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Abstract. In this paper we define a trust-region globalization strategies to solve a continuously
differentiable nonlinear equality constrained minimization problem. The trust-region approach uses a
penalty parameter that is proven to be uniformly bounded.

Under rather weak hypotheses and without the usual regularity assumption that the linearized
constraints gradients are linearly independent, we prove that the hybrid algorithm is globally conver-
gent

Moreover, under the standard hypotheses of the SQP method, we prove that the rate of convergence
is g-quadratic.
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1. Introduction. For approximating a solution of a differentiable unconstrained
minimization problem, the use of linesearch approaches in globalization strategies of
quasi-Newton or Newton’s methods stems from the fact that, given a descent direction
of the objective function at a current iterate, obtaining an acceptable steplength,
and hence a next iterate, costs only few function evaluations. Unfortunately, global
convergence properties can only be obtained under quite strong hypotheses, especially
on the second order informations. Usually, these hypotheses are that the second order
information matrices, say By, are uniformly positive definite and uniformly bounded.
Otherwise, to obtain a global convergence result, strong hypotheses are made on the
objective. For example, a global convergence result for the BFGS variable metric
method using the inexact linesearch of Wolfe [52] is given in Powell [42] for a convex
objective function. Under the same hypothesis, this results is extended to the entire
Broyden class in Ritter [46].

On the other hand, the trust-region approach, derived by Levenberg [32] and Mar-
quardt [34] for least-squares problems and extended to the general unconstrained min-
imization problem by Powell [40], has proved to be a quite powerful tool for designing
globally convergent algorithm (e.g. Powell [40], [41] and Schultz, Schnabel and Byrd
[48]). We emphasize that, in the trust-region approach, the second order information
matrices By do not need to be positive definite. Indeed, a global convergence result
is obtained by Powell [43] for a variable metric algorithm where ||Bg|l, < a1 + a2k
where a1 and ag are positive constants.

Also, the trust-region approach has proved to be a very effective tool for designing
globalization of the Newton methods for nonlinear equations (see Duff, Nocédal and
Reid [15], Eisenstat and Walker [26], El Hallabi and Tapia [25] and Powell [44]).

We believe that the global convergence behavior of the trust-region approach is
relevant to the strategy of reducing the trust-region radius 65 until an acceptable step
is obtained. This stands on the property that the trial step points to the steepest
descent as 6y, converges to zero (see El Hallabi and Tapia [25, Theorem 4.1]). In other
words, the trust-region strategy is reliant on the possibility of going, in the worst case
and as far as global convergence is concerned, into the steepest descent direction. In
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fact, in the unconstrained optimization case, Powell [41] proved that if the generated
iteration sequence satisfies the fraction of Cauchy decrease condition then

(1.1) liknliorgf Vf(zg) =0

where f is the objective function, i.e. the iteration sequence has an accumulation
point that is stationary.

Because of the strong global convergence properties of the trust-region approach
for unconstrained optimization and nonlinear equations, considerable attention has
been given to extend such a strategy to the equality constrained differentiable opti-
mization problem
_ | minimize  f(x)

(EQCP) = subject to h(z) =0
where f : IR" — IR and h : R" — R™,m < n. Since the quasi-Newton (or New-
ton’s) method to solve the problem (EQCP) is the (local) SQP (sequential quadratic
programming) method, the quasi-Newton step being the solution of the quadratic
optimization problem

(QP) = minimize V(2 \i)7s + %STBkS

| subject to h(zk) + Vh(zr)Ts =0

where By, is an approximation of the Hessian of the Lagrangian V,I(zg, A¢) at (xg, Ak),
the master idea in any extension of trust-region approach to the problem (EQCP) was
that the resulting algorithm should be a globalization strategy of the SQP method.

The obvious extension was to add a trust-region constraint to (QP) leading to
the subproblem

minimize Vg l(z, \p)Ts + %STBks
(TRQP) =< subject to  h(xy) + Vh(z) s =0
Isll, < 6
where 0 < 6, is the trust-region radius. But, unless h(xy) = 0, it is obvious that the
feasible region of such a problem can be empty.

The first idea to overcome this difficulty was to translate the hyperplane of the
linearized constraints so that it intersects the trust-region ball, leading to the relaxed
trust-region subproblem

minimize Iz, i)' + %STB]CS
(RTRQP) = { subject to nph(xk) + Vh(x) s =0,
Islly < bk

where 7y, € (0,1] is determined so that the feasible region of (RTRQP) is not empty
(and not reduced to a singleton). This approach was first suggested by Miele, Huang
and Heideman [35] to obtain a linesearch globalization method to solve (EQCP).
Then, it was used in the trust-region globalization framework by Vardi [51], Byrd,
Schnabel, and Schultz [6] and El Hallabi [21], [22] and [23]. In El hallabi [21], [22]
and [23] the proposed algorithm is shown to be globally convergent in the sense that
any accumulation point of the iteration sequence is a Karush-Kuhn-Tucker point of
(EQCP). Moreover, this result is obtained without assuming the regularity assump-
tion that the gradients of linearized constraints are linearly independent; it is obtained
under the assumption that a positive lower bound of the positive singular values of
Vh(zg)T is known.

It is commonly admitted that the main problem with this approach lies in the
difficulty of obtaining a translating parameter n,. In El Hallabi [21], [22] and [23],
a way of obtaining such a parameter is given provided that a positive lower bound
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of the smallest positive singular value of Vh(xy) (or, in a similar formulation, the
smallest positive diagonal entry of the R factor of the Q) R-decomposition with column
pivoting of Vh(x;)T) is known. For the QR-decomposition and the singular value
decomposition, we refer to Golub and Van Loan [28]. Because of this, we believe that
the major problem with this globalization strategy lies rather in the inconsistency of
the linearized constraints that may occur far from a solution.

The second approach to resolve the infeasibility problem in (RTRQP) is due to
Célis, Dennis, and Tapia [9]. Instead of the (TTRSQP), they use the subproblem

minimize  VI(zp, \x)Ts + %STB]CS
(CDT) =4 subject to Hh(:rk) + Vh(:vk)Tst < b,

Islly < bk
where the parameter 6 is chosen to define a nonempty feasible region and to realize
some predicted decrease in the fo-norm of the linearized constraint at xj inside the ball
of radius 6;. Different ways of defining such a parameter are given in Célis, Dennis,
and Tapia [9], El-Alem [17], and Powell and Yuan [45]. In practice it is hard to solve
the (CDT) subproblem (e.g. Zhang [54]). El-Alem [17] and Powell and Yuan [45]
proved global convergence for this approach in the sense that
(12) liminf || 27V f ()|, + (@), = 0
where Zj, is a uniformly bounded full rank matrix (e.g. an orthogonal matrix) satis-
fying Vh(mk)TZk = 0, i.e. the iteration sequence has an accumulation point that is a
Karush-Kuhn-Tucker point of (EQCP).

The third approach to remedy the infeasibility problem in (RTRQP) was sug-
gested by Byrd [5] and Omojokun [38]. In this approach, the trial step sy is of the
form wuy + yr where ug and yyg, referred to as the normal and tangential components,
are respectively approximate solutions of the subproblems

2
(N — STEP) = { minimize (i) + Vh(a) Tl
subject to |lully < 76k
where 7 € (0,1), and
minimize (Vxl(l‘k, )\k) + Bkuk)T v+ %UTBkU
(T — STEP) = subject to Vh(zg)Tv=0
ol < 6 = lluslls -
Usually, the tangential component y; is obtained as Ziv, where vy is an approximate
solution of the reduced subproblem
minimize  (Zx(Val(zk, M) + Brug))' v + 207 ZF By Zyw

subject to | Zkv|ly < \/5;% - ||Uk||g
Both subproblems (N — STEP) and (RT — STEP) can be solved by very effective
methods such as those in Moré and Sorensen [36], Sorensen [49] or Steihaug [50].
This last approach is now standard and has been used extensively. We refer to
Alexandrov [1], Alexandrov and Dennis [2], Biegler, Nocédal and Schmid [3], Den-
nis, El-Alem and Maciél [11], Dennis and Vicente [14], El-Alem [18] and [19], Lalee,
Nocédal and Plantega [31], and Maciél [33]. Many authors have established global
convergence results for the algorithms they proposed to solve the problem (EQCP).
Similarly to Powell [41] for the unconstrained minimization, Dennis, El-Alem, and
Maciél [11] proved that the limit (1.2) holds. This result was obtained under the regu-
larity assumption that the gradients of linearized constraints are linearly independent.
In El-Alem [19], the author reestablished the results in Dennis, El-Alem, and Maciél

(RT-STEP) =

3



[11] without the regularity assumption.

In this research, we aim to combine both trust-region and linesearch globalization
strategies in a globally convergent hybrid algorithm to solve the problem (EQCP).
This combination has been done in the unconstrained case by Nocédal and Yuan [37].

We will combine any inexact linesearch technique with the trust-region approach
of Byrd [5] and Omojokun [38], but we will allow both the ¢ or the ¢, norms in the
trust-region constraint of the subproblems (N — STEP) and (T — STEP).

First, given a current estimation of a solution xx, an associated Lagrangian A, a
second order approximation matrix Bg, and a trust-region radius g, a trial step sg
is obtained as an approximate solution of the trust-region local model along with an
associated Lagrange multiplier ux. The step si is obtained as ui + yx where ui and
Yy, are respectively, in a sense that will be specified later, approximate solutions of the
normal subproblem ,
59 v steny= | M 0=} [Ae0 T
subject to [ull, < 16k
and the tangential subproblem

minimize g2 (y) = (Val(zk, M) + Byug)Ty + %yTBky
(1.4) (T'— STEP,) =4 subject to Vh(zy)Ty=0
lyll, < 28

where 71,75 € (0,1], and where |.[|, denotes an arbitrary norm on IR" (in practice,
|-, can be either the £5 or the £o norm). Then, we introduce a penalty parameter
update implying that the direction dy = (sg, k) is a descent direction of the merit
function that is the augmented Lagrangian, i.e.

