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1 Introduction

In this paper we discuss continuity and differentiability properties of solutions of the
parameterized variational inequalities

F(x,u) € Ng(x). (1.1)

Here K is a nonempty convex closed subset of R", F': R" x U — R" is a mapping,
U is a normed space, (-,-) denotes the standard scalar product in R", and Ng(x)
denotes the normal cone to K at 7,

Ng(z) ={y: (y,x —2) <0, Vx € K}, ifzeK,

and Nk (7) := 0 if T ¢ K. We denote variational inequality (1.1) by VI (K, F,) and by
Sol(K, F,) its set of solutions, i.e., z € Sol(K, F,) iff z € K and (F(z,u),z —z) <0
for all z € K. For a reference value uy € U of the parameter vector, we often drop
the corresponding subscript in the above notation. In particular, F'(-) := F(-,uq) and
VI(K, F) corresponds to the reference variational inequality

F(z) € Ng(x). (1.2)

It is well known that for optimization problems, VI(K, F') represents first order
optimality conditions. That is, consider the optimization problem

1;/21? fz), (1.3)
where f : R® — R is a continuously differentiable function. We have that if zq is a
locally optimal solution of (1.3), then z € Sol(K, F') with F(-) := =V f(+).
There is a large literature on all aspects of the theory of variational inequalities.
It will be beyond the scope of this paper to give a survey of all relevant results. In
that respect we may refer to the recent comprehensive monograph by Facchinei and
Pang [5] and references therein. We also do not investigate existence of solutions of
VI(K, F,) and concentrate on continuity and differentiability properties of such solu-
tions if they do exist. For a discussion of various conditions ensuring nonemptiness of
the solution set Sol(K, F,,) we refer to [5, section 2.2]. For example, a simple sufficient
condition for existence of a solution of VI(K, F,,) is that F'(-,u) is continuous and the
set K is bounded, and hence compact, [10]. In case the set K is polyhedral, perturba-
tion theory of VI(K, F,) is thoroughly developed notably by Robinson [15],[16],[17].
Much less is known about continuity and differentiability properties of the solution
multifunction u +— Sol(K, F,) for a general, not necessarily polyhedral, set K. Some
results of that type were obtained in [21] by a reduction approach. It is clear from
a general perturbation theory of parameterized optimization problems (see [2] and
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references therein) and results presented in [21] that an additional term representing
curvature of the set K should appear in the corresponding formulas.

In this paper we use an approach of formulating VI(K, F,) in a form of an op-
timization problem by employing a (regularized) gap function. Consequently, we
investigate properties of the solution mapping by applying some recent results from
sensitivity analysis of optimization problems. For perturbation theory of optimization
problems we use, as a reference, Bonnans and Shapiro [2]. We also discuss the case
where the set K is given in the form

K:={z:G)eQ}=G"Q), (1.4)

where G : R” — R™ is a continuously differentiable mapping and () C R™ is a closed
convex set. Of course, so defined the set K may be nonconvex. We then define N (7)
as the negative polar cone of the tangent cone! Tx(Z) to K at xy. Sensitivity analysis
of such variational inequalities (generalized equations) was studied in Robinson [18§]
for the case where () is polyhedral and a nondegeneracy condition holds, and in
Shapiro [21] also under a nondegeneracy assumption and cone reducibility of the set
Q. Klatte [7] and Klatte and Kummer [8],[9] studied the case where ) := R" and
the mapping G(z,u) may also depend on the parameter vector. Sensitivity analysis
of variational inequalities in terms of various coderivative mappings was studied in
Levy [11],[12] and Levy and Rockafellar [13].

