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Abstract. In this paper we define a trust-region globalization strategies to solve a continuously
differentiable nonlinear equality constrained minimization problem. The trust-region approach uses a
penalty parameter that is proven to be uniformly bounded.

Under rather weak hypotheses and without the usual regularity assumption that the linearized
constraints gradients are linearly independent, we prove that the hybrid algorithm is globally conver-
gent

Moreover, under the standard hypotheses of the SQP method, we prove that the rate of convergence
is q-quadratic.
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1. Introduction. For approximating a solution of a differentiable unconstrained
minimization problem, the use of linesearch approaches in globalization strategies of
quasi-Newton or Newton’s methods stems from the fact that, given a descent direction
of the objective function at a current iterate, obtaining an acceptable steplength,
and hence a next iterate, costs only few function evaluations. Unfortunately, global
convergence properties can only be obtained under quite strong hypotheses, especially
on the second order informations. Usually, these hypotheses are that the second order
information matrices, say Bk, are uniformly positive definite and uniformly bounded.
Otherwise, to obtain a global convergence result, strong hypotheses are made on the
objective. For example, a global convergence result for the BFGS variable metric
method using the inexact linesearch of Wolfe [52] is given in Powell [42] for a convex
objective function. Under the same hypothesis, this results is extended to the entire
Broyden class in Ritter [46].

On the other hand, the trust-region approach, derived by Levenberg [32] and Mar-
quardt [34] for least-squares problems and extended to the general unconstrained min-
imization problem by Powell [40], has proved to be a quite powerful tool for designing
globally convergent algorithm (e.g. Powell [40], [41] and Schultz, Schnabel and Byrd
[48]). We emphasize that, in the trust-region approach, the second order information
matrices Bk do not need to be positive definite. Indeed, a global convergence result
is obtained by Powell [43] for a variable metric algorithm where ‖Bk‖2 ≤ α1 + α2k

where α1 and α2 are positive constants.
Also, the trust-region approach has proved to be a very effective tool for designing

globalization of the Newton methods for nonlinear equations (see Duff, Nocédal and
Reid [15], Eisenstat and Walker [26], El Hallabi and Tapia [25] and Powell [44]).

We believe that the global convergence behavior of the trust-region approach is
relevant to the strategy of reducing the trust-region radius δk until an acceptable step
is obtained. This stands on the property that the trial step points to the steepest
descent as δk converges to zero (see El Hallabi and Tapia [25, Theorem 4.1]). In other
words, the trust-region strategy is reliant on the possibility of going, in the worst case
and as far as global convergence is concerned, into the steepest descent direction. In
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fact, in the unconstrained optimization case, Powell [41] proved that if the generated
iteration sequence satisfies the fraction of Cauchy decrease condition then
(1.1) lim inf

k→∞
∇f(xk) = 0

where f is the objective function, i.e. the iteration sequence has an accumulation
point that is stationary.

Because of the strong global convergence properties of the trust-region approach
for unconstrained optimization and nonlinear equations, considerable attention has
been given to extend such a strategy to the equality constrained differentiable opti-
mization problem

(EQCP ) ≡

{
minimize f(x)
subject to h(x) = 0

where f : IRn → IR and h : IRn → IRm, m ≤ n. Since the quasi-Newton (or New-
ton’s) method to solve the problem (EQCP ) is the (local) SQP (sequential quadratic
programming) method, the quasi-Newton step being the solution of the quadratic
optimization problem

(QP ) ≡

{
minimize ∇xl(xk, λk)

T s + 1
2sTBks

subject to h(xk) +∇h(xk)
T s = 0

where Bk is an approximation of the Hessian of the Lagrangian ∇xl(xk, λk) at (xk, λk),
the master idea in any extension of trust-region approach to the problem (EQCP ) was
that the resulting algorithm should be a globalization strategy of the SQP method.

The obvious extension was to add a trust-region constraint to (QP ) leading to
the subproblem

(TRQP ) ≡





minimize ∇xl(xk, λk)
T s + 1

2sTBks

subject to h(xk) +∇h(xk)
T s = 0

‖s‖2 ≤ δk
where 0 < δk is the trust-region radius. But, unless h(xk) = 0, it is obvious that the
feasible region of such a problem can be empty.

The first idea to overcome this difficulty was to translate the hyperplane of the
linearized constraints so that it intersects the trust-region ball, leading to the relaxed
trust-region subproblem

(RTRQP ) ≡





minimize l(xk, λk)
T s + 1

2sTBks

subject to ηkh(xk) +∇h(xk)
T s = 0,

‖s‖2 ≤ δk
where ηk ∈ (0, 1] is determined so that the feasible region of (RTRQP ) is not empty
(and not reduced to a singleton). This approach was first suggested by Mièle, Huang
and Heideman [35] to obtain a linesearch globalization method to solve (EQCP ).
Then, it was used in the trust-region globalization framework by Vardi [51], Byrd,
Schnabel, and Schultz [6] and El Hallabi [21], [22] and [23]. In El hallabi [21], [22]
and [23] the proposed algorithm is shown to be globally convergent in the sense that
any accumulation point of the iteration sequence is a Karush-Kuhn-Tucker point of
(EQCP ). Moreover, this result is obtained without assuming the regularity assump-
tion that the gradients of linearized constraints are linearly independent; it is obtained
under the assumption that a positive lower bound of the positive singular values of
∇h(xk)

T is known.
It is commonly admitted that the main problem with this approach lies in the

difficulty of obtaining a translating parameter ηk. In El Hallabi [21], [22] and [23],
a way of obtaining such a parameter is given provided that a positive lower bound
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of the smallest positive singular value of ∇h(xk) (or, in a similar formulation, the
smallest positive diagonal entry of the R factor of the QR-decomposition with column
pivoting of ∇h(xk)

T ) is known. For the QR-decomposition and the singular value
decomposition, we refer to Golub and Van Loan [28]. Because of this, we believe that
the major problem with this globalization strategy lies rather in the inconsistency of
the linearized constraints that may occur far from a solution.

The second approach to resolve the infeasibility problem in (RTRQP ) is due to
Célis, Dennis, and Tapia [9]. Instead of the (TRSQP ), they use the subproblem

(CDT ) ≡





minimize ∇xl(xk, λk)
T s + 1

2sTBks

subject to
∥∥∥h(xk) +∇h(xk)

T s
∥∥∥
2

2
≤ θk

‖s‖2 ≤ δk
where the parameter θk is chosen to define a nonempty feasible region and to realize
some predicted decrease in the ℓ2-norm of the linearized constraint at xk inside the ball
of radius δk. Different ways of defining such a parameter are given in Célis, Dennis,
and Tapia [9], El-Alem [17], and Powell and Yuan [45]. In practice it is hard to solve
the (CDT ) subproblem (e.g. Zhang [54]). El-Alem [17] and Powell and Yuan [45]
proved global convergence for this approach in the sense that

(1.2) lim inf
k→∞

∥∥∥ZT
k ∇f(xk)

∥∥∥
2
+ ‖h(xk)‖2 = 0

where Zk is a uniformly bounded full rank matrix (e.g. an orthogonal matrix) satis-
fying ∇h(xk)

TZk = 0, i.e. the iteration sequence has an accumulation point that is a
Karush-Kuhn-Tucker point of (EQCP ).

The third approach to remedy the infeasibility problem in (RTRQP ) was sug-
gested by Byrd [5] and Omojokun [38]. In this approach, the trial step sk is of the
form uk + yk where uk and yk, referred to as the normal and tangential components,
are respectively approximate solutions of the subproblems

(N − STEP ) ≡





minimize
∥∥∥h(xk) +∇h(xk)

Tu
∥∥∥
2

2
subject to ‖u‖2 ≤ τδk

where τ ∈ (0, 1), and

(T − STEP ) ≡





minimize (∇xl(xk, λk) + Bkuk)
T v + 1

2vTBkv

subject to ∇h(xk)
T v = 0

‖v‖22 ≤ δ2k − ‖uk‖
2
2 .

Usually, the tangential component yk is obtained as Zkvk where vk is an approximate
solution of the reduced subproblem

(RT−STEP ) ≡

{
minimize (Zk(∇xl(xk, λk) + Bkuk))

T v + 1
2vTZT

k BkZkv

subject to ‖Zkv‖2 ≤
√

δ2k − ‖uk‖
2
2.

Both subproblems (N − STEP ) and (RT − STEP ) can be solved by very effective
methods such as those in Moré and Sorensen [36], Sorensen [49] or Steihaug [50].

This last approach is now standard and has been used extensively. We refer to
Alexandrov [1], Alexandrov and Dennis [2], Biegler, Nocédal and Schmid [3], Den-
nis, El-Alem and Maciél [11], Dennis and Vicente [14], El-Alem [18] and [19], Lalee,
Nocédal and Plantega [31], and Maciél [33]. Many authors have established global
convergence results for the algorithms they proposed to solve the problem (EQCP ).
Similarly to Powell [41] for the unconstrained minimization, Dennis, El-Alem, and
Maciél [11] proved that the limit (1.2) holds. This result was obtained under the regu-
larity assumption that the gradients of linearized constraints are linearly independent.
In El-Alem [19], the author reestablished the results in Dennis, El-Alem, and Maciél
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[11] without the regularity assumption.
In this research, we aim to combine both trust-region and linesearch globalization

strategies in a globally convergent hybrid algorithm to solve the problem (EQCP ).
This combination has been done in the unconstrained case by Nocédal and Yuan [37].

We will combine any inexact linesearch technique with the trust-region approach
of Byrd [5] and Omojokun [38], but we will allow both the ℓ2 or the ℓ∞ norms in the
trust-region constraint of the subproblems (N − STEP ) and (T − STEP ).

First, given a current estimation of a solution xk, an associated Lagrangian λk, a
second order approximation matrix Bk, and a trust-region radius δk, a trial step sk
is obtained as an approximate solution of the trust-region local model along with an
associated Lagrange multiplier µk. The step sk is obtained as uk + yk where uk and
yk are respectively, in a sense that will be specified later, approximate solutions of the
normal subproblem

(1.3) (N − STEPp) ≡





minimize q1,k(u) =
1
2

∥∥∥h(xk) +∇h(xk)
Tu
∥∥∥
2

2
subject to ‖u‖p ≤ τ1δk

and the tangential subproblem

(1.4) (T − STEPp) ≡





minimize q2,k(y) = (∇xl(xk, λk) + Bkuk)
T y + 1

2yTBky

subject to ∇h(xk)
T y = 0

‖y‖p ≤ τ2δk

where τ1, τ2 ∈ (0, 1], and where ‖.‖p denotes an arbitrary norm on IRn (in practice,
‖.‖p can be either the ℓ2 or the ℓ∞ norm). Then, we introduce a penalty parameter
update implying that the direction dk = (sk, µk) is a descent direction of the merit
function that is the augmented Lagrangian, i.e.
(1.5) Φk(d) = l(xk + s, λk + µ) + rk ‖h(xk + s)‖22 .

This will enable us to use linesearch techniques to obtain an acceptable steplength
tk and hence a next iterate xk+1 = xk + tksk and an associated Lagrange multiplier
λk+1 = λk + tkµk. To avoid that the algorithm breaks down at points satisfying
(1.6) h(xk) �= 0 and ∇h(xk)h(xk) = 0
a special treatment is given for such iterates.