(15) ®p(d) = I(wx + 5, M + 1) + 7 |z + 5|13

This will enable us to use linesearch techniques to obtain an acceptable steplength
tr and hence a next iterate zp1 = xp + txSx and an associated Lagrange multiplier
Ak+1 = A, + trpr. To avoid that the algorithm breaks down at points satisfying
(1.6) h(zg) #0 and Vh(zg)h(zg) =0

a special treatment is given for such iterates.

The trust-region 6, updated in a standard form (see Dennis and Schnabel [13]),
is forced, at the beginning of each iteration, to be as large as a fixed arbitrary small
positive constant Oni,, during the iteration process 6 can become smaller than iy .
Finally, the second order information approximation By can be either the exact Hessian
of the Lagrangian V2[(xx, \x), its finite difference approximation, or a defined by the
BFGS updating formula (see Dennis and Schnabel [13]).

Observe that if ||.[|,, is the {-norm, then (N — STEF,) and (T’ — STEF,) can
be formulated as quadratic programming problems. On the other hand, if |, is the
lo-norm, then (T'— STEP,) is equivalent to the reduced subproblem
minimize  (Vzl(xk, \i) + Brug)? Zypz + %zTZZBkaz

(L7)(RT - STER,) = subject to | Zkz|ly < 26k

where Zj, is a uniformly bounded full rank matrix (e.g. an orthogonal matrix) satisfy-
ing Vh(z)? Zr = 0. Therefore both Subproblems (N — STEP,) and (RT — STEP,)
can be solved by techniques such as in Moré and Sorensen [36], Sorensen [49] or Stein-
haug [50].

In Section 2, we discuss different stationarity characterizations and we investigate
the relations between such characterizations, the consistency of linearized constraints,
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and the Karush-Kuhn-Tucker stationarity. In Section 3, we define our hybrid algo-
rithm to solve (EQCP). In Section 4, we give the hypotheses that will be used in
the present work. In Section 5, we give some descent properties of the normal and
tangential components and the trial direction dy = (s, px) with respect, respectively,
to the auxiliary functions ¢; , and go ; and the merit function ®;. The global conver-
gence is established in Section 6. In Section 7, we proove that, under the standard
hypotheses of Newton method, the rate of convergence of the HYBEQ Algorithm is
g-quadratic. Some primary numerical results are given in Section 8. Finally, we give
some concluding remarks in Section 9.

2. Stationarity. In this section, we discuss different stationarity characterizations
and we investigate the relations between such characterizations, the consistency of
linearized constraints and the Karush-Kuhn-Tucker stationarity.

First, we recall the usual Karush-Kuhn-Tucker stationarity characterization.

DEFINITION 2.1. A point x € IR" is said to be a Karush-Kuhn-Tucker point of
(EQCP) if there exists A\ € R™ such that

Vil(lx,\) = 0
h(z) = 0.

On the other hand, from an algorithmic point of view, it seems quite natural to
consider the following characterization of stationarity.

DEFINITION 2.2. Let (z,\) € R™™, 71,79 € (0,1],6 > 0, and B € R"*"™. Then
x 1s a stationary point of (EQCP) if u =0 and y = 0 are respectively local solutions
of the Subproblems (N — STEP,) and (T — STEP,).

Observe that in Definition 2.2, we do not assume that h(z) = 0.

In the following two lemmas, we investigate equivalent formulations of the later
characterization in terms of the data of (EQCP).

LEMMA 2.1. Let z € R", 71 € (0,1], and 6 > 0. Then zero solves the normal
subproblem )
(2.1) (N — STEP,) = { minimize  c(u) = § |[h(x) + V() ul,

subject to [ull, < 7106
if and only if
(2.2) Vh(z)h(z) = 0.

Proof. The steepest descent of ¢ at zero is u*® = —Vh(x)h(z). Therefore, the
proof is a consequence of the convexity of the function c. O

LEMMA 2.2. Let (z,\) € R™™, 175 € (0,1], 6 > 0, and B € IR"*". Assume that
h(x) = 0. If zero is a local solution of the tangential subproblem

minimize V. I(z, )Ty + %yTBy
(2.3) (T'— STEP,) = { subject to Vh(z)Ty =0
lyll, < 726,
then there exists p € IR™ such that
(2.4) Val(x, A+ p)=0.

Proof. Because of the constraints structure, at least one constraint qualification
holds at the local solution zero. For constraint qualifications, we refer to Petersen
[39] and Fletcher [27, chapter 9 |. Therefore, the proof follows from the first order
necessary optimality conditions. O

From Lemmas 2.1 and 2.2, we have the following weaker characterization of sta-
tionarity.



DEFINITION 2.3. A point x € IR™ is said to satisfy the algorithmic stationarity

if there exists A € R™ such that

Vil(x,\) = 0
(2:5) { Vh(z)h(z) = 0.
Observe that two cases may happen:
1) Vh(xz)h(z) = 0 and h(z) = 0, in which case z is a Karush-Kuhn-Tucker point of
(EQCP), or
2) Vh(x)h(z) = 0 and h(x) # 0, in which case x is referred to as an infeasible first
order point (see Bliss [4] and El-Alem [19]).

In the following lemma, we give a necessary and sufficient condition for an algo-
rithmic stationary point z, i.e. in the sense of Definitions 2.2 or 2.3, to be a feasible
point of (EQCP) and hence a Karush-Kuhn-Tucker point of (EQCP).

LEMMA 2.3. Let x € R" satisfy Vh(z)h(z) = 0. Then h(z) = 0 if and only if
the system of linear linearized constraints at x, i.e.

(2.6) h(z) + Vh(z)Tu =0,
15 consistent.

Proof. 1t is obvious that h(xz) = 0 implies that the system in (2.6) is consistent.
Conversely, let v € IR™ be a solution of such a system. From Vh(z)h(z) = 0, we
obtain

0 = ul'Vh(z)h(z)
27) = (Vh(z)Tu)  hiz)
=~ k@)
and hence h(z) =0. O

Observe that the usual uniform regularity assumption that Vh(zy) has uniformly
full rank is a particular case of the sufficient condition of the result above.

COROLLARY 2.1. Let x be a stationary point in either sense given in the Defi-
nitions 2.2 or 2.3. Then x is a Karush-Kuhn-Tucker point of (EQCP) if and only if
the system of linearized constraints at x is consistent.

Proof. The proof is a consequence of Definitions 2.2 or 2.3, and Lemmas 2.1, 2.2,
and 2.3. O

From the following lemma, we obtain, as a necessary condition, a hypothesis
implying that a stationary point in the sense of Definitions 2.2 or 2.3 is indeed feasible.

LEMMA 2.4. Let {z;|j € J} be a sequence converging to x,. Assume that Vh(z,) #
0 and that, for sufficiently large j, the systems of linearized constraints at x; are con-
sistent. Assume further that Vh(z) has constant rank in a neighborhood of x.. Then
there exists a positive constant n,. such that
(2.8) IVh(a))h(zj) > me [h(a)l,
holds for sufficiently large j € J.

Proof. Without loss of generality, we can assume that h(z;) # 0 for all j € J.
Since we are assuming the asymptotic constant rank, we can consider, without loss of
generality, that such a rank is r.. Let U;X; VjT be the singular value decomposition of
Vh(x;) where U; and V; are orthogonal. We have
(2.9) Uj= (U1, Uj2) , ¥ = ( 26’1 8 ) » Vi= (Vi1 Vig)
where ;7 is a diagonal matrix whose r, entries are the positive singular values of
Vh(x), Uj1 and Vj1 are respectively the matrices of the r, left and right eigenvectors
of Vh(z;) (see Golub and Van Loan [28]).
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Since the linear system Vh(z;)Tu + h(z;) = 0 is consistent for sufficiently large
7, we have

(2.10) Vih(z;) =0
(see El Hallabi [21] and [23]) Indeed, let u; be a solution of such a system. We have
(2.11) V 1h(zg) + %5 1U quj =0 and V; Lh(z;) = 0.
Assume that there ex1sts a subsequence for which
. Vh(z;)h(x

(2.12) Jim S = 0
holds. We have . ,
(213) HVh(xj)h(xj)Hz — HUj’lzj’lvtiylh(xj)Hz — sz’lvjylh(xj)nz

IR ()l 17 ()]l 17 (z;)]l,

Now, since for sufficiently large j, the rank is identically equal to r., we obtain from
(2.12) and (2.13) that

e,
(2.14) fim e, =0
which, together with (2.10), implies that

ViRl
(2.15) Jim sy, s =0

This contradicts the orthogonality of V;. Therefore, there exists a positive constant
N, such that (2.8) holds. O

3. A hybrid algorithm for equality constrained optimization. In this section
we define our hybrid algorithm (HY BEQ) for equality constrained optimization. In
our approach, we propose a heuristic that allows the algorithm not to break down at
a point zy satisfying Vh(zg)h(xzr) = 0 and h(xg) # 0. We will start by detailing the
different stage of the algorithm.

3.1. The search direction. Let 7,7 € (0,1] and let ||.||, denote an arbitrary
¢y-norm on IR™ (in practice it canbe either the f-norm or the fo-norm) . Also let
B € R™", and 6 > 0. Our trial search direction is of the form dy = (sg, ux) where
S 1is the trial step and ug an associated Lagrange multiplier. The trial step s is of the
form uy, + yr where the normal component uy and the tangential component yj are, in
a sense that will be specified later, respectively approximate solutions of Subproblems
(N — STEP,) and (T' — STEP,) defined respectively in (1.3) and (1.4).