Unless stated otherwise it will be assumed throughout the paper that F(-,-) is
locally Lipschitz continuous. We use the following notation and terminology. The
space R™ is equipped with the Euclidean norm ||z|| := (z, z)'/2. It is said that F(-,-)
is directionally differentiable, at a point (zg,up) € R™ x U, if the limit

F h _F
F'((z0,uo), (h,p)) ::ltifél (wo +t ,u0+ttp) (0, o)

exists for all (h,p) € R* x U. If F(.,-) is differentiable, we denote by DF(x,u)
its differential at a point (x,u), i.e., DF(z,u)(h,p) = V.F(x,u)h + V., F(z,u)p.
By D?G(z)(h,h) we denote the quadratic form associated with the second order
derivative of a mapping G : R* — R™ at x. For a point z € R" we denote by
B(z,r) == {y : |ly — z|| < r} the ball of radius r centered at z, by dist(z, K) the
distance from z to the set K, and by Pk (x) the metric projection of z onto K, i.e.,
Py (x) is the closest point of K to x. Of course, dist(z, K) = ||z — Px(x)||. For a set
S C R™ we denote by cl(S) its topological closure, by

0, if xres,
Ls(x) = { +oo, ifx &S,

1For a nonconvex set K there are several concepts of tangent cone Tk (). Unless stated otherwise
we assume that T (Z) is the contingent (Bouligand) cone.



its indicator function, and by

o(x,S) = sup(z,y)
yeSs

its support function. An extended real valued function f : R* — R is said to be
proper if f(z) > —oo for all z € R™ and its domain dom f := {z : f(z) < 400} is
nonempty. If f is convex, we denote by df(x) its subdifferential at x € dom f. For a
linear mapping A : R™ — R™ we denote by A* : R™ — R” its adjoint mapping, i.e.,
(y, Az) = (A*y, ) for any z € R” and y € R™. By S§™ we denote the space of n x n
symmetric matrices.

2 Preliminary results

With the variational inequality VI (K, F) is associated the (regularized) gap function

Y(z) = ylglf({ x),x —y) + 3llz —yl*}. (2.1)

Clearly for y = x we have that value of the function in the right hand side of (2.1) is
zero, and hence y(z) < 0 for any € K. It is possible to show ([5, Theorem 10.2.3])
that o € K is a solution of VI(K, F) iff v(z9) = 0. That is, xy € Sol(K, F) iff
v(z9) = 0 and ¢ is an optimal solution of the optimization problem

Max (z). (2.2)

zeK

Let us discuss some properties of the function v(x). It will be convenient to write
this gap function in the form ~(x) = ¥(x, F'(x)), where

d(w,a) = inf {g(z,a,y) := {a, 2 —y) + 3llz —y[*} (2.3)
We can write the function g(z,a,y) in the form

9(z,0,y) = 3z +a—yl* = 3llal.

It follows that the minimization problem in the right hand side of (2.3) has unique
optimal solution

y(x,a) = Px(z + a). (2.4)

Therefore, ¥(z,a), and hence y(x), is real valued for all z € R™ and a € R™. Let us
also observe that if x € K and a € Nk (z), then Pgx(z+a) = x, and hence y(z,a) = .
In particular, if zy € Sol(K, F'), then g(xo, F(x¢)) = .
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Since the set K is convex, the mapping Pk (-) is Lipschitz continuous (with Lip-
schitz constant one), and hence (-,-) is Lipschitz continuous. It follows then by
Danskin theorem, [4], that 9(-,-) is differentiable with DY(x,a) = Dg(x,a, ), where
y = y(z,a). By straightforward calculations we obtain that

V.9 (x,a) =a+z—y(zr,a) and V,9(x,a) =z — y(z,a), (2.5)

and hence D9(-,-) is Lipschitz continuous. Consider a point zy € Sol(K, F'), and let
x = g+ h. We have that y(zo, F(x¢)) = zo, and since F(-) is assumed to be locally
Lipschitz continuous, F'(z) = F(x¢) + r(h) with r(h) = O(||h||). Consequently, for
ag := F(xo),

v(z) —y(xo) = I xo+ h,a0+ r(h)) — I (zo, ap)
= Di(wo, ao)(h,7(h)) + O(|[L|]* + [[r(h)[?) (2.6)
= (F(x0), h) + O(|[n]]?).

It follows that ~(-) is differentiable at zy and Vy(z¢) = F(z0).

