
tions in (12). Now, from (10b), we have

(QTA1Q) » (QTAXQ)
AQ®Q)QTAXQ) = :
(QTAmQ) » (QTAXQ)

(QTA1Q1)  (QTAX Q1) +2(QT A1Q2) © (QTAXQ2) + (QFA1Q2) » (QFAXQ2)

(QTAnQ1) o (QTAXQ1) +2(QT AnQ2) ® (QT AXQ2) + (Q5 AnQ2) @ (Q AXQs)

= Bisvec(QTAX Q1) + V2Biavec(QTAXQy) + Bassvec(QI AX Q).

This corresponds to the last block equation in (12). 0

Through (10a)—(10b), the system (12) is orthogonally equivalent to the augmented
system (4a)—(4b), and thus the condition numbers of the coefficient matrices are the
same. To improve the conditioning of (12), we apply the block splitting introduced in
[30] to (12) to get a smaller reduced augmented system as shown in the next theorem.



Theorem 2.2 Let 8 € IRP be a given positive vector. Suppose

By = diag(tvec(sp” + pdi +dip")), (13)
S11 = D+ En= diag(tvec((ch + 5) (d1 + ,B)T)) (14)

The augmented system (12) can be solved via the following reduced augmented system:

" B.Sy?

Sil/QEHSVGC(Q{AXQI)

Lsy?8,  —v |
K
R, + Bdiag(Sy;', Dy, Day )svec(QTRQ)
- Sil/stec(QlTRQl) ] ’ )
where B = [B11 Bia Baal, and
H = Bdiag(Sy', D, D3,) BT, ¥ = Dy Ej.
Note that
H = AP ® P)AT + A((2P, + P5) ® P3) AT, (16)
where

Py = Qudiag(B+d)"'Q, P, =@D'Q7, P3=Q2D;'Q;.
Note that once Ay and QT AX Q1 are computed, QT AXQ can be computed as follows:
QIaxQ: = D' (Qf(A"Ay-R)Q,) Dy (17)
JAXQ, = D' (QF(A"Ay -R)Qs) D3 (18)
Proof. The derivation of (15) follows readily by applying Theorem 2.1 in [30] to the
system in (12). Next we will derive (16). Note that
H = Budiag(Sy,') B, + Biadiag(Dy,)Bl, + Baadiag(Dy,' ) B3,.

We shall just show that Bjidiag(Sy; )BTl = AP ® Py)AT, and it is easy to simplify
the other two terms similarly. For any v € IR™, we have

Blv = svec(@)

diag(S;")Bliv = svec(AG A),



where G = QT (ATv)Q; and A = diag(8 + d1)~'. Hence

svec(QT A1Q1) svec(AG A)
Byidiag(S;)Blv = Biisvec(AGA) = :
svec(QT A,,Q1) svec(AG A)

A1 ® QIAQT(.AT’U)QlAQ{ A1 ° P1 (ATU)Pl
A o QAQT (AT0) Q1 AQT A ® P (AT0) Py
= AP, ® P)ATv.
Thus, we have derived the first term in (16). 0

Notice that the reduced augmented matrix £ € S™*? in (15) is smaller in size
compared to the augmented matrix in (12), whose dimension is m + n. It is also
potentially better conditioned as Theorem 2.4 below shows. Before we present that
theorem, it is beneficial for us to recall the concept of primal and dual nondegeneracy
introduced in [2].

Theorem 2.3 [2] Suppose (X*,Z*) satisfies the strict complementarity condition.
Then X* is primal nondegenerate if and only if the matriz [Biy Bi2] has full row
rank, and a necessary condition for primal nondegeneracy is i — q > m. The solution
Z* s dual nondegenerate if and only if the matriz Byy has full column rank, and a
necessary condition for dual nondegeneracy is p < m.

Proof. The proof follows readily from Theorems 6 and 9 in [2]. 0

Theorem 2.4 Under the assumption that (X*,Z*) satisfies the strict complementar-
ity condition, and the primal and dual nondegeneracy conditions defined in [2], the
coefficient matriz in (15) has a condition number that is bounded independent of u
(when u is small).

Proof. When p is sufficiently small and (X, Z) is close to a strictly complementary op-
timal solution (X*, Z*) with p = rank(X™), by Theorem 6 in [2], primal nondegeneracy
implies that [Bi; Big] has full row rank; and by Theorem 9 in [2], dual nondegeneracy
implies that B;; has full column rank. By Theorem 3.2 in [30], the theorem follows. [

For an SDP that is primal and dual nondegenerate, and strict complementarity
condition holds, Theorem 2.4 implies that one can expect a Krylov subspace method
applied to (15) to have a better rate of convergence than one that is applied to (5).
There is another advantage in using the reduced augmented system. Because the
(1,1) and (1,2) blocks of K are not ill-conditioned, the task of constructing effective
preconditioners for K is likely to be easier than that for the highly ill-conditioned
matrix M.



Remark. (a) Notice that the derivation of the reduced augmented system (15) de-
pends on our ability to find the eigenvalue decomposition of W1 ® W~!. For the
HRVW /KSH/M direction direction described in [17, 18, 22], W =1 ® W ! is replaced
by (X ® Z 1)~'. Unfortunately, unlike the former, the eigenvalue decomposition of
the latter is not readily available even if those of X and Z are known. Because of
this reason, the augmented system (12) cannot be reduced to the form in (15) for the
HRVW /KSH/M direction. However, for the dual scaling direction in [7], W1 ® W}
is replaced by Z () Z and the corresponding reduced augmented system can be found
readily once the eigenvalue decomposition of Z is known.

(b) For the numerical experiments in this paper, the vector £ in Theorem 2.2 is chosen
to be:

B = max(1,max(d;)) (1,1,...,1)7T.

(c) Our reduced augmented system (15) can also be applied to interior-point methods
for linear programs (LPs). Such a system can potentially produce a search direction
that is numerically more accurate than that computed straightforwardly from the SCE
(5). This topic is currently being investigated. Another method that had been pro-
posed to overcome the stability /accuracy problems encountered when solving the SCE
arising from LP is the stabilization method of Vujcic and Asic [34]. The stabilization
method in [34] is based on a novel pivoting strategy to avoid excessive loss of numeri-
cal accuracies due to the mixing of elements corresponding to large and small scaling
factors when the Schur complement matrix M is factorized. As far as we are aware
of, the reduced augmented system approach and the stabilization method in [34] are
not directly related, although both can be used to avoid excessive numerical errors for
computing the search directions in interior-point methods for LP.

2.1 Nondegeneracy and condition number of the reduced
augmented matrix

Now we present some examples to illustrate the validity of Theorem 2.4, as well as
examples to demonstrate what may happen to the condition number x(X) when the
nondegeneracy conditions in Theorem 2.4 do not hold. In order to know the ranks
of X* and Z* unambiguously, we need to compute very accurate approximate opti-
mal solutions. But it is well known that the standard approach of computing the
search direction from (5) in each interior-point iteration usually does not deliver very
accurate approximate optimal solutions because of highly ill-conditioned Schur com-
plement matrices. Thus we have to rely on an alternative approach to compute the
search directions.

It turns out that the approach of computing the directions from (15) via the LDL”
factorization of U can usually deliver more accurate approximate solutions than the
standard approach. On a limited set of examples that we have tested, the accuracy
gained is usually more than 2 digits in the infeasibilities and duality gap. Better
accuracy is plausible because K is potentially better conditioned than M, and so the
search direction computed via (15) is potentially more accurate than that computed
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from (5). When the assumption in Theorem 2.4 holds, the condition number of the
coefficient matrix in (15) is bounded independent of i. This implies that the unknowns
Ay and QTAXQ; can be computed accurately even when p is small. From (18), it
is easy to see that QY AX Qs can be computed accurately since dy = ©(1/,/i). From
(17), we have

(QT(ATAY - R)Q2)
FOFa

ij
9’

(QTAXQs)i; =

thus QT AX(Q can also be computed accurately since dgz)dgj) = O(y/m)O(1//n) =
O(1). Therefore AX can be computed accurately from QTAXQ;, QTAXQ2, and
QTAXQ,. Finally, AZ can also be computed accurately from AZ = R; — AT Ay.

As our purpose in this paper is on the application of iterative methods for solving
large SDPs, we shall not discuss further the issue of solving an SDP via (15) by using
the LDL" factorization. We leave this issue for a more detailed investigation in the
future.

To illustrate the validity of Theorem 2.4, in Table 1, we give the condition number
of K in (15) and M in (5) for some of the interior-point iterates generated by the
semidefinite programming software, SDPT3 version 3.0 [33]. The SDP problem is
the problem theta2 (with m = 498 and n = 100) taken from the SDPLIB [6]. The
default parameters in SDPT3 are used. But when p is small, the search direction in
each interior-point iteration is computed via (15) instead of via the system (5) that is
implemented in SDPT3.

