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1 Introduction

In this paper we discuss continuity and differentiability properties of solutions of the
parameterized variational inequalities

F (x, u) ∈ NK(x). (1.1)

Here K is a nonempty convex closed subset of Rn, F : Rn × U → Rn is a mapping,
U is a normed space, 〈·, ·〉 denotes the standard scalar product in Rn, and NK(x)
denotes the normal cone to K at x̄,

NK(x̄) := {y : 〈y, x− x̄〉 ≤ 0, ∀x ∈ K} , if x̄ ∈ K,

and NK(x̄) := ∅ if x̄ 6∈ K. We denote variational inequality (1.1) by V I(K, Fu) and by
Sol(K, Fu) its set of solutions, i.e., x̄ ∈ Sol(K, Fu) iff x̄ ∈ K and 〈F (x̄, u), x− x̄〉 ≤ 0
for all x ∈ K. For a reference value u0 ∈ U of the parameter vector, we often drop
the corresponding subscript in the above notation. In particular, F (·) := F (·, u0) and
V I(K, F ) corresponds to the reference variational inequality

F (x) ∈ NK(x). (1.2)

It is well known that for optimization problems, V I(K, F ) represents first order
optimality conditions. That is, consider the optimization problem

Min
x∈K

f(x), (1.3)

where f : Rn → R is a continuously differentiable function. We have that if x0 is a
locally optimal solution of (1.3), then x0 ∈ Sol(K, F ) with F (·) := −∇f(·).

There is a large literature on all aspects of the theory of variational inequalities.
It will be beyond the scope of this paper to give a survey of all relevant results. In
that respect we may refer to the recent comprehensive monograph by Facchinei and
Pang [5] and references therein. We also do not investigate existence of solutions of
V I(K, Fu) and concentrate on continuity and differentiability properties of such solu-
tions if they do exist. For a discussion of various conditions ensuring nonemptiness of
the solution set Sol(K, Fu) we refer to [5, section 2.2]. For example, a simple sufficient
condition for existence of a solution of V I(K, Fu) is that F (·, u) is continuous and the
set K is bounded, and hence compact, [10]. In case the set K is polyhedral, perturba-
tion theory of V I(K, Fu) is thoroughly developed notably by Robinson [15],[16],[17].
Much less is known about continuity and differentiability properties of the solution
multifunction u 7→ Sol(K, Fu) for a general, not necessarily polyhedral, set K. Some
results of that type were obtained in [21] by a reduction approach. It is clear from
a general perturbation theory of parameterized optimization problems (see [2] and
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references therein) and results presented in [21] that an additional term representing
curvature of the set K should appear in the corresponding formulas.

In this paper we use an approach of formulating V I(K, Fu) in a form of an op-
timization problem by employing a (regularized) gap function. Consequently, we
investigate properties of the solution mapping by applying some recent results from
sensitivity analysis of optimization problems. For perturbation theory of optimization
problems we use, as a reference, Bonnans and Shapiro [2]. We also discuss the case
where the set K is given in the form

K := {x : G(x) ∈ Q} = G−1(Q), (1.4)

where G : Rn → Rm is a continuously differentiable mapping and Q ⊂ Rm is a closed
convex set. Of course, so defined the set K may be nonconvex. We then define NK(x̄)
as the negative polar cone of the tangent cone1 TK(x̄) to K at x0. Sensitivity analysis
of such variational inequalities (generalized equations) was studied in Robinson [18]
for the case where Q is polyhedral and a nondegeneracy condition holds, and in
Shapiro [21] also under a nondegeneracy assumption and cone reducibility of the set
Q. Klatte [7] and Klatte and Kummer [8],[9] studied the case where Q := Rn+ and
the mapping G(x, u) may also depend on the parameter vector. Sensitivity analysis
of variational inequalities in terms of various coderivative mappings was studied in
Levy [11],[12] and Levy and Rockafellar [13].

Unless stated otherwise it will be assumed throughout the paper that F (·, ·) is
locally Lipschitz continuous. We use the following notation and terminology. The
space Rn is equipped with the Euclidean norm ‖x‖ := 〈x, x〉1/2. It is said that F (·, ·)
is directionally differentiable, at a point (x0, u0) ∈ Rn × U , if the limit

F ′((x0, u0), (h, p)) := lim
t↓0

F (x0 + th, u0 + tp)− F (x0, u0)

t

exists for all (h, p) ∈ Rn × U . If F (·, ·) is differentiable, we denote by DF (x, u)
its differential at a point (x, u), i.e., DF (x, u)(h, p) = ∇xF (x, u)h + ∇uF (x, u)p.
By D2G(x)(h, h) we denote the quadratic form associated with the second order
derivative of a mapping G : Rn → Rm at x. For a point x ∈ Rn we denote by
B(x, r) := {y : ‖y − x‖ ≤ r} the ball of radius r centered at x, by dist(x, K) the
distance from x to the set K, and by PK(x) the metric projection of x onto K, i.e.,
PK(x) is the closest point of K to x. Of course, dist(x, K) = ‖x− PK(x)‖. For a set
S ⊂ Rn we denote by cl(S) its topological closure, by

IS(x) :=

{
0, if x ∈ S,
+∞, if x 6∈ S,

1For a nonconvex set K there are several concepts of tangent cone TK(x̄). Unless stated otherwise
we assume that TK(x̄) is the contingent (Bouligand) cone.
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its indicator function, and by

σ(x, S) := sup
y∈S
〈x, y〉

its support function. An extended real valued function f : Rn → R is said to be
proper if f(x) > −∞ for all x ∈ Rn and its domain dom f := {x : f(x) < +∞} is
nonempty. If f is convex, we denote by ∂f(x) its subdifferential at x ∈ dom f . For a
linear mapping A : Rn → Rm we denote by A∗ : Rm → Rn its adjoint mapping, i.e.,
〈y, Ax〉 = 〈A∗y, x〉 for any x ∈ Rn and y ∈ Rm. By Sn we denote the space of n× n
symmetric matrices.