Let us discuss now second order differentiability properties of ¥(-,-) and (). In
general the metric projection Pk (+) is not differentiable everywhere, and hence (-, -)
is not twice differentiable. Therefore we study second order directional derivatives of
Y(+,-) and 7(-). It is said that a differentiable function f : R" — R is second order
Hadamard directionally differentiable, at a point x, if for any h € R” the limit

- J () = () — D (@)

t10 142
YA 2

exists. In case it exists, we denote this limit by f”(x, ). Note that if f”(z, h) exists,
it is continuous in h.
Consider the second order tangent set to K at a point x € K in a direction h:

Ty (x,h) == {w € R" : dist(z + th + 1t?w, K) = o(t*) } .
Note that the set T2 (x,h) can be nonempty only if h € Tk (z), and for any ¢ > 0,
T2 (x,th) = t*Te(x, h). (2.7)

Definition 2.1 It is said that the set K is second order regular, at a pont * € K,
if for any h € Tg(Z) and any sequence x, € K of the form xy := T + tyh + tiwy,
where ty | 0 and twy — 0, the following condition holds

lim dist (wg, T (%, h)) = 0.

k—oo



The above concept of second order regularity (for general, not necessarily convex,
sets) was developed in [1],[2]. The class of second order regular sets is quite large, it
contains polyhedral sets, cones of positive semidefinite matrices, etc. Note that second
order regularity of K at Z implies that T>(Z, h) is nonempty for any h € T (7).

Consider the optimization (minimization) problem in the right hand side of (2.3).
At a point (xg, ag, y), where zy € K, ag € Ni(x9) and § = zg, the function g(-, -, ")
has the following second order Taylor expansion:

9(370+d7a0+7’7§+h) = <a’07d_h>+<T7d_h’>+%’|d_h‘|’2

(Note that the above expansion is exact since the function g(-,-,-) is quadratic.)
Therefore, the corresponding so-called critical cone, associated with the problem of
minimization of g(z, ag, -) over the set K, is defined as

C(l’o) = {h : <F(.T0), h> = O, h € TK(.I'())} . (28)
We have the following result, [2, Theorem 4.133].

Proposition 2.1 Let g € K, ag € Nk(xo), and suppose that the set K is second
order reqular at xo. Then ¥(-,-) is second order Hadamard directionally differentiable
at (xg,ag) and V' ((xg, a), (d, 1)) is equal to the optimal value of the problem:
Min {2(r,d — h) + ||d — h||* = o (a0, Tx(z0, b)) } . (2.9)
hec(ro)
From now on we assume that that the mapping F'(-) is directionally differentiable

at xg. Then, since it is assumed that F'(-) is locally Lipschitz continuous, F'(-) is
directionally differentiable at xy in the Hadamard sense, i.e.,

t10 t
d'—d

= F'(x0,d), (2.10)

and F'(xg,-) is Lipschitz continuous.

Proposition 2.2 Let xy € Sol(K, F) and suppose that the set K is second order
reqular at xo. Then y(-) is second order Hadamard directionally differentiable at xg
and 7" (zo,d) = v(d), where v(d) denotes the optimal value of the problem:

h%%go) {2(F'(z9,d),d — h) + ||d — h|]* — o (F(z0), T (w0, h)) } - (2.11)

Proof. Because of (2.10) and since D,9(zo, F(xo)) = 0 and D(x,a) is Lipschitz
continuous, we have that for any sequences t; | 0 and d — d,

19(])0 + tkdk, F(xo + tkdk)) =9 (Z‘o + tkdk, F(Io) + th,(l’g, dk)) + O(tz),
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and F'(zg,dy) — F'(xo,d). Consequently, the limit

lim 19(1’0 + tkdk, F(JIQ + tkdk» — 19<I0, F(J?())) - tk<F(l’0), dk>
142
2

k—o00

is equal to 9" ((xo, F(z0)), (d, F'(x0,d))). Together with Proposition 2.1, this com-
pletes the proof. g

Consider a point zy € Sol(K, F) and let us discuss properties of the function

¢(-) == —0o (F(z0), Tx(20,")) - (2.12)