The trust-region δk, updated in a standard form (see Dennis and Schnabel [13]),
is forced, at the beginning of each iteration, to be as large as a fixed arbitrary small
positive constant δmin, during the iteration process δk can become smaller than δmin.
Finally, the second order information approximation Bk can be either the exact Hessian
of the Lagrangian ∇2xl(xk, λk), its finite difference approximation, or a defined by the
BFGS updating formula (see Dennis and Schnabel [13]).

Observe that if ‖.‖p is the ℓ∞-norm, then (N − STEPp) and (T − STEPp) can
be formulated as quadratic programming problems. On the other hand, if ‖.‖p is the
ℓ2-norm, then (T − STEPp) is equivalent to the reduced subproblem

(1.7)(RT − STEP2) ≡

{
minimize (∇xl(xk, λk) + Bkuk)

TZkz + 1
2zTZT

k BkZkz

subject to ‖Zkz‖2 ≤ τ2δk

where Zk is a uniformly bounded full rank matrix (e.g. an orthogonal matrix) satisfy-
ing ∇h(xk)

TZk = 0. Therefore both Subproblems (N − STEP2) and (RT − STEP2)
can be solved by techniques such as in Moré and Sorensen [36], Sorensen [49] or Stein-
haug [50].

In Section 2, we discuss different stationarity characterizations and we investigate
the relations between such characterizations, the consistency of linearized constraints,
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and the Karush-Kuhn-Tucker stationarity. In Section 3, we define our hybrid algo-
rithm to solve (EQCP ). In Section 4, we give the hypotheses that will be used in
the present work. In Section 5, we give some descent properties of the normal and
tangential components and the trial direction dk = (sk, µk) with respect, respectively,
to the auxiliary functions q1,k and q2,k and the merit function Φk. The global conver-
gence is established in Section 6. In Section 7, we proove that, under the standard
hypotheses of Newton method, the rate of convergence of the HYBEQ Algorithm is
q-quadratic. Some primary numerical results are given in Section 8. Finally, we give
some concluding remarks in Section 9.
2. Stationarity. In this section, we discuss different stationarity characterizations
and we investigate the relations between such characterizations, the consistency of
linearized constraints and the Karush-Kuhn-Tucker stationarity.

First, we recall the usual Karush-Kuhn-Tucker stationarity characterization.
DEFINITION 2.1. A point x ∈ IRn is said to be a Karush-Kuhn-Tucker point of

(EQCP ) if there exists λ ∈ IRm such that

∇xl(x, λ) = 0
h(x) = 0.

On the other hand, from an algorithmic point of view, it seems quite natural to
consider the following characterization of stationarity.

DEFINITION 2.2. Let (x, λ) ∈ IRnxm, τ1, τ2 ∈ (0, 1], δ > 0, and B ∈ IRn×n. Then

x is a stationary point of (EQCP ) if u = 0 and y = 0 are respectively local solutions

of the Subproblems (N − STEPp) and (T − STEPp).
Observe that in Definition 2.2, we do not assume that h(x) = 0.
In the following two lemmas, we investigate equivalent formulations of the later

characterization in terms of the data of (EQCP ).
LEMMA 2.1. Let x ∈ IRn, τ1 ∈ (0, 1], and δ > 0. Then zero solves the normal

subproblem

(2.1) (N − STEPp) ≡





minimize c(u) = 1
2

∥∥∥h(x) +∇h(x)Tu
∥∥∥
2

2
subject to ‖u‖p ≤ τ1δ

if and only if

(2.2) ∇h(x)h(x) = 0.
Proof. The steepest descent of c at zero is usd = −∇h(x)h(x). Therefore, the

proof is a consequence of the convexity of the function c.
LEMMA 2.2. Let (x, λ) ∈ IRnxm, τ2 ∈ (0, 1], δ > 0, and B ∈ IRn×n. Assume that

h(x) = 0. If zero is a local solution of the tangential subproblem

(2.3) (T − STEPp) ≡





minimize ∇xl(x, λ)T y + 1
2yTBy

subject to ∇h(x)T y = 0
‖y‖p ≤ τ2δk,

then there exists µ ∈ IRm such that

(2.4) ∇xℓ(x, λ + µ) = 0 .

Proof. Because of the constraints structure, at least one constraint qualification
holds at the local solution zero. For constraint qualifications, we refer to Petersen
[39] and Fletcher [27, chapter 9 ]. Therefore, the proof follows from the first order
necessary optimality conditions.

From Lemmas 2.1 and 2.2, we have the following weaker characterization of sta-
tionarity.
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DEFINITION 2.3. A point x ∈ IRn is said to satisfy the algorithmic stationarity

if there exists λ ∈ IRm such that

(2.5)

{
∇xℓ(x, λ) = 0
∇h(x)h(x) = 0.

Observe that two cases may happen:
1) ∇h(x)h(x) = 0 and h(x) = 0, in which case x is a Karush-Kuhn-Tucker point of
(EQCP ), or
2) ∇h(x)h(x) = 0 and h(x) �= 0, in which case x is referred to as an infeasible first
order point (see Bliss [4] and El-Alem [19]).

In the following lemma, we give a necessary and sufficient condition for an algo-
rithmic stationary point x, i.e. in the sense of Definitions 2.2 or 2.3, to be a feasible
point of (EQCP ) and hence a Karush-Kuhn-Tucker point of (EQCP ).

LEMMA 2.3. Let x ∈ IRn satisfy ∇h(x)h(x) = 0. Then h(x) = 0 if and only if

the system of linear linearized constraints at x, i.e.
(2.6) h(x) +∇h(x)Tu = 0,

is consistent.

Proof. It is obvious that h(x) = 0 implies that the system in (2.6) is consistent.
Conversely, let u ∈ IRn be a solution of such a system. From ∇h(x)h(x) = 0, we
obtain

(2.7)

0 = uT∇h(x)h(x)

=
(
∇h(x)Tu

)T
h(x)

= −‖h(x)‖22
and hence h(x) = 0.

Observe that the usual uniform regularity assumption that ∇h(xk) has uniformly
full rank is a particular case of the sufficient condition of the result above.

COROLLARY 2.1. Let x be a stationary point in either sense given in the Defi-

nitions 2.2 or 2.3. Then x is a Karush-Kuhn-Tucker point of (EQCP ) if and only if

the system of linearized constraints at x is consistent.

Proof. The proof is a consequence of Definitions 2.2 or 2.3, and Lemmas 2.1, 2.2,
and 2.3.

From the following lemma, we obtain, as a necessary condition, a hypothesis
implying that a stationary point in the sense of Definitions 2.2 or 2.3 is indeed feasible.

LEMMA 2.4. Let {xj |j ∈ J} be a sequence converging to x∗. Assume that∇h(x∗) �=
0 and that, for sufficiently large j, the systems of linearized constraints at xj are con-

sistent. Assume further that ∇h(x) has constant rank in a neighborhood of x∗. Then

there exists a positive constant η∗ such that

(2.8) ‖∇h(xj)h(xj)‖2 ≥ η∗ ‖h(xj)‖2
holds for sufficiently large j ∈ J.

Proof. Without loss of generality, we can assume that h(xj) �= 0 for all j ∈ J .
Since we are assuming the asymptotic constant rank, we can consider, without loss of
generality, that such a rank is r∗. Let UjΣjV

T
j be the singular value decomposition of

∇h(xj) where Uj and Vj are orthogonal. We have

(2.9) Uj = (Uj,1, Uj,2) , Σj =

(
Σj,1 0
0 0

)
, Vj = (Vj,1, Vj,2)

where Σj,1 is a diagonal matrix whose r∗ entries are the positive singular values of
∇h(x), Uj,1 and Vj,1 are respectively the matrices of the r∗ left and right eigenvectors
of ∇h(xj) (see Golub and Van Loan [28]).
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Since the linear system ∇h(xj)
Tu + h(xj) = 0 is consistent for sufficiently large

j, we have
(2.10) V T

j,2h(xj) = 0
(see El Hallabi [21] and [23]). Indeed, let uj be a solution of such a system. We have
(2.11) V T

j,1h(xj) + Σj,1U
T
j,1uj = 0 and V T

j,2h(xj) = 0.

Assume that there exists a subsequence for which

(2.12) lim
j→∞

‖∇h(xj)h(xj)‖2
‖h(xj)‖2

= 0

holds. We have

(2.13)
‖∇h(xj)h(xj)‖2

‖h(xj)‖2
=
‖Uj,1Σj,1V T

j,1h(xj)‖2
‖h(xj)‖2

=
‖Σj,1V T

j,1h(xj)‖2
‖h(xj)‖2

.

Now, since for sufficiently large j, the rank is identically equal to r∗, we obtain from
(2.12) and (2.13) that

(2.14) lim
j→∞

‖V T
j,1

h(xj)‖
2

‖h(xj)‖2
= 0,

which, together with (2.10), implies that

(2.15) lim
j→∞

‖V T
j
h(xj)‖

2

‖h(xj)‖2
= 0.

This contradicts the orthogonality of Vj . Therefore, there exists a positive constant
η∗ such that (2.8) holds.
3. A hybrid algorithm for equality constrained optimization. In this section
we define our hybrid algorithm (HY BEQ) for equality constrained optimization. In
our approach, we propose a heuristic that allows the algorithm not to break down at
a point xk satisfying ∇h(xk)h(xk) = 0 and h(xk) �= 0. We will start by detailing the
different stage of the algorithm.
3.1. The search direction. Let τ1, τ2 ∈ (0, 1] and let ‖.‖p denote an arbitrary
ℓp-norm on IRn (in practice it canbe either the ℓ2-norm or the ℓ∞-norm) . Also let
Bk ∈ IRnxn, and δk > 0. Our trial search direction is of the form dk = (sk, µk) where
sk is the trial step and µk an associated Lagrange multiplier. The trial step sk is of the
form uk+yk where the normal component uk and the tangential component yk are, in
a sense that will be specified later, respectively approximate solutions of Subproblems
(N − STEPp) and (T − STEPp) defined respectively in (1.3) and (1.4).
3.1.a) The normal component. If ∇h(xk)h(xk) = 0, we set uk = 0. Let us
consider the case where ∇h(xk)h(xk) �= 0. The normal component uk is a feasible
point of (N − STEPp) that satisfies the usual fraction of Cauchy decrease condition

(3.1) q1,k(uk) ≤ q1,k(0) + µ1

[
q1,k(α

sd
k usd

k )− q1,k(0)
]

where
(3.2) usd

k = −∇h(xk)h(xk)
is the steepest descent of q1,k at zero and αsd

k is the minimizer of q1,k(αusd
k ) inside the

feasible region of (N − STEPp), i.e.

(3.3a) αsd
k =





(−∇h(xk)h(xk))
Tusd

k

‖∇h(xk)T u
sd
k ‖

2

2

if
(−∇h(xk)h(xk))

T usd
k

‖∇h(xk)T u
sd
k ‖

2

2

∥∥∥usd
k

∥∥∥
p
≤ τδk

τ δk

‖usdk ‖p
othewise,

or equivalently

(3.3b) αsd
k = min

(
τ δk

‖usdk ‖p
,
(−∇h(xk)h(xk))

T usd
k

‖∇h(xk)Tu
sd
k ‖

2

2

)
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(In Section 4, we show that αsd
k is well defined in the sense that the denominators in

(3.3a,b) are not zero).
3.1.b) The tangential component. To obtain the tangential component yk, we
will need the (tangential) steepest descent of (T −STEPp) that is either defined to be
(3.4) ysd

k = −ZkZT
k (∇xl(xk, λk) + Bkuk),

where Zk is a uniformly bounded full rank matrix satisfying
(3.5) ∇h(xk)

TZk = 0.