The table shows that x(K) is bounded at the level 2.5 x 10° when y = X e Z/n is
approaching 0 while (M) grows like 3 x 10*/u. In the table,

IRyl ||RallF )
L+ [p]|" 1 +||ClF

¢ = max ( (19)

The approximate optimal solution (X, y, Z) of theta?2 is strictly complementary and
it satisfies the necessary conditions in Theorem 2.3 for primal and dual nondegeneracy.
Suppose the eigenvalues of X and Z are ordered in decreasing and increasing order,
respectively. We have min;{\;(X) 4+ X;(Z)} = 3.2 x 1073, and p = 16, ¢ = 84. For this
problem, the matrix [B11 Bia] € IR™*1480 hag singular values in the range [0.1,4.1],
while those of By € IR™*!3% are contained in [5 x 1072, 4.1].

Next we give an example to illustrate what may happen to x(X) when the conditions
in Theorem 2.4 are not satisfied. For this purpose, we use the SDPLIB problem qap6
(with m = 229 and n = 37). The approximate solution delivered by SDPT3 is strictly
complementary with min;{\;(X) + X\;(Z)} = 5.0 x 107*, and we have p = 12 and
q = 25. Although n — g = 378 > m satisfies the necessary condition in Theorem 2.3 for
primal nondegeneracy, the problem gap6 is in fact nearly primal degenerate, because
the matrix [By; Bia] € IR™<3™ has 13 small singular values that are in the range
[1 x 107°,7 x 107°], while the rest are in the range [1.2 x 107%,4.2 x 10!]. Note that
gap6 is dual nondegenerate, which can be seen from the fact that the singular values
of By; are contained in the interval [7.0 x 1072,2.3 x 10'].
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iteration X e Z/n ® k(K) k(H)  k(BiuSH'?) k(M)
13 2.8e-08 4.8e-15 2.0e+06 1.9e+06 6.8e+01 1.4e+12
14 3.0e-09  4.0e-16 2.4e+06 2.3e+06 6.8e+-01 1.0e+13
15 2.5e-10  4.0e-16  2.5e+06 2.3e+06 6.9e+01 9.9e+13
16 5.9e-12  4.2e-16 2.5e4+06 2.4e+406 6.9e+-01 4.2e+14
17 1.7e-13  2.1e-16 2.4e+06 2.3e+06 6.9e+01 4.5e+14

Table 1: Condition number of reduced augmented and Schur complement ma-
trices corresponding to interior-point iterates generated by SDPT'3 for the SDP
problem theta2. The approximate optimal solution has a relative duality gap
of 3.6e-14. This SDP is primal and dual nondegenerate.

Because of near primal degeneracy, we see from Table 2 that for qap6, x(K) is
no longer bounded independent of x due to the fact that the (1,1) block H of K is
nearly singular. In fact, both x(K) and x(#) have order equal to the reciprocal of the
machine precision (= 2 x 107!6). This example illustrates that for a nearly primal or
dual degenerate problem, the matrix K can also be very ill-conditioned, just like the
matrix M.

iteration X e Z/n ¢ k(K) K(H) k(B Sy ") k(M)
24 1.8¢-06 5.2e-12 8.6e+16 7.3e+16 3.2e+02 1.7e+20
25 4.6e-07 4.8e-12 4.6e+17 9.7e+17 3.2e+02 5.0e+20
26 1.9e-07 1.le-11 4.8e+18 2.9e+18 3.2e+02 1.2e4+20
27 1.0e-07  7.5e-12 7.5e+18 1.6e+18 3.2e+02 1.3e+20
28 7.6e-08 4.3e-12 3.0e+18 1.0e+19 3.2e+02 2.0e+21
29 6.7e-08  7.3e-12 2.2e+18 1.le+18 3.2e+02 3.3e+20

Table 2: Same as Table 1, but for the SDP problem qap6. The approximate
optimal solution has a relative duality gap of 6.5e-9. This SDP appears to be
primal degenerate but dual nondegenerate.

Our third example is the problem mep250-1 (with m = 250, n = 250) from SDPLIB.
This problem has a strictly complementary approximate optimal solution, with p =
25 and g = 225. This problem is primal nondegenerate since the singular values of
[B11 Bio] are contained in the interval [1.3 x 10~!,1]. But it is clearly dual degenerate
since p > m violates the necessary condition for dual nondegeneracy in Theorem 2.3.

This is also reflected in Table 3 with x(B1; Sl_ll/ 2) numerically equal to infinity.

A closer inspection of the problem data of mcp250-1 reveals that it has 20 con-
straints that fix for a given 4, X;; = 1, and X;; = 0 for j # 4. That is, X is actually
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iteration X e Z/n ® k(K) k(H)  k(BiuSH'?) k(M)
14 2.4e-07 1l.le-15 1.le+11 9.8e+03 Inf 9.9e+08
15 3.8¢-08  9.7e-16 2.9e+11 6.1e+03 Inf 2.3e4+09
16 3.3e-09  6.4e-16 5.3e+12 7.2e+03 Inf 2.8e+10
17 1.0e-10  6.3e-16 1.9e+14 7.7e+03 Inf 9.0e+11
18 3.3e-12  6.7e-16  5.5e+15 7.3e+03 Inf 2.7e+13

Table 3: Same as Table 1, but for the SDP problem mcp250-1. The approxi-
mate optimal solution has a relative duality gap of 1.5e-13. This SDP is primal
nondegenerate but it is dual degenerate.

a block diagonal matrix where one of the block is the 20 x 20 identity matrix. The
presence of such a fixed block makes the problem dual degenerate. By removing the
fixed block, the resulting problem has m = 230 and n = 230. The new problem
becomes dual nondegenerate, and now the condition number of K is bounded inde-
pendent of yu, as shown in Table 4. The singular values of BHSfll/ ? is now in the
interval [3.5 x 1072,2.2 x 10~!]. This example shows that preprocessing SDP data is
an important step to avoid degeneracies, and hence also potential numerical difficulties.
Preprocessing to avoid degeneracies is especially important when one chooses to use an
iterative solver to compute the search direction since degeneracies can seriously increase
the condition number of the coefficient matrix, and hence worsen the convergence rate.

iteration X e Z/n ® k(K) k(H)  k(BuSH'?) k(M)
14 2.5e-07 6.4e-16 2.7e4+06 9.2e+403 6.2e4+-00 4.5e+08
15 3.5e-08 6.8e-16 1.2e4+06 6.1e+03 6.2e4+-00 2.2e4+09
16 2.7e-09  6.1e-16 1.7e+06 7.5e+03 6.2e+00 3.7e+10
17 9.0e-11  7.0e-16 1.8e+06 7.8e+03 6.2e4+-00 1.0e+12
18 3.0e-12  7.7e-16 1.7e+06 7.3e+03 6.2e+00 3.0e+13
19 2.3e-13  6.7e-16 1.7e4+06 7.5e+03 6.2e4+-00 3.9e+14

Table 4: Same as Table 3 for the SDP problem mcp250-1, but with fixed
diagonal block removed. The approximate optimal solution has a relative
duality gap of 5.7e-14. This SDP is primal and dual nondegenerate.

Our last example is on an SDP that is both primal and dual degenerate. This
problem, fap01, is an SDP relaxation of a frequency assignment problem considered
in [5]. This SDP has a semidefinite variable in S%? and a linear variable in IR}
The number of constraints is m = 1378. The approximate optimal solution is strictly

complementary with min;{)\;(X) + X\;(2)} = 3.9 x 107%. We have p = 48, ¢ = 4
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for the semidefinite block, and p = 30, ¢ = 1130 for the linear block. The matrix
[Bi1 Bis] € IR™* 1368 has 6 singular values that are smaller than 5 x 10716, with the
rest contained in the interval [8.2 x 1072,2]. It is clear that the problem is primal
degenerate since [B11 Bi2] does not have full row rank. The matrix B;; has 4 singular
values that are smaller than 107!, with the rest lie in the interval [1.7 x 1072, 2].
Since Bi; has very small singular values, the problem can be considered to be dual
degenerate. The condition numbers of I, H, and BHSiI/ % in Table 5 clearly reflect
the fact the problem is primal and dual degenerate.

iteration X e Z/n ® k(K) k(H)  k(BuSH'?) k(M)
24 2.8e-08 8.7e-11 4.8e+06 5.7e+06 9.1e+13 9.6e+12
25 1.3e-09 8.1e-16  5.0e+11 2.2e+408 9.7e+14 1.4e+15
26 3.0e-11  1.9e-15 1.5e+13 1.0e+10 1.4e+14 1.9e+18
27 6.6e-13  2.1e-15 3.9e+15 4.5e+11 2.2e+13 4.0e+16
28 1.6e-14  2.1e-15 3.7e+16 1.4e+13 5.2e+11 4.5e+17
29 3.9e-16  1.7e-15 2.1e+18 3.5e+14 6.2e+10 1.5e4-20

Table 5: Same as Table 1, but for the SDP problem fap01. The approximate
optimal solution has a relative duality gap of 1.6e-14. This SDP appears to be
both primal and dual degenerate.

The reader would have noticed that for all the examples, except qap6, we are able
to compute very accurate approximate solutions (with ¢ and relative duality gap both
smaller than 2 x 107!3). It is rather surprising that this is possible for the last example
since K is highly ill-conditioned.