2 Preliminary results

With the variational inequality V I(K, F ) is associated the (regularized) gap function

γ(x) := inf
y∈K

{
〈F (x), x− y〉+ 1

2‖x− y‖2
}

. (2.1)

Clearly for y = x we have that value of the function in the right hand side of (2.1) is
zero, and hence γ(x) ≤ 0 for any x ∈ K. It is possible to show ([5, Theorem 10.2.3])
that x0 ∈ K is a solution of V I(K, F ) iff γ(x0) = 0. That is, x0 ∈ Sol(K, F ) iff
γ(x0) = 0 and x0 is an optimal solution of the optimization problem

Max
x∈K

γ(x). (2.2)

Let us discuss some properties of the function γ(x). It will be convenient to write
this gap function in the form γ(x) = ϑ(x, F (x)), where

ϑ(x, a) := inf
y∈K

{
g(x, a, y) := 〈a, x− y〉+ 1

2‖x− y‖2
}

. (2.3)

We can write the function g(x, a, y) in the form

g(x, a, y) = 1
2‖x + a− y‖2 − 1

2‖a‖2.

It follows that the minimization problem in the right hand side of (2.3) has unique
optimal solution

ȳ(x, a) = PK(x + a). (2.4)

Therefore, ϑ(x, a), and hence γ(x), is real valued for all x ∈ Rn and a ∈ Rn. Let us
also observe that if x ∈ K and a ∈ NK(x), then PK(x+a) = x, and hence ȳ(x, a) = x.
In particular, if x0 ∈ Sol(K, F ), then ȳ(x0, F (x0)) = x0.
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Since the set K is convex, the mapping PK(·) is Lipschitz continuous (with Lip-
schitz constant one), and hence ȳ(·, ·) is Lipschitz continuous. It follows then by
Danskin theorem, [4], that ϑ(·, ·) is differentiable with Dϑ(x, a) = Dg(x, a, ȳ), where
ȳ = ȳ(x, a). By straightforward calculations we obtain that

∇xϑ(x, a) = a + x− ȳ(x, a) and ∇aϑ(x, a) = x− ȳ(x, a), (2.5)

and hence Dϑ(·, ·) is Lipschitz continuous. Consider a point x0 ∈ Sol(K, F ), and let
x = x0 + h. We have that ȳ(x0, F (x0)) = x0, and since F (·) is assumed to be locally
Lipschitz continuous, F (x) = F (x0) + r(h) with r(h) = O(‖h‖). Consequently, for
a0 := F (x0),

γ(x)− γ(x0) = ϑ(x0 + h, a0 + r(h))− ϑ(x0, a0)
= Dϑ(x0, a0)(h, r(h)) + O(‖h‖2 + ‖r(h)‖2)
= 〈F (x0), h〉+ O(‖h‖2).

(2.6)

It follows that γ(·) is differentiable at x0 and ∇γ(x0) = F (x0).
Let us discuss now second order differentiability properties of ϑ(·, ·) and γ(·). In

general the metric projection PK(·) is not differentiable everywhere, and hence ϑ(·, ·)
is not twice differentiable. Therefore we study second order directional derivatives of
ϑ(·, ·) and γ(·). It is said that a differentiable function f : Rn → R is second order
Hadamard directionally differentiable, at a point x, if for any h ∈ Rn the limit

lim
t↓0
h′→h

f(x + th′)− f(x)− tDf(x)h′

1
2t

2

exists. In case it exists, we denote this limit by f ′′(x, h). Note that if f ′′(x, h) exists,
it is continuous in h.

Consider the second order tangent set to K at a point x ∈ K in a direction h:

T 2
K(x, h) :=

{
w ∈ Rn : dist(x + th + 1

2t
2w, K) = o(t2)

}
.

Note that the set T 2
K(x, h) can be nonempty only if h ∈ TK(x), and for any t > 0,

T 2
K(x, th) = t2T 2

K(x, h). (2.7)

Definition 2.1 It is said that the set K is second order regular, at a pont x̄ ∈ K,
if for any h ∈ TK(x̄) and any sequence xk ∈ K of the form xk := x̄ + tkh + 1

2t
2
kwk,

where tk ↓ 0 and tkwk → 0, the following condition holds

lim
k→∞

dist
(
wk, T

2
K(x̄, h)

)
= 0.
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The above concept of second order regularity (for general, not necessarily convex,
sets) was developed in [1],[2]. The class of second order regular sets is quite large, it
contains polyhedral sets, cones of positive semidefinite matrices, etc. Note that second
order regularity of K at x̄ implies that T 2

K(x̄, h) is nonempty for any h ∈ TK(x̄).
Consider the optimization (minimization) problem in the right hand side of (2.3).

At a point (x0, a0, ȳ), where x0 ∈ K, a0 ∈ NK(x0) and ȳ = x0, the function g(·, ·, ·)
has the following second order Taylor expansion:

g(x0 + d, a0 + r, ȳ + h) = 〈a0, d− h〉+ 〈r, d− h〉+ 1
2‖d− h‖2.

(Note that the above expansion is exact since the function g(·, ·, ·) is quadratic.)
Therefore, the corresponding so-called critical cone, associated with the problem of
minimization of g(x0, a0, ·) over the set K, is defined as

C(x0) := {h : 〈F (x0), h〉 = 0, h ∈ TK(x0)} . (2.8)

We have the following result, [2, Theorem 4.133].

Proposition 2.1 Let x0 ∈ K, a0 ∈ NK(x0), and suppose that the set K is second
order regular at x0. Then ϑ(·, ·) is second order Hadamard directionally differentiable
at (x0, a0) and ϑ′′((x0, a0), (d, r)) is equal to the optimal value of the problem:

Min
h∈C(x0)

{
2〈r, d− h〉+ ‖d− h‖2 − σ

(
a0, T

2
K(x0, h)

)}
. (2.9)

From now on we assume that that the mapping F (·) is directionally differentiable
at x0. Then, since it is assumed that F (·) is locally Lipschitz continuous, F (·) is
directionally differentiable at x0 in the Hadamard sense, i.e.,

lim
t↓0
d′→d

F (x0 + td′)− F (x0)

t
= F ′(x0, d), (2.10)

and F ′(x0, ·) is Lipschitz continuous.