3.1.a) The normal component. If Vhi(zy)h(zy) = 0, we set up = 0. Let us
consider the case where Vh(zy)h(zg) # 0. The normal component uy is a feasible
point of (N — STEP,) that satisfies the usual fraction of Cauchy decrease condition

(3.1) a1k (ur) < q1x(0) + [Q1 k(ogtuid) — <J1,k(0)}
where
(3.2) ui? = —Vh(xg)h(zy)

is the steepest descent of g1  at zero and aj? is the minimizer of g x(cui?) inside the
feasible region of (N — STEP,), i.e

_ T, sd _ T sd
( Vh(zk)h(Tﬂcks)j ul ( Vh(zk)h(;kzzl u} uzd < 6,
(3.3a) apd = VR ], VAT u
T ||“i§|| othewise,
or equivalently
T, sd
3.3b o — min [ 70k (EVh(r)h(zr) v
e ’ ( T, [9h@oTugd[l;



(In Section 4, we show that o3¢ is well defined in the sense that the denominators in
(3.3a,b) are not zero).

3.1.b) The tangential component. To obtain the tangential component yi, we
will need the (tangential) steepest descent of (T'— STEP,) that is either defined to be

(3.4) yit = —Zp Z}F (Vol(zk, M) + Brug),
where Zj, is a uniformly bounded full rank matrix satisfying
(3.5) Vh(z)' Zy = 0.

We consider two cases:
3.1.b.1) First, we consider the case where y;zd = 0. Then yy, is an approximate solution
of the local model subproblem (T'— STEP,) in the sense that it satisfies

(3.7) max (€ (yr); @2,k (Yr)) < po max (fk (Bry®); %,k(ﬂkyid))
where o € (0,1), and B is the minimum of go x(By;¢) inside the feasible region of
(T—STEP,), i.e.

T
33) 5 B if (yfcd) Bkyfcd > 0 and ‘ B}:y,‘zd ) < 196
3.8 e =
2 otherwise
lvill,
with o Xt B T
(3.9) G = e e
k k
Observe that if y§¢ is defined by (3.4) then
T €T u 2
(3.10) gy = 1% SFoLewen s
y k(v
moreover, if Zi is orthogonal then ’ ’
2
oo s
b () Be(u?)

REMARK 3.1. The test in (3.7) can always be satisfied. A yi can be obtained by
approximately minimizing (T — STEP,), with Bxyi? as initial point, until
(3.11) @2,k (Yx) < p2 max (@,k(ﬂky;scd), 1o (ﬁkyid))
is satisfied. Assume that y;Bryr > 0. Then (3.11) is equivalent to (3.7). On the other
hand, assume that y. Bryr < 0. Then we accept vy if

(3.12a) U (yr) = max (g2, (Yk ), Lk (yk)) < po max (qQ,k(ﬂkyZd), fk(ﬂkl/;‘?))
is satisfied, otherwise we accept —yy, if it satisfies
(3.12b) . (—yx) = max (g2,k(—Yk), le(—yr)) < pomax (q2,k(ﬂkyid)’4k(ﬂkyid)> :

Otherwise we set v, = Bxy;?, in which case it is obvious that yj, satisfies (3.7).
3.1.b.2) Second, we consider the case where yi¢ = 0. We consider two subcases:
3.1.b.2.a) If Vh(xg)h(zk) # 0 (equivalently uy # 0) we set yx = 0.

3.1.b.2.b) Assume that Vh(zi)h(zr) = 0 (equivalently ux = 0), which implies that
xy is a stationary point of (EQCP) in the sense of the Definition 2.3. Since xj is not
a Karush-Kuhn-Tucker point of (EQCP), we obtain from Lemma 2.2 and Definition
2.1 that h(xy) # 0 necessarily holds. The idea is to force the algorithm to leave such
a point which will be actually obtained through the heuristic we propose for choosing
the penalty parameter in this case, provided that y; # 0. Therefore we choose yj to
be any feasible point of (I' — STEP,) satistying [lyk|,, = 726

3.2. Lagrange multiplier. If zj satisfies

(3.13a) (a) h(z) #0 and  (b) [|[VA(zk)h(zk)|ly < emin (1, [|h(zk)ll,)
where ¢ is an arbitrary small constant in (0, 1), we define u by



h(xy

(3.13b) [, = —sm.
This heuristic is used to force the direction dy = (s, ux) to be a descent direction of
the merit function at (x, Ai) as will be established in Section 5, and hence allows the
algorithm not to break down at such a point.
Otherwise, the Lagrange multiplier u; associated with the trial step s is updated

as follows:
3.2.1) If yzd = 0, then py, is the associated Lagrange multiplier to yy.
3.2.2) Assume that y,‘zd = 0, which implies, together with Lemma 2.3 since zj is not
a Karush-Kuhn-Tucker point of (EQCP), that we necessarily have h(zy) # 0. Then,
we choose . to be the least squares solution of

Vh(ac),uk == le(ack, )\k:) + Bksk,
equivalently Apy+1 = Ar + pg to be the least squares solution of

le(xk, )\) + Bysi = 0.
3.3. Merit function and penalty parameter. To accept or reject a trial step, we
will use the actual reduction

(3.14) aredy(d) = ®r(d) — Px(0)

and the predicted reduction

(3.15) predi(d) = W(d) — Vi (0)

where @ is the merit function defined by

(3.16) Oy (d) = Uy, + 5, M+ 12) + 7 | e + 9)]3,

i.e. the augmented Lagrangian, and where ¥ is the predicted merit function defined
by

(317)  Wi(d) = g Ak) + Vil (wn, M) d + " Wi + e |(a) + V()|
In (3.16) and (3.17), r denotes the penalty parameter defined by

(3.18) T = max(7k, 7k—1)

where, for a given positive constant p and an arbitrary small positive constant e, 7
is given by

p
(3.19) 7= { Vi(ze o) T dt+2dT Widy, )
2 max (0, e B h ) V(TR ) TP Otherwise.

Observe that si is a descent direction of the squared ¢o-norm of the constraints (this
will be established in Lemma 5.3).
In the following, we give the major reason for the use of (3.19).
3.4. Acceptance-rejection test. In our algorithm, the acceptance-rejection test
uses the directional derivative of ®(.) at zero along with the predicted and actual
reductions.

If
(3.23) aredi(dy) < c1 predg(dy)
holds, then the trial step s (and the related Lagrange multiplier uy) is accepted, and
we set
Otherwise, we choose a trust-region dx1 such that

(3.27b) €30k < Opy1 < cq0p
and resolve the subproblem defined by (N — STEP,) and (T' — STEP,).
(3.25) Tpyr =Tkt s and  App1 = Mg+ pi

3.5. Trust-region update. To update the trust-region radius we use the following
scheme. Let ¢3 € (¢1,1),1 < ¢5 < ¢g and 0 < by If
(3.27a) aredy(dy) < copredy(dy)



then we Choose 041 such that

(327b) C5§k S 6k+1 S CG(Sk
otherwise, we set
(3.27¢) i1 = llsl, -

Moreover to ensure that the trust-region radius is bounded away from zero at a non-
stationary point, we correct the trust-region as follows

(3.274d) Ok+1 = max (Omin, Min (Omax, Ox+1)) -

Such a safeguard strategy is used in Alexandrov [1], Alexandrov and Dennis [2], Dennis,
El-Alem, and Maciél [11], and El Hallabi [21] and [23], El Hallabi and Tapia [25],
Zhang, Kim, and Lasdon [53], Dennis, Li, and Tapia [12].

3.6. Definition of the trust-region algorithm (HYBEQ). Let ¢;,i = 1,..,6, p,
Omin and dmax be constants satisfying

O0<ci<ea<1 O<cz<cyu<l<es<ecg.

Let zg € IR™ be an arbitrary point and Ag an associated Lagrange multiplier, By €
IR™ ™ be an arbitrary symmetric matrix, 0 < dmin < 6o < Omax, and rg > p.

Let x be the iterate, A\ the associated Lagrange multiplier, 65 the trust-region
radius and By, the second order information approximation given by the k" iteration.
The algorithm generates Tx41, Ag+1,0k+1 and Bgy1 by the following iterative scheme:
STEP 1. Obtain a trial step s and an associated Lagrange multiplier uy

and set dj = (sg, k) (see Sections 3.1 and 3.2);
STEP_2 . Update the penalty parameter rj using (3.18) and (3.19);
STEP 3. Perform a acceptance-rejection test
STEP 4 . Update the trust-region radius according to (3.27a,b,c,d).
STEP 5 . Choose a symmetric approximation Bjiq € R™™ of V2I(Zp41, Met1);
4. Hypotheses. In this section, we give the hypotheses that will be used to establish
that our hybrid algorithm is globally convergent.
GCH.1) the functions f and h are continuously differentiable;
GCH.2) the iteration sequence {x|k € IN} is contained in a bounded convex subset
of R™;
GCH.3) the sequence of Lagrange multipliers {\;|k € IN} is contained in a bounded
convex subset of IR™;
GCH.4) there exists a positive constant v}’ such that
| Bruklly < v [luklly;
GCH.5) there exists a positive constant v such that
1Biyilla < vi llyklla s

Moreover, if {zi|k € N} is a subsequence converging to some z., then
GCH.6) the gradient of the constraints at z, is not zero, i.e. Vh(zy) # 0;

GCH.T7) there exists an arbitrary small positive constant . such that
luelly < s I VA bl

REMARK 4.1. It is obvious that Hypothesis GCH.7 is satisfied by uzd.