3 Solving the SCE via the conjugate residual
method

The use of an iterative method to solve the SCE (5) requires less computer memory
compared to using a direct method. It also has the added advantage that one can
terminate the iterative solver whenever an approximate solution of (5) is deemed suffi-
ciently accurate. This can lead to a significant saving in the CPU time required in each
interior-point iteration, especially during the initial phase where accurate computation
of the search direction is not necessary. In [19], Kojima, Shida, and Shindoh (KSS)
proposed inexact search directions where (3a) and (3b) are satisfied exactly but (3c)
is relaxed. If Ay is an approximate solution of (5), the KSS inexact search direction
requires the computation of the matrix U := AT (AAT)~1(h — M Ay) for computing
AX and determining whether |[(EAX + FAZ)— R, ||r = ||E(U)||r is sufficiently small.
However, such a computation can be expensive when either AA” is not easily invertible
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or when computing £(U) is expensive. Due to these drawbacks, we decide to use the
heuristic rule described below to compute an inexact search direction.

Suppose Ay only satisfies (5) approximately. Let r = h — M Ay. Given such an
Ay, we compute AZ and AX via the following equations:

AZ = Ry—ATAy, AX = £&'R.—E'FAZ. (20)

Then (AX,Ay,AZ) satisfies (3a)—(3c) approximately, where the residual vector is
[r; 0; 0]". As our interest is to solve (3a)—(3c), it is reasonable to insist that the
relative residual norm of the approximate solution (AX,Ay, AZ) must be smaller
than some prescribed threshold, say 6. Let

[(Rp, Ra, Re)|| := max(|[Ryll, | Rallrs | Rellr)- (21)
That is, we want
Irll < O(Rp, Ra, Re)- (22)

Note that for the dual variables, once dual feasibility is achieved, it is maintained
because (3b) is satisfied exactly. However, for the primal variable, primal infeasibility
may deteriorate since (3a) is satisfied only approximately. But we can ensure that
the primal infeasibility is reduced proportionately to ||(Rp, Rq, R.)|| in each iteration.
Suppose the new primal iterate is X T = X + aAX, where a € (0,1] is the step-length,
then we have

b= AX*| < (L= B+ alrll < (1= a(l = 6)I(Ry, Res Rl

The behavior of the preconditioned conjugate residual (PCR) method on the SCE
was discussed in detail in [31]. Because the matrix M is dense, it is difficult to adapt
existing preconditioning techniques that are mainly designed for sparse matrices to M,
and the only obvious and easily implementable choices are diagonal preconditioners.
In [31], PCR method was applied to following preconditioned version of (5):

LML T (LTAy) = L 'h, (23)
—

M

where L = diag(v/Mi1, ...,V Mum). It was observed that the PCR method on (23) is
highly efficient in computing an approximate solution when the iterate (X, y, Z) is not
close to optimality, i.e, when the duality gap X e Z is not too small. However, when
the iterate is close to optimality, the PCR method becomes exceedingly slow because
the matrix M becomes very ill-conditioned (with condition number of the order 1/u)
and also a more accurate solution of the system (23) is needed when the duality gap
is small.

As we shall compare with the reduced augmented equation approach later in Section
4, the strength of solving (23) by an iterative method such as the PCR method lies on
its simplicity and inexpensive matrix-vector products (where each cost about 3psn3 +
2pymn? flops; ps and p; are defined in Section 4.1). Thus it is desirable to use the PCR
method whenever its convergence rate is not too slow.
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4 Computing the search direction via the re-
duced augmented system

Assume that Ay and AX are computed inexactly from Theorem 2.2 and the residual
vector from (15) is denoted by
[ ¢ ] | (24)
n

Then simple algebraic manipulations show that we have
“UAX + ATAy = R - Qsmat(S){*n) QT
AAX = R,—¢+ Asvec(lemat(Sﬂl/Qn)QlT).
Now if we compute AZ via the equation
AZ = Ry — ATAy — Q, smat(S.{*n)@Q7, (25)
then we have
EAX +FANZ = F (LIAX + Ry — ATAy — Q, smat(S,/ )Ql)
= F(Ri—R) = R,

where R is defined as in (4a). Thus, for the inexact search direction (AX, Ay, AZ)
computed from (15) and (25), it satisfies (3a)-(3c) approximately and the residual
vector is

€ — Asvec(lemat(Sﬂl/2 )QT)
1 smat(Sl n) QT . (26)
0

Again, we want the relative residual norm of our inexact search direction (AX, Ay, AZ)
to be sufficiently small. That is, we want

max(||¢ — Asvec(Qismat(S;,*n)QD)l, 1S1°nll) < 01/(Rp, Ra, R (27)

Remark. Notice that we computed AZ as in (25) so as to satisfy the linearized
complementarity equation (3c) exactly. However, if it is desirable to maintain dual
feasibility, then we can compute AZ via AZ = R; — AT Ay to make (3b) exact, but

(3c) approximately satisfied. In the latter case, if we let V = smat(Sl/ 2 n), then the
residual associated with (3c) is given by

F(QVQD) = [B(GQV(GQ)" + (GQ1V(GQ1)E]/2,
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which can be computed in 2p?n +pn? flops (with symmetry taken into account) if GQ
is pre-computed. Because of the extra cost incurred in the present case, this explains
why we prefer to compute AZ via (25).

Observe that (3a) and (3b) are not satisfied exactly, primal and dual feasibilities are
not maintained even if the iterate happens to be feasible. However, in each iteration,
the infeasibilities are reduced proportionately with ||(R,, R4, R.)||. From (26) and (27),
the primal infeasibility for the new iterate satisfies

Ib—AXH| < (1= )Ryl + all¢ — Asvec(Qismat(S,; QT )]
< (1=a(t=0))l(Ry, Ra, Ro)]|

It is easy to see that a similar inequality holds for the new dual iterate.

4.1 Preconditioned symmetric quasi-minimal residual method

Recall that the reduced augmented equation (15) is symmetric but indefinite. In this
subsection, we will discuss an appropriate Krylov subspace method to solve such a
linear system.

The standard Krylov subspace method for solving a symmetric indefinite system
are SYMMLQ and MINRES due to Paige and Saunders [25]. When preconditioning
is used, both the methods above require the preconditioner to be symmetric positive
definite, and this excludes the use of indefinite preconditioners that are perhaps more
appropriate since the coefficient matrix itself is indefinite. Here, we choose the pre-
conditioned symmetric quasi-minimal residual (PSQMR) method proposed in [12] that
allows the use of symmetric indefinite preconditioners. Note that if no preconditioning
is used, the SQMR method and MINRES are mathematically equivalent.

Let Z be the set of indices of nonzero elements of the matrix > ;' ; |Ag| (where | Ag]|
is the matrix whose (7,7) element is the magnitude of the corresponding element of
Ay), and

ps = (number of nonzero elements of the matrix Y7, |A.])/n?,

pi = (total number of nonzero elements of Ay, Ay, ..., A,)/(mn?).

Note that ps and p; are the ratios of the actual number of non-zero elements over the
maximum possible number of non-zero elements.

In each PSQMR iteration, we compute the matrix-vector product Klu; v] for the
reduced augmented system (15) via the procedure described in Table 6, where the cost
is also estimated.

The cost of a matrix-vector product for the reduced augmented system is 3p’n +
3ps pn? 4 Tpsn> +2p; mn?, as estimated in Table 6. In contrast, the corresponding cost
for the SCE (5) is 3psn3 + 2p;mn?, as estimated in [31]. In our numerical experiments
in Section 5, we have found that the cost of the former range from 2 to 4 times more
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Computing Number of flops required

T := ATu pr mn?

(U 1(i,4) € I}, where Uy := P, ® Py(T) 3ps 0

(U2 |(i,§) € T}, where Uy := (2P, + P3) ® P5(T) dp, 0’

{Ui(j3) | (i,§) € I}, where Uz := Q1 ® lemat(Sl_ll/?'v) 2p°n + ps pn®

AU + Uz + Us) pr mn>
S11'*svee(Qf © Q1 (7)) - W PP+ 2p. pn?

Klu; v] 3p°n + 3pspn® + Tpsn® + 2py mn>

Table 6: computational cost required in the matrix-vector product for (15).

expensive than the latter. For the projected SCE approach proposed in [31], a matrix-
vector product would cost about 6p?n + 6pspn? + 4psn® + 6pymn? + 2p2, and this is
usually more expensive than that for the reduced augmented system.

In the current literature, most preconditioning techniques are proposed for a sparse
matrix that is stored explicitly, and preconditioners such as incomplete Cholesky factors
are generally quite effective for matrices that are not too ill-conditioned [29]. However,
as the reader may have recalled, our matrix I is dense and is not formed explicitly.
Thus, most of the current preconditioning techniques [29, Chapter 10] are not appli-
cable to our linear system. The only obvious and easily implementable choices for our
system are diagonal preconditioners.

In [27], some effective diagonal preconditioners were proposed for a symmetric in-
definite matrix of the form K that arises from the finite element solution of the Biot’s
soil consolidation equations. Those diagonal preconditioners were derived from some
theoretical forms that are proven to have tight eigenvalue clustering properties. By
adapting those preconditioners for our matrix K, we get

diag(#) 0

_ _ ; (28)
0 adiag (5111/2B{1diag(7-[)*13115’111/2 + \Il)
where « is a given scalar. In our numerical experiments in Section 5, we take a = —20.