Proposition 2.2 Let x0 ∈ Sol(K, F ) and suppose that the set K is second order
regular at x0. Then γ(·) is second order Hadamard directionally differentiable at x0

and γ′′(x0, d) = ν(d), where ν(d) denotes the optimal value of the problem:

Min
h∈C(x0)

{
2〈F ′(x0, d), d− h〉+ ‖d− h‖2 − σ

(
F (x0), T

2
K(x0, h)

)}
. (2.11)

Proof. Because of (2.10) and since Daϑ(x0, F (x0)) = 0 and Dϑ(x, a) is Lipschitz
continuous, we have that for any sequences tk ↓ 0 and dk → d,

ϑ(x0 + tkdk, F (x0 + tkdk)) = ϑ (x0 + tkdk, F (x0) + tkF
′(x0, dk)) + o(t2

k),
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and F ′(x0, dk)→ F ′(x0, d). Consequently, the limit

lim
k→∞

ϑ(x0 + tkdk, F (x0 + tkdk))− ϑ(x0, F (x0))− tk〈F (x0), dk〉
1
2t

2
k

is equal to ϑ′′ ((x0, F (x0)), (d, F ′(x0, d))). Together with Proposition 2.1, this com-
pletes the proof.

Consider a point x0 ∈ Sol(K, F ) and let us discuss properties of the function

φ(·) := −σ
(
F (x0), T

2
K(x0, ·)

)
. (2.12)

Convexity of the set K implies that the (extended real valued) function φ(·) is convex
(see [2, Proposition 3.48]). We also have that (cf., [3])

T 2
K(x0, h) + TTK(x0)(h) ⊂ T 2

K(x0, h) ⊂ TTK(x0)(h), (2.13)

TTK(x0)(h) = cl{TK(x0) + sp(h)}, (2.14)

where sp(h) denotes the linear space generated by vector h. Since for any h ∈ C(x0),
〈F (x0), h〉 = 0 and 〈F (x0), y〉 ≤ 0 for any y ∈ TK(x0), it follows that

σ
(
F (x0), T

2
K(x0, h)

)
≤ 0, ∀h ∈ C(x0). (2.15)

Therefore φ(h) ≥ 0 for any h ∈ C(x0), and hence φ(h) is finite valued for any
h ∈ C(x0) provided that the second order tangent set T 2

K(x0, h) is nonempty. Note
that, in particular, T 2

K(x0, h) is nonempty for all h ∈ TK(x0) if K is second order
regular at x0. For h 6∈ TK(x0) we have that T 2

K(x0, h) = ∅, and hence φ(h) = +∞.
By the left hand side inclusion of (2.13) and by (2.14) we have that φ(h) = −∞ if
h ∈ TK(x0)\C(x0) and T 2

K(x0, h) is nonempty. We also have that T 2
K(x0, 0) = TK(x0)

and hence φ(0) = 0. Since we are interested in values φ(h) only for h ∈ C(x0) let us
consider

φ̂(h) :=

{
−σ (F (x0), T

2
K(x0, h)) , if h ∈ C(x0),

+∞, otherwise.
(2.16)

The function φ̂(·) is proper, coincides with φ(·) on the set C(x0), and hence is convex.
Also we have by (2.7) that

φ̂(th) = t2φ̂(h) for any h ∈ Rn and t > 0. (2.17)

The first-order necessary condition for x0 to be an optimal solution of (2.2) is
that ∇γ(x0) ∈ NK(x0). Since ∇γ(x0) = F (x0), this follows, of course, from the
assumption x0 ∈ Sol(K, F ). Also the critical cone associated with problem (2.2) at
the point x0 is the same as the one defined in (2.8).
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Definition 2.2 We say that the second order growth condition holds, for the problem
(2.2) at x0, if there exists a constant c > 0 and a neighborhood N of x0 such that

−γ(x) ≥ c‖x− x0‖2, ∀x ∈ K ∩N. (2.18)

Of course, since γ(x0) = 0, condition (2.18) implies that x0 is a locally unique optimal
solution of the problem (2.2).

Suppose that the set K is second order regular at x0. It follows from Proposition
2.2 that the function −γ(·) is second order regular and (see [2, Remark 4.134])

γ′′(x0; d, w) = Dγ(x0)w + ν(d), (2.19)

where

γ′′(x0; d, w) := lim
t↓0

γ(x0 + td + 1
2t

2w)− γ(x0)− tDγ(x0)d
1
2t

2
(2.20)

denotes the parabolic second order directional derivative. We have then the following
necessary and sufficient condition for the second order growth property (2.18):

inf
w∈T 2

K(x0,d)
(−γ)′′(x0; d, w) > 0, ∀ d ∈ C(x0) \ {0}, (2.21)

(see [2, Proposition 3.105]). Since Dγ(x0)w = 〈F (x0), w〉 and (2.19), the above
condition (2.21) can be written in the following equivalent form

ν(d) + σ
(
F (x0), T

2
K(x0, d)

)
< 0, ∀ d ∈ C(x0) \ {0}. (2.22)

Consider the following conditions:

(C1) To every d ∈ C(x0) \ {0} corresponds h ∈ C(x0) such that

2〈F ′(x0, d), d− h〉+ ‖d− h‖2 + φ̂(h) < φ̂(d). (2.23)

(C2) The system

0 ∈ −2F ′(x0, d) + ∂φ̂(d) (2.24)

has only one solution d = 0.

Note that since F ′(x0, 0) = 0 and d = 0 is a minimizer of φ̂(·), d = 0 is always a
solution of (2.24).

Theorem 2.1 Let x0 ∈ Sol(K, F ) and consider φ̂(·) defined in (2.16). Suppose that
the set K is second order regular at x0. Then conditions (C1) and (C2) are equivalent
to each other and are necessary and sufficient for the second order growth condition
(2.18) to hold.
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Proof. Because of (2.11), condition (C1) is equivalent to condition (2.22) and
hence, by the above discussion, is necessary and sufficient for the second order growth
condition (2.18). Now for a given d ∈ C(x0) consider the function

ψ(h) := 2〈F ′(x0, d), d− h〉+ ‖d− h‖2 + φ̂(h). (2.25)

Clearly for h = d we have that ψ(d) = φ̂(d). Since ψ(h) = +∞ for any h ∈ Rn\C(x0),
we obtain that condition (C1) means that infh∈Rn ψ(h) < φ̂(d). Equivalently this can
be formulated as that d is not a minimizer of ψ(·) over Rn. Since ψ(·) is convex, we
have that d is a minimizer of ψ(·) iff 0 ∈ ∂ψ(d). Moreover,

∂ψ(d) = −2F ′(x0, d) + ∂φ̂(d),

and hence (2.24) is a necessary and sufficient condition for d to be a minimizer of ψ(·).
This shows equivalence of conditions (C1) and (C2), and hence completes the proof.