Convexity of the set K implies that the (extended real valued) function ¢(-) is convex
(see [2, Proposition 3.48]). We also have that (cf., [3])

T[%(JJO, h) + TTK(QJO)(h) C TI2(<x0> h) - TTK(xo)(h)> (2'13)

Ty (ao)(h) = c{Tk (w0) +sp(h)}, (2.14)

where sp(h) denotes the linear space generated by vector h. Since for any h € C(xy),
(F(xq),hy =0 and (F(z),y) < 0 for any y € Tk (zo), it follows that

o (F(z0), Tx(2z0,h)) <0, Vhe C(x). (2.15)

Therefore ¢(h) > 0 for any h € C(z9), and hence ¢(h) is finite valued for any
h € C(xg) provided that the second order tangent set T&(zg, h) is nonempty. Note
that, in particular, T2 (zo, h) is nonempty for all h € Tk (xq) if K is second order
regular at xg. For h & Tk (xy) we have that T2 (zg, h) = 0, and hence ¢(h) = +oc.
By the left hand side inclusion of (2.13) and by (2.14) we have that ¢(h) = —oo if
h € Tx(x)\ C(x0) and T2 (g, h) is nonempty. We also have that T2 (zo,0) = Tk (z0)
and hence ¢(0) = 0. Since we are interested in values ¢(h) only for h € C(xz) let us
consider

) { —0 (F(x0), T3 (0, b)), if h € C(ay), (2.16)

o(h) = 400, otherwise.

The function ¢E( -) is proper, coincides with ¢(-) on the set C'(zy), and hence is convex.
Also we have by (2.7) that

o(th) = t2¢(h) for any h € R" and t > 0. (2.17)

The first-order necessary condition for zy to be an optimal solution of (2.2) is
that Vy(zg) € Nk(xg). Since V7y(zg) = F(xp), this follows, of course, from the
assumption zy € Sol(K, F'). Also the critical cone associated with problem (2.2) at
the point z( is the same as the one defined in (2.8).
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Definition 2.2 We say that the second order growth condition holds, for the problem
(2.2) at g, if there exists a constant ¢ > 0 and a neighborhood N of xy such that

—(z) > ||z — m0]|*, Yo e KNN. (2.18)

Of course, since () = 0, condition (2.18) implies that xg is a locally unique optimal
solution of the problem (2.2).

Suppose that the set K is second order regular at xy. It follows from Proposition
2.2 that the function —v(-) is second order regular and (see [2, Remark 4.134])

V(203 d,w) = Dy(xo)w + v(d), (2.19)

where

Y . (o + td + $tPw) — y(xo) — tDy(0)d
v (xo; d,w) = ltlllgl v
2

(2.20)

denotes the parabolic second order directional derivative. We have then the following
necessary and sufficient condition for the second order growth property (2.18):

inf  (—7)"(xo;d,w) >0, Vde C(xg) )\ {0}, (2.21)

’LUGT?( (xo,d)

(see [2, Proposition 3.105]). Since Dy(zo)w = (F(zo),w) and (2.19), the above
condition (2.21) can be written in the following equivalent form

v(d) + o (F(x0), Ta(z0,d)) <0, Vde C(xg)\ {0} (2.22)
Consider the following conditions:
(C1) To every d € C(xo) \ {0} corresponds h € C(xg) such that
2F'(xg,d),d — ) + ||d — h||> + $(h) < $(d). (2.23)
(C2) The system
0 € —2F"(z0,d) + 9¢(d) (2.24)
has only one solution d = 0.

Note that since F'(z9,0) = 0 and d = 0 is a minimizer of ¢(-), d = 0 is always a
solution of (2.24).

Theorem 2.1 Let 2y € Sol(K, F) and consider ¢(-) defined in (2.16). Suppose that
the set K is second order reqular at . Then conditions (C1) and (C2) are equivalent

to each other and are necessary and sufficient for the second order growth condition
(2.18) to hold.