Notice that the diagonal preconditioner (28) is indefinite.

5 Numerical experiments on SDPs arising from
maximum clique problems

We will now present numerical experiments to show the convergence behavior of the
PCR method on (23) versus the PSQMR method on (15).

All the numerical results presented in this paper are computed using MATLAB on
a T00MHz HP workstation ¢3700 with 1G of RAM. Note that computational intensive
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parts such as the PCR and PSQMR methods are implemented in C, but with interface
to MATLAB. To give an idea on the speed of this machine, we run the MATLAB
benchmark command, bench. Compared to a 300MHz SGI R1200 IRIX 64 machine,
our machine is about 2 times faster on LU factorization and has about the same speed
on sparse maftrix operations.

The interior-point method we used is the primal-dual path-following method (with-
out corrector) described in [33], except that the direct solver used to solve (5) is re-
placed by an iterative solver. The following starting iterates (slightly modified from
the default in [33]) are used throughout:

Y =0, X'=¢1, Z° =l

where

L+ |k })
= mmax |7, n max{ ————— ¢ |,
‘ (*F ; {1+||Ak||F

1 = i max (n, O] p, max{ Al )

For easy reference, we will call the interior-point method in [33] that uses the PCR
method to solve the preconditioned SCE (23) as Algorithm PFsch (“PF” for “path-
following”). The parameter € in (22) is set to 0.01. In view of the efficiency of the
PCR method in computing an inexact search direction via (23) when the duality gap
X o 7 is not too small, for the experiments, we use a hybrid method that combines
the advantage of applying the PCR method to (23) and the PSQMR method to (15)
for computing the search direction in each interior-point iteration. The details of the
hybrid method are given in Algorithm PFaug in Table 7. The parameter 6 in (27) is
set to 8 = 0.05.

Our test problems consist of the following 2 collections of SDPs:

1. the first consists of SDPs arising from maximum clique problems on randomly
generated graphs;

2. the second consists of SDPs associated with maximum clique problems for graphs
from the Second DIMACS Implementation Challenge [9].

We choose these SDP collections because they are likely to be primal and dual non-
degenerate. These are problems with m large and n moderate. Thus they are also well
suited for solution via a primal-dual interior point method with iterative solver. There
are 2 commonly used equivalent SDP relaxations [28, (2.6) and (2.9)] for the maximum
clique problems. The relaxation we used for a given simple undirected graph (G, V)
follows equation (2.6) in [28]. That is,

min{—(ee’) ® X : Trace(X) =1, X;; =0V (i,5) € E, X > 0},

where e is the vector of all ones. We also tested on the second formulation given in
[28, (2.9)], but found that the SDPs are typically either primal or dual degenerate.
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Ni = < interior-point iteration to solve (23)/(15) so that the ad-

{ the number of PCR/PSQMR steps required at the kth
missible condition (22)/(27) is satisfied.

The maximum numbers of PCR and PSQMR steps allowed in each interior-point iter-
ation are set to bm and 3m, respectively.

Table 8 shows the primal and dual objective values obtained by Algorithm PFaug.
Table 9 to 12 compare the cumulative CPU time taken by Algorithms PFsch and PFaug
at various interior-point iterations so as to achieve the following accuracy:

max(relgap,¢) < 107*, 107, 1075,
Here relgap is the relative duality gap defined by

XeoZ
1+ (|C e X[+ [pTy])/2’

relgap = (29)
and ¢ is the infeasibility measure defined in (19). For each problem, 3 rows of data
are reported, and they correspond to the CPU time needed to solve the problem to an
accuracy of 1074, 107°, and 107°, respectively.

Tables 9-11 show that Algorithm PFaug is much faster than Algorithm PFsch on
majority of the problems tested. For example, consider the problem theta82 with
m = 23872, Algorithm PFaug is about 7 times faster than Algorithm PFsch to achieve
an accuracy of 107 in max(relgap,¢). On the set of maximum clique problems on
randomly generated graphs considered in Table 9, Algorithm PFaug is 3-14 times faster
than Algorithm PFsch. For those SDPs arising from [9] in Table 11, Algorithm PFaug
is 2-9 times faster than Algorithm PFsch. The reader may have observed that the
speedup in these problems is mainly gained on the last few interior-point iterations.
Comparing Tables 9 and 11, we see that the number of PSQMR steps needed to solve
(15) is far less than that required by (23) when the iterates are close to optimality. This
also confirmed the usefulness of Theorem 2.4. But because computing a matrix-vector
product for (15) is more expensive, the saving in the CPU time is not as impressive as
the reduction in the number iterative steps.

It is worth noting that in Table 9, we are able to solve an SDP (thetal62) with
127600 constraints in 6.5 hours to an accuracy of 107¢. If the required accuracy is
10~%, then only 3.5 hours is needed.

Observe that in Table 10, the reduced augmented system (15) in Algorithm PFaug
is never invoked, indicating that the condition number of the NT scaling matrix W
never exceed 5 x 103 in Algorithm PFaug described in Table 7. It is surprising that
the collection of hamming problems can be solved so efficiently via the SCE alone. For
example, the problem hamming-9-5-6 is solved to an accuracy of 107% in 3 minutes,
whereas the CPU time reported in [5] by using the first order nonlinear programming
method in [4] (we will called it the BMZ method for convenience) is more than 10 hours.
Although the comparison here between Algorithm PFaug and the BMZ method is not
entirely fair because the latter solves a different, though equivalent, SDP relaxation
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[28, (2.9)] of the the maximum clique problem, the fact that such a disparity is possible
indicates that one should not totally abandon second order methods in favor of first
order methods when solving large scale SDPs.

Despite the success of Algorithm PFaug reported in Tables 9-11. For the problems
in Table 12, the performance of Algorithm PFaug is worse than Algorithm PFsch. For
example, it performs badly compared to Algorithm PFsch on the problem p-hat300-1.
To understand why the reduced augmented equation approach does not perform well,
we need to know whether the problem is degenerate. This can be done by estimating
the condition number of H and BHSiI/ % Since the matrices are large, we used the
Lanczos method to estimate the largest and smallest eigenvalues of the matrices H
and 5’1—11/ 28581181_11/ ®. The ratio between these eigenvalues would then give a lower

bound on k(#H) and /{(8115’1_11/2)2. A lower bound we get for x(#) is 1.5 x 108. As for

k(Bi1 SiI/Z), we are able to get an accurate estimate of 9.0 x 10*. From these numbers,
we may conclude that the problem is dual nondegenerate, but it is possibly primal
degenerate due to the large condition number estimate we have for . The poorer
performance of Algorithm PFaug on G51--G54 compared to Algorithm PFsch is also
due to degeneracies.

Methods for solving large SDPs are still in the infancy state. Currently, the most
successful methods are the spectral bundle (SB) method in [16], the BMZ method in [4],
and the BMPR method in [3]. Detailed comparison between the SB (version 1.1.1) and
BMZ methods are given in [5], where the BMZ method appeared to perform generically
better than the SB method on the tested set of SDPs arising from maximum clique
problems from the Second DIMACS Implementation Challenge. Comparison between
the BMPR and SB (version 1.1.1) methods on the same set of SDPs are reported
in [3]. Based on the results reported in [3] and [5], it is known that the BMPR is
superior to the BMZ method on this set of SDPs. The latter is in turns superior to the
SB method. Thus in this section, we shall compare our reduced augmented equation
approach mainly with the BMPR method.

For the set of SDPs listed in Tables 10 to 12, except G43--G47, G51--G54, Algo-
rithm PFaug is comparable to the BMPR method (Tables 4 and 7 in [3]) in terms of
computational time (although we must take into account that different machines are
used, and our machine is 1-2 times faster based on MATLAB’s bench command). For ex-
ample, the problems brock400-1 and c-fat-200-1 are solved by Algorithm PFaug in
1016 and 67 seconds, respectively. The corresponding numbers for the BMPR method
reported in [3] are 2028 and 742 seconds.

For G43--G47, our method is able to solve them in about 1.5 hour to an accuracy
of 107%. The BMPR method however, is much faster, taking an average of 15 minutes
to solve these problems (see Table 7 in [3]), though less accurately than ours. The
fact that the latter is far more superior to Algorithm PFaug on these problems can
be explained. Firstly, because the matrix variable has a relatively large dimension of
n = 1000, computing the NT scaling matrix W and eigenvalue decomposition of W ~!
in Algorithm PFaug takes more than 50% of the total computation time. Secondly,
the rank of the optimal primal variable (about 60) is small compared to n, the BMPR
method can fully exploit such an advantage whereas Algorithm PFaug is not designed to
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do the same. The reasons above apply also to the problems G51--G54. For the problems
G52 and G53, our interior-point based algorithms perform much worse than the BMPR,
method. For example, Algorithm PFsch takes 6.5 hours to achieve an accuracy of 10~
whereas the BMPR method takes only 2 hours to achieve a comparable accuracy. If the
required accuracy is 1076, then Algorithm PFsch would take about 33.5 hours to solve
the problem. Comparing the results in Table 11 and 12, obviously G52 and G53 are
much harder to solve compared to G43--47. We suspect that this is because the former
are highly degenerate problems. For example, for G52, we have p = 48828 > m = 5917,
which violates the necessary condition for dual nondegeneracy in Theorem 2.3.