For any d 6∈ C(x0) we have that φ̂(d) = +∞ and hence ∂φ̂(d) = ∅. Therefore,
the inclusion (2.24) should be verified only for d ∈ C(x0). Consider the following
condition:

(C3) For all d ∈ C(x0) \ {0} it holds that ϕ(d) 6= 0, where

ϕ(d) := −〈d, F ′(x0, d)〉+ φ̂(d). (2.26)

Proposition 2.3 Condition (C3) implies conditions (C1) and (C2). Suppose, fur-
ther, that F (·) is differentiable at x0 and the Jacobian matrix ∇F (x0) is symmetric,
and ϕ(d) ≥ 0 for all d ∈ C(x0). Then conditions (C1),(C2) and (C3) are equivalent.

Proof. Suppose that condition (C3) holds. Consider d ∈ C(x0) \ {0}. In order to
show the implication (C3) ⇒ (C1) it will suffice to verify that d is not a minimizer
of the function ψ(·) defined in (2.25). By (2.17) we have that for t > −1,

ψ((1 + t)d) = −2t〈d, F ′(x0, d)〉+ t2‖d‖2 + (1 + t)2φ̂(d) = ψ(d) + q(t, d),

where
q(t, d) := 2ϕ(d)t + (‖d‖2 + φ̂(d))t2.

It follows that q(t, d) < 0 for all t > 0 sufficiently close to zero if ϕ(d) < 0, and
q(t, d) < 0 for all t < 0 sufficiently close to zero if ϕ(d) > 0. This implies that d is
not a minimizer of ψ(·).

Suppose now that ϕ(d) ≥ 0 for all d ∈ C(x0), F (·) is differentiable at x0 and
∇F (x0) ∈ Sn. We have that if d is a minimizer of ϕ(d) over d ∈ C(x0), then (2.24)
holds by the first order necessary conditions. Therefore, condition (C2) implies that
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d = 0 is the unique minimizer of ϕ(d) over d ∈ C(x0), and hence that ϕ(d) > 0 for
all d ∈ C(x0) \ {0}. That is, (C2) implies (C3). Since (C3) ⇒ (C2), it follows that
(C2) and (C3) are equivalent.

The following is a consequence of Theorem 2.1 and Proposition 2.3.

Corollary 2.1 Suppose that the set K is second order regular at x0 ∈ Sol(K, F ), and
either condition (C2) or (C3) holds. Then x0 is a locally unique solution of V I(K, F ).

If the set K is polyhedral, then for any h ∈ TK(x0) we have that x0 + th ∈ K
for all t > 0 small enough, and hence 0 ∈ T 2

K(x0, h). It follows then by (2.13) that
T 2
K(x0, h) = TTK(x0)(h), and hence by (2.14) that σ (F (x0), T

2
K(x0, h)) = 0 for any

h ∈ C(x0). In that case the function φ̂(·) becomes the indicator function of the set
C(x0), and hence the system (2.24) takes the form:

0 ∈ −F ′(x0, d) + NC(x0)(d), (2.27)

and ϕ(d) = −〈d, F ′(x0, d)〉 for all d ∈ C(x0). Therefore, for polyhedral set K condi-
tion ϕ(d) > 0 for all d ∈ C(x0) \ {0} is equivalent to the condition:

〈d, F ′(x0, d)〉 < 0, ∀ d ∈ C(x0) \ {0}. (2.28)

It is shown in [5, Proposition 3.3.4] that condition (2.28) implies local uniqueness of
solution x0. Also if K is polyhedral and F (·) is affine, then the condition: “the system
(2.27) has only one solution d = 0”, is necessary and sufficient for local uniqueness
of x0 ([5, Proposition 3.3.7]). Since φ̂(d) ≥ 0 for all d ∈ C(x0), in general condition
(2.28) is stronger than condition (C3).

Remark 2.1 Consider the optimization problem (1.3) and the associated variational
inequality representing first order optimality conditions for (1.3). Let x0 be a locally
optimal solution of (1.3), and hence x0 ∈ Sol(K, F ) with F (·) := −∇f(·). Suppose
that the function f(·) is twice continuously differentiable. Then for d ∈ C(x0) the
function ϕ(d) takes the form

ϕ(d) = D2f(x0)(d, d)− σ
(
F (x0), T

2
K(x0, d)

)
. (2.29)

By second order necessary conditions we have that ϕ(d) ≥ 0 for all d ∈ C(x0).
Suppose, further, that the set K is second order regular at x0. Then the second order
growth condition for the optimization problem (1.3) holds at x0 iff ϕ(d) > 0 for all
d ∈ C(x0) \ {0}. It follows that the second order growth condition (2.18) holds iff
the corresponding second order growth condition for the optimization problem (1.3)
is satisfied.

9



3 Continuity and differentiability properties of so-

lutions

Consider the parameterized variational inequality (1.1). In this section we discuss
continuity and differentiability properties of the multifunction u 7→ Sol(K, Fu) at a
point x0 ∈ Sol(K, Fu0). We assume from now on that the mapping F (·, ·) is direc-
tionally differentiable at the point (x0, u0). The gap function associated with (1.1) is
γ(x, u) := ϑ(x, F (x, u)). By derivations similar to (2.6) one can show that γ(·, ·) is
differentiable at (x0, u0) and

∇xγ(x0, u0) = F (x0) and ∇uγ(x0, u0) = 0. (3.1)

Suppose that the set K is second order regular at x0. Then, similarly to Proposition
2.2, it is possible to show that γ(x, u) is second order Hadamard directinally differen-
tiable at (x0, u0) and γ′′((x0, u0), (d, p)) = ν(d, p), where ν(d, p) denotes the optimal
value of the problem

Min
h∈C(x0)

{
2〈F ′((x0, u0), (d, p)), d− h〉+ ‖d− h‖2 − σ

(
F (x0), T

2
K(x0, h)

)}
. (3.2)

The main result of this section is given in the following theorem.

Theorem 3.1 Suppose that the set K is second order regular at x0. For a vector
p ∈ U consider a path u(t) := u0 + tp + o(t), t ≥ 0. Let tk ↓ 0, uk := u(tk),
x̄k ∈ Sol(K, Fuk) and d̄ be an accumulation point of the sequence (x̄k − x0)/tk. Then
d̄ is a solution of the system

0 ∈ −2F ′((x0, u0), (d, p)) + ∂φ̂(d). (3.3)

Proof. Consider

θk := sup
x∈K

γ(x, uk). (3.4)

For any d ∈ C(x0) and w ∈ T 2
K(x0, d) there is a sequence x̃k ∈ K such that x̃k =

x0 + tkd + 1
2t

2
kw + o(t2

k). We have then

θk ≥ γ(x̃k, uk) = 1
2t

2
k [〈F (x0), w〉+ ν(d, p)] + o(t2

k).