We consider two cases:
3.1.b.1) First, we consider the case where ysd

k �= 0. Then yk is an approximate solution
of the local model subproblem (T − STEPp) in the sense that it satisfies

(3.7) max (ℓk(yk); q2,k(yk)) ≤ µ2max
(
ℓk(βkysd

k ); q2,k(βkysdk )
)

where µ2 ∈ (0, 1), and βk is the minimum of q2,k(βysd
k ) inside the feasible region of

(T − STEP p), i.e.

(3.8) βk =





β∗k if
(
ysd
k

)T
Bkysd

k > 0 and
∥∥∥β∗kysd

k

∥∥∥
p
≤ τ2δk

τ2δk

‖ysdk ‖p
otherwise

with
(3.9) β∗k = −

(∇xl(xk,λk)+Bkuk)
T ysd

k

(ysdk )
T
Bk(ysdk )

.

Observe that if ysdk is defined by (3.4) then

(3.10) β∗k =
‖ZTk (∇xl(xk,λk)+Bkuk)‖

2

2

(ysdk )
T
Bk(ysdk )

,

moreover, if Zk is orthogonal then

β∗k =
‖ysdk ‖

2

2

(ysdk )
T
Bk(ysdk )

.

REMARK 3.1. The test in (3.7) can always be satisfied. A yk can be obtained by
approximately minimizing (T − STEPp), with βkysd

k as initial point, until

(3.11) q2,k(yk) ≤ µ2max
(
q2,k(βkysd

k ), ℓk(βkysd
k )
)

is satisfied. Assume that ykBkyk ≥ 0. Then (3.11) is equivalent to (3.7). On the other
hand, assume that ykBkyk < 0. Then we accept yk if

(3.12a) ℓk(yk) = max (q2,k(yk), ℓk(yk)) ≤ µ2max
(
q2,k(βkysdk ), ℓk(βkysd

k )
)

is satisfied, otherwise we accept −yk if it satisfies

(3.12b) ℓk(−yk) = max (q2,k(−yk), ℓk(−yk)) ≤ µ2max
(
q2,k(βkysd

k ), ℓk(βkysd
k )
)

.

Otherwise we set yk = βkysd
k , in which case it is obvious that yk satisfies (3.7).

3.1.b.2) Second, we consider the case where ysd
k = 0. We consider two subcases:

3.1.b.2.a) If ∇h(xk)h(xk) �= 0 (equivalently uk �= 0) we set yk = 0.
3.1.b.2.b) Assume that ∇h(xk)h(xk) = 0 (equivalently uk = 0), which implies that
xk is a stationary point of (EQCP ) in the sense of the Definition 2.3. Since xk is not
a Karush-Kuhn-Tucker point of (EQCP ), we obtain from Lemma 2.2 and Definition
2.1 that h(xk) �= 0 necessarily holds. The idea is to force the algorithm to leave such
a point which will be actually obtained through the heuristic we propose for choosing
the penalty parameter in this case, provided that yk �= 0. Therefore we choose yk to
be any feasible point of (T − STEPp) satisfying ‖yk‖p = τ2δk.
3.2. Lagrange multiplier. If xk satisfies
(3.13a) (a) h(xk) �= 0 and (b) ‖∇h(xk)h(xk)‖2 < εmin (1, ‖h(xk)‖2)
where ε is an arbitrary small constant in (0, 1), we define µk by
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(3.13b) µk = −ε
h(xk)

‖h(xk)‖2
.

This heuristic is used to force the direction dk = (sk, µk) to be a descent direction of
the merit function at (xk, λk) as will be established in Section 5, and hence allows the
algorithm not to break down at such a point.

Otherwise, the Lagrange multiplier µk associated with the trial step sk is updated
as follows:
3.2.1) If ysd

k �= 0, then µk is the associated Lagrange multiplier to yk.
3.2.2) Assume that ysd

k = 0, which implies, together with Lemma 2.3 since xk is not
a Karush-Kuhn-Tucker point of (EQCP ), that we necessarily have h(xk) �= 0. Then,
we choose µk to be the least squares solution of

∇h(x)µk = ∇xl(xk, λk) + Bksk,
equivalently λk+1 = λk + µk to be the least squares solution of

∇xl(xk, λ) + Bksk = 0.
3.3. Merit function and penalty parameter. To accept or reject a trial step, we
will use the actual reduction
(3.14) aredk(d) = Φk(d)−Φk(0)
and the predicted reduction
(3.15) predk(d) = Ψk(d)−Ψk(0)
where Φ is the merit function defined by
(3.16) Φk(d) = l(xk + s, λk + µ) + rk ‖h(xk + s)‖22 ,

i.e. the augmented Lagrangian, and where Ψ is the predicted merit function defined
by

(3.17) Ψk(d) = l(xk, λk) +∇xl(xk, λk)
Td + 1

2dTWkd + rk

∥∥∥h(xk) +∇h(xk)
T s
∥∥∥
2

2
.

In (3.16) and (3.17), rk denotes the penalty parameter defined by
(3.18) rk = max(r̂k, rk−1)
where, for a given positive constant ρ and an arbitrary small positive constant ε, r̂k
is given by

(3.19) r̂k =





ρ if ∇h(xk)h(xk) = 0

2 max

(
0,

∇l(xk,λk)
T dk+

1

2
dT
k
Wkdk

‖h(xk)‖
2

2
−‖h(xk)+∇h(xk)T sk‖

2

2

)
+ ρ otherwise.

Observe that sk is a descent direction of the squared ℓ2-norm of the constraints (this
will be established in Lemma 5.3).
In the following, we give the major reason for the use of (3.19).
3.4. Acceptance-rejection test. In our algorithm, the acceptance-rejection test
uses the directional derivative of Φk(.) at zero along with the predicted and actual
reductions.

If
(3.23) aredk(dk) ≤ c1 predk(dk)
holds, then the trial step sk (and the related Lagrange multiplier µk) is accepted, and
we set
Otherwise, we choose a trust-region δk+1 such that
(3.27b) c3δk ≤ δk+1 ≤ c4δk
and resolve the subproblem defined by (N − STEPp) and (T − STEPp).
(3.25) xk+1 = xk + sk and λk+1 = λk + µk.

3.5. Trust-region update. To update the trust-region radius we use the following
scheme. Let c2 ∈ (c1, 1), 1 < c5 < c6 and 0 < δmin. If
(3.27a) aredk(dk) ≤ c2predk(dk)
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then we Choose δk+1 such that
(3.27b) c5δk ≤ δk+1 ≤ c6δk
otherwise, we set
(3.27c) δk+1 = ‖sk‖p .

Moreover to ensure that the trust-region radius is bounded away from zero at a non-
stationary point, we correct the trust-region as follows
(3.27d) δk+1 = max (δmin,min (δmax, δk+1)) .

Such a safeguard strategy is used in Alexandrov [1], Alexandrov and Dennis [2], Dennis,
El-Alem, and Maciél [11], and El Hallabi [21] and [23], El Hallabi and Tapia [25],
Zhang, Kim, and Lasdon [53], Dennis, Li, and Tapia [12].
3.6. Definition of the trust-region algorithm (HY BEQ). Let ci, i = 1, .., 6, ρ,
δmin and δmax be constants satisfying

0 < c1 < c2 < 1 0 < c3 < c4 < 1 < c5 < c6 .

Let x0 ∈ IRn be an arbitrary point and λ0 an associated Lagrange multiplier, B0 ∈
IRn×n be an arbitrary symmetric matrix, 0 < δmin ≤ δ0 < δmax, and r0 ≥ ρ.

Let xk be the iterate, λk the associated Lagrange multiplier, δk the trust-region
radius and Bk the second order information approximation given by the kth iteration.
The algorithm generates xk+1, λk+1, δk+1 and Bk+1 by the following iterative scheme:
STEP 1 . Obtain a trial step sk and an associated Lagrange multiplier µk

and set dk = (sk, µk) (see Sections 3.1 and 3.2);
STEP 2 . Update the penalty parameter rk using (3.18) and (3.19);
STEP 3 . Perform a acceptance-rejection test
STEP 4 . Update the trust-region radius according to (3.27a,b,c,d).
STEP 5 . Choose a symmetric approximation Bk+1 ∈ IRn×n of ∇2l(xk+1, λk+1);
4. Hypotheses. In this section, we give the hypotheses that will be used to establish
that our hybrid algorithm is globally convergent.
GCH.1) the functions f and h are continuously differentiable;
GCH.2) the iteration sequence {xk|k ∈ IN} is contained in a bounded convex subset
of IRn;
GCH.3) the sequence of Lagrange multipliers {λk|k ∈ IN} is contained in a bounded
convex subset of IRm;
GCH.4) there exists a positive constant νn

∗ such that
‖Bkuk‖2 ≤ νn

∗ ‖uk‖2;
GCH.5) there exists a positive constant νt

∗ such that
‖Bkyk‖2 ≤ νt

∗ ‖yk‖2 ;
Moreover, if {xk|k ∈ N} is a subsequence converging to some x∗, then

GCH.6) the gradient of the constraints at x∗ is not zero, i.e. ∇h(x∗) �= 0;
GCH.7) there exists an arbitrary small positive constant κ∗ such that

‖uk‖2 ≤ κ∗ ‖∇h(xk)h(xk)‖2 ;
REMARK 4.1. It is obvious that Hypothesis GCH.7 is satisfied by usd

k .
5. Descent properties. In this section we give some descent properties of the normal
and tangential components uk and yk and the trial direction dk = (sk, µk) respectively
to the objective functions of (N−STEPp) and (T − STEP p) and the merit function.
Such properties are used to show that dk is a descent direction of the merit function
at (xk, λk).

In the following lemma, we show that αsd
k given in (3.3a,b) is well defined.
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LEMMA 5.2. Let xk ∈ IRn. Then∇h(xk)h(xk) = 0 if and only if∇h(xk)
Tusd

k = 0.
Proof. We have

(5.1) ∇h(xk)
Tusd

k = −∇h(xk)
T∇h(xk)h(xk).

It is obvious that ∇h(xk)h(xk) = 0 implies that ∇h(xk)
Tusd

k = 0. Conversely, assume
that ∇h(xk)

Tusd
k = 0. Then, we obtain from (5.1)

‖∇h(xk)h(xk)‖
2
2 = h(xk)

T∇h(xk)
T∇h(xk)h(xk) = 0.

In the following lemma, we show that the normal component uk is a descent
direction of the ℓ2-norm of the linearized constraints at xk.

LEMMA 5.3. Assume that ∇h(xk)h(xk) �= 0. Then

(5.2) q1,k(α
sd
k usd

k ) < q1,k(0)
and hence

(5.3) (a) q1,k(uk) < q1,k(0) (b) ∇q1,k(0)
Tuk < 0.

Proof. Consider the function

q1,k(tuk) =
∥∥∥h(xk) + t∇h(xk)

Tuk

∥∥∥
2

2
.

Since the function q1,k is convex, it satisfies
(5.4) t∇q1,k(0)

Tuk ≤ q1,k(tuk)− q1,k(0)
for all t ∈ [0, 1] and (5.3b) follows from (5.3a). The definitions of usd

k and αsd
k imply

that (5.2) hold. Finally, from the choice of uk, i.e. (3.1), we obtain that (5.3a) holds.