5. Descent properties. In this section we give some descent properties of the normal
and tangential components uy and yy and the trial direction dy = (sg, p) respectively
to the objective functions of (N —STEP,) and (T'— STEP,) and the merit function.
Such properties are used to show that dj, is a descent direction of the merit function
at (.’Ek, )\k:)

In the following lemma, we show that a{? given in (3.3a,b) is well defined.
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LEMMA 5.2. Let z; € R". Then Vh(zy)h(zy) = 0 if and only if Vh(zy)Tui? = 0.
Proof. We have
(5.1) Vh(z)Tuid = —Vh(zg)TVh(zk)h(zy).
It is obvious that Vh(zy)h(xx) = 0 implies that Vh(zy)Tui? = 0. Conversely, assume
that Vh(zx)Tui? = 0. Then, we obtain from (5.1)
IVh(zr)h(ze) |3 = h(ze) TV A(zr)T VA(zr)h(zy) = 0.0
In the following lemma, we show that the normal component uj is a descent

direction of the ¢o-norm of the linearized constraints at xy.
LEMMA 5.3. Assume that Vh(xg)h(zy) # 0. Then

(5.2) k(g ui?) < q1x(0)
and hence
(5.3) (a) g1,k (ux) < q1,6(0) (b) Var,1(0)Tuy, < 0.

Proof. Consider the function
2

avs(tug) = |[h(@e) +EVh(mn) Ty |

Since the function gy j is convex, it satisfies
(5.4) tVa1r(0) ur < qup(tur) — q1i(0)
for all t € [0,1] and (5.3b) follows from (5.3a). The definitions of uj¢ and aj¢ imply
that (5.2) hold. Finally, from the choice of ug, i.e. (3.1), we obtain that (5.3a) holds.
O

For the tangential component, we have
(5.5) (Vol(zk, M) + Brug) " yr < 0
which follows from (3.7). Moreover we have the following lemma.

LEMMA 5.4. Assume that xy, is not an algorithmic stationary point of (EQCP),
i.e. in the sense of Definition 2.3. Assume further that Vh(zi)h(zy) =0. Then

(5.6&) Vxl(l‘k, )\k)Tyk <0 and le(xk, )\k)Tyk + %y;{Bkyk <0
holds and hence
(5.6b) Vel (wr, M) Ty + 3 max (0, y7 By ) < 0.

Proof. We have uj, = 0. Assume that (5.6a) does not hold. Therefore, we have
Val(zr, M) Tye =0 or Val(xg, M) Tyr + SyE Bryr, = 0
i.e. 4,(y,) = 0 or q(yx) = 0, which, together with (3.7), implies that

(5.7) max (&(ﬁky}zd), Q2,k(ﬁky;‘3d)> = 0.

This implies that y;¢ = 0, or equivalently Z'V,l(zk, \i) = 0, which contradicts our
hypothesis that xj, is not an algorithmic stationary point of (EQCP). O

COROLLARY 5.2. Assume that xy, is not a Karush-Kuhn-Tucker point of (EQCP).
Assume further that h(z) = 0. Then

Vxl(xk, )\k)Tyk + % max (0, kakyk) < 0.

The result of the following lemma is the key point of the heuristic proposed in
Subsection 3.2 for an infeasible first order point.

LEMMA 5.5. Let xy, satisfy Vh(zg)h(zr) =0 and h(zy) # 0. Then

(5.8) Vi, Ae)Tdy <0 and  Vi(wp, A)Tdj + 4 max (o,d;{wkdk) <0
holds.
Proof. Since Vh(zy)h(zr) = 0, we have u; = 0, and
(5.9) V(g Mo) die = Val (@, M) Ty + hzi)
where, because of the heuristic used in Subsection 3.2,
(5.10) W) = e [|h(zp)|l5
and
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(5.11) dif Widr, = s{ Brsk, = Y Bryk
which implies that
(5.12)  V@k ) d o+ g max (0, dF Widy) = Vil (i, M) Tyt
3 max (0, v, Bryx) + (k)T .
On the other hand, we have
(5.13) Vil (e, M) Ty <0 and - Vol (zk, M) Ty + Sy2 Bryr, < 0.
Therefore, we obtain from (5.9), (5.10), (5.11), (5.12) and (5.13) that (5.8) holds. O
Now, we give some properties of the directional derivative of ®; at zero.
LEMMA 5.6. Let z, = (z, \) € R"xIR™. We have

(5.14) VU (0) = VPr(0)
Moreover it satisfies
(5.15) VOL(0)T's < Vi(z, \e)Td + 7 [Hh i) + Vh(a) s — [ xk)||2}

Proof. Tt is obvious that (5.14) holds. Now, Inequality (5.15) is a consequence of
(5.14) and (5.4). O

In the following proposition, we prove that, because of the definition of the penalty
parameter 7, and the heuristic defined in Subsection 3.2, the trial direction dj is a
descent direction of the merit function ®4(.) at the origin.

PROPOSITION 5.1. Let (zg, \) € R™™ 6 > 0, and By, € R™*". Assume that
x 18 not a Karush-Kuhn-Tucker point of (EQCP). Then

predy(td) < —t {‘Vl(mk, o)L dy + %max (O, d;{WkdkM +
2
p (I3 [ + Vh s}
holds for any t € (0,1]. Moreover we have
V‘I)k(O)Tdk < - ‘Vl(l‘k, )\k)Tdk + %max (O, d%WkdkM —
2
p [InGen)13 = o) + Vha s

and consequently dy, is a descent direction of @ at the origin.
Proof. Observe that (5.17) follows from (5.16). Let us show (5.16). We have, for
€ (0,1],

(5.16)

(5.17)

pT‘edk(tdk) = tVl(.Z'k, )\k)Tdk -+ t2dTWkdk+
Tk D’h xy) + tVh(zr)T sy, ‘ — ||h(zg)] }
which implies that
predy(tdy) < t{|Vi(ay, M) dy + § max (0, df Widy, )| -

(5.18) - [Hh( )5 - Hh 71) + Vh(a) o ]}

Now, assume that
(5.19) Vi(wg, M) + § max (0, df Wiy ) > 0.
Then Vh(zk)h(rg) # 0 must hold. Indeed, assume that Vh(zg)h(zg) = 0 which,
together with Lemma 5.5, implies that h(zy) = 0. Then we obtain from (5.9), (5.11)
and Lemma 5.4 that
Vi, M)y, + & max (o, d;{Wkdk) <0
which contradicts (5.19). Therefore, we have
Vi(zk, )T di+% max(0,dE Widy)

>
m 22 A (i) 13— [1h(zk) +Vh(z)T skl

12



which together with (5.19), implies that (5.16) holds. Finally, assume that (5.19) does
not hold, i.e. we have

(5.20) Vi(wp, M)y + 3 max (0, df Widy ) < 0.

We have 7, > p. Therefore (5.18) implies that

predy(td,) <t { [Vl(:rk, )\k)Tdk + % max (0, dikdkﬂ —

9 2
p ()1 = [rGan) + Thtan) s ]

0Using (5.20), we rewrite (5.21) as (5.16).

If Vh(zk)h(zr) # 0 we obtain from (5.17), Lemma 5.3, and the choice of wy
that V®,(0)7d;, < 0. On the other hand, assume that Vh(zy)h(zg) = 0. First, if
h(zx) # 0, then we obtain from Lemma 5.5 that V®, (0)7d), < 0 holds. Second, assume
that h(zg) = 0. Then, since zj, is not a Karush-Kuhn-Tucker point of (EQCP), we
obtain from Corollary 5.2 that V&, (0)7d) < 0 holds. O

We end this section by proving in the following theorem that, unless the iterate
x is a Karush-Kuhn-Tucker point of (EQCP), the HY BEQ Algorithm finds an
acceptable steplength by decreasing the t; a finite number of times.

THEOREM 5.1. Assume that xy, is not a Karush-Kuhn-Tucker point of (EQCP).
Then the algorithm finds an acceptable steplength ty by backtracking a finite number
from the steplength one.

Proof. Assume that the algorithm decreases t indefinitely without obtaining an
acceptable steplength. This implies that

(5.21)

(5.22) aredy(tpdy) > cipredy(tidy)
which, by simple calculations and because of (5.14), leads to
(5.23) Ve, (0)Td > 0.

This contradicts the fact that dj is a descent direction of ®x(.) at zero. O

Theorem 5.1 implies that either the HY BEQ Algorithm generates a sequence {z;|
j =1,..,1} such that z; is a Karush-Kuhn-Tucker point of (EQCP), or the iteration
sequence is infinite. Therefore, throughout the remaining part of the paper, we assume
that HY BEQ Algorithm generates an infinite sequence {xy}.

6. Global convergence. In this section, we demonstrate that the HY BEQ Algo-
rithm is globally convergent.

The derivation of some properties of the algorithm near nonstationary points will
play a crucial role in our global convergence theory analysis, especially the following
two lemmas.

LEMMA 6.1. Assume that a subsequence {xy|k € N}, where Vh(xp)h(zy) # 0,
converges to x.. Also assume that Hypotheses H.6-7 hold. If

; 2
(6.1) m a0l - A + w(kaM 0
holds. Then ‘ |
(62) (a) ke]lfll_r)l_,'_oo Vh(xk)h(mk) - 07 and (b) ke]:\lflin_*_oo up = 0.
Moreover
(63) azd _ (—Vh(wk)h(:ck))Tu’Scd

VAT

holds for sufficiently large k € N, and hence {azd|k € N} s bounded away from zero.