It follow that for any d ∈ C(x0),

lim inf
k→∞

(1
2t

2
k)
−1θk ≥ 〈F (x0), w〉+ ν(d, p), ∀w ∈ T 2

K(x0, d).

10



By taking supremum of the right hand side of the above inequality with respect to
w ∈ T 2

K(x0, d), we obtain

lim inf
k→∞

(1
2t

2
k)
−1θk ≥ ν(d, p) + σ

(
F (x0), T

2
K(x0, d)

)
, ∀ d ∈ C(x0). (3.5)

On the other hand suppose that the sequence tk is such that (x̄k − x0)/tk → d̄. It
follows that d̄ ∈ TK(x0). Also we have that F (x̄k, uk) ∈ NK(x̄k), and hence

〈F (x̄k, uk), (x̄k − x0)/tk〉 ≥ 0.

By passing to the limit we obtain 〈F (x0), d̄〉 ≥ 0. Moreover, F (x0) ∈ NK(x0), and
hence by similar arguments 〈F (x0), d̄〉 ≤ 0. It follows that 〈F (x0), d̄〉 = 0, that is
d̄ ∈ C(x0).

We can write x̄k = x0 + tkd̄+ 1
2t

2
kwk, where wk := (1

2t
2
k)
−1(x̄k−x0− tkd̄). Note that

tkwk → 0, and hence by second order regularity of K at x0, dist
(
wk, T

2
K(x0, d̄)

)
→ 0.

Then

θk = γ(x̄k, uk) = 1
2t

2
k

[
〈F (x0), wk〉+ ν(d̄, p)

]
+ o(t2

k),

and hence

lim sup
k→∞

(1
2t

2
k)
−1θk ≤ ν(d̄, p) + σ

(
F (x0), T

2
K(x0, d̄)

)
. (3.6)

We obtain that

lim
k→∞

(1
2t

2
k)
−1θk = ν(d̄, p) + σ

(
F (x0), T

2
K(x0, d̄)

)
, (3.7)

and hence d̄ is an optimal solution of the optimization problem

Max
d∈C(x0)

ν(d, p) + σ
(
F (x0), T

2
K(x0, d)

)
. (3.8)

Now, since it is assumed that the set Sol(K, Fuk) is nonempty, we have that θk = 0,
k ∈ N. It follows then that the optimal value of problem (3.8) is zero. Problem (3.8)
can be written in the following max-min form

Max
d∈C(x0)

Min
h∈C(x0)

ξp(d, h), (3.9)

where

ξp(d, h) := 2〈F ′((x0, u0)(d, p)), d− h〉+ ‖d− h‖2

+σ (F (x0), T
2
K(x0, d))− σ (F (x0), T

2
K(x0, h)) .

11



Clearly for h = d we have that ξp(d, h) = 0. Since the function ξp(d̄, ·) is strictly
convex, it follows that this function attains its minimum (equal to zero), over h ∈
C(x0), at the unique point h̄ = d̄. Since F ′((x0, u0), (·, p)) is Lipschitz continuous, we
obtain in a way similar to (2.6) that

∇dν(d̄, p) = 2F ′((x0, u0), (d̄, p)). (3.10)

Then (3.3) represents first order optimality (necessary) condition for d̄ to be an op-
timal solution of problem (3.8). This completes the proof.

The following result about directional differentiability of a solution mapping x̄(u) ∈
Sol(K, Fu) is a consequence of the above theorem.

Corollary 3.1 For a vector p ∈ U and a path u(t) := u0 + tp + o(t), let x̄(t) ∈
Sol(K, Fu(t)) be such that ‖x̄(t)− x0‖ = O(t) for all t > 0 sufficiently small. Suppose
that the set K is second order regular at x0 and the system (3.3) has unique solution
d̄ = d̄(p). Then (x̄(t)− x0)/t converges to d̄ as t ↓ 0.

For polyhedral set K the system (3.3) takes the form (compare with (2.27)):

0 ∈ −F ′((x0, u0), (d, p)) + NC(x0)(d). (3.11)

For polyhedral set K and differentiable F (·, ·), the linearized system (3.11) was con-
sidered and directional differentiability of the solution mapping was established, under
an assumption of strong regularity, in Robinson [16]. Also for polyhedral set K and
locally Lipschitz F (·, ·) the result of Theorem 3.1 follows from results presented in
Klatte [7] and Klatte and Kummer [9].

Definition 3.1 It is said that the set K is cone reducible at x0 ∈ K, if there exist a
neighborhood V of x0, a convex closed pointed cone Q ⊂ Rm and a twice continuously
differentiable mapping Ξ : V → Rm such that: (i) Ξ(x0) = 0 ∈ Rm, (ii) the derivative
mapping DΞ(x0) : Rn → Rm is onto, and (iii) K ∩ V = {x ∈ V : Ξ(x) ∈ Q}.
The above concept of cone reducibility is discussed in detail in [2, sections 3.4.4 and
4.6.1]. If the set K is cone reducible at x0, then the function φ̂(d) can be represented
as the restriction of a quadratic function q(d) = 〈d, Ad〉, A ∈ Sn, to the set C(x0)
(cf., [2, pp. 242]). In that case the system (3.3) takes the form:

0 ∈ −F ′((x0, u0), (d, p)) + Ad + NC(x0)(d). (3.12)

In some cases (e.g., for the cones of positive semidefinite matrices, see example 4.2)
this quadratic function, and hence its gradient ∇q(d) = 2Ad, can be calculated in a
closed form. For cone reducible set K and differentiable F (·, ·), the system (3.12) and
the result of Theorem 3.2 were derived in [21] by a different method.