We note that the objective values reported in Table 8 are generally better than those
reported in [3]. For example, The primal objective value we obtained for brock400-1
is —39.7018863, with a primal infeasibility of 5.1 x 107'°, whereas the corresponding
number obtained by the BMPR method is —39.652, with a primal infeasibility of
1.4 x 107,

Other than computational time, we should mention a comparison criterion between
interior-point methods (such as Algorithm PFaug) and first order methods (such as the
BMPR method) that is perhaps under appreciated. An advantage of the former is that
it can produce a duality gap that measures how close the approximate optimal solution
is to optimality. The latter, however, can only obtain either an approximate primal
or dual optimal solution, and there is no optimality guarantee on the approximate
solution delivered.

6 Numerical experiments on other SDPs

In this section, we further investigate the performance of Algorithms PFaug and PFsch,
but on some SDPs that are not necessarily well suited for the reduced augmented
equation or the primal-dual interior-point framework. The problems we considered are
as follows.

mcp: this collection consists of preprocessed version of the SDPLIB problems, mcp500-1—
mcp500-4. These are SDPs arising from relaxation of maximum cut problems.
The original SDPs are dual degenerate, but a simple preprocessing step to re-
move fixed diagonal blocks render them dual nondegenerate. For these problems,
m ~ 500 and n = 500.

arch: this consists of the SDPLIB problems, arch0, arch2, arch4, and arch8.
Each of these problems has a semidefinite variable of dimension 161 and a linear
variable of dimension 174, and m = 174.

fap: these are SDPs arising from semidefinite relaxation of frequency assignment
problems [11]. The explicit form of the primal SDP is given in [5, eq. (5)] (note
the difference between maximizing and minimizing the objective function in [5,
eq. (5)] and (1)). Note that this collection of SDPs are likely to be both primal
and dual degenerate (evident from Table 5 for fap01). Each of these problems
has a semidefinite variable with moderate dimension n, and a linear variable with
dimension slightly less than m, where m is the number of constraints and m > n.
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Table 7: Algorithm PFaug.

Algorithm PFaug. Suppose we are given an initial iterate (X°,y°, Z%) with
X0 79 positive definite. Set 4° = 0.9 and ¢ = 0.5.

For k =0,1,...
Let the current and the next iterate be (X, y, Z) and (X, y*, ZT) respectively.

Also, let the current and the next step-length (centering) parameter be denoted
by v and 4" (o and o) respectively.

1.

Set = X e Z/n. Stop the iteration if the infeasibility measure ¢ defined
in (19) and relgap defined in (29) are sufficiently small.

Compute the Nesterov-Todd scaling matrix W and the eigenvalue decom-
position W1 = QDQT. Let d = diag(D), where d is sorted in ascending
order.
If max(d)/ min(d) > 5 x 10?

choose p to be the integer such that d,,/d, is the maximum,
else

set p =0,
end
(a) If p=0;

Compute an inexact direction (AX, Ay, AZ) via the PCR method
on (23) with diagonal preconditioner diag(M).

(b) If p > 0;

Compute an inexact search direction (AX, Ay, AZ) via the PSQMR
method on (15) with diagonal preconditioner described in (28).

Update (X,y, Z) to (XT,y*, Z") by
Xt =X+aAX, y"=y+pBAy, ZW =7+BAZ,

where o = min (1, =7/ Apin(X 'AX)), 8 = min (1, —y/Auin(Z7'AZ)).
(Here Apin(U) denotes the minimum eigenvalue of U; if the minimum
eigenvalue in either expression is positive, we ignore the corresponding
term.)

Update the step-length and centering parameters by

7" = 0.9+ 0.08min(a, 3), o7 = 1—0.9min(a, ).
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Before we discuss the numerical results for the above SDPs, we would like to mention
that many of the SDPs in SDPLIB [6] appear to be either primal or dual degenerate; or
ill-posed in the sense that the primal and dual problems are not both strictly feasible.
The mcp problems are dual degenerate if fixed diagonal blocks are not removed. The
gap problems are nearly primal degenerate; the control problems either do not appear
to have strictly complementary approximate optimal solutions, or they are primal
degenerate. The gpp problems do not have strictly primal feasible points.

The mcp and arch problems are problems with m ~ n and they are not large
scale. Thus they are not ideal examples to evaluate the viability of using iterative
methods to solve large SDPs in a primal-dual interior-point method. However, they
are included here to evaluate the merit of the reduced augmented equation (15) over
the SCE (5) when solved via an iterative method. The CPU time given in Table 14
for these problems is not indicative of the time spent in solving these linear systems
because a substantial part is spent on computing W and its eigenvalue decomposition.
For the mcp problems, the iterative solvers use only less than 30% of the total CPU
time. Thus the number of iterative steps used to solve the linear systems would be a
better indicator of the relative merit between (5) and (15). From Table 14, we observe
that the PSQMR method on (15) takes significantly fewer steps to converge than the
PCR method on (5) when p is small. This confirms again the merit of the reduced
augmented equation over the the SCE when p is small.

The fap problems are SDPs that are both primal and dual degenerate. Because
these problems are expected to be hard to solve via an interior-point method using an it-
erative solver, now the accuracy tolerance is set to max(relgap, ¢) < 1072,1073,10~*
in Table 15. Also, because these problems have convergence difficulty in a purely
primal-dual path-following method, thus we use a primal-dual path-following method
with Mehrotra’s predictor-corrector. Note that in each iteration of the predictor-
corrector method, 2 linear systems with the same coefficient matrix have to be solved.
But having the same coefficient matrix offers no savings in computation time for an
iterative solver, unlike the case of a direct solver where the same factorization can be
used for both linear systems. Thus, unless necessary, predictor-corrector approach is
not the preferred option when an iterative solver is used.

Because of degeneracies, the reduced augmented equation would offer no advantage
over the SCE for the fap problems. And since each matrix-vector product in (15)
is more expensive, it is only logical to expect that Algorithm PFsch would be more
efficient than Algorithm PFaug. This expectation is confirmed by the numerical results
presented in Table 15. It is evident that Algorithm PFaug consistently takes longer
time than Algorithm PFsch to solve the problems. Furthermore, Algorithm PFaug
fails to solve 8 of the problems (entries with bold-face fonts) to the required accuracy
of 10™*, whereas Algorithm PFsch successfully solved all. This set of SDPs illustrates
that for problems that are degenerate, it is not advisable to use an iterative method
to solve the reduced augmented equation (15). Unless modifications on (15) are done
to handle the ill-conditioning of K, it appears that the simplest approach of using the
PCR method on (5) should be used.

Table 13 shows the primal and dual objective values for the mcp, arch, and fap
problems obtained by Algorithm PFsch.
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It has been reported in [5] that the BMZ method is highly successful in solving
the fap problems compared to the SB method. (The BMPR method is not tested on
the fap problems in [3].) By comparing the performance of Algorithm PFsch in Table
15 with the results report in [5, Table 6], we observe that our interior-point method
fared reasonably well compared to the first order BMZ method. The CPU time taken
to solve all the problems, except fap12, are comparable for both methods (again, we
must take into account that different machines are used, and our machine is 1-2 times
faster). For example, the problem fap11 is solved in 9 hours by Algorithm PFsch, and
the CPU time reported in [5] is 10.8 hours.

The objective values we obtained in Table 13 for the fap problems are better than
those obtained in [5]. Take fap11 for example, the dual objective value we obtained
is 0.0297662, with a dual infeasibility of 1.1 x 107'6. This value is better (the larger
the absolute value the better) than the absolute value of 0.0296136 reported in [5]. For
fap12, the BMZ method is superior to Algorithm PFsch, where the former is about 3
times faster if an accuracy requirement of 10~ is set for the latter. But if the accuracy
requirement is set to 1073, then Algorithm PFsch can solve fap12 in about 19 hours
compared to 12.5 hours taken by the BMZ method.

Our comparison here between Algorithm PFsch and the BMZ method indicates
interior-point methods are not totally uncompetitive compared to first order methods.

7 Conclusion and future research

We introduced the reduced augmented equation for computing the search directions in
primal-dual interior-point methods. For SDPs that are primal and dual nondegener-
ate, and have strictly complementary optimal solutions, the coefficient matrices of the
reduced augmented equations have condition numbers that are bounded independent
of the barrier parameter u, even when p approaches 0.

We proposed Algorithm PFaug that is based on a hybrid between the PCR method
applied the SCE and the PSQMR method applied to the reduced augmented equation.
Numerical experiments on SDPs arising from maximum clique problems show that
Algorithm PFaug performs much better than Algorithm PFsch that is based solely on
applying the PCR method to the SCE.