For the tangential component, we have
(5.5) (∇xl(xk, λk) + Bkuk)

T yk ≤ 0
which follows from (3.7). Moreover we have the following lemma.

LEMMA 5.4. Assume that xk is not an algorithmic stationary point of (EQCP ),
i.e. in the sense of Definition 2.3. Assume further that ∇h(xk)h(xk) = 0. Then

(5.6a) ∇xl(xk, λk)
T yk < 0 and ∇xl(xk, λk)

T yk +
1
2yT

k Bkyk < 0
holds and hence

(5.6b) ∇xl(xk, λk)
T yk +

1
2 max

(
0, yT

k Bkyk

)
< 0.

Proof. We have uk = 0. Assume that (5.6a) does not hold. Therefore, we have
∇xl(xk, λk)

T yk = 0 or ∇xl(xk, λk)
T yk +

1
2yT

k Bkyk = 0
i.e. ℓk(yk) = 0 or q(yk) = 0, which, together with (3.7), implies that

(5.7) max
(
ℓk(βkysd

k ), q2,k(βkysd
k )
)
= 0.

This implies that ysdk = 0, or equivalently ZT
k ∇xl(xk, λk) = 0, which contradicts our

hypothesis that xk is not an algorithmic stationary point of (EQCP ).
COROLLARY 5.2. Assume that xk is not a Karush-Kuhn-Tucker point of (EQCP ).

Assume further that h(x) = 0. Then

∇xl(xk, λk)
T yk +

1
2 max (0, ykBkyk) < 0.

The result of the following lemma is the key point of the heuristic proposed in
Subsection 3.2 for an infeasible first order point.

LEMMA 5.5. Let xk satisfy ∇h(xk)h(xk) = 0 and h(xk) �= 0. Then

(5.8) ∇l(xk, λk)
T dk < 0 and ∇l(xk, λk)

Tdk +
1
2 max

(
0, dTk Wkdk

)
< 0

holds.

Proof. Since ∇h(xk)h(xk) = 0, we have uk = 0, and
(5.9) ∇l(xk, λk)

Tdk = ∇xl(xk, λk)
T yk + h(xk)

Tµk

where, because of the heuristic used in Subsection 3.2,
(5.10) h(xk)

Tµk = −ε ‖h(xk)‖2 ,

and
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(5.11) dT
k Wkdk = sTk Bksk = ykBkyk

which implies that

(5.12)
∇l(xk, λk)

Tdk +
1
2 max

(
0, dT

k Wkdk

)
= ∇xl(xk, λk)

T yk+
1
2 max (0, ykBkyk) + h(xk)

Tµk.
On the other hand, we have
(5.13) ∇xl(xk, λk)

T yk ≤ 0 and ∇xl(xk, λk)
T yk +

1
2yT

k Bkyk ≤ 0.

Therefore, we obtain from (5.9), (5.10), (5.11), (5.12) and (5.13) that (5.8) holds.
Now, we give some properties of the directional derivative of Φk at zero.
LEMMA 5.6. Let zk = (xk, λk) ∈ IRnxIRm. We have

(5.14) ∇Ψk(0) = ∇Φk(0)
Moreover it satisfies

(5.15) ∇Ψk(0)
T s ≤ ∇l(xk, λk)

Td + rk

[∥∥∥h(xk) +∇h(xk)
T s
∥∥∥
2

2
− ‖h(xk)‖

2
2

]
.

Proof. It is obvious that (5.14) holds. Now, Inequality (5.15) is a consequence of
(5.14) and (5.4).

In the following proposition, we prove that, because of the definition of the penalty
parameter rk, and the heuristic defined in Subsection 3.2, the trial direction dk is a
descent direction of the merit function Φk(.) at the origin.

PROPOSITION 5.1. Let (xk, λk) ∈ IRnxm, δk > 0, and Bk ∈ IRn×n. Assume that

xk is not a Karush-Kuhn-Tucker point of (EQCP ). Then

(5.16)
predk(tdk) ≤ −t

{∣∣∣∇l(xk, λk)
Tdk +

1
2 max

(
0, dT

k Wkdk

)∣∣∣+

ρ

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
T sk

∥∥∥
2

2

]}

holds for any t ∈ (0, 1]. Moreover we have

(5.17)
∇Φk(0)

Tdk ≤ −
∣∣∣∇l(xk, λk)

Tdk +
1
2 max

(
0, dT

k Wkdk

)∣∣∣−

ρ

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
T sk

∥∥∥
2

2

]
,

and consequently dk is a descent direction of Φk at the origin.

Proof. Observe that (5.17) follows from (5.16). Let us show (5.16). We have, for
t ∈ (0, 1],

predk(tdk) = t∇l(xk, λk)
Tdk +

1
2t2dT

k Wkdk+

rk

[∥∥∥h(xk) + t∇h(xk)
T sk

∥∥∥
2

2
− ‖h(xk)‖

2
2

]

which implies that

(5.18)
predk(tdk) ≤ t

{[
∇l(xk, λk)

Tdk +
1
2 max

(
0, dTk Wkdk

)]
−

rk

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
T sk

∥∥∥
2

2

]}
.

Now, assume that

(5.19) ∇l(xk, λk)
Tdk +

1
2 max

(
0, dTk Wkdk

)
≥ 0.

Then ∇h(xk)h(xk) �= 0 must hold. Indeed, assume that ∇h(xk)h(xk) = 0 which,
together with Lemma 5.5, implies that h(xk) = 0. Then we obtain from (5.9), (5.11)
and Lemma 5.4 that

∇l(xk, λk)
Tdk +

1
2 max

(
0, dT

k Wkdk

)
< 0

which contradicts (5.19). Therefore, we have

rk ≥ 2
∇l(xk,λk)

T dk+
1

2
max(0,dTkWkdk)

‖h(xk)‖
2

2
−‖h(xk)+∇h(x)T sk‖

2

2

+ ρ
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which together with (5.19), implies that (5.16) holds. Finally, assume that (5.19) does
not hold, i.e. we have

(5.20) ∇l(xk, λk)
Tdk +

1
2 max

(
0, dTk Wkdk

)
< 0.

We have rk ≥ ρ. Therefore (5.18) implies that

(5.21)
predk(tdk) ≤ t

{[
∇l(xk, λk)

Tdk +
1
2 max

(
0, dTk Wkdk

)]
−

ρ

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
T sk

∥∥∥
2

2

]}
.

0Using (5.20), we rewrite (5.21) as (5.16).
If ∇h(xk)h(xk) �= 0 we obtain from (5.17), Lemma 5.3, and the choice of uk

that ∇Φk(0)
Tdk < 0. On the other hand, assume that ∇h(xk)h(xk) = 0. First, if

h(xk) �= 0, then we obtain from Lemma 5.5 that∇Φk(0)
Tdk < 0 holds. Second, assume

that h(xk) = 0. Then, since xk is not a Karush-Kuhn-Tucker point of (EQCP ), we
obtain from Corollary 5.2 that ∇Φk(0)

Tdk < 0 holds.
We end this section by proving in the following theorem that, unless the iterate

xk is a Karush-Kuhn-Tucker point of (EQCP ), the HY BEQ Algorithm finds an
acceptable steplength by decreasing the tk a finite number of times.

THEOREM 5.1. Assume that xk is not a Karush-Kuhn-Tucker point of (EQCP ).
Then the algorithm finds an acceptable steplength tk by backtracking a finite number

from the steplength one.

Proof. Assume that the algorithm decreases t indefinitely without obtaining an
acceptable steplength. This implies that
(5.22) aredk(tkdk) ≥ c1predk(tkdk)
which, by simple calculations and because of (5.14), leads to
(5.23) ∇Φk(0)

Tdk ≥ 0.

This contradicts the fact that dk is a descent direction of Φk(.) at zero.
Theorem 5.1 implies that either the HY BEQ Algorithm generates a sequence {xj |

j = 1, .., l} such that xl is a Karush-Kuhn-Tucker point of (EQCP ), or the iteration
sequence is infinite. Therefore, throughout the remaining part of the paper, we assume
that HY BEQ Algorithm generates an infinite sequence {xk}.
6. Global convergence. In this section, we demonstrate that the HY BEQ Algo-
rithm is globally convergent.

The derivation of some properties of the algorithm near nonstationary points will
play a crucial role in our global convergence theory analysis, especially the following
two lemmas.

LEMMA 6.1. Assume that a subsequence {xk|k ∈ N}, where ∇h(xk)h(xk) �= 0,
converges to x∗. Also assume that Hypotheses H.6-7 hold. If

(6.1) lim
k∈N→+∞

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
Tuk

∥∥∥
2

2

]
= 0

holds. Then

(6.2)
(a) lim

k∈N→+∞
∇h(xk)h(xk) = 0, and (b) lim

k∈N→+∞
uk = 0.

Moreover

(6.3) αsd
k =

(−∇h(xk)h(xk))
T usd

k

‖∇h(xk)T u
sd
k ‖

2

2

holds for sufficiently large k ∈ N , and hence
{

αsd
k |k ∈ N

}
is bounded away from zero.

Proof. The limit in (6.2b) follows from (6.2a) and hypothesis H.7. Let us prove
(6.2a). We obtain from (3.1)
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(6.4)

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
Tuk

∥∥∥
2

2

]
≥ c1

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) + αsd
k ∇h(xk)

Tusd
k

∥∥∥
2

2

]

where

(6.5)

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) + αsd
k ∇h(xk)

Tusd
k

∥∥∥
2

2

]
= αsd

k (−∇h(xk)h(xk))
T usd

k

(
2− αsd

k

‖∇h(xk)
Tusd

k ‖
2

2

(−∇h(xk)h(xk))
Tusd

k

)
.

Also, because of the definition of αsd
k , i.e. (3.3), we have

0 < αsd
k

‖∇h(xk)
Tusd

k ‖
2

2

(−∇h(xk)h(xk))
Tusd

k

≤ 1

which, together with (6.5), implies that[
‖h(xk)‖

2
2 −

∥∥∥h(xk) + αsd
k ∇h(xk)

Tusd
k

∥∥∥
2

2

]
≥ αsd

k (−∇h(xk)h(xk))
T usd

k

or equivalently

(6.6)

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) + αsd
k ∇h(xk)

Tusd
k

∥∥∥
2

2

]
≥ αsd

k ‖∇h(xk)h(xk)‖
2
2 .

From (6.1) and (6.6), we obtain
(6.7) lim

k∈N→+∞
αsd
k ‖∇h(xk)h(xk)‖

2
2 = 0.

The definition of αsd
k , together with (6.7), implies that

(6.8) lim
k∈N→+∞

min

(
τ
‖∇h(xk)h(xk)‖

2

2

‖∇h(xk)h(xk)‖p
,

‖∇h(xk)h(xk)‖
4

2

‖∇h(xk)T∇h(xk)h(xk)‖
2

2

)
= 0

where
(6.9)

‖∇h(xk)h(xk)‖
2

2

‖∇h(xk)T∇h(xk)h(xk)‖
2

2

≥ 1
‖∇h(xk)‖

2

2

.

Therefore we obtain from (6.8), (6.9), and the norm equivalency that

(6.10) lim
k∈N→+∞

‖∇h(xk)h(xk)‖2min

(
τ,
‖∇h(xk)h(xk)‖2
‖∇h(xk)‖

2

2

)
= 0

which implies that (6.2a) holds. Finally, the boundedness away from zero of
{

αsd
k |k ∈ N

}

follows from the definition of αsd
k in (3.3), (6.2b), (6.9) and Hypothesis H.6.