Let us discuss now locally upper Lipschitz continuity of the solution multifunction
M(u) := Sol(K, Fu) at the point x0 ∈M(u0).
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Definition 3.2 It is said that M(·) is locally upper Lipschitz at (x0, u0) if there exist
positive number ρ and neighborhoods V and W of x0 and u0, respectively, such that

M(u) ∩ V ⊂ B (x0, ρ‖u− u0‖) , ∀u ∈ W. (3.13)

The result of Theorem 3.1 has the following interpretation. Denote by S(p) the set
of all solutions of the system (3.3). A multifunction DM(u0|x0) : U ⇒ Rn is called the
contingent derivative of M, at (u0, x0), if it is defined as follows: h ∈ DM(u0|x0)(w)
iff there are sequences wk → w, hk → h and tk ↓ 0 such that x0 +tkhk ∈M(u0 +tkwk).
That is, the graph of DM(u0|x0)(·) is the contingent (Bouligand) cone to the graph
of M(·) at (u0, x0). The result of Theorem 3.1 means that, under the assumption of
second order regularity, the following inclusion holds

DM(u0|x0)(p) ⊂ S(p). (3.14)

The multifunction M(·) is locally upper Lipschitz at (x0, u0) iff DM(u0|x0)(0) =
{0} (King and Rockafellar [6]). Because of the inclusion (3.14) we have that if S(0) =
{0}, then DM(u0|x0)(0) = {0}. Clearly condition S(0) = {0} is exactly the condition
(C2). Therefore, we obtain the following result.

Theorem 3.2 Let x0 ∈ Sol(K, F ). Suppose that the set K is second order regular
at x0, and either condition (C2) or (C3) holds. Then the solution multifunction
u 7→ Sol(K, Fu) is locally upper Lipschitz at (x0, u0).

For polyhedral set K the system (2.24), used in condition (C2), can be written in
the form (2.27). For polyhedral set K and differentiable F (·), the linearized system
(2.27) was discussed and the corresponding locally upper Lipschitz behavior of the
solution multifunction was derived in Robinson [15, Theorem 4.1]. Also for polyhe-
dral set K = Rn+ and Lipschitz continuous F (·), an extension of the system (2.27)
and upper Lipschitz continuity of Sol(K, Fu) was derived in Klatte [7, Theorem 4]
and Klatte and Kummer [9, Theorem 8.30] in a framework of generalized Kojima
functions. As it was mentioned earlier, for a nonpolyhedral set K condition (2.28)
is stronger than condition (C3). Condition (2.28) was used in [5, Proposition 5.1.6
and Corollary 5.1.8]. For cone reducible set K and differentiable F (·), the result of
Theorem 3.2 was derived in [21] by a different method.

It was shown in remark 2.1 that, under the assumption of second order regu-
larity, for the variational inequality associated with the optimization problem (1.3),
condition (C2) is equivalent to the corresponding second order growth condition for
the problem (1.3). It is said that a parameterization f(x, u) of the objective func-
tion of problem (1.3) includes the tilt perturbation if f(x, u) = f1(x, u1) + 〈u2, x〉,
u = (u1, u2) ∈ U1 ×Rn. It is possible to show that for a parameterization of problem
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(1.3) which includes the tilt perturbation, the corresponding second order growth
condition is necessary for the locally upper Lipschitz continuity of Sol(K, Fu) (see the
proof of Theorem 5.36 in [2]). Therefore, at least for variational inequalities associ-
ated with optimization problems, the locally upper Lipschitz continuity of Sol(K, Fu)
implies condition (C2) for a sufficiently rich parameterization.

4 Generalized equations

In this section we assume that the set K is given in the form (1.4). Unless stated
otherwise we assume that the mapping G : Rn → Rm is twice continuously differen-
tiable, the set Q ⊂ Rm is nonempty convex and closed, and Robinson’s constraint
qualification holds at the point x0 ∈ K. In the considered finite dimensional case,
Robinson’s constraint qualification can be formulated in the form

DG(x0)Rn + TQ(z0) = Rm, (4.1)

where z0 := G(x0). Then the tangent cone to K at x0 can be written as follows

TK(x0) = {h : DG(x0)h ∈ TQ(z0)}.

Therefore, F (x0) ∈ NK(x0) iff the optimal value of the problem

Max〈F (x0), h〉 subject to DG(x0)h ∈ TQ(z0),

is zero. By calculating the dual of the above problem (cf., [2, p.151]), we obtain that
F (x0) ∈ NK(x0) iff there exists λ ∈ Rm satisfying the following conditions

F (x0)−DG(x0)
∗λ = 0 and λ ∈ NQ(G(x0)). (4.2)

We refer to the system (4.2) as generalized equations.
Denote by Λ(x0) the set of all λ satisfying (4.2). By the above discussion we have

that x0 ∈ Sol(K, F ) iff the set Λ(x0) is nonempty. Moreover, because of Robinson’s
constraint qualification, the set Λ(x0) is bounded and hence compact. Now by a chain
rule ([3],[2, Proposition 3.33]), we have

T 2
K(x0, h) = DG(x0)

−1
[
T 2
Q(z0, DG(x0)h)−D2G(x0)(h, h)

]
. (4.3)

It follows that the term −σ (F (x0), T
2
K(x0, h)) is equal to the optimal value of the

following problem

Minw∈Rn 〈−F (x0), w〉
subject to DG(x0)w + D2G(x0)(h, h) ∈ T 2

Q(z0, DG(x0)h).
(4.4)
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The dual of this problem is

Max
λ∈Λ(x0)

{
〈λ, D2G(x0)(h, h)〉 − σ

(
λ, T 2

Q(z0, DG(x0)h)
)}

, (4.5)

and (under Robinson’s constraint qualification) the optimal values of (4.4) and (4.5)
are equal to each other (cf., [2, p. 175]). We obtain that for any d ∈ C(x0),

φ̂(d) = sup
λ∈Λ(x0)

{
〈λ, D2G(x0)(d, d)〉 − σ

(
λ, T 2

Q(z0, DG(x0)d)
)}

. (4.6)

We also have that if the set Q is second order regular at z0 and Robinson’s constraint
qualification (4.1) holds, then K is second order regular at x0.