Proof. Because of (2.11), condition (C1) is equivalent to condition (2.22) and
hence, by the above discussion, is necessary and sufficient for the second order growth
condition (2.18). Now for a given d € C(x() consider the function

W(h) = 2(F'(zo,d),d — h) + ||d — h||> + ¢(h). (2.25)

~

Clearly for h = d we have that 1(d) = ¢(d). Since ¥ (h) = +oo for any h € R™\ C(zy),
we obtain that condition (C1) means that inf,epn ¢(h) < ¢(d). Equivalently this can
be formulated as that d is not a minimizer of ¥(-) over R". Since #(+) is convex, we
have that d is a minimizer of ¥ (-) iff 0 € ¢ (d). Moreover,

0(d) = —2F(wq, d) + 06(d),

and hence (2.24) is a necessary and sufficient condition for d to be a minimizer of ¥ (-).
This shows equivalence of conditions (C1) and (C2), and hence completes the proof. 1

For any d & C(x) we have that ¢(d) = +o00 and hence d¢(d) = 0. Therefore,
the inclusion (2.24) should be verified only for d € C(zg). Consider the following
condition:

(C3) For all d € C(xo) \ {0} it holds that ¢(d) # 0, where
o(d) = —(d, F'(2o,d)) + ¢(d). (2.26)

Proposition 2.3 Condition (C3) implies conditions (C1) and (C2). Suppose, fur-
ther, that F(-) is differentiable at xo and the Jacobian matriz VF(xq) is symmetric,
and o(d) > 0 for all d € C(xg). Then conditions (C1),(C2) and (C3) are equivalent.

Proof. Suppose that condition (C3) holds. Consider d € C'(zg) \ {0}. In order to
show the implication (C3) = (C1) it will suffice to verify that d is not a minimizer
of the function #(-) defined in (2.25). By (2.17) we have that for ¢t > —1,

G((L+ t)d) = ~2t(d, F'(wo, d)) + CI|d]* + (1 + 1)°6(d) = (d) + qt, d).

where )
q(t,d) = 2p(d)t + (||d]|* + o(d))t*.

It follows that ¢(t,d) < 0 for all ¢ > 0 sufficiently close to zero if ¢(d) < 0, and
q(t,d) < 0 for all ¢ < 0 sufficiently close to zero if ¢(d) > 0. This implies that d is
not a minimizer of ¥(-).

Suppose now that ¢(d) > 0 for all d € C(x), F(-) is differentiable at zy and
VF(xp) € 8". We have that if d is a minimizer of ¢(d) over d € C(zy), then (2.24)
holds by the first order necessary conditions. Therefore, condition (C2) implies that
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d = 0 is the unique minimizer of ¢(d) over d € C(x¢), and hence that ¢(d) > 0 for
all d € C(xp) \ {0}. That is, (C2) implies (C3). Since (C3) = (C2), it follows that
(C2) and (C3) are equivalent. §

The following is a consequence of Theorem 2.1 and Proposition 2.3.

Corollary 2.1 Suppose that the set K is second order reqular at xo € Sol(K, F'), and
either condition (C2) or (C3) holds. Then xq is a locally unique solution of VI(K, F).

If the set K is polyhedral, then for any h € Tk(xy) we have that xy + th € K
for all ¢ > 0 small enough, and hence 0 € T2 (zg,h). It follows then by (2.13) that
T2 (w0, h) = Try(ao)(h), and hence by (2.14) that o (F(xzo), T¢(z9,h)) = 0 for any
h € C(x). In that case the function ¢(-) becomes the indicator function of the set
C(zo), and hence the system (2.24) takes the form:

0e —F,(.fo, d) + NC(zO)(d), (2.27)

and p(d) = —(d, F'(x¢,d)) for all d € C(zo). Therefore, for polyhedral set K condi-
tion ¢(d) > 0 for all d € C(zo) \ {0} is equivalent to the condition:

(d, F'(zo,d)) <0, Vde Cla)\ {0} (2.28)

It is shown in [5, Proposition 3.3.4] that condition (2.28) implies local uniqueness of
solution xy. Also if K is polyhedral and F(-) is affine, then the condition: “the system
(2.27) has only one solution d = 0”, is necessary and sufficient for local uniqueness
of ¢ (|5, Proposition 3.3.7]). Since ¢(d) > 0 for all d € C(x), in general condition
(2.28) is stronger than condition (C3).