Proof. The limit in (6.2b) follows from (6.2a) and hypothesis H.7. Let us prove
(6.2a). We obtain from (3.1)

13



(6.4) @03 = (o) + Thtao ;] = e Il = [0 + 0 Tha up!
where

(6:5) @} = (o) + 0 Tha) up?

|

2 T, sd||?
_ sd(_ T, sd _ sd HVh(wk) Uk H
Also, because of the definition of a?, i.e. (3.3), we have
sd HVh(wk de <
0 < O OhonE T =
which, together with (6.5), implies that
@03 = 1) + 0 Tha) up!

or equivalently

2} > o (= Vh(a)h(zy)) " upf

2
©6) (Il - ) + aptOh@) )] = ot IVh@r@OIE,
From (6.1) and (6.6), we obtain

. s 2
(67) o [V b = 0.
The definition of a?, together with (6.7), implies that

: (I9h@OREIIE  IREh@lE ) _

(6:) pen o T (T [Vh(o0h(zdl, ||Vh<xk>TVh<xk)h(ik>||§) =0
where
(69) ||Vh(mk)h(mk)”g > 1

IVh(z) T Vh(zi)h(zi)l; = (VA3
Therefore we obtain from (6.8), (6.9), and the norm equivalency that

. (VRO ) _
(6.10) e ||Vh(”3’“)h(”3’“)||2mm<7’ IVh(1)]13 ) 0

which implies that (6.2a) holds. Finally, the boundedness away from zero of {azd|k eEN }

follows from the definition of o3¢ in (3.3), (6.2b), (6.9) and Hypothesis H.6. 0
LEMMA 6.2. Assume that the hypotheses HI1-7 hold. Moreover assume that
{zk|k € N}, where Vh(zk)h(zg) # 0, is a subsequence converging to x.. If

. 2 T, ||?| _
(6.11) im0 = [ + VhG) )| <o
and
(6.12) Jiminf [Vl(:ck,Ak)Tdk + L max (O,d}fWkdkﬂ >0,

then x, is necessarily a Karush-Kuhn-Tucker point of (EQCP).
Proof. First, we show that {h(x)|k € N} converges to zero. We have
Vl(xk, )\k)Tdk + %max (0, d{Wkdk) = Vxl(xk, )\k)TSk + h(.%'k)T/Lk
(6.13) ) o A\ .
+§ max (0, 2 (Vh(.%‘k) uk) Wi + Sk Bk8k> .
On the other hand, we obtain from Lemma 6.1 and (6.11) that

(6.14) (a) ke]%flin-‘roo Vh(zk)h(zg) =0, and (b) ke]%flinjLoo ug = 0.
Assume that some subsequence {h(z;)|j € j C N} is bounded away from zero. This,

together with (6.14a), implies that

lim IVh(z)h(z)lly, 0
jeJ—too NPl -
and hence he)
(6.15) Hi = TR,

holds for sufficiently large j € J regarding to the heuristic used in Subsection 3.2.
Therefore, we obtain from (6.14b), (6.12), (6.13) and (6.15) that
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(6.16) liminf Vl(zj, A\;)Ty; + 3 max (0 Y; B]yj) > ¢ hmlnf | (z5)]]5

jeJ—400 eJ—+oo
and consequently
(6.17) liminf max (£;(y;), ¢ (4;)) > 0,
JEJ—+00
which contradicts the choice of y; in (3.7). Therefore we obtain
(6.18) liminf h(z) = 0.
keEN—+o00

Now, we show that z, is a Karush-Kuhn-Tucker point of (EQCP). Let 43¢ be an
accumulation point of {y,‘zd|kz eN } Without loss of generality, we can assume that
ys? is a limit.

If Val(zi, M) Ty = 0 then we obtain from Lemma 2.2 and (6.18) that z, is a
Karush-Kuhn-Tucker point of (EQCP). Assume that
(6.19) Vil (24, M) Ty2d < 0.

Observe that this implies that G is bounded. Let us show that it is uniformly
bounded away from zero. Recall that (8 is a minimizer of q27k(ﬁy,‘3d) over the trust-
region of the (1T'— ST EP),) Subproblem. Let us consider the auxiliary function

G(8) = a2 (By®) = 362 (45) Buyi + 8 (Val(wn Ae) + Bius)” g
We have, using (6.14b),
V§i(0) = (Vaul(zg, M) + Bkuk) d < IV U@y M) Ty sd <
for sufficiently large k € N. Hence, there ex1st a p051t1ve integer, say k., and a constant
Bmin > 0 such that
Var(B) < 3Val(z, M) Tysd <0

for k > k. and 8 € [0, Bmin] which implies that
and hence G is uniformly bounded away from zero.

First, for £ € N such that d;{ Widy, < 0 we have

Vi(wp, M) Ty + § max (0,df Wdy ) = Vi(ag, M)
le(xk, )\k)TSk + h(mk)T,uk
= (Val(zk, \p) + Bkuk) yr + h(xg)T

+ V.l (g, )\k) Uk — U, Bkyk
= U(yr) + h(ze)T pr + Vol (zk, \e)Tug, — vl Bryg,

which implies that
Vi(zg, Ae)Tdy, + 3 max (0, dZWkdk> < p2max (Ek(ﬁkyzd) 9 k(ﬁk?fd)> + h(zi) T
+ Vol (zk, \e)Tup — uf By
Second, for k € N such that d;{ Widi, > 0, we have
Vi(zxy, )\k)Tdk + % max (O, d%Wkdk> = Vli(zg, )xk)Tdk + %dTWkdk
= (Vaol(@r, i) + Brug)"yr, + 3y Bryr + uk I Brug
+Val (g, M) Tug + (h(ifk) + Vh(xy) Uk) Pk

(6.21)

or equivalently
Vl(xk, )\k)Tdk + % max (0, dZWkdk> = qg,k(yk) + Vxl(xk, )\k) ug + uk Bkuk

+ (h(xk) + Vh(mk)Tuk) Jips
which implies that
) Vi(zk, \e)dy, + § max (0, dZWkdk> < pgmax (&(ﬁkyid), Q2,k(ﬁkyid)> + Ju} Bruy,

(6.22 T
+Vl(zg, )\k)Tuk + (h(xk) + Vh(mk)Tuk> -
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Therefore, we obtain from (6.12), (6.21), (6.22), Lemma 4.1, and (6.18) that

(6.23) pim max (fk(ﬁkyk ), QQ,k(ﬁkyZd)) =0.

First assume that there exists J C N such that
sd T sd
(6.24) (v) By (y37) <0
holds for all j € J, which, together with (6.23), implies that
(6.25) Jim5(B5) = 0.
J —00

Since 3; is bounded away from zero, we obtain, using (6.14b), that V,I(z., A\)Tys sd — ()

which contradicts (6.19). Consequently, for sufficiently large k € N we have

(6.26) (w3 ) Bi (yi) >0

and hence

(6.27) a2k (Bryi?) > e (Bryid).

From (6.26) and the definition of (, we obtain

(6.28) 0< B (yk ) By, ( ) < =2 (Vol(zr, M) + Brug)T y5d

which implies, since (i is bounded away from zero, that (y,‘z ) By, (y,ﬁd> is bounded.
Without loss of generality, we can assume that such a sequence converges to some 6,
and that [y converges to B,. Let us consider for ¢t > 0 the function

op(t) = qrtBryi®)

T
= 1By (Vi M) + Bru) "y + 303 () By (i)
which is strictly convex. Because of the choice of G, such a function has its minimum
over [0,1] at t;, = 1. Let ¢t € [0,1]. Then for all k£ € N, we have for ¢ € [0, 1]

(6.29) tB (Val(zi, M) + Brug) " yi + 3342 (yi ) By, ( ) > qo.k(BryY).
From (6.14b), (6.23), (6.27), and (6.28) we obtain
Lm0y, (Val(zk, \e) + Brug)” vt + 38320, > 0,

kENS+o0

and since ¢ is arbitrary in [0, 1] and [ is bounded away from zero, this implies that
Vol (24, M) Ty2¢ = 0 which contradicts (6.19). Consequently, Vg l(zs, A\)Tys? = 0
must hold which, together with Lemma 2.2 and (6.18), implies that x, is a Karush-
Kuhn-Tucker point of (EQCP). O

As a consequence of Lemma 6.2, we establish in the following lemma that the
penalty parameter rj is uniformly bounded.

LEMMA 6.3. Assume Hypotheses GCH.1-7. Then the penalty parameter vy is
uniformly bounded.

Proof. We give a proof by contradiction. Assume that {ry|k € IN} is unbounded.
Then, since it is a nondecreasing sequence, there exists a subsequence {z;|j € J C IN}
satisfying
(6.30) Vh(z;)h(zj) #0
for all j € J and
Vi(z;,0) T dj+5dT W;d;

31 Fo=2
(6.31) T = A B, V) TR TP
where
(6.32) 0 < Vi(zj, \))Td; + 5dF W;d;.
We have

0 < Vi(zj,A\)Td; + %d;fVVJdJ = Val(zj, \j))Tu; + 3uf Bju; + %y;prjyj
+ (Val(zj, Aj) + By u]) Yj
AT
+ (h(mj) + Vh(z;) uj) s
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and hence
0 < Vi(zj,\)Tdj + 3d] Wid; < Val(zj, \j)Tuy + Sul Bju;
T
+ (P(z;) + Vh(z) ) .
From Hypotheses GCH1-7 and (6.34), we obtain that the numerator in (6.31) is
bounded. Consequently, the denominator in (6.31) converges to zero, i.e.