Suppose, further, that the following property holds at the point z0:

dist(z0 + tw, Q) = o(t2) for t > 0 and every w ∈ TQ(z0). (4.7)

This holds, for example, if the set Q is polyhedral. Condition (4.7) means that 0 ∈
T 2
Q(z0, w) for any w ∈ TQ(z0). It follows then by (2.13) that T 2

Q(z0, w) = TTQ(z0)(w),
and hence because of (2.14) that

σ(λ, T 2
Q(z0, w)) = 0 for all h ∈ C(x0) and λ ∈ Λ(x0),

(cf., [2, p. 177]). In that case, for any d ∈ Rn,

φ̂(d) = sup
λ∈Λ(x0)

〈λ, D2G(x0)(d, d)〉+ IC(x0)(d). (4.8)

Condition (4.7) also implies that the set Q is second order regular at z0 (see [2, p.203]).
In the present situation results of the previous sections can be applied in a straight-

forward way if the set K = G−1(Q) is convex. However, convexity of the set K is not
ensured by the assumed conditions. Therefore, in order to push the corresponding
proofs through we need some modifications.

Definition 4.1 It is said that the set K is prox-regular at x0 if there exists a neigh-
borhood V of x0 and a positive constant α such that

dist(y − x, TK(x)) ≤ α‖y − x‖2 for all x, y ∈ K ∩ V. (4.9)

Property (4.9) was introduced in [20] under the name “O(2)-convexity”. The term
“prox-regularity” was suggested in [14] and [19] where this concept was defined in a
somewhat different, although equivalent, form. It easily follows from the Robinson-
Ursescu stability theorem that if Robinson’s constraint qualification holds and DG(·)
is Lipschitz continuous in a neighborhood of x0, then K is prox-regular at x0 (see
[20, pp. 134-135]). It is possible to show that prox-regular sets have the following
important property ([20, Theorem 2.2]).

15



Proposition 4.1 Suppose that K is prox-regular at x0 ∈ K. Then PK(x) exists and
is unique and locally Lipschitz continuous for all x in a neighborhood of x0.

For a constant κ > 0 and a neighborhood V of x0 consider the function

γκ,V (x, u) := inf
y∈K∩V

{
gκ(x, y, u) := 〈F (x, u), x− y〉+ 1

2κ‖x− y‖2
}

. (4.10)

Clearly γκ,V (x, u) ≤ 0 for all x ∈ K ∩V . We also have here that the optimal solution
of the right hand side problem in (4.10) is given by

ȳκ(x, u) = PK(x + κ−1F (x, u)).

It follows by Proposition 4.1 that for κ large enough, ȳκ(x, u) is unique and Lipschitz
continuous for all (x, u) in a neighborhood of (x0, u0).

Lemma 4.1 Suppose that the set K is prox-regular at the point x0. Then there exist
constant κ > 0 and neighborhoods V and W of x0 and u0, respectively, such that for
any u ∈ W and x̄ ∈ V , we have that x̄ ∈ Sol(K, Fu) iff x̄ ∈ K and γκ,V (x̄, u) = 0.

Proof. Consider a point x̄ ∈ Sol(K, Fu). By the definition we have that x̄ ∈ K
and 〈F (x̄, u), h〉 ≤ 0 for any h ∈ TK(x̄). Together with (4.9) this implies that

〈F (x̄, u), x̄− y〉 ≥ −α‖F (x̄, u)‖ ‖y − x̄‖2

for all y ∈ K∩V . We can choose the neighborhoods V and W such that ‖F (x, u)‖ ≤ b
for some b > 0 and all (x, u) ∈ V ×W . Then for κ > 2αb we obtain that gκ,V (x̄, ·, u)
attains its minimum over K ∩ V at y = x̄. It follows that γκ,V (x̄, u) = 0.

Conversely, suppose that x̄ ∈ K and γκ,V (x̄, u) = 0. Then x̄ is a maximizer of
γκ,V (·, u) over K ∩ V and ȳκ(x̄, u) = x̄ is an optimal solution of the right hand side
of (4.10). Moreover, for κ large enough the minimizer ȳκ(x̄, u) is unique, and hence
by Danskin theorem

∇xγκ,V (x̄, u) = F (x̄, u).

It follows then by first order optimality conditions that F (x̄, u) ∈ NK(x̄), and hence
x̄ ∈ Sol(K, Fu).

The above lemma shows that, under Robinson’s constraint qualification, we can
reformulate (locally) V I(K, Fu) as an optimization problem similar to (2.2) for suf-
ficiently large constant κ. Since for κ large enough, ȳκ(x, u) is unique and locally
Lipschitz continuous, the expansions (2.11) and (3.2) still hold, with ‖d − h‖2 re-
placed by κ‖d− h‖2, provided that the set K is second order regular at x0.
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Finally, in the previous sections we used convexity of the function φ̂(·). The
function φ̂(·), given in (4.6), is defined as maximum of the sum of quadratic and convex
functions. Since the set Λ(x0) is compact, the corresponding quadratic functions can
be represented in the form

〈λ, D2G(x0)(d, d)〉 = fλ(d)− β‖d‖2,

such that fλ(·) is convex for all λ ∈ Λ(x0) and β large enough. It follows that φ̂(·)
can be represented as difference of an extended real valued convex function and the
quadratic function β‖ · ‖2. The subdifferential ∂φ̂(d) is then defined in a natural way
as the subdifferential of the corresponding convex function minus ∇(β‖d‖2) = 2βd.
In particular, for φ̂(·) given in (4.8) and d ∈ C(x0) we have

∂φ̂(d) = conv
{
∪λ∈Λ∗(x0,d)[2D

2G(x0)d]∗λ
}

+ NC(x0)(d), (4.11)

where Λ∗(x0, d) := arg maxλ∈Λ(x0)〈λ, D2G(x0)(d, d)〉.
Similar to Theorem 3.1 we have the following result.

Theorem 4.1 Suppose that the set K is given in the form (1.4), Robinson’s con-
straint qualification holds at the point x0, and the set Q is second order regular at
G(x0). For a vector p ∈ U consider a path u(t) := u0 + tp + o(t), t ≥ 0. Let
tk ↓ 0, uk := u(tk), x̄k ∈ Sol(K, Fuk) and d̄ be an accumulation point of the sequence

(x̄k − x0)/tk. Then d̄ is a solution of the system (3.3) with φ̂(·) defined in (4.6).

Again the above theorem has an interpretation that, under the specified assump-
tions, the inclusion (3.14) holds, and hence the multifunction u 7→ Sol(K, Fu) is locally
upper Lipschitz at (x0, u0) if condition (C2) is satisfied.

Let us also note that the above analysis can be extended to situations where the
set K is given in the form K := S ∩ G−1(Q), with S being a convex closed subset
of Rn. That is, consider the mapping G(x, u) := (x, G(x, u)) and write K = G−1(Q),
where Q := S ×Q.