LEMMA 6.2. Assume that the hypotheses H1-7 hold. Moreover assume that

{xk|k ∈ N}, where ∇h(xk)h(xk) �= 0, is a subsequence converging to x∗. If

(6.11) lim
k∈N→+∞

[
‖h(xk)‖

2
2 −

∥∥∥h(xk) +∇h(xk)
Tuk

∥∥∥
2

2

]
= 0

and

(6.12) lim inf
k∈N→+∞

[
∇l(xk, λk)

Tdk +
1
2 max

(
0, dT

k Wkdk

)]
≥ 0,

then x∗ is necessarily a Karush-Kuhn-Tucker point of (EQCP ).
Proof. First, we show that {h(xk)|k ∈ N} converges to zero. We have

(6.13)
∇l(xk, λk)

Tdk +
1
2 max

(
0, dT

k Wkdk

)
= ∇xl(xk, λk)

T sk + h(xk)
Tµk

+1
2 max

(
0, 2

(
∇h(xk)

Tuk

)T
µk + sTk Bksk

)
.

On the other hand, we obtain from Lemma 6.1 and (6.11) that

(6.14) (a) lim
k∈N→+∞

∇h(xk)h(xk) = 0, and (b) lim
k∈N→+∞

uk = 0.

Assume that some subsequence {h(xj)|j ∈ j ⊂ N} is bounded away from zero. This,
together with (6.14a), implies that

lim
j∈J→+∞

‖∇h(xj)h(xj)‖2
‖h(xj)‖2

= 0

and hence
(6.15) µj = −ε

h(xj)
‖h(xj)‖2

holds for sufficiently large j ∈ J regarding to the heuristic used in Subsection 3.2.
Therefore, we obtain from (6.14b), (6.12), (6.13) and (6.15) that
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(6.16) lim inf
j∈J→+∞

∇xl(xj , λj)
T yj +

1
2 max

(
0; yT

j Bjyj

)
≥ ε lim inf

j∈J→+∞
‖h(xj)‖2,

and consequently
(6.17) lim inf

j∈J→+∞
max (ℓj(yj), qj(yj)) > 0,

which contradicts the choice of yj in (3.7). Therefore we obtain
(6.18) lim inf

k∈N→+∞
h(xk) = 0.

Now, we show that x∗ is a Karush-Kuhn-Tucker point of (EQCP ). Let ysd
∗ be an

accumulation point of
{

ysd
k |k ∈ N

}
. Without loss of generality, we can assume that

ysd
∗ is a limit.

If ∇xl(x∗, λ∗)
T ysd
∗ = 0 then we obtain from Lemma 2.2 and (6.18) that x∗ is a

Karush-Kuhn-Tucker point of (EQCP ). Assume that
(6.19) ∇xl(x∗, λ∗)

T ysd
∗ < 0.

Observe that this implies that βk is bounded. Let us show that it is uniformly
bounded away from zero. Recall that βk is a minimizer of q2,k(βysdk ) over the trust-
region of the (T − STEP p) Subproblem. Let us consider the auxiliary function

q̃k(β) = q2,k(βysd
k ) = 1

2β2
(
ysd
k

)T
Bkysdk + β (∇xl(xk, λk) + Bkuk)

T ysd
k .

We have, using (6.14b),
∇q̃k(0) = (∇xl(xk, λk) + Bkuk)

T ysd
k ≤ 1

2∇xl(x∗, λ∗)
T ysd∗ < 0

for sufficiently large k ∈ N . Hence, there exist a positive integer, say k∗, and a constant
βmin > 0 such that

∇q̃k(β) ≤
1
4∇xl(x∗, λ∗)

T ysd
∗ < 0

for k ≥ k∗ and β ∈ [0, βmin] which implies that
(6.20) βk ≥ βmin
and hence βk is uniformly bounded away from zero.

First, for k ∈ N such that dTk Wkdk < 0 we have

∇l(xk, λk)
Tdk +

1
2 max

(
0, dTk Wkdk

)
= ∇l(xk, λk)

Tdk

= ∇xl(xk, λk)
T sk + h(xk)

Tµk

= (∇xl(xk, λk) + Bkuk)
T yk + h(xk)

Tµk

+∇xl(xk, λk)
Tuk − uT

k Bkyk
= ℓk(yk) + h(xk)

Tµk +∇xl(xk, λk)
Tuk − uT

k Bkyk,

which implies that

(6.21)
∇l(xk, λk)

Tdk +
1
2 max

(
0, dTk Wkdk

)
≤ µ2max

(
ℓk(βkysd

k ), q2,k(βkysdk )
)
+ h(xk)

Tµk

+∇xl(xk, λk)
Tuk − uT

k Bkyk.

Second, for k ∈ N such that dTk Wkdk > 0, we have

∇l(xk, λk)
Tdk +

1
2 max

(
0, dTk Wkdk

)
= ∇l(xk, λk)

Tdk +
1
2dTk Wkdk

= (∇xl(xk, λk) + Bkuk)
T yk +

1
2yT

k Bkyk +
1
2uT

k Bkuk

+∇xl(xk, λk)
Tuk +

(
h(xk) +∇h(xk)

Tuk

)T
µk

or equivalently

∇l(xk, λk)
Tdk +

1
2 max

(
0, dTk Wkdk

)
= q2,k(yk) +∇xl(xk, λk)

Tuk +
1
2uT

k Bkuk

+
(
h(xk) +∇h(xk)

Tuk

)T
µk

which implies that

(6.22)
∇l(xk, λk)

Tdk +
1
2 max

(
0, dT

k Wkdk

)
≤ µ2max

(
ℓk(βkysd

k ), q2,k(βkysd
k )
)
+ 1

2uT
k Bkuk

+∇xl(xk, λk)
Tuk +

(
h(xk) +∇h(xk)

Tuk

)T
µk.
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Therefore, we obtain from (6.12), (6.21), (6.22), Lemma 4.1, and (6.18) that

(6.23) lim
k∈N→∞

max
(
ℓk(βkysd

k ), q2,k(βkysdk )
)
= 0.

First assume that there exists J ⊂ N such that

(6.24)
(
ysd
j

)T
Bj

(
ysd
j

)
≤ 0

holds for all j ∈ J , which, together with (6.23), implies that
(6.25) lim

j∈J→∞
ℓj(βjy

sd
j ) = 0.

Since βj is bounded away from zero, we obtain, using (6.14b), that∇xl(x∗, λ∗)
T ysd
∗ = 0

which contradicts (6.19). Consequently, for sufficiently large k ∈ N we have

(6.26)
(
ysd
k

)T
Bk

(
ysd
k

)
> 0

and hence
(6.27) q2,k(βkysd

k ) > ℓk(βkysd
k ).

From (6.26) and the definition of βk, we obtain

(6.28) 0 < βk

(
ysd
k

)T
Bk

(
ysd
k

)
≤ −2 (∇xl(xk, λk) + Bkuk)

T ysd
k

which implies, since βk is bounded away from zero, that
(
ysd
k

)T
Bk

(
ysd
k

)
is bounded.

Without loss of generality, we can assume that such a sequence converges to some θ∗
and that βk converges to β∗. Let us consider for t ≥ 0 the function

ϕk(t) = q2,k(tβkysd
k )

= tβk (∇xl(xk, λk) + Bkuk)
T ysd

k + 1
2β2kt2

(
ysd
k

)T
Bk

(
ysd
k

)

which is strictly convex. Because of the choice of βk, such a function has its minimum
over [0, 1] at tk = 1. Let t ∈ [0, 1]. Then for all k ∈ N , we have for t ∈ [0, 1]

(6.29) tβk (∇xl(xk, λk) + Bkuk)
T ysd

k + 1
2β2kt2

(
ysdk

)T
Bk

(
ysdk

)
≥ q2,k(βkysd

k ).

From (6.14b), (6.23), (6.27), and (6.28) we obtain
lim

k∈N→+∞
tβk (∇xl(xk, λk) + Bkuk)

T ysd
k + 1

2β2kt2θ∗ ≥ 0,

and since t is arbitrary in [0, 1] and βk is bounded away from zero, this implies that
∇xl(x∗, λ∗)

T ysd∗ = 0 which contradicts (6.19). Consequently, ∇xl(x∗, λ∗)
T ysd
∗ = 0

must hold which, together with Lemma 2.2 and (6.18), implies that x∗ is a Karush-
Kuhn-Tucker point of (EQCP ).

As a consequence of Lemma 6.2, we establish in the following lemma that the
penalty parameter rk is uniformly bounded.

LEMMA 6.3. Assume Hypotheses GCH.1-7. Then the penalty parameter rk is

uniformly bounded.

Proof. We give a proof by contradiction. Assume that {rk|k ∈ IN} is unbounded.
Then, since it is a nondecreasing sequence, there exists a subsequence {xj|j ∈ J ⊂ IN}
satisfying
(6.30) ∇h(xj)h(xj) �= 0
for all j ∈ J and

(6.31) r̂j = 2
∇l(xj ,λj)

T dj+
1

2
dT
j
Wjdj

‖h(xj)‖
2

2
−‖h(xj)+∇h(xj)T uj‖

2

2

+ ρ,

where
(6.32) 0 < ∇l(xj, λj)

Tdj +
1
2dTj Wjdj .

We have

0 < ∇l(xj , λj)
Tdj +

1
2dTj Wjdj = ∇xl(xj, λj)

Tuj +
1
2uT

j Bjuj +
1
2yT

j Bjyj

+(∇xl(xj, λj) + Bjuj)
T yj

+
(
h(xj) +∇h(xj)

Tuj

)T
µj ,
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and hence

(6.33)
0 < ∇l(xj , λj)

Tdj +
1
2dTj Wjdj ≤ ∇xl(xj, λj)

Tuj +
1
2uT

j Bjuj

+
(
h(xj) +∇h(xj)

Tuj

)T
µj.

From Hypotheses GCH1-7 and (6.34), we obtain that the numerator in (6.31) is
bounded. Consequently, the denominator in (6.31) converges to zero, i.e.

(6.34) lim
j∈J→+∞

(
‖h(xj)‖

2
2 −

∥∥∥h(xj) +∇h(xj)
Tuj

∥∥∥
2

2

)
= 0

and hence αsd
j is bounded away from zero, say

(6.34) αsd
j ≥ αsd

min.

Also, we have

(6.6)

[
‖h(xj)‖

2
2 −

∥∥∥h(xj) + αsd
j ∇h(xj)

Tusd
j

∥∥∥
2

2

]
≥ αsd

j ‖∇h(xj)h(xj)‖
2
2

and by Hypothesis this implies that
(6.6) 1[

‖h(xj)‖
2

2
−‖h(xj)+αsd

j
∇h(xj)T usdj ‖

2

2

] ≤ 1
αsd
min

‖∇h(xk)h(xk)‖
2

2

(6.33) 0 < c1α
sd
min

∇l(xj ,λj)
T dj+

1

2
dT
j
Wjdj

‖h(xj)‖
2

2
−‖h(xj)+∇h(xj)T uj‖

2

2

≤
∇l(xj ,λj)

T dj+
1

2
dT
j
Wjdj

‖∇h(xk)h(xk)‖
2

2

(6.33)

0 < c1α
sd
min

∇l(xj ,λj)
T dj+

1

2
dT
j
Wjdj

‖h(xj)‖
2

2
−‖h(xj)+∇h(xj)T uj‖

2

2

≤
∇xl(xj ,λj)

T uj+
1

2
uT
j
Bjuj

‖∇h(xk)h(xk)‖
2

2

+
(h(xj)+∇h(xj)Tuj)

T
µj ,

‖∇h(xk)h(xk)‖
2

2

Therefore, we obtain from (6.34), and Lemma 6.1 that {∇h(xj)h(xj)|j ∈ J} converges
to zero which contradicts (6.31).Therefore {rk|k ∈ IN} is indeed uniformly bounded.