Our interior-point based methods, Algorithms PFaug and PFsch, are competitive
(time-wise) compared to the first order BMPR method on majority of the maximum
clique problems considered in [5]. Our interior-point based method, Algorithm PFsch,
is also competitive compared to the first order BMZ method on the fap problems.
The numerical results presented in this paper indicate that interior-point methods
like Algorithms PFaug and PFsch are not totally uncompetitive compared first order
methods such as the SB, BMZ, and BMPR methods. On many of the problems tested
in this paper, we are able to obtain objective values that are better or comparable to
those obtained by the first order methods.

Algorithm PFaug is well suited for primal and dual nondegenerate problems with
optimal solutions that are strictly complementary. It appears that significant modi-
fications to the reduced augmented equation are needed to effectively solve problems
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that are degenerate. Besides this important issue, there are a number of other issues
that we hope to address in the future.

(a) We would like to investigate the performance of the reduced augmented equation
approach in a dual scaling interior-point framework for solving SDPs with n large,
especially large SDPs arising from maximum cut and graph partitioning problems.

e construction of more sophisticated preconditioners for the reduced augmente
b) Th tructi f phisticated p diti for the reduced aug ted
matrix.

(c) The use of a direct method to solve the reduced augmented equation so as to gen-
erate accurate approximate optimal solutions. Our numerical results in Section
2.1 indicate that the outcome would be promising.
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Table 8: Primal and dual objective values obtained by Algorithm PFaug.

problem n m primal obj dual obj

theta6 300 4375 | -63.4770649 | -63.4770915
theta62 300 13390 | -29.6412339 | -29.6412589
theta8 400 7905 | -73.9535154 | -73.9535717
theta82 400 23872 | -34.3668848 | -34.3668981
theta83 400 39862 | -20.3018839 | -20.3018980
thetal0) 500 12470 | -83.8059524 | -83.8059706
thetal02 500 37467 | -38.3905171 | -38.3905620
thetal03 500 62516 | -22.5285606 | -22.5285800
thetal04 500 87245 | -13.3361385 | -13.3361438
thetal2 600 17979 | -92.8016040 | -92.8016958
thetal23 600 90020 | -24.6686484 | -24.6686554
thetal62 800 127600 | -37.0097262 | -37.0097436
MANN-a27 378 703 | -132.7628635 | -132.7628930
johnson8-4-4 70 561 | -13.9999840 | -14.0000044
johnsonl6-2-4 120 1681 -7.9999998 -8.0000017
san200-0.7-1 200 9971 | -29.9999629 | -30.0000002
c-fat200-1 200 18367 | -11.9999970 | -12.0000002
hamming-6-4 64 1313 -5.3333301 -5.3333351
hamming-8-4 256 11777 | -15.9999977 | -16.0000010
hamming-9-8 512 2305 | -223.9996367 | -224.0000138
hamming-10-2 1025 23040 | -102.3999498 | -102.4000165
hamming-7-5-6 128 1793 | -42.6666515 | -42.6666678
hamming-8-3-4 256 16129 | -25.5999744 | -25.6000043
hamming-9-5-6 512 353761 | -85.3331694 | -85.3333369
brock200-1 200 5067 | -27.4566346 | -27.4566445
brock200-4 200 6812 | -21.2934670 | -21.2934817
brock400-1 400 20078 | -39.7018863 | -39.7019055
keller4 171 5101 | -14.0122384 | -14.0122440
sanr200-0.7 200 6033 | -23.8361531 | -23.8361601
G43 1000 9991 | -280.6245145 | -280.6245830

G44 1000 9991 | -280.5831314 | -280.5832102

G45 1000 9991 | -280.1848899 | -280.1851375

G46 1000 9991 | -279.8365727 | -279.8369756

G47 1000 9991 | -281.8938988 | -281.8939612
p-hat300-1 300 33918 | -10.0679626 | -10.0679686
G51 1000 5910 | -348.9996545 | -349.0001073

G52 1000 5917 | -348.3860739 | -348.3864065

G353 1000 9915 | -348.3469748 | -348.3473550

G54 1000 9917 | -340.9998601 | -341.0000203
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Table 9: Comparison of Algorithms PFsch and PFaug on a number of SDP
problems arising from maximum clique problems on randomly generated

graphs.
Algorithm PFsch Algorithm PFaug
n cum. cum.
m relgap ¢ time Ny, relgap 0] time Ny, P
theta6 78-5 22-5 1:11 715 | 93-5 4.1-6 1:00 170 47
300 43-6 T79-7 6:12 6782 || 1.8-6 1.6-7 1:49 365 47
4375 6.2-7 1.6-7 12:11 11641 || 5.0-7 3.1-8 2:28 540 48
theta62 79-5 12-5 3:35 1327 || 79-5 1.2-5 3:17 1327 0
300 32-6 49-7 26:31 15796 || 3.2 -6 9.2-8 7:43 1015 106
13390 8.7-7 1.0-7 1:03:13 33831 || 8.4-7 6.9-9 10:38 1105 106
theta8 24-5 5.0-6 7:57 3247 || 23-5 28-8 4:00 400 66
400 446 1.1-6 18:21 7896 || 3.0-6 9.5-9 5:18 415 66
7905 72-7 18-7 43:24 18436 || 7.6 -7 3.9-8 6:37 430 66
theta82 22-5 3.6-6 15:27 3036 || 2.2-5 23-7 10:35 510 138
400 27-6 5.1-7 45:44 11751 || 2.7-6 2.4-9 14:37 620 138
23872 39-7 76-8 2:19:49 36504 || 3.9-7 6.6-10 18:16 555 138
theta83 28-5 29-6 16:04 2959 || 28 -5 29-6 15:49 2959 0
400 40-6 4.5-7 48:23 12031 || 4.0-6 1.4-7 29:18 1785 204
39862 6.9-7 8.0-8 2:31:30 38507 || 6.9-7 4.4-9 38:21 1160 201
thetalO 90-5 22-5 10:01 1327 || 9.7-5 9.1-6 7:13 265 81
500 196 6.5-7 55:50 9120 || 1.8 -6 9.5-8 13:36 460 81
12470 23-7 9.6-8 2:32:49 28412 || 2.2-7 2.6-8 17:52 560 82
thetal02 6.3-5 7.9-6 22:25 1800 || 6.3-5 7.9-6 22:04 1800 0
500 88 -6 1.3-6 54:53 6437 || 8.8 -6 2.6-7 32:33 820 170
37467 1.7-7 3.3-8 7:51:53 62416 || 1.7 -7 8.9-10 1:02:15 1120 174
thetal03 33-5 29-6 35:16 3719 || 3.3-5 2.9-6 34:50 3719 0
500 53-6 48-7 1:38:14 12045 || 5.3-6 3.6-8 54:21 1190 252
62516 8.6-7 9.0-8 4:26:17 32131 || 86 -7 1.8-9 1:11:38 1005 252
thetal04 73-5 4.0-6 24:28 2070 || 7.3-5 4.0 -6 24:12 2070 0
500 22-6 10-7 3:31:.02 26022 || 22-6 1.0-8 2:25:53 4285 332
87245 40-7 21-8 9:24:10 65693 || 4.0-7 3.4-10 3:08:09 2160 328
thetal2 53-5 15-5 25:21 1430 || 58-5 3.3-6 18:39 255 98
600 92-6 23-6 1:07:37 5626 || 9.2-6 3.7-8 25:13 395 98
17979 14-7 59-8 8:03:22 40323 || 9.8 -7 3.4-8 33:13 485 98
thetal23 52-5 4.7-6 47:35 2707 || 5.2-5 4.7-6 47:25 2707 0
600 79-6 7.4-7 2:10:12 9587 || 7.9-6 1.2-7 1:20:28 1135 301
90020 28 -7 2.7-8 16:29:46 72630 || 2.8 -7 5.0-10 2:20:16 885 301
thetal62 14-5 1.8-6 3:20:59 6126 || 1.4-5 1.8-6 3:21:34 6126 0
800 23-6 3.0-7 10:00:53 20400 || 2.3-6 5.9-8 4:58:07 1670 335
127600 4.7 -7 6.0-8 27:47:52 54234 || 4.7-7 4.2-9 6:34:37 1650 340
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Table 10: Comparison of Algorithms PFsch and PFaug on SDPs from the
Second DIMACS Challenge on Maximum Clique Problems.