(6.33)

; M2 . AT, . 2\ _
(034 i (eI = o) + Fhia) ) =0
and hence a]“?d is bounded away from zero, say
(6.34) ast > agd .
Also, we have
2
(6.6) {Hh(%’)ﬂg - Hh(«%’) + a8V h () Tus 2} > a3l IV () ()5
and by Hypothesis this implies that
(6.6) 7 : T S e R
[Hh(mj)nf||h(mj)+a;th(zj)Tu;d||2} e (i)l
sd Vi(z;,0)" dj+5dT Wid; Vi(zj,0)" dj+5dT Wid;
(6.33) 0 < er0minfye Sz a1 vhG) Tl = k@R
sd Vi(z;,\) " dj+5dl Wid, Val(zj,\j) uj+5ul Bju;
0 < Clmin i B h) VhG) Tn R = V(@) k(@)1
(6.33) n (P()+Vh(;) ") g,

IV h(er)h(zr)l

Therefore, we obtain from (6.34), and Lemma 6.1 that {Vh(z;)h(z;)|j € J} converges
to zero which contradicts (6.31).Therefore {rg|k € IN} is indeed uniformly bounded. O

In the following theorem, we establish that the steplength ¢; is bounded away
from zero at a nonstationary point.

THEOREM 6.1. Let {zx|k € N} converge to x. where xi, and x are not Karush-
Kuhn-Tucker points of (EQCP). Also let {tx|k € N} be the sequence of acceptable
steplengths. Then there exists a positive scalar t(xy) such that
(6.35) te > t(zs)
holds for any accumulation point t. of {tx|k € N}.

Proof. We give a proof by contradiction. Assume that there exists a subsequence
{tj|7 € J} converging to zero. Since ¢; = 1 is not acceptable, let ¢; be the last nonac-
ceptable steplength. We have

C4tj S Ej S C5tj

which implies that {¢;|j € J} converges to zero. Because of Theorem 5.1, the nonac-
ceptable steplength ¢; is positive. We have

(I)j(%jdj) — (I)j(()) > c1 max (predj(fjdj),ij\Ilj(O)de> .
This implies that

D;(t;d;) — ;(0) > e1 [¥(t;d;) — ¥;(0)]
and hence

Waj+tysg Nj+timg)—1(z;,);)

(6.36) gl

_ 2 - —
S ||h(wj+tj8j)_H2—Hh(wj)||§ S e %tjs?BjstrtZVzl(mj,)\j)TSj
j T 1 5

J
- 2 - T-
. ||h(wj)+Vh(zj)ths]-||2—||h(zj)|\§ (h(:l?j)-i-Vh(wj)thSj) tipg
J J

+a +a

We have . -

(6.37) l(xﬁ?jsj'v\jﬂf_jw)*l(fvw\j) _ f(fvj+?j§;)*f(rj)+(h(wj+tj83'%—h(wj)) /\j_i_h(fvfr?j;j)T?juj_
J J J J
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On the other hand, there exists Z; € (x;,2; +t;s;) such that
flxj+tis;))—f(x; —
(z; zsz.) (z5) — Vf(Zj)TS]
= Vf(z)"s;+ [Vf(z) = V)]
where, since {z;|j € J} converges to z, and {¢;|j € J C N} converges to zero,
i V() V)] = 0.

Therefore, we have

(6.38) [Metliad J) —  f(2,)7s; + 01(4)s,
where
(6.38b) lim o1(5) = 0.
Jj—+oo
Similarly we have for i = 1...m
(6.392) el e - Vhy(a)Ts; +0i(3)
where
6.39b li J(3) =0,
(6.39b) Aim 6i(3) =

and hence, since \; is bounded,
(hlas+E5,)=h(z))" X

(6.39¢) 7 = (Vh(z)\)T 55+ 02(5)
where

. li 1y — .
(6.39d) dim 0(3) =0

From (6.39a,b), we obtain

|n@ )= lh@) I3 _ [+ Vhia)T &s;|la—llh@;)I3

(6.402) oty ey Ju-inies ) . +og(2)
J J
where
6.40b li =0,
( ) jGJanJroo 03( )
which, together with the convexity of ¢;(t), implies that
h(zj+t;s h(z 2
(600 el tnels o g, +vm%>%m—wmmﬁ+%e>
Also, we have, because of the definition of W},
— T_
(Vh(:rj)thsj> tjﬂj = % 2dTW d fB]SJ
which we rewrite as T
(6.41a) (Vh(2)TEis5) Ty = ST Wid; +Fou(L)
where
A41b li =o.
(6.41b) s o4(5) =0

Because {r;} is bounded, 0 < 1—¢;, and {¢;|j € J} converges to zero, we obtain from
(6.36), (6.37), (6.38a,b), (6.39a,b), (6.40a,b,c) and (6.41a,b),

(6 423) Vl(:l?j,kj)Tfjdj-f'(v}b(wiﬁjuj)TE]'SJ‘-‘F%E?S?BJ'S]' > ||h(wj ||2 H h(:L‘J -‘rtJVh Z‘] SJ||2+
) tj tJ
o()
or equivalently
Vi(z;,2;)Td; dT id; h h Vh
(642b) (wj ) t+ > r H (x5) ||2 || (mz + (I]) S]H +o (%)
J J
where
(6.42¢) je}ﬂm o(5) =0,
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and hence

(6.43) Vil M) ydy+ max (0T Wyds) G -] )+ he)T Bl o1,
. 2 ) !
which implies that ’ ’
(6.44) liminf Vi(z;, A)Td; + & max (0, d;.fwjdj) > 0.

j€J =400

From (6.43) we obtain
_ —2 - 2
2vz(mj,,\j)thdj+% max (0,¢;d7 W, d; ) i || h(z;)+Vh(z;)T tjsj||2—|\h(:cj)|\§

t J iz
(@)~ h(z;)+Vh(z;)Tt; s
rj (P H tj J J||2 —1—0(%)
which, together with the convexity of c;, implies that
2 (Vi) 7)) d; + § max (0,dF Wyd; ) )+ M h(z;) + Vh(z; s]H - ||h(x])H2]
T4 2_ €T €T S

S, e J;w D sl +o(d),
and hence

liminf (2 (Vi(e;,A)7d; + § max (0,d] W;d;) ) +
(6.45) liminf ‘777 S )

jomint . [H h(aj) + Vh(a)) s - ||h(xj)||2D >0

But from the definition of the penalty parameter r;, we obtain

2
2 (Vi(wj, )T d; + & max (0,dT Wid; ) ) +(rs + p) [H h(x;) + Vh(z;) s - ||h(xj)||§} <
0
which implies, together with (6.45) and the convexity of ¢;, that

(6.46) im [llh(xj)llé — || Bas) + i) s,-HZ] =0

Finally, the limits (6.44) and (6.46), together with Lemma 6.2, imply that z. is a
Karush-Kuhn-Tucker point of (EQCP), which contradicts our hypothesis. Conse-
quently the theorem does hold. O

Theorem 6.2. The iteration sequence {z = (zx, \x)} generated by the HY BEQ
Algorithm is not bounded away from stationarity.

Proof. Assume that the iteration sequence {zx = (x, A\x)} is bounded away from
stationarity. First, we obtain from Lemma 6.3 that the penalty parameter r; is uni-
formly bounded, and since we are assuming that the iteration sequence is infinite,
such a parameter is constant for sufficiently large k, say riy = 74 for k > ki, and the
merit function ®x(.) is constant with respect to this parameter. Therefore, we denote
®(z) + s) instead of Pg(s).

Let (z4, A\«) be an arbitrary accumulation point of {zy = (zk, A\x)}. Because we
are assuming that the iteration sequence is bounded away from stationarity, x, is
not a Karush-Kuhn-Tucker point of (EQCP). Let {(z;, ;)| j € J} be a subsequence
converging to (x4, Ax). We claim that there exist a positive integer j. > ki, and a
positive scalar w, such that
(6.47) D(2zj41) < P(24) — wa
holds for sufficiently large j,say j > js.

Recall that dj = (sj, ;). The sequence {d;| j € J} is bounded, without loss of
generality, we can assume that it converges to d.. We have

(6.48) el}m Vo (z)Td; = VOl (2,.)Td,.
] —
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Because z, is not a stationary point of (EQCP), we obtain from Proposition 5.1,
and Theorem 6.1 that there exists @ > 0 such that

(6.49) lim:}up max (predj(tjdj); thq)(zj)de> <—-w<0
j

and hence

(6.50) max (pred;(t;d;); t;V®(z;)7d;) < —30

for sufficiently large j € J. Since {®(z;)|j € J} converges to ®(z,), for e = 4O, there
exists a positive integer, say j., such that

(6.51) D(z,) < P(zj) < P(xs) + €

holds for j > j.. On the other hand, we have

(6.52) ‘I)(Zj_H) < (I)(Zj) + ¢1 max (predj(tjdj); th‘I)(Zj)de)
which, together with (6.49) and (6.50), implies that

(6.53) ®(2j11) < P(2) + 2 (4 — 1) @.

Let us set w. = & and rewrite (6.53) as

(6.54) D(2j41) < P(24) — ws.

Finally, since the entire sequence {®(z;)|k > j.} is decreasing, we obtain from (6.54)
that (6.47) holds.
But, since the entire sequence {®(zx)|k > j.} is decreasing, we have
D(z) < P(2) VYV k> .

This contradicts (6.54). Therefore the iteration sequence is indeed not bounded away
from stationarity. O
7. Local convergence. In this section, we show, under the standard assumptions
of Newton method, that, for sufficiently large k, the algorithm reduces to the SQP
method and hence it is g-quadratically convergent.