In the following theorem, we establish that the steplength tk is bounded away
from zero at a nonstationary point.

THEOREM 6.1. Let {xk|k ∈ N} converge to x∗ where xk and x∗ are not Karush-

Kuhn-Tucker points of (EQCP ). Also let {tk|k ∈ N} be the sequence of acceptable

steplengths. Then there exists a positive scalar t(x∗) such that

(6.35) t∗ ≥ t(x∗)
holds for any accumulation point t∗ of {tk|k ∈ N}.

Proof. We give a proof by contradiction. Assume that there exists a subsequence
{tj |j ∈ J} converging to zero. Since tj = 1 is not acceptable, let tj be the last nonac-
ceptable steplength. We have

c4tj ≤ tj ≤ c5tj
which implies that {tj|j ∈ J} converges to zero. Because of Theorem 5.1, the nonac-
ceptable steplength tj is positive. We have

Φj(tjdj)−Φj(0) > c1max
(
predj(tjdj), tj∇Ψj(0)

Tdj

)
.

This implies that
Φj(tjdj)−Φj(0) > c1 [Ψj(tjdj)−Ψj(0)]

and hence

(6.36)

l(xj+tjsj ,λj+tjµj)−l(xj ,λj)

tj
+ rj

‖h(xj+tjsj)‖
2

2
−‖h(xj)‖

2

2

tj
> c1

1

2
t
2

js
T
j
Bjsj+tj∇xl(xj ,λj)

T sj

tj

+ c1rj
‖h(xj)+∇h(xj)T tjsj‖

2

2
−‖h(xj)‖

2

2

tj
+ c1

(h(xj)+∇h(xj)T tjsj)
T
tjµj

tj
.

We have

(6.37)
l(xj+tjsj ,λj+tjµj)−l(xj ,λj)

tj
=

f(xj+tjsj)−f(xj)

tj
+
(h(xj+tjsj)−h(xj))

T
λj

tj
+

h(xj+tjsj)
T tjµj

tj
.
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On the other hand, there exists zj ∈ (xj , xj + tjsj) such that
f(xj+tjsj)−f(xj)

tj
= ∇f(zj)

T sj

= ∇f(xj)
T sj + [∇f(zj)−∇f(xj)]

T sj
where, since {xj |j ∈ J} converges to x∗ and {tj|j ∈ J ⊂ N} converges to zero,

lim
j→+∞

[∇f(zj)−∇f(xj)] = 0.

Therefore, we have

(6.38a)
f(xj+tjsj)−f(xj)

tj
= ∇f(xj)

T sj + o1(
1
j
)sj

where

(6.38b) lim
j→+∞

o1(
1
j
) = 0.

Similarly we have for i = 1...m

(6.39a)
hi(xj+tjsj)−hi(xj)

tj
= ∇hi(xj)

T sj + ôi(
1
j
)

where

(6.39b) lim
j→+∞

ôi(
1
j
) = 0,

and hence, since λj is bounded,

(6.39c)
(h(xj+tjsj)−h(xj))

T
λj

tj
= (∇h(xj)λj)

T sj + o2(
1
j
)

where

(6.39d) lim
j→+∞

o2(
1
j
) = 0.

From (6.39a,b), we obtain

(6.40a)
‖h(xj+tjsj)‖

2

2
−‖h(xj)‖

2

2

tj
≤
‖h(xj)+∇h(xj)

T tjsj‖
2

2
−‖h(xj)‖

2

2

tj
+ o3(

1
j
)

where
(6.40b) lim

j∈J→+∞
o3(

1
j
) = 0,

which, together with the convexity of cj(t), implies that

(6.40c)
‖h(xj+tjsj)‖

2

2
−‖h(xj)‖

2

2

tj
≤

[∥∥∥h(xj) +∇h(xj)
T sj

∥∥∥
2

2
− ‖h(xj)‖

2
2

]
+ o3(

1
j
).

Also, we have, because of the definition of Wj,(
∇h(xj)

T tjsj

)T
tjµj =

1
2t
2
jd

T
j Wjdj −

1
2t
2
js

T
j Bjsj

which we rewrite as

(6.41a)
(
∇h(xj)

T tjsj

)T
tjµj =

1
2t
2
jd

T
j Wjdj + tjo4(

1
j
)

where
(6.41b) lim

j∈J→+∞
o4(

1
j
) = 0.

Because {rj} is bounded, 0 < 1− c1, and {tj |j ∈ J} converges to zero, we obtain from
(6.36), (6.37), (6.38a,b), (6.39a,b), (6.40a,b,c) and (6.41a,b),

(6.42a)
∇l(xj ,λj)T tjdj+(∇h(xj)tjµj)

T
tjsj+

1

2
t
2

js
T
j
Bjsj

tj
> rj

‖h(xj)‖
2

2
−‖ h(xj)+tj∇h(xj)

T sj‖
2

2

tj
+

o(1
j
)

or equivalently

(6.42b)
∇l(xj ,λj)

T dj+
1

2
dT
j
Wjdj

tj
> rj

‖h(xj)‖
2

2
−‖ h(xj)+∇h(xj)T sj‖

2

2

tj
+ o(1

j
)

where
(6.42c) lim

j∈J→+∞
o(1

j
) = 0,
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and hence

(6.43)
∇l(xj ,λj)T tjdj+

1

2
max

(
0,t

2

jd
T
j
Wjdj

)

tj
> rj

‖h(xj)‖
2

2
−‖ h(xj)+∇h(xj)T tjsj‖

2

2

tj
+ o(1

j
),

which implies that

(6.44) lim inf
j∈J→+∞

∇l(xj, λj)
Tdj +

1
2 max

(
0, dTj Wjdj

)
≥ 0.

From (6.43) we obtain

2
∇l(xj ,λj)

T tjdj+
1

2
max

(
0,t

2

jd
T
j
Wjdj

)

tj
+ rj

‖ h(xj)+∇h(xj)
T tjsj‖

2

2
−‖h(xj)‖

2

2

tj
>

rj
‖h(xj)‖

2

2
−‖ h(xj)+∇h(xj)

T tj sj‖
2

2

tj
+ o(1

j
),

which, together with the convexity of cj, implies that

2
(
∇l(xj, λj)

Tdj +
1
2 max

(
0, dTj Wjdj

))
+ rj

[∥∥∥ h(xj) +∇h(xj)
T sj

∥∥∥
2

2
− ‖h(xj)‖

2
2

]

> rj
‖h(xj)‖

2

2
−‖ h(xj)+∇h(xj)

T tj sj‖
2

2

tj
+ o(1

j
),

and hence

(6.45) lim inf
j∈J→+∞

lim inf
j∈J→+∞

(
2
(
∇l(xj, λj)

Tdj +
1
2 max

(
0, dTj Wjdj

))
+

rj

[∥∥∥ h(xj) +∇h(xj)
T sj

∥∥∥
2

2
− ‖h(xj)‖

2
2

])
≥ 0.

But from the definition of the penalty parameter rj, we obtain

2
(
∇l(xj , λj)

Tdj +
1
2 max

(
0, dTj Wjdj

))
+(rj + ρ)

[∥∥∥ h(xj) +∇h(xj)
T sj

∥∥∥
2

2
− ‖h(xj)‖

2
2

]
≤

0
which implies, together with (6.45) and the convexity of cj, that

(6.46) lim
j∈J→+∞

[
‖h(xj)‖

2
2 −

∥∥∥ h(xj) +∇h(xj)
T sj

∥∥∥
2

2

]
= 0.

Finally, the limits (6.44) and (6.46), together with Lemma 6.2, imply that x∗ is a
Karush-Kuhn-Tucker point of (EQCP ), which contradicts our hypothesis. Conse-
quently the theorem does hold.

Theorem 6.2. The iteration sequence {zk = (xk, λk)} generated by the HY BEQ

Algorithm is not bounded away from stationarity.

Proof. Assume that the iteration sequence {zk = (xk, λk)} is bounded away from
stationarity. First, we obtain from Lemma 6.3 that the penalty parameter rk is uni-
formly bounded, and since we are assuming that the iteration sequence is infinite,
such a parameter is constant for sufficiently large k, say rk = r∗ for k ≥ k∗, and the
merit function Φk(.) is constant with respect to this parameter. Therefore, we denote
Φ(xk + s) instead of Φk(s).

Let (x∗, λ∗) be an arbitrary accumulation point of {zk = (xk, λk)}. Because we
are assuming that the iteration sequence is bounded away from stationarity, x∗ is
not a Karush—Kuhn-Tucker point of (EQCP ). Let {(xj , λj)| j ∈ J} be a subsequence
converging to (x∗, λ∗). We claim that there exist a positive integer j∗ ≥ k∗, and a
positive scalar ω∗ such that
(6.47) Φ(zj+1) ≤ Φ(z∗)− ω∗
holds for sufficiently large j,say j ≥ j∗.

Recall that dj = (sj , µj). The sequence {dj | j ∈ J} is bounded, without loss of
generality, we can assume that it converges to d∗. We have
(6.48) lim

j∈J→∞
∇Φ(zj)

Tdj = ∇Φ
T (z∗)

Td∗.
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Because x∗ is not a stationary point of (EQCP ), we obtain from Proposition 5.1,
and Theorem 6.1 that there exists ω̂ > 0 such that
(6.49) lim sup

j∈J
max

(
predj(tjdj); tj∇Φ(zj)

Tdj

)
≤ −ω̂ < 0

and hence
(6.50) max

(
predj(tjdj); tj∇Φ(zj)

Tdj

)
≤ −1

2 ω̂

for sufficiently large j ∈ J . Since {Φ(zj)|j ∈ J} converges to Φ(z∗), for ǫ = c1
4 ω̂, there

exists a positive integer, say j∗, such that
(6.51) Φ(z∗) < Φ(zj) ≤ Φ(x∗) + ǫ

holds for j ≥ j∗. On the other hand, we have

(6.52) Φ(zj+1) ≤ Φ(zj) + c1max
(
predj(tjdj); tj∇Φ(zj)

Tdj

)

which, together with (6.49) and (6.50), implies that
(6.53) Φ(zj+1) ≤ Φ(z∗) +

1
2

(
c1
2 − c1

)
ω̂.

Let us set ω∗ =
c1
4 ω̂ and rewrite (6.53) as

(6.54) Φ(zj+1) ≤ Φ(z∗)− ω∗.

Finally, since the entire sequence {Φ(zk)|k ≥ j∗} is decreasing, we obtain from (6.54)
that (6.47) holds.
But, since the entire sequence {Φ(zk)|k ≥ j∗} is decreasing, we have

Φ(z∗) < Φ(zk) ∀ k ≥ j∗.