Remark 2.1 Consider the optimization problem (1.3) and the associated variational
inequality representing first order optimality conditions for (1.3). Let z¢ be a locally
optimal solution of (1.3), and hence zy € Sol(K, F') with F(-) := —V f(-). Suppose
that the function f(-) is twice continuously differentiable. Then for d € C(z) the
function ¢(d) takes the form

o(d) = D*f(z0)(d,d) — o (F(x0), Ty (0, d)) - (2.29)

By second order necessary conditions we have that ¢(d) > 0 for all d € C(xo).
Suppose, further, that the set K is second order regular at zy. Then the second order
growth condition for the optimization problem (1.3) holds at xq iff p(d) > 0 for all
d € C(xz0) \ {0}. It follows that the second order growth condition (2.18) holds iff
the corresponding second order growth condition for the optimization problem (1.3)
is satisfied.



3 Continuity and differentiability properties of so-
lutions

Consider the parameterized variational inequality (1.1). In this section we discuss
continuity and differentiability properties of the multifunction u — Sol(K, F,) at a
point zg € Sol(K, F,,). We assume from now on that the mapping F(-,-) is direc-
tionally differentiable at the point (xg,up). The gap function associated with (1.1) is
Y(z,u) := I (z, F(z,u)). By derivations similar to (2.6) one can show that (-,-) is
differentiable at (z¢,uo) and

Vx’Y(iUo, Uo) = F(UUO) and Vu’Y(iUO, Uo) = 0. (3-1)

Suppose that the set K is second order regular at xy. Then, similarly to Proposition
2.2, it is possible to show that v(x, u) is second order Hadamard directinally differen-
tiable at (zg,uo) and v"((xo,uo), (d,p)) = v(d, p), where v(d, p) denotes the optimal
value of the problem

Min {2(F((@0,w0). (d,p)).d = 1)+ ld = B = o (Flao). Tio, 1)} (32

The main result of this section is given in the following theorem.

Theorem 3.1 Suppose that the set K is second order regular at xy. For a vector
p € U consider a path u(t) := ug +tp + o(t), t > 0. Let tp | 0, up = u(ty),
Ty € Sol(K, F,,) and d be an accumulation point of the sequence (T — x¢)/t,. Then
d is a solution of the system

A~

0€ —2F"((xo,up), (d,p)) + 0o (d). (3.3)
Proof. Consider
Oy, := sup y(z, ug). (3.4)
zeK

For any d € C(xg) and w € T#(xo,d) there is a sequence 7;, € K such that 7} =
zo + ted + 3t7w + o(t}). We have then

Or > Y(Ek, ur) = 313 [(F(x0), w) + v(d, p)] + o(t3).
It follow that for any d € C(xy),

nlgnmf(%tz)-lek > (F(x0),w) +v(d,p), Yw € Tr(zo,d).
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By taking supremum of the right hand side of the above inequality with respect to
w € TZ(z9,d), we obtain

lign inf(3t7) "0, > v(d,p) + o (F(z0), T (w0, d)), Vd € Clxo). (3.5)

On the other hand suppose that the sequence t; is such that (Tp — o)/t — d. Tt
follows that d € T (o). Also we have that F'(Z,u) € Ni(Zx), and hence

<F(i’k, Uk), (i’k — l’o)/tk> Z 0.

By passing to the limit we obtain (F'(xg),d) > 0. Moreover, F(xg) € Nk(zo), and
hence by similar arguments (F(zo),d) < 0. It follows that (F(zg),d) = 0, that is
d € C(xo).