We make the following local convergence hypotheses:
LCH.1) the function f and h are twice continuously differentiable;
LCH.2) the hypotheses of global convergence hold,;
LCH.3) for sufficiently large k, the normal component wuy, is the least-squares solution
of (N — STEP,) and yj, solves (I' — STEP,);
LCH.4) the iteration sequence {(zk, A\x)|k € IN} converges to (Zx, \s);
LCH.5) Vh(z) has full rank and the linear system

h(xk) + Vh(xk)Tu =0

is consistent for sufficiently large k ;
LCH.6) the limit reduced Hessian approximation is positive definite, i.e. sequence
{Br|k € IN} converge to a matrix B, that is positive definite on

H(z.) = {y € R" | Vh(z.)"y =0}
LCH.T7) the limit

_ V2 T

—0
kEN 00 5]

(i.e. By = V2I(xk, \¢)) holds.
REMARK 7.1. The hypotheses LCH.2-4 imply that z, is a Karush-Kuhn-Tucker
point of (EQCP).
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REMARK 7.2. The hypotheses LCH.3, LCH.5 and LLCH.6 imply that y, is the
exact solution of (I' — STEP,).

LEMMA 7.1. Assume the Hypotheses LCH.1-7. Then, then exits a positive con-
stant p such that
(7.1) M—Mprﬁ;’k”‘;k > p.
for all sufficiently large k € IN. o

Proof. First, observe that {ug|k € IN} converges to zero. Therefore, since 6 >
Omin, We obtain from Hypotheses LCH.3 and LCH.5 that

(7.2) h(zk) + Vh(zg)Tur =0
and hence
(7.3) h(:L‘k) + Vh(:L‘k)TSk =0.
From Proposition 5.1 and (7.3), we obtain
[predi(di)| ~ |VUEeAR)T dit3 max(0.df Widy )| | [Ih()13
(74) lallz = I 13 ldxll3

Assume that there exists a subsequence J C IN such that the right-hand side of
(7.4) converges to zero. This implies that

. h(zy) _
(7.5) Elen} AN 0
and hence
(7.6) %51 m =0
and
z,0)Td;j+1 max TW,d;
(7.7) ljm T2 mex QAW ) _

GET lld;l3
On the other hand, Hypotheses LCH.6, (7.2) and (7.3) imply that
(78) Vl(wj,)\j)de-‘,-% max(O,d;erdj) . Vzl(:cj,kj)TSj-i-%s]TBij

;13 N lld; 13
holds for sufficiently large j.
Let us assume that |[|.||,, is the {c-norm (the case where |||, = {3 is handled in the
same way). Since y; is a solution of (T'— STEP,), there exist p; € IR™ such that

a) VIZ(IL‘J’, )\J) + Bj’le + Bjyj + Vh(xj),uj =0

7.9

7 ) Vh(z))Ty; =0

We obtain from (7.9b) that

(7.10) (le(mj, )\j) + BjUj)T Y + %y;fBjyj = —%y;prjyj

and hence . . . .

(7.11) (VIZ(IL‘]', )\j) + BjUj) Y + Qy;‘rBjyj + V;pl(l‘j, )\j)TUj + §ufBjuj = —QyTBjyj

—|—Vzl(l‘j, )\j)TUj + %uj Bju;
or equivalently

Val(zjN) si+5sTBjsi 197 Bjyi | Val(zg\)Tu; | 1 Y% o uj
(7.12) 14512 =g T 4 2L i
Also, we obtain from (7.9) and (7.3) that
Val(zi,0) T ug ul 8 pT h(z;)

(7.13) o TR T L T, — O
where, because of (7.6),

. uT Sj
(7.14) in @ Bimgr, =0
On the other hand, we have

B h(zp) | o Ll IBE)l, 1A

(7.15) [ S o P
and hence, because of (7.5),

. pT h(z;)
(7.16) i 1o, Tat, =0
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Therefore, we obtain from (7.13), (7.14), and (7.16) that

(7.17) lim Yelzid) e _
j€J lld;113
which, together with (7.12) and (7.6), 1mphes that
. Val(zj,A ) s]+2s Bjs; < 1Y; B]y]
(7.18) tim sup 14,12 L inf 55502
and hence, because Vh(z;)Ty; =0,

e | Vel \) s3] Bisi| 1. g llyslly \ 2
(7.19) thIélJHf AL > 5k hljigjnf (de"z)
where ( is a lower bound of the reduced Hessian approximation of B; to the subspaces
H(zj) = {y € R" | Vh(z)"y =0}
Now, we claim that there exists a constant a such that

llY;ll
(7.20) HZJHQ >

holds for all sufficiently large j € J.
Assume that this does not hold. Then, there exists a subsequence J' C J such
that

(7.21) lim H_dyT =0.
jeJ’ 12
This, together with (7.6), implies that
(7.22) ]henjll m =0.
We have . r
Vi(z;, ) d; [ Val(z;,A5) S; h(z;)Tpy
(7.23) s = (Fat) i + e
where, because of (7.9),
Val(xj,\;
(7.24) Sl < (0 + k) + | Vha))]l;
Therefore, we obtain from (7.22), (7.23) and (7.16) that
(7.25) lim YAzA)Td g
jed’ Hd ”2
which, together with (7.7), implies that
T
(7.26) lim 4% _
jesr lldsli3

This contradicts the hypothesis that W; is positive definite for sufficiently large j.
Therefore our claim in (7.20) holds.
Finally, from (7.20), (7.19) and (7.8) we obtain that

.. |Vl(m], ) d]+ max(Od W;d; )| 1, ~2
(7.27) hl}g}nf AL > 5Ca

which contradicts (7.7). Consequently the right-hand side of (7.4) is bounded away
from zero, which ends the proof. O

In the following, recall that z; and dy denote (zx; Ax) and (sg; ug) respectively.

LEMMA 7.2. Assume the Hypotheses LCH.1-7. Then, the entire step dj is ac-
ceptable for sufficiently large k. Moreover, the trust-region radius is increased.

Proof. Since [ is twice continuously differentiable, we have

Wz +dp) = U(zk)+ Vl(zk)Tdk + %dTVQZ(Zk + dek)dk
(7.28) = (2k) + Vi(z) dy + 5dL V(21 di+
LT (V2U(z + frdi) — V2U(24) ) di.

where 3 € (0,1), and

(7.29) limsup (V21(zk + Brdi) = V2U(2) ) = 0
k€IN—+o0
since {di|k € IN} converges to zero. Therefore, by using (7.29), we rewrite (7.28) as
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(7.80)  U(z+di) = U(z) + Vi) di+ 3df V2U(zk) i + 01 ([ldill})
Also, we have '
hi(xk + Sk) = hz(xk) + Vhi(xk + t}gsk)Tsk
(7.31) T ; T
= hz(mk) + Vhl(xk) S + (th(xk + tzsk) — Vhl(ack)) Sk
where, since h; is twice continuously differentiable and {si|k € IN} converges to zero,

(7.32) limsup (Vhi(zy + tisk) — Vhi(zg)) = 0.
k€eIN—+o0

Therefore, we rewrite (7.31) as

(7.33) hilze +s1) = hi(ze) + Vhi(zp) sk + 0; (||sk||p)

and hence

(7.34) h(wk + sk) = h(wx) + Vh(@e) s, + 03 (Jlsil,) -

From (7.30) and (7.34), we obtain
aredi(d) = Uz, +di) = Uzk) + i [ [k + )13 = [1p(e)l13]

(7.35) = Vi) dy + 3d V() + o (lldill, ) +
2
i [Hh(xk) + Vh(ay) sk + 0z ([l ) |~ ||h(xk)||§}
and
T 1T T, |2 2
735) P = VU At S Wit [Hh(mk)—i-Vh(xk) ska—Hh(xk)||4

which implies that
aredy(dy) — predy(dy) = $dF [V21(z) = Wi] di + o1 (|[d]?)
(7.37) 2 2
rE Hh(mk) + Vh(zx) s + 02 (||sk||p) Hp - Hh(mk) + Vh(:rk)Tska .
From (7.37) and (7.3) we obtain
_ — LT 12 _ 2 2
(7.38) aredy(dx) — predy(di) = 3d;; [V*1(2) — W] di + 01 (Ildkll,) +7x02 (I[skll3) -

which, together with Hypothesis LCH.6, implies that

: aredi(di)—predi(de) _
(7.39) T AT AR
On the other hand,we have
aredy,(dg)—predy, (dp) _ aredy(dy)—pred(dy)  ||dell2
(7.40) kprkedk(dk)k == : ﬁdkl\g = predk(fik)'
From Lemma 7.1 and (7.40) we obtain that
- aredy(s) _
(7.41) ]lg]% predi(sk) 1
and hence
(7.42) aredy(di) > co  pred(dy)

holds for suficiently large k. This implies, first, that the entire step dj is acceptable
and second that the trust-region radius éy is increased. The second point shows that
a very small 6pin, does not preclude the rate of convergence. O

THEOREM 7.1. Assume the Hypotheses LCH.1-7. Then, the rate of convergence
18 q-quadratic.

Proof. From Lemma 7.2, we obtain that, for sufficiently large k& € IN, the sequence
{(xg, \k)} is generated by the iteration (zxy1, \er1) = (T + Sk, Ak + i) where s is
the solution of

(QP) = { minimize V(2 \i)7s + %STBkS
| subject to h(zk) + Vh(zr)Ts =0
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i.e. the SQP step and py the associated Lagrange multiplier. Therefore the algorithm
reduces to the SQP method and hence the rate of convergence is q-quadratic. O
8. Numerical Tests. In this section we present some primary numerical tests.