Algorithm PFsch Algorithm PFaug
n iter. cum. cum.
m no. relgap ¢ time Ni | relgap ¢ time N

MANN-a27 39 75-5 18-5 1:48 28 || 7.5-5 18-5 1:43 28

(39) 0

378 41 (41) | 2.0-6 9.5-7 1:56 50 | 20-6 9.5-7 151 50 0

703 42 (42) | 2.0-7 9.8-8 2:00 61 20-7 98-8 155 61 0
johnson8-4-4 16 (16) | 1.5-5 1.1-10  0:18 2 || 1.5-5 1.1-10 016 2 0
70 17(17) | 1.5-6 6.0-10  0:19 2| 1.5-6 6.0-10 017 2 0

561 18 (18) | 1.5-7 3.6-9 020 2| 15-7 3.6-9 018 2 0
johnson16-2-4 17 (17) | 24-5 7813 020 2| 245 7.813 018 2 0
120 18 (18) | 24-6 6.4-12 022 2 24-6 64-12 019 2 0

1681 19 (19) | 24-7 5.3-11 023 2| 24-7 53-11 020 2 0
san200-0.7-1 23(23) | 125 84-7 035 221|125 84-7 032 22 0
200 24 (24) | 1.2-6 9.6 -8 0:37 30| 1.2-6 9.6-8 034 30 0

5971 25 (25) | 1.2-7 1.0-8 0:39 49 || 1.2-7 1.0-8 036 49 0
cfat200-1 21 (21) | 2.8-5 1.6-6 0:54 175 || 2.8-5 1.6-6 051 175 0

200 22 (22) | 2.8-6 2.1-7 1:01 255 28-6 21-7 058 255 0

18367 23 (23) | 28-7 1.9-8 1:10 313 28-7 1.9-8 1:07 313 0
hamming-6-4 15 (15) | 94-5 50-7 017 3| 94-5 50-7 015 3 0
64 16 (16) | 9.4-6 4.9-8 0:18 3| 94-6 4.9-8 016 3 0

1313 17(17) | 94-7 4.9-9 0:19 3| 94-7 49-9 017 3 0
hamming-84 20 (20) [ 2.1-5 19-7 034 4215 197 031 4 0
256 21 (21) | 2.1-6 1.3-8 0:36 5| 21-6 1.3-8 033 5 0

11777 22(22) | 21-7 1.2-8 0:38 4 21-7 1.2-8 035 4 0
hamming-9-8 19 (19) | 1.7-5 1.3 -6 210 4| 175 136 208 4 0
512 20(20) | 1.7-6  7.6-7 217 4| 176 767 215 4 0

2305 21 (21) | 1.7-7 2.3-9 2:25 5| 1.7-7 23-9 223 5 0
hamming-10-2 21 (21) | 6.5-5 3410 17:31 3| 65-5 3410 1736 3 0
1025 22(22) | 65-6 15-9 1826 3| 656 15-9 1831 3 0

23040 23 (23) | 65-7 51-8 1919 2| 65-7 51-8 1924 2 0
hamming-7-5-6 17 (17) | 3.8 -5 4.0 -6 021 2| 38-5 40-6 018 20
128 18 (18) | 386 5.2-9 022 4386 52-9 019 4 0

1793 19 (19) | 3.8-7 1.9-8 023 4 38-7 1.9-8 021 4 0
hamming-83-4 19 (19) | 1.2-5 2.6-8 0:32 3| 12-5 26-8 030 3 0
256 20 (20) | 1.2-6 5.5-8 0:34 4126 55-8 031 4 0

16129 21 (21) | 1.2-7 1.5-9 0:36 6| 1.2-7 1.5-9 033 6 0
hamming-9-5-6 20 (20) | 2.0 -5 2.7 -6 247 6 20-5 276 246 6 0
512 21(21) | 2.0-6 8.7-8 256 5| 20-6 87-8 256 5 0

53761 22 (22) | 2.0-7 6.4-9 3:06 5| 20-7 64-9 306 5 0
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Table 11: Comparison of Algorithms PFsch and PFaug on SDPs from the
Second DIMACS Challenge on Maximum Clique Problems.

Algorithm PFsch

Algorithm PFaug

n iter. cum. cum.

m no. relgap ¢ time N relgap ¢ time N p
brock200-1 21 (21) | 3.8-5 6.6 -6 1:33 1646 || 3.6 -5 1.1-7 1:14 335 63
200 22(22)|62-6 1.1-6 3:35 6498 || 5.9-6 8.0-9 1:30 330 63
5067 24 (24) | 3.2-7 1.0-7 16:50 25334 || 3.6 -7 3.3-10 1:57 240 63
brock200-4 21 (21) | 1.8-5 2.5-6 2:15 3185 || 1.8-5 8.7-9 1:29 640 79
200 22(22) | 35-6 4.8-7 5:52 11188 || 3.5-6 1.6-9 2:14 900 79
6812 23 (23) | 7.2-7 8.2-8 14:17 26054 || 6.9-7 1.1-9 2:41 545 77
brock400-1 23 (23) | 3.0-5 5.8-6 11:55 2077 || 3.0-5 6.2-8 9:33 515 123
400 24 (24) | 3.3-6 7.4-7 34:22 8883 || 3.3-6 2.9-9 13:04 560 123
20078 25 (25) | 4.8-7 1.1-7 1:53:34¢ 31285 || 4.8-7 5.1-10 16:56 620 123
kellerd 21 (21) | 42-5 4.2-6 0:51 1008 || 4.2-5 2.9-7 0:25 110 67
171 22(22) | 42-6 4.2-7 1:33 3180 || 4.2-6 1.3-7 0:34 235 67
5101 23 (23) | 4.2-7 4.2-8 2:30 5063 || 4.2-7 3.4-8 0:58 765 67
sanr200-0.7 21 (21) | 2.6-5 4.4-6 1:45 2149 || 2.6 -5 7.0-8 1:07 410 71
200 22(22) |46-6 7.9-7 4:33 8718 || 4.6 -6 1.1-8 1:32 510 71
6033 23(24) | 9.3-7 1.4-7 11:39 22494 || 3.0 -7 2.7-10 2:15 375 71
G43 27 (27) | 40-5 3.1-5 48:39 754 || 5.4-5 3.6-7 43:18 245 56
1000 29 (28) | 4.7-6 83-7 3:37:58 11230 || 9.7-6 2.2-7 51:22 300 58
9991 30 (32) | 4.7-7 3.8-7 5:16:54 8943 || 2.6 -7 3.8-8 1:25:23 265 58
G44 28 (28) | 20-5 1.2-5 1:09:00 1497 || 1.4-5 1.2-7 54:55 220 60
1000 29 (29) | 74-6 3.7-6 2:38:09 8070 || 2.8-6 2.7-9 1:04:46 380 60
9991 31(30) | 2.5-7 2.0-7 9:44:55 14144 || 2.8 -7 2.3-10 1:11:52 255 60
G45 28(29) | 1.8-5 14-5 1:48:32 854 || 89-5 59-7 1:09:36 310 57
1000 29 (30) | 3.6-6 24-6 3:09:17 7315 || 89-6 3.7-7 1:15:55 220 58
9991 30 (31) | 7.7-7 2.7-7 7:38:25 24263 || 89-7 4.0-8 1:24:22 320 58
G46 27 (27) | 39-5 3.1-5 48:01 652 || 5.5-5 1.6 -6 44:23 235 56
1000 29 (28) | 7.6 -6 29-6 3:35:40 10852 | 89-6 1.0-7 53:19 340 60
9991 31(30) | 2.6-7 2.1-7 7:20:06 10383 || 1.8-7 9.8-11 1:09:28 335 60
G4t 27 (27) | 5.3-5 4.0-5 44:42 608 || 6.3-5 6.7-7 44:50 190 58
1000 30 (28) | 20-6 14-6 2:36:55 2108 || 9.7-6 1.4-7 51:11 225 58
9991 31(30) | 4.1-7 1.5-7 4:54:55 12555 || 2.2-7 83-9 1:.07:37 375 58
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Table 12: Comparison of Algorithms PFsch and PFaug on SDPs from the
Second DIMACS Challenge on Maximum Clique Problems.

Algorithm PFsch Algorithm PFaug
n iter. cum. cum.

m no. relgap ¢ time N relgap ¢ time N p
p-hat300-1 24 (24) | 9.3-5 1.3-6 13:19 4357 || 93-5 1.1-9 1:42:24 26790 209
300 26 (26) | 6.8-6 1.8-7 42:52 17512 |1 6.9-6 3.8-8  9:49:14 101750 200
33918 28 (28) | 7.1-7 1.2-8  2:12:47 43234 || 5.9-7 1.7-10 20:47:54 100775 200
G5l 44 (43) | 42-5 1.5-5  1:19:28 305 || 8.7-5 58-6  2:56:49 1505 )
1000 45 (45) | 4.3-6 3.5-6  1:23:51 482 || 146 14-6  3:06:26 414 0
5910 46 (46) | 4.8 -7 4.2-7  1:28:16 490 || 1.4-7 14-7  3:11:11 514 0
G52 60 (58) | 9.3-5 52-6 4:28:59 3291 || 8.7-5 1.2-6 13:02:23 5395 6
1000 68 (65) | 6.8-6 6.7-7  9:04:03 4212 || 79-6 2.7-7 25:58:35 9985 8
5917 71(69) | 6.0-7 2.2-7 11:31:50 5907 || 9.5-7 5.9-8 33:19:59 14257 0
Gb53 56 (58) | 84-5 3.0-6 6:25:55 6874 || 7.7-5 6.4-6 T7:25:49 3905 6
1000 62 (63) | 8.8-6 1.2-6 14:06:25 26162 || 8.7-6 4.6-7 17:32:15 12955 6
5915 68 (68) | 5.2-7 3.2-7 33:24:45 29574 || 8.6-7 4.9-7 37:15:59 17740 6
Gb4 45 (45) | 6.6-5 3.9-5 1:17:04 288 || 3.7-5 6.3-6  3:35:28 2290 7
1000 46 (46) | 6.6 -6 58-6  1:21:25 477 || 3.7-6  3.5-6  3:40:09 494 0
5917 48 (47) | 34 -7 1.1-7  1:45:27 2325 | 3.7-7 3.3-7T 3:46:16 699 0