We can write Zj, = xo+td+ 3 Strwy, where wy, := (5t7) 1 (T, — o —td). Note that
tryw, — 0, and hence by second order regularity of K at zo, dist (wg, T2 (zo,d)) — 0.
Then

Or = v(Zk, ug) = it [<F($0)awk> + V(va)} + o(t3),

and hence
limsup(3t7) "6, < v(d,p) + o (F(x0), T (w0, d)) . (3.6)
k—oo
We obtain that
lim (32)7 6, = v(d.p) + 0 (F(xo). Ti(x0,d)) (3.7)

and hence d is an optimal solution of the optimization problem

dle\/lc%;é) v(d,p) + o (F(z0), T (0, d)) . (3.8)

Now, since it is assumed that the set Sol(K, F,, ) is nonempty, we have that 6 = 0,
k € N. It follows then that the optimal value of problem (3.8) is zero. Problem (3.8)
can be written in the following max-min form

M Mi d,h 3.9
deC&(]gf)) hecl(go &(d, h), (3.9)

where

&p(d, h) = 2(F"((wo,u0)(d,p)),d — h) + ||d — h||*
+0 (F(x0), Tg (w0, d)) — o (F(x0), T (20, h)) -
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Clearly for h = d we have that &,(d,h) = 0. Since the function &,(d, ) is strictly
convex, it follows that this function attains its minimum (equal to zero), over h €
C(z0), at the unique point h = d. Since F'((zq,uo), (-, p)) is Lipschitz continuous, we
obtain in a way similar to (2.6) that

Vav(d,p) = 2F' (20, u0), (d,p)). (3.10)

Then (3.3) represents first order optimality (necessary) condition for d to be an op-
timal solution of problem (3.8). This completes the proof. &

The following result about directional differentiability of a solution mapping z(u) €
Sol(K, F,,) is a consequence of the above theorem.

Corollary 3.1 For a vector p € U and a path u(t) := ug + tp + o(t), let z(t) €
Sol(K, Fyw)) be such that [|Z(t) — xo|| = O(t) for all t > 0 sufficiently small. Suppose
that the set K is second order reqular at xo and the system (3.3) has unique solution
d =d(p). Then (Z(t) — x0)/t converges tod ast | 0.

For polyhedral set K the system (3.3) takes the form (compare with (2.27)):
0 € —F'((wo, w), (d,p)) + Neuy) (d). (3.11)

For polyhedral set K and differentiable F'(-,-), the linearized system (3.11) was con-
sidered and directional differentiability of the solution mapping was established, under
an assumption of strong regularity, in Robinson [16]. Also for polyhedral set K and
locally Lipschitz F(-,-) the result of Theorem 3.1 follows from results presented in
Klatte [7] and Klatte and Kummer [9].

Definition 3.1 [t is said that the set K is cone reducible at xg € K, if there exist a
netghborhood V' of xg, a convex closed pointed cone Q C R™ and a twice continuously
differentiable mapping = : V. — R™ such that: (i) E(xg) = 0 € R™, (ii) the derivative
mapping D=(xg) : R™ — R™ is onto, and (iii) KNV ={z €V : Z(x) € Q}.

The above concept of cone reducibility is discussed in detail in [2, sections 3.4.4 and
4.6.1]. If the set K is cone reducible at xg, then the function qig(d) can be represented
as the restriction of a quadratic function ¢(d) = (d, Ad), A € 8", to the set C(zy)
(cf., [2, pp. 242]). In that case the system (3.3) takes the form:

0 € —F'((wo,u0), (d,p)) + Ad + Ne(zp) (d). (3.12)

In some cases (e.g., for the cones of positive semidefinite matrices, see example 4.2)
this quadratic function, and hence its gradient Vq(d) = 2Ad, can be calculated in a
closed form. For cone reducible set K and differentiable F'(-,-), the system (3.12) and
the result of Theorem 3.2 were derived in [21] by a different method.