To solve these subproblems we used Fortran subroutine provided by Pola and Casas
[37] of the Cantabria University in Spain . We used the fs-norm in the trust-region
constraints. We also used 71 = 7o = 1, because we feel that the usual choice of
79 = 1 — 7 where 71 is very small would give more weight to the normal component
with respect to tangential component, which would define an algorithm that is directed
more toward feasibility that stationarity. The number of internal increases is maxiis,
in which case the trust-region is multiplied by inc_del. Moreover, in decreasing the
steplength, we multiply the current step by 81 = 0.25 if the predicted reduction is
negative and by B2 = 0.75 otherwise. The other parameters are as follows: p=1,¢; =
107%,¢0 =0.9,¢3 = 0.5,80 = 1, 6min = 1072, 6max = 10°. The algorithm stops if

1) [|[VU(zg, M)y < e, or

2) Jlselly < e.

We run the hybrid algorithm with the associated pure trust-region version on a
set of small problems from Hook and Schitowski [23]. The initial approximation of
the solution is the same as in Hook and Schitowski [23]. The results are reported in

the following Table 1. where:
Hybeq : Hybrid Algorithm,

TR : Trust-region version,

n0 : Hook and Schitowski[23] problem number,
n : Problem dimesion,

m :  Constraints number,

it : Iteration number,

nf :  Function evaluation,

back : Steplentgh decreases number,

decr : Trust-region radius decreases number,
Hy_Tol : Tolerance ¢ for the Hybrid Algorithm,
TR-Tol : Tolerance ¢ for the Trust-region version.
en : The n-vector of ones.
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HS-Problem Hybeq TR
(n0,n,m) (it,nf,back) | Hy-Tol | (it,bf,decr) | TR-Tol
(6,2,1) (10,11,1) | Le-11 | (12,13,1) | Le-1l
(7,2,1) (9,10,0) | Le-11 | (9,10,0) | Le-11
(8,2,1) (8,10,0) | Le-11 | (8,10,0) | Le-ll
(263.1) | (22,40,15)) | Lell | (33,57,24) | lell
(27,3,1) (2646,7) | Lell | (25261) | Lell
(40,4,3) (16,16,0) | Le1l | (16,16,0) | Le-ll
(46,5,2) (27,30,3) | Lell | (25,261) | Le-ll
(4753) | (27,30,2)) | Lell | (139,167,27) | Lell
(61,3,2) (8,11,1) | Le-1l | (8,1L,1) | Le-ll
(77,5,2) (18,23,2) | L1l | (20,35,14) | L.e-09
(78,5,3) (9,10,0) | Le-11 | (9,10,0) | Le-1l
(79,5,3) 9,900 | Lell | (8,10,0) | Le-ll
(216,2,1) | (12,15,2) | Lell | (1L,152) | Lell
(219,42) | (26,385) | Lell | (19,32,6) | Lell
(254,3,2) 8,10,1) | Lell | (813,1) | Lell
(316,2,1) 8,11,0) | Lell | (6,7,1) Lell
(317,2,1) (8,10,0) | Lell | (7,8,0) Lell
(318,2,1) (9,14,0) | Lell | (7,9,1) lell
(319,2,1) (9,11,0) | Le-11 | (9,11,1) | Le-11
(320,2,1) | (10,12,0) | Le-1l | (10,12,0) | Le-ll
(321,2,1) | (11,12,0) | Le1l | (11,12,0) | Le-ll
(322,2,1) (13.2,3) | Lell | (17,38,13) | Lell
(335,3,2) | (22,355) | Lell | (24,36,6) | Lell
(336,3,2) | (1L,19,2) | Lell | (13,25,6) | Lell
(338,3,2) 770) | Lell (7,9,0) 1.6-08
(344,31) | (18,18,0) | Le1l | (18,18,0) | Le-1l
(373,9.6) | (10,16,3) | Le-11 | (12,20,0) | Le-1l
Table 1

Also, we run a version of the Hybrid algorithm from a remote initial point IP
where the normal component
ug? if ||h ()| > nor-tol
Uk =
ugret  otherwise

and
y;zd if || VI(zk, Ak)||y > tan-tol

Y = { exact :
Ui otherwise
where ug**t and y§*?* are the exact solutions of the (N—STEPs,) and (T — STEP )
Subproblem given by the routine of Pola and Casas[37]. The results are reported in
Table 2.
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(nO,n,m) | (it,nf,back) P (nstp,tstp) | nor-tol | tan-tol | Tol
(62,1) | (13,234) | 1e+03x0 | (10,10) | 1.e+03 | Le+01 | l.e-l1
(7,21) | (28,46,8) 100 x0 (22,13) | 1.e+01 | L.e+01 | L.e-11
(8,21) | (19,19,0) | 1et0dx0 | (13,) © | Tet02 | lell
(26,3,1) | (25,45,17) 10 x0 (15,10) | LeOL | 1.et02 | Lell
(27,3,1) | (24,46,7) ) (0,0) | Le+Ol | 1.e+02 | Lell
(40,4,3) | (21,28,0) 4x0 (0,7 | 1L.et02 | Le0l | Lell
(46,5.2) | (36,46,0) 45 x0 (3,3) | Let03 | L.et04 | Lell
(47,5,3) | (90,104,10) | 3 x0 (0,0) | Let03 | L.et04 | Lol
(61,3,2) | (21,32,0) | -1.500 e, | (10,11) | 1.e+02 | L.e+02 | L.e-11
(775.2) | (27,36,1) 10 x0 (9,10) | Le+03 | L.et02 | Lell
(78,5,3) | (15,23,3) 6 x0 (14) | Le+03 | L.et03 | Lell
(79,5,3) | (16,18,0) 6 x0 (2,7) | L.e+03 | 1.e+03 | Lell

(216,2,1) | (13,15,0) 21 x0 (3,9) | L.et03 | 1.e+02 | L.e-08

(219,4,2) | (42,81,6) 80 x0 (22,22) | 1.e+03 | 1.e+03 | L.e-11

(254,3,2) | (32,41,9) 60 x0 (23,23) | 1.e+0L | L.et01 | L1l

(316,2,1) | (24,25,1) | 1et0de, | (16,18) | l.e+01 | Le+01 | L.e-ll

(3172,1) | (17,25,1) | 1e+03 e, | (12,14) 1. 1. | Lell

(318,2,1) | (15,21,0) | 800 e, (811) | 1.e+0L | L.etOl | L.e11

(319.2,1) | (18,25,2) 800 en (11,13) | L.et01 | L.e+01 | Le-11

(320,2,1) | (18,23,0) | -1 et+04 e, | (11,14) | L.e+01 | L.e+0l | l.e11

(321,2,1) | (22,37,2) 800 en (10,18) | 1.e+01 | 1.e+01 | L.e-11

(322,2,1) | (2332,2) | -300 e, (12,19) | 1.e+01 | L.e+01 | L.e-11

(335,3,2) | (31,54,14) | 40 x0 (10,21) | 1.e4+03 | L.e+0L | L.e-11

(336,3,2) | (26,30,1) | let03 e, | (16,22) | l.etOl | Le0Ol | Lell

(338,3,2) | (23.27,1) | 1et04x0 | (16,16) | L.etOL | L.etOL | L.e-11

(344,31) | (374L,1) 125 x0 (18,21) | 1.0l | L.e0l | 1.-08

(373,9,6) | (40,59,11) x0 (1,32) | Le+03 | L.e02 | Lell

Table 2

9. Concluding Remarks. In this paper, we have presented a hybrid algorithm to
solve the nonlinear minimization problem
f(z)

(EQCP) = { ha) =0,

where f: IR” — IR and h: IR" — IR™,m < n, are continuously differentiable.
Starting from an arbitrary initial approximation to a solution, say xg, and an
associated Lagrange multiplier approximation g, the algorithm generates a sequence
2k = (zk, Ak) by the iteration scheme xg1 = g + tgsk and A\gy1 = Ag + tgpg - It uses
a trust-region approach to find a search direction of the form dy = (sg, ux), where s
is the trial step and u; an associated Lagrange multiplier, that is a descent direction
at (zg,A) of the merit function defined to be the augmented Lagrangian
(9.1) Dy (d) = U(xg, + 8, M + 1) + 75 | h(zp + )15,
and then uses linesearch techniques to obtain an acceptable steplength ¢ is such a
direction. For the trust-region part, we used the approach of Byrd [5] and Omojokun
[38]. Given a trust-region éx, 71 € (0,1],72 € (0,1], and By, an approximation of the

minimize
subject to
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Hessian Lagrangian, the trial step s is determined as uy + yr where ug, the normal
component, is an approximate solution of
minimize gy (u) = 3 Hh(mk) + Vh(xk)Tqu
subject to [[wll, < 716,
and yg, the tangential component, is an approximate solution of

minimize g2 k(y) = (Val(ag, ) + Brug) Ty + %yTBky
(9.3) (T'—STEP,) = subject to Vh(zr)Ty =0

yll, < 26k,

(9.2) (N —STEP,) =

where |||, is in practice either the ¢5 or the oo norm.

The normal component of the trial step direction uy satisfies the well-known frac-
tion of Cauchy-decrease. The tangential component satisfies a test that takes into
account the curvature of the local model.

Moreover, such a curvature is taken into account in the definition of penalty
parameter update implying, together with an heuristic dealing with points satisfying
(9.6) h(zg) #0 and Vh(zg)h(xg) =0,
that direction dy = (s, k) is a descent of the merit function which enabled us to
propose the present hybrid approach.

We establish, under rather weak hypotheses, that the HY BE(Q Algorithm is glob-
ally convergent.

Moreover, under the standard hypotheses of the SQP method, we prove that for
sufficiently large k € IN, the HY BE(Q Algorithm reduces to the SQP method and
therefore its rate of convergence is g-quadratic.
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