33




Table 13: Primal and dual objective values obtained by Algorithm PFsch.

problem n m primal obj dual obj
mcp500-1 451 451 | -598.1479228 | -598.1485310
mcp500-2 493 493 | -1070.0563326 | -1070.0567704
mcp500-3 500 500 | -1847.9696030 | -1847.9700289
mcp500-4 500 500 | -3566.7373504 | -3566.7380666
arch0 161 174 -0.5665156 -0.5665177
arch2 161 174 -0.6715133 -0.6715158
arch4 161 174 -0.9726271 -0.9726275
arch8 161 174 -7.0569738 -7.0569811
fap01 52 1378 0.0329454 0.0328773
fap02 61 1866 0.0007310 0.0006973
fap03 65 2145 0.0493711 0.0493676
fap04 81 3321 0.1749789 0.1748222
fap05 84 3570 0.3083974 0.3082823
fap06 93 4371 0.4595326 0.4593247
fap07 98 4851 2.1180259 2.1176137
fap08 120 7260 2.4363666 2.4362657
fap09 174 15225 10.7982702 10.7976727
fapl0 183 14479 0.0096992 0.0096708
fapll 252 24292 0.0298764 0.0297662
fapl2 369 26462 0.2734163 0.2732371
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Table 14: Comparison of Algorithms PFsch and PFaug on mcp and arch prob-
lems from SDPLIB.

Algorithm PFsch Algorithm PFaug
n iter. cum. cum.
m no. relgap ¢ time N relgap ¢ time N p
mcp500-1 25 (25) 1.0-5 1.1-6 1:24 225 || 1.1-5 3.1-6 1:49 95 11
451 26 (26) 1.0-6 1.1-7 1:38 411 || 3.3-6 29 -7 1:58 95 11
451 27 (27) 1.0-7 99-9 1:55 536 || 5.1 -7 5.4-8 2:10 140 11
mcp500-2 22 (22) 82-5 6.5-6 1:43 336 || 8.2-5 6.5-6 1:47 336 0
493 24 (24) 256 33-7 2:21 550 || 3.1-6 4.9-7 2:19 170 8
493 25(25) | 41-7 4.6-8 3:04 1161 (| 9.2-7 18-7 2:44 270 8
mcp500-3 20 (20) 74-5 13-5 1:40 195 || 7.5-5 2.8-5 1:48 85 8
500 21 (22) 996 2.6-6 1:55 322 || 6.2-6 1.6-6 2:17 110 9
500 23 (24) 23-7 52-8 2:55 848 || 6.0-7 5.0-8 2:47 115 9
mcp500-4 19 (19) 54-5 2.5-5 1:45 183 || 5.4-5 2.5-5 1:54 183 0
500 21 (21) 77-6  1.7-6 2:43 85 || 7.7-6 1.8-6 2:31 70 11
500 23 (24) 20-7 13-7 3:35 681 || 7.2-7 9.6-8 3:12 60 11
arch0 52 (52) 91-5 83-7 0:57 89 || 94-5 58-9 0:45 100 8
161 57 (57) 6.0-6 4.1-6 1:17 869 || 6.3-6 2.4-11 0:54 110 8
174 58 (62) | 2.8 -6 3.7 -6 1:21 869 || 5.8 -7 7.5-11 1:02 105 8
arch2 45 (45) 59-5 1.0-6 0:49 89 || 59-5 3.0-9 0:30 80 8
161 48 (48) 6.0-6 1.0-6 1:03 869 || 6.0 -6 4.7-10 0:35 90 8
174 50(52) | 2.2-6 7.2 -6 1:11 869 || 7.6 -7 4.1-12 0:41 100 8
arch4 50 (51) 99-5 33-6 0:56 869 || 5.9 -5 &8.9-10 0:36 75 5
161 52 (53) | 44-6 3.7-7 1:05 869 || 2.8 -6 1.6-11 0:39 80 5
174 53 (54) 72-7 2.6 -6 1:09 869 || 29 -7 2.1-11 0:40 75 5
arch8 52 (52) 21-5 14-8 0:50 587 || 3.5-5 6.8-9 0:33 35 7
161 53 (53) 70-6 T7.2-7 0:54 89 || 9.7-6 1.2-9 0:34 55 7
174 58 (57) | 1.0 -6 2.5-7 1:16 869 || 1.1 -7 6.9-11 0:39 50 8
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Table 15: Comparison of Algorithms PFsch and PFaug on fap problems.

Algorithm PFsch

Algorithm PFaug

n iter cum. cum.
m no. relgap ¢ time N relgap ¢ time N p
fap01 26 (26) | 2.5-3 4.3-7 0:10 4474 || 2.5-3 4.3-7 0:10 4474 0
52 27 (27) | 3.7-4 98-8 0:15 10071 | 3.7-4 98-8 0:15 10071 0
1378 28 (28) | 6.7-5 3.4-7 0:21 11022 || 3.8-4 4.6-5 0:25 6885 46
fap02 23 (23) | 5.9-3 4.1-7 0:05 1116 || 59-3 4.1-7 0:05 1116 0
61 25(25) | 7.6-4 45-8 0:09 2660 | 76-4 4.5-8 0:09 2660 0
1866 27 (27) | 3.4-5 4.0-9 0:15 6096 | 29-5 1.4 -4 0:31 9325 56
fap03 30 (30) | 3.3-3 3.3-7 0:17 4431 || 33-3 33-7 0:17 4431 0
65 31(31) | 82-4 86-8 0:25 9612 | 3.2-3 15-4 0:47 10715 60
2145 33(31) | 2.8-5 1.1-6 0:55 17158 || 3.2-3 1.5 -4 0:47 10715 60
fap04 37 (37) | 4.1-3 3.3-7 1:47 23146 | 58-3 9.6-7 2:28 15250 76
81 39(39) | 424 83-7 3:12 26566 || 25-3 1.2-5 5:25 16600 76
3321 40(39) | 8.7-5 4.7-6 3:55 26566 || 2.5 -3 1.2-5 5:25 16600 76
fap05 41 (41) | 6.4-3 2.6-7 2:26 28558 | 7.5-3 8.6-7 4:12 14620 79
84 43 (45) | 84-4 14-5 4:04 28558 || 2.7-3 2.6-6 11:38 17840 79
3570 45 (45) | 3.6-5 29-5 5:40 28558 || 2.7-3 2.6-6 11:38 17840 79
fap06 43 (43) | 4.2-3 1.7-7 3:36 31778 || 5.7-3 2.2-6 10:16 21850 83
93 45 (45) | 46-4 6.9-6 6:30 34966 | 9.8-4 5.8-7 16:18 20005 86
4371 47(49) | 3.4-5 1.3-5 9:16 34966 || 3.9-4 2.7-6 29:09 21850 86
fap07 43 (44) | 7.7-3 6.1-7 4:49 34270 || 76-3 94-7 8:13 20145 93
98 46 (47) | 4.0-4 4.1-6 10:15 38806 | 81-4 1.8-6 20:26 24250 90
4851 48 (50) | 4.3-5 1.1-5 13:49 38806 || 2.5 -4 8.7-7 33:14 24250 91
fap08 45 (45) | 5.0-3 3.0-7 8:29 30394 | 62-3 1.1-6 15:51 11560 110
120 47 (48) | 5.8-4 2.1-7 18:04 58078 | 56-4 1.2-7 37:13 26745 110
7260 49 (51) | 4.3-5 3.8-6 27:59 58078 || 52-5 2.5-8 1:04:43 27890 110
fap09 70 (72) | 5.0-3 8.0-7 28:53 23255 || 82-3 2.2-6 1:10:58 10885 157
174 73 (76) | 4.3-4 74-8 1:25:14 92031 || 7.6-4 2.6-7 2:35:05 28440 156
15225 75 (77) | 5.3-5 2.2-6  2:38:43 121798 || 3.7 -4 1.6-7  3:14:07 42065 156
fapl0 65 (65) | 7.9-3 1.1-7 25:27 25835 | 79-3 1.1-7 25:36 25835 0
183 67 (67) | 5.5-4 1.4-8 1:12:04 99556 || 5.5-4 7.9-6 1:47:55 72390 144
14479 69 (70) | 1.3-5 2.2-6  2:28:29 115830 || 7.1-5 5.7-5 5:11:44 72390 140
fapll 71(71) | 9.3-3 1.2-7 1:22:14 30988 || 9.3-3 1.2-7 1:22:58 30988 0
252 73(73) | 79-4 1.1-8 3:54:12 130230 || 79-4 1.2-6 10:07:30 121455 175
24292 75 (75) | 1.5-5 9.2-7  9:01:15 194334 || 4.5-5 29-5 18:49:02 121455 171
fapl2 68 9.3-3 13-7 5:21:143 64851
369 70 9.5-4 4.0-8 18:43:24 211694 || excluded since it will take too long to run
26462 72 4.0-5 82-7 33:34:41 211694
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