Example 4.1 Suppose that the set K is defined by a finite number of constraints

K := {x ∈ Rn : gi(x) ≤ 0, i = 1, ..., m} , (4.12)

where gi(·) are twice continuously differentiable real valued functions. We can formu-
late this in the form (1.4) by defining G(·) := (g1(·), ..., gm(·)) and Q := Rm− . The set
Q here is polyhedral, and hence K is second order regular and (see (4.8))

φ̂(d) = sup
λ∈Λ(x0)

{
m∑
i=1

λiD
2gi(x0)(d, d)

}
+ IC(x0)(d). (4.13)

For the set Q := Rm− , Theorem 4.1 (and its consequence about locally upper Lipschitz
continuity of the solution mapping) corresponds to results in [8],[9].
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Example 4.2 Suppose that G : Rn → Sp and Q := Sp−, where Sp− denotes the cone
of p×p symmetric negative semidefinite matrices. The set Sp− is second order regular
and for Z ∈ Sp− and Ω ∈ Sp+,

σ
(
Ω, T 2

Q(Z, H)
)

=

{
2 tr(ΩHZ†H), if tr(ΩZ) = 0, tr(ΩH) = 0,
+∞, otherwise,

(4.14)

where Z† denotes the Moore-Penrose pseudoinverse of Z, [2, p.487].

Let us finally consider situations where the set K = K(u) also depends on the
parameter vector u. That is, let

K(u) := {x ∈ Rn : G(x, u) ∈ Q}, (4.15)

where G : Rn × U → Rm is a twice continuously differentiable mapping. Similar to
(4.2) we consider the following system of generalized equations

F (x, u)−DxG(x, u)∗λ = 0 and λ ∈ NQ(G(x, u)). (4.16)

We denote by M(u) the set of solutions of (4.16), that is, x ∈ M(u) iff there exists
λ ∈ Rm satisfying (4.16). Consider a point x0 ∈M(u0) and function γκ,V (x, u) defined
in the same way as in (4.10) with K replaced by K(u). We assume that Robinson’s
constraint qualification, with respect to the mapping G(·, u0), holds at the point
x0. Since DG(x, u) is locally Lipschitz continuous, it follows by Robinson-Ursescu
stability theorem that property (4.9), in the definition of prox-regularity, holds for
all u in a neighborhood of u0 and K = K(u), with constant α and neighborhood V
independent of u. Therefore, we have by Lemma 4.1 that there exist constant κ > 0
and neighborhoods V and W of x0 and u0, respectively, such that for any u ∈ W and
x̄ ∈ V , it holds that x̄ ∈M(u) iff x̄ ∈ K and γκ,V (x̄, u) = 0.

The second order growth condition, for x = x0 and u = u0, is defined here in
the same way as in (2.18) for the function γ(·) = γκ,V (·, u0) and the set K = K(u0).
Similar to Theorem 2.1 we have here that if the set Q is second order regular at
G(x0, u0), then for κ large enough the second order growth condition (2.18) holds iff
condition (C2) is satisfied.

We say that the multifunction M(·) is locally upper Hölder at (x0, u0) (of degree
1/2) if there exist positive number ρ and neighborhoods V and W of x0 and u0,
respectively, such that

M(u) ∩ V ⊂ B
(
x0, ρ‖u− u0‖1/2

)
, ∀u ∈ W. (4.17)

Proposition 4.2 Suppose that F (·, ·) is continuously differentiable, Robinson’s con-
straint qualification, with respect to the mapping G(·, u0), holds at the point x0, the
set Q is second order regular at G(x0, u0), and for sufficiently large κ the second or-
der growth condition (2.18) is satisfied. Then the multifunction M(·) is locally upper
Hölder at (x0, u0).
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Proof. Suppose that the second order growth condition (2.18) holds at x0, with the
corresponding constant c and neighborhood N . Consider a solution x̂(u) ∈M(u)∩N .
We can choose the constant κ large enough and the neighborhoods V and W , such
that x̂(u) is a maximizer of γκ,V (·, u) over K(u)∩V for all u ∈ W . By [2, Proposition
4.37] we have then that the following estimate holds:

‖x̂(u)− x0‖ ≤ c−1` + 2δ + c1/2(η1δ + η2δ)
1/2, (4.18)

Here ` = `(u) is a Lipschitz constant of the function χ(·, u) := γκ,V (·, u)− γκ,V (·, u0)
on a subset of N containing x0 and x̂(u), η1 and η2 = η2(u) are Lipschitz constants of
γκ,V (·, u0) and γκ,V (·, u), respectively, on N , and δ = δ(u) is the Hausdorff distance
between K(u0) ∩N and K(u) ∩N . By Robinson-Ursescu stability theorem we have
that for the neighborhood N sufficiently small δ(u) = O(‖u − u0‖). The Lipschitz
constant η2(u) is bounded for all u in a neighborhood of u0. Let us estimate `(u). By
(2.5) we have

D`(x, u) = (DxF (x, u)∗ −DxF (x, u0)
∗)(x− ȳ(x, u0))+

DxF (x, u)∗(ȳ(x, u0)− ȳ(x, u)) + [F (x, u)− F (x)] + [ȳ(x, u0)− ȳ(x, u)].
(4.19)

We have that ȳ(x0, u0) = x0 and (see [2, pp.434-435]) that the mapping (x, u) →
PK(u)(x), and hence the mapping (x, u) → PK(u)(x + κ−1F (x, u)) are locally upper
Hölder at (x0, u0). Therefore, by choosing the corresponding subset of N consisting
of two points x0 and x̂(u), we can bound the norm of the first term in the right hand
side of (4.19), on that subset, by β‖x̂(u)− x0‖1/2 for some β > 0. Moreover, by con-
tinuity of DF (x, u), the constant β can be arbitrary small for all u in a sufficiently
small neighborhood of u0. In particular, we can choose a neighborhood of u0 such
that β ≤ c/2. The other three terms in the right hand side of (4.19) are of order
O(‖u − u0‖1/2) uniformly in x ∈ N , for a sufficiently small neighborhood N . The
proof can be completed then by applying the estimate (4.18).

Note that without additional assumptions, the power constant 1
2 in the above lo-

cally upper Hölder continuity ofM(·) cannot be improved. For optimization problems
this is discussed in [2, section 4.5.1].
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