This contradicts (6.54). Therefore the iteration sequence is indeed not bounded away
from stationarity.
7. Local convergence. In this section, we show, under the standard assumptions
of Newton method, that, for sufficiently large k, the algorithm reduces to the SQP
method and hence it is q-quadratically convergent.

We make the following local convergence hypotheses:
LCH.1) the function f and h are twice continuously differentiable;
LCH.2) the hypotheses of global convergence hold;
LCH.3) for sufficiently large k, the normal component uk is the least-squares solution
of (N − STEPp) and yk solves (T − STEPp);
LCH.4) the iteration sequence {(xk, λk)|k ∈ IN} converges to (x∗, λ∗);
LCH.5) ∇h(xk) has full rank and the linear system

h(xk) +∇h(xk)
Tu = 0

is consistent for sufficiently large k ;
LCH.6) the limit reduced Hessian approximation is positive definite, i.e. sequence
{Bk|k ∈ IN} converge to a matrix B∗ that is positive definite on

H(x∗) =
{

y ∈ IRn | ∇h(x∗)
T y = 0

}

LCH.7) the limit

lim
k∈IN→+∞

(
Bk −∇

2
xl(x∗, λ∗)

)T
sk

‖sk‖
= 0

(i.e. Bk = ∇
2
xl(xk, λk)) holds.

REMARK 7.1. The hypotheses LCH.2-4 imply that x∗ is a Karush-Kuhn-Tucker
point of (EQCP ).
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REMARK 7.2. The hypotheses LCH.3, LCH.5 and LCH.6 imply that y∗ is the
exact solution of (T − STEPp).

LEMMA 7.1. Assume the Hypotheses LCH.1-7. Then, then exits a positive con-

stant ρ̃ such that

(7.1) |predk(dk)|

‖dk‖
2

2

≥ ρ̃.

for all sufficiently large k ∈ IN.
Proof. First, observe that {uk|k ∈ IN} converges to zero. Therefore, since δk ≥

δmin, we obtain from Hypotheses LCH.3 and LCH.5 that
(7.2) h(xk) +∇h(xk)

Tuk = 0
and hence
(7.3) h(xk) +∇h(xk)

T sk = 0.

From Proposition 5.1 and (7.3), we obtain

(7.4) |predk(dk)|

‖dk‖
2

2

≥
|∇l(xk,λk)

T dk+
1

2
max(0,dTkWkdk)|

‖dk‖
2

2

+ ρ
‖h(x)‖2

2

‖dk‖
2

2

.

Assume that there exists a subsequence J ⊂ IN such that the right-hand side of
(7.4) converges to zero. This implies that

(7.5) lim
j∈J

h(xj)
‖dj‖2

= 0

and hence
(7.6) lim

j∈J

uj
‖dj‖2

= 0

and

(7.7) lim
j∈J

∇l(xj ,λj)T dj+
1

2
max(0,dTj Wjdj)

‖dj‖
2

2

= 0.

On the other hand, Hypotheses LCH.6, (7.2) and (7.3) imply that

(7.8)
∇l(xj ,λj)T dj+

1

2
max(0,dTj Wjdj)

‖dj‖
2

2

=
∇xl(xj ,λj)T sj+

1

2
sT
j
Bjsj

‖dj‖
2

2

holds for sufficiently large j.
Let us assume that ‖.‖p is the ℓ∞-norm (the case where ‖.‖p = ℓ2 is handled in the
same way). Since yj is a solution of (T − STEPp), there exist µj ∈ IRm such that

(7.9)

{
a) ∇xl(xj, λj) + Bjuj + Bjyj +∇h(xj)µj = 0
b) ∇h(xj)

T yj = 0

We obtain from (7.9b) that
(7.10) (∇xl(xj, λj) + Bjuj)

T yj +
1
2yT

j Bjyj = −
1
2yT

j Bjyj
and hence

(7.11)
(∇xl(xj , λj) + Bjuj)

T yj +
1
2yT

j Bjyj +∇xl(xj , λj)
Tuj +

1
2uT

j Bjuj = −
1
2yT

j Bjyj
+∇xl(xj, λj)

Tuj +
1
2uT

j Bjuj

or equivalently

(7.12)
∇xl(xj ,λj)T sj+

1

2
sT
j
Bjsj

‖dj‖
2

2

= −12
yT
j
Bjyj

‖dj‖
2

2

+
∇xl(xj ,λj)

Tuj

‖dj‖
2

2

+ 1
2

uT
j

‖dj‖2
Bj

uj
‖dj‖2

.

Also, we obtain from (7.9) and (7.3) that

(7.13)
∇xl(xj ,λj)

T uk

‖dj‖
2

2

+
uT
j

‖dj‖2
Bj

sj
‖dj‖2

−
µT
j

‖dj‖2

h(xj)
‖dj‖2

= 0

where, because of (7.6),

(7.14) lim
j∈J

uT
j

‖dj‖2
Bj

sj
‖dj‖2

= 0.

On the other hand, we have

(7.15)

∣∣∣∣
µT
j

‖dj‖2

h(xj)
‖dj‖2

∣∣∣∣ ≤
‖µj‖2
‖dj‖2

‖h(xj)‖2
‖dj‖2

≤
‖h(xj)‖2
‖dj‖2

and hence, because of (7.5),

(7.16) lim
j∈J

µT
j

‖dj‖2

h(xj)
‖dj‖2

= 0.
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Therefore, we obtain from (7.13), (7.14), and (7.16) that

(7.17) lim
j∈J

∇xl(xj ,λj)
Tuk

‖dj‖
2

2

= 0

which, together with (7.12) and (7.6), implies that

(7.18) lim sup
j∈J

∇xl(xj ,λj)
T sj+

1

2
sTj Bjsj

‖dj‖
2

2

≤ − lim inf
k∈J

1
2

yTj Bjyj

‖dj‖
2

2

.

and hence, because ∇h(xj)
T yj = 0,

(7.19) lim inf
j∈J

|∇xl(xj ,λj)T sj+1

2
sTj Bjsj|

‖dj‖
2

2

> 1
2ζ∗ lim inf

j∈J

(
‖yj‖2
‖dj‖2

)2

where ζ∗ is a lower bound of the reduced Hessian approximation of Bj to the subspaces

H(xj) =
{

y ∈ IRn | ∇h(xj)
T y = 0

}
.

Now, we claim that there exists a constant α̃ such that

(7.20)
‖yj‖2
‖dj‖2

≥ α̃

holds for all sufficiently large j ∈ J .
Assume that this does not hold. Then, there exists a subsequence J ′ ⊂ J such

that
(7.21) lim

j∈J ′

yj
‖dj‖2

= 0 .

This, together with (7.6), implies that
(7.22) lim

j∈J ′

sj
‖dj‖2

= 0.

We have

(7.23)
∇l(xj ,λj)

T dj

‖dj‖
2

2

=
(
∇xl(xj ,λj)
‖dj‖2

)T sj
‖dj‖2

+
h(xj)

Tµj

‖dj‖
2

2

where, because of (7.9),

(7.24)
‖∇xl(xj ,λj)‖2

‖dj‖2
≤
(
νn
∗ + νt

∗

)
+ ‖∇h(xj)‖2 .

Therefore, we obtain from (7.22), (7.23) and (7.16) that

(7.25) lim
j∈J ′

∇l(xj ,λj)
T dj

‖dj‖
2

2

= 0

which, together with (7.7), implies that

(7.26) lim
j∈J ′

dT
j
Wjdj

‖dj‖
2

2

= 0.

This contradicts the hypothesis that Wj is positive definite for sufficiently large j.
Therefore our claim in (7.20) holds.

Finally, from (7.20), (7.19) and (7.8) we obtain that

(7.27) lim inf
j∈J

|∇l(xj ,λj)T dj+
1

2
max(0;dTj Wjdj)|

‖dj‖
2

2

> 1
2ζ∗α̃

2

which contradicts (7.7). Consequently the right-hand side of (7.4) is bounded away
from zero, which ends the proof.

In the following, recall that zk and dk denote (xk;λk) and (sk;µk) respectively.
LEMMA 7.2. Assume the Hypotheses LCH.1-7. Then, the entire step dk is ac-

ceptable for sufficiently large k. Moreover, the trust-region radius is increased.

Proof. Since l is twice continuously differentiable, we have

(7.28)

l(zk + dk) = l(zk) +∇l(zk)
Tdk +

1
2dTk∇

2l(zk + t̃kdk)dk

= l(zk) +∇l(zk)
Tdk +

1
2dTk∇

2l(zk)dk+
1
2dT

k

(
∇2l(zk + t̃kdk)−∇

2
xl(zk)

)
dk.

where t̃k ∈ (0, 1), and

(7.29) lim sup
k∈IN→+∞

(
∇2l(zk + t̃kdk)−∇

2l(zk)
)
= 0

since {dk|k ∈ IN} converges to zero. Therefore, by using (7.29), we rewrite (7.28) as
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(7.30) l(zk + dk) = l(zk) +∇l(zk)
Tdk +

1
2dTk∇

2l(zk)dk + o1

(
‖dk‖

2
p

)
.

Also, we have

(7.31)
hi(xk + sk) = hi(xk) +∇hi(xk + tiksk)

T sk

= hi(xk) +∇hi(xk)
T sk +

(
∇hi(xk + tiksk)−∇hi(xk)

)T
sk

where, since hi is twice continuously differentiable and {sk|k ∈ IN} converges to zero,
(7.32) lim sup

k∈IN→+∞

(
∇hi(xk + tiksk)−∇hi(xk)

)
= 0.

Therefore, we rewrite (7.31) as

(7.33) hi(xk + sk) = hi(xk) +∇hi(xk)
T sk + ôi

(
‖sk‖p

)

and hence
(7.34) h(xk + sk) = h(xk) +∇h(xk)

T sk + o2

(
‖sk‖p

)
.

From (7.30) and (7.34), we obtain

(7.35)

aredk(dk) = l(zk + dk)− l(zk) + rk

[
‖h(xk + sk)‖

2
2 − ‖h(xk)‖

2
2

]

= ∇l(zk)
T dk +

1
2dTk∇

2l(zk)dk + o1

(
‖dk‖p

)
+

rk

[∥∥∥h(xk) +∇h(xk)
T sk + o2

(
‖sk‖p

)∥∥∥
2

p
− ‖h(xk)‖

2
p

]

and

(7.36)
predk(dk) = ∇l(zk)

Tdk +
1
2dTk Wkdk + rk

[∥∥∥h(xk) +∇h(xk)
T sk

∥∥∥
2

p
− ‖h(xk)‖

2
p

]

which implies that

(7.37)
aredk(dk)− predk(dk) =

1
2dT

k

[
∇2l(zk)−Wk

]
dk + o1

(
‖dk‖

2
p

)

rk

∥∥∥h(xk) +∇h(xk)
T sk + o2

(
‖sk‖p

)∥∥∥
2

p
−
∥∥∥h(xk) +∇h(xk)

T sk

∥∥∥
2

p
.

From (7.37) and (7.3) we obtain

(7.38) aredk(dk)− predk(dk) =
1
2dTk

[
∇2l(zk)−Wk

]
dk + o1

(
‖dk‖

2
p

)
+ rko2

(
‖sk‖

2
2

)
.

which, together with Hypothesis LCH.6, implies that
(7.39) lim

k∈IN→+∞

aredk(dk)−predk(dk)

‖dk‖
2

2

= 0

On the other hand,we have

(7.40) aredk(dk)−predk(dk)
predk(dk)

= aredk(dk)−predk(dk)

‖dk‖
2

2

‖dk‖
2

2

predk(dk)
.

From Lemma 7.1 and (7.40) we obtain that

(7.41) lim
k∈IN

aredk(sk)
predk(sk)

= 1

and hence
(7.42) aredk(dk) ≥ c2 predk(dk)
holds for suficiently large k. This implies, first, that the entire step dk is acceptable
and second that the trust-region radius δk is increased. The second point shows that
a very small δmin does not preclude the rate of convergence.

THEOREM 7.1. Assume the Hypotheses LCH.1-7. Then, the rate of convergence

is q-quadratic.

Proof. From Lemma 7.2, we obtain that, for sufficiently large k ∈ IN, the sequence
{(xk, λk)} is generated by the iteration (xk+1, λk+1) = (xk + sk, λk + µk) where sk is
the solution of

(QP ) ≡

{
minimize ∇xl(xk, λk)

T s + 1
2sTBks

subject to h(xk) +∇h(xk)
T s = 0
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i.e. the SQP step and µk the associated Lagrange multiplier. Therefore the algorithm
reduces to the SQP method and hence the rate of convergence is q-quadratic.
8. Numerical Tests. In this section we present some primary numerical tests.
To solve these subproblems we used Fortran subroutine provided by Pola and Casas
[37] of the Cantabria University in Spain . We used the ℓ∞-norm in the trust-region
constraints. We also used τ1 = τ2 = 1, because we feel that the usual choice of
τ2 = 1− τ1 where τ1 is very small would give more weight to the normal component
with respect to tangential component, which would define an algorithm that is directed
more toward feasibility that stationarity. The number of internal increases is maxiis,
in which case the trust-region is multiplied by inc del. Moreover, in decreasing the
steplength, we multiply the current step by β1 = 0.25 if the predicted reduction is
negative and by β2 = 0.75 otherwise. The other parameters are as follows: ρ = 1, c1 =
10−4, c2 = 0.9, c3 = 0.5, δ0 = 1, δmin = 10−9, δmax = 105. The algorithm stops if

1) ‖∇l(xk, λk)‖2 ≤ ε, or
2) ‖sk‖2 ≤ ε.
We run the hybrid algorithm with the associated pure trust-region version on a

set of small problems from Hook and Schitowski [23]. The initial approximation of
the solution is the same as in Hook and Schitowski [23]. The results are reported in
the following Table 1. where:

Hybeq : Hybrid Algorithm,
TR : Trust-region version,
n0 : Hook and Schitowski[23] problem number,
n : Problem dimesion,
m : Constraints number,
it : Iteration number,
nf : Function evaluation,
back : Steplentgh decreases number,
decr : Trust-region radius decreases number,
Hy Tol : Tolerance ε for the Hybrid Algorithm,
TR-Tol : Tolerance ε for the Trust-region version.
en : The n-vector of ones.
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HS-Problem Hybeq TR

(n0,n,m) (it,nf,back) Hy-Tol (it,bf,decr) TR-Tol

(6,2,1) (10,11,1) 1.e-11 (12,13,1) 1.e-11

(7,2,1) (9,10,0) 1.e-11 (9,10,0) 1.e-11

(8,2,1) (8,10,0) 1.e-11 (8,10,0) 1.e-11

(26,3,1) (22,40,15)) 1.e-11 (33,57,24) 1.e-11

(27,3,1) (26,46,7) 1.e-11 (25,26,1) 1.e-11

(40,4,3) (16,16,0) 1.e-11 (16,16,0) 1.e-11

(46,5,2) (27,30,3) 1.e-11 (25,26,1) 1.e-11

(47,5,3) (27,30,2)) 1.e-11 (139,167,27) 1.e-11

(61,3,2) (8,11,1) 1.e-11 (8,11,1) 1.e-11

(77,5,2) (18,23,2) 1.e-11 (20,35,14) 1.e-09

(78,5,3) (9,10,0) 1.e-11 (9,10,0) 1.e-11

(79,5,3) (9,9,0) 1.e-11 (8,10,0) 1.e-11

(216,2,1) (12,15,2) 1.e-11 (11,15,2) 1.e-11

(219,4,2) (26,38,5) 1.e-11 (19,32,6) 1.e-11

(254,3,2) (8,10,1) 1.e-11 (8,13,1) 1.e-11

(316,2,1) (8,11,0) 1.e-11 (6,7,1) 1.e-11

(317,2,1) (8,10,0) 1.e-11 (7,8,0) 1.e-11

(318,2,1) (9,14,0) 1.e-11 (7,9,1) 1.e-11

(319,2,1) (9,11,0) 1.e-11 (9,11,1) 1.e-11

(320,2,1) (10,12,0) 1.e-11 (10,12,0) 1.e-11

(321,2,1) (11,12,0) 1.e-11 (11,12,0) 1.e-11

(322,2,1) (13,2,3) 1.e-11 (17,38,13) 1.e-11

(335,3,2) (22,35,5) 1.e-11 (24,36,6) 1.e-11

(336,3,2) (11,19,2) 1.e-11 (13,25,6) 1.e-11

(338,3,2) (7,7,0) 1.e-11 (7,9,0) 1.e-08

(344,3,1) (18,18,0) 1.e-11 (18,18,0) 1.e-11

(373,9,6) (10,16,3) 1.e-11 (12,20,0) 1.e-11

Table 1

Also, we run a version of the Hybrid algorithm from a remote initial point IP
where the normal component

uk ≡

{
usd
k if ‖h(x)‖2 ≥ nor-tol

uexact
k otherwise

and

yk ≡

{
ysd
k if ‖∇l(xk, λk)‖2 ≥ tan-tol

yexact
k otherwise

where uexact
k and yexact

k are the exact solutions of the (N−STEP∞) and (T − STEP∞)
Subproblem given by the routine of Pola and Casas[37]. The results are reported in
Table 2.
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(n0,n,m) (it,nf,back) IP (nstp,tstp) nor-tol tan-tol Tol

(6,2,1) (13,23,4) 1e+03 x0 (10,10) 1.e+03 1.e+01 1.e-11

(7,2,1) (28,46,8) 100 x0 (22,13) 1.e+01 1.e+01 1.e-11

(8,2,1) (19,19,0) 1 e+04 x0 (13,-) - 1.e+02 1.e-11

(26,3,1) (25,45,17) 10 x0 (15,10) 1.e-01 1.e+02 1.e-11

(27,3,1) (24,46,7) x0 (0,0) 1.e+01 1.e+02 1.e-11

(40,4,3) (21,28,0) 4 x0 (0,7) 1.e+02 1.e-01 1.e-11

(46,5,2) (36,46,0) 4.5 x0 (3,3) 1.e+03 1.e+04 1.e-11

(47,5,3) (90,104,10) 3 x0 (0,0) 1.e+03 1.e+04 1.e-11

(61,3,2) (21,32,0) -1.500 en (10,11) 1.e+02 1.e+02 1.e-11

(77,5,2) (27,36,1) 10 x0 (9,10) 1.e+03 1.e+02 1.e-11

(78,5,3) (15,23,3) 6 x0 (1,4) 1.e+03 1.e+03 1.e-11

(79,5,3) (16,18,0) 6 x0 (2,7) 1.e+03 1.e+03 1.e-11

(216,2,1) (13,15,0) -21 x0 (3,9) 1.e+03 1.e+02 1.e-08

(219,4,2) (42,81,6) 80 x0 (22,22) 1.e+03 1.e+03 1.e-11

(254,3,2) (32,41,9) 60 x0 (23,23) 1.e+01 1.e+01 1.e-11

(316,2,1) (24,25,1) 1 e+04 en (16,18) 1.e+01 1.e+01 1.e-11

(317,2,1) (17,25,1) 1 e+03 en (12,14) 1. 1. 1.e-11

(318,2,1) (15,21,0) 800 en (8,11) 1.e+01 1.e+01 1.e-11

(319,2,1) (18,25,2) 800 en (11,13) 1.e+01 1.e+01 1.e-11

(320,2,1) (18,23,0) -1 e+04 en (11,14) 1.e+01 1.e+01 1.e-11

(321,2,1) (22,37,2) 800 en (10,18) 1.e+01 1.e+01 1.e-11

(322,2,1) (23,32,2) -800 en (12,19) 1.e+01 1.e+01 1.e-11

(335,3,2) (31,54,14) 40 x0 (10,21) 1.e+03 1.e+01 1.e-11

(336,3,2) (26,30,1) 1e+03 en (16,22) 1.e+01 1.e-01 1.e-11

(338,3,2) (23,27,1) 1 e+04 x0 (16,16) 1.e+01 1.e+01 1.e-11

(344,3,1) (37,41,1) 125 x0 (18,21) 1.e-01 1.e-01 1.e-08

(373,9,6) (40,59,11) x0 (1,32) 1.e+03 1.e-02 1.e-11

Table 2

9. Concluding Remarks. In this paper, we have presented a hybrid algorithm to
solve the nonlinear minimization problem

(EQCP ) ≡

{
minimize f(x)
subject to h(x) = 0,

where f : IRn → IR and h : IRn → IRm, m < n, are continuously differentiable.
Starting from an arbitrary initial approximation to a solution, say x0, and an

associated Lagrange multiplier approximation λ0, the algorithm generates a sequence
zk = (xk, λk) by the iteration scheme xk+1 = xk + tksk and λk+1 = λk + tkµk . It uses
a trust-region approach to find a search direction of the form dk = (sk, µk), where sk
is the trial step and µk an associated Lagrange multiplier, that is a descent direction
at (xk,λk) of the merit function defined to be the augmented Lagrangian
(9.1) Φk(d) = l(xk + s, λk + µ) + rk ‖h(xk + s)‖22,
and then uses linesearch techniques to obtain an acceptable steplength tk is such a
direction. For the trust-region part, we used the approach of Byrd [5] and Omojokun
[38]. Given a trust-region δk, τ1 ∈ (0, 1], τ2 ∈ (0, 1], and Bk, an approximation of the
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Hessian Lagrangian, the trial step sk is determined as uk + yk where uk, the normal
component, is an approximate solution of

(9.2) (N − STEPp) ≡





minimize q1,k(u) =
1
2

∥∥∥h(xk) +∇h(xk)
Tu
∥∥∥
2

2
subject to ‖u‖p ≤ τ1δk,

and yk, the tangential component, is an approximate solution of

(9.3) (T − STEP p) ≡





minimize q2,k(y) = (∇xl(xk, λk) + Bkuk)
T y + 1

2yTBky

subject to ∇h(xk)
T y = 0

‖y‖p ≤ τ2δk,

where ‖.‖p is in practice either the ℓ2 or the ℓ∞ norm.
The normal component of the trial step direction uk satisfies the well-known frac-

tion of Cauchy-decrease. The tangential component satisfies a test that takes into
account the curvature of the local model.

Moreover, such a curvature is taken into account in the definition of penalty
parameter update implying, together with an heuristic dealing with points satisfying
(9.6) h(xk) �= 0 and ∇h(xk)h(xk) = 0,

that direction dk = (sk, µk) is a descent of the merit function which enabled us to
propose the present hybrid approach.

We establish, under rather weak hypotheses, that the HY BEQ Algorithm is glob-
ally convergent.

Moreover, under the standard hypotheses of the SQP method, we prove that for
sufficiently large k ∈ IN, the HY BEQ Algorithm reduces to the SQP method and
therefore its rate of convergence is q-quadratic.
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