Let us discuss now locally upper Lipschitz continuity of the solution multifunction
M(u) := Sol(K, F,) at the point zo € M(uy).
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Definition 3.2 [t is said that M(+) is locally upper Lipschitz at (zo,ug) if there exist
positive number p and neighborhoods V- and W of xy and wg, respectively, such that

M(u) NV C B (xo, pllu — ugl]), VueW. (3.13)

The result of Theorem 3.1 has the following interpretation. Denote by S(p) the set
of all solutions of the system (3.3). A multifunction DM (ug|xg) : U = R™ is called the
contingent derivative of M, at (ug, xo), if it is defined as follows: h € DM(ug|zo)(w)
iff there are sequences wy — w, hy — h and t; | 0 such that xo+txhy, € M(ug+txwy).
That is, the graph of DM (ug|zo)(-) is the contingent (Bouligand) cone to the graph
of M(+) at (ug,xo). The result of Theorem 3.1 means that, under the assumption of
second order regularity, the following inclusion holds

DMi(uo|0)(p) € S(p). (3.14)

The multifunction M(-) is locally upper Lipschitz at (xq,ug) iff DM(ug|zo)(0) =
{0} (King and Rockafellar [6]). Because of the inclusion (3.14) we have that if S(0) =
{0}, then DM(ug|zo)(0) = {0}. Clearly condition S(0) = {0} is exactly the condition
(C2). Therefore, we obtain the following result.

Theorem 3.2 Let xy € Sol(K, F). Suppose that the set K is second order reqular
at xo, and either condition (C2) or (C3) holds. Then the solution multifunction
u +— Sol(K, F,,) is locally upper Lipschitz at (o, ug).

For polyhedral set K the system (2.24), used in condition (C2), can be written in
the form (2.27). For polyhedral set K and differentiable F'(-), the linearized system
(2.27) was discussed and the corresponding locally upper Lipschitz behavior of the
solution multifunction was derived in Robinson [15, Theorem 4.1]. Also for polyhe-
dral set K = R’} and Lipschitz continuous F(-), an extension of the system (2.27)
and upper Lipschitz continuity of Sol(K, F,) was derived in Klatte [7, Theorem 4]
and Klatte and Kummer [9, Theorem 8.30] in a framework of generalized Kojima
functions. As it was mentioned earlier, for a nonpolyhedral set K condition (2.28)
is stronger than condition (C3). Condition (2.28) was used in [5, Proposition 5.1.6
and Corollary 5.1.8]. For cone reducible set K and differentiable F(-), the result of
Theorem 3.2 was derived in [21] by a different method.

It was shown in remark 2.1 that, under the assumption of second order regu-
larity, for the variational inequality associated with the optimization problem (1.3),
condition (C2) is equivalent to the corresponding second order growth condition for
the problem (1.3). It is said that a parameterization f(z,u) of the objective func-
tion of problem (1.3) includes the tilt perturbation if f(z,u) = fi(x,u1) + (ug, x),
u = (ug,uz) € Uy x R™. It is possible to show that for a parameterization of problem
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(1.3) which includes the tilt perturbation, the corresponding second order growth
condition is necessary for the locally upper Lipschitz continuity of Sol(K, F,) (see the
proof of Theorem 5.36 in [2]). Therefore, at least for variational inequalities associ-
ated with optimization problems, the locally upper Lipschitz continuity of Sol(K, F,)
implies condition (C2) for a sufficiently rich parameterization.

4 (Generalized equations

In this section we assume that the set K is given in the form (1.4). Unless stated
otherwise we assume that the mapping G : R" — R™ is twice continuously differen-
tiable, the set () C R™ is nonempty convex and closed, and Robinson’s constraint
qualification holds at the point o € K. In the considered finite dimensional case,
Robinson’s constraint qualification can be formulated in the form

DG(zo)R" + T(2) = R™, (4.1)
where 2 := G(x). Then the tangent cone to K at x, can be written as follows
T (zo) = {h : DG(x9)h € Ty(20)}-
Therefore, F(zo) € Ni(xzo) iff the optimal value of the problem
Max(F'(zg), h) subject to DG(xo)h € T(20),

is zero. By calculating the dual of the above problem (cf., [2, p.151]), we obtain that
F(z9) € Nk(xg) iff there exists A € R™ satisfying the following conditions

F(zo) — DG(20)*A =0 and X € Ng(G(xy)). (4.2)

We refer to the system (4.2) as generalized equations.

Denote by A(zg) the set of all A satisfying (4.2). By the above discussion we have
that xy € Sol(K, F) iff the set A(zg) is nonempty. Moreover, because of Robinson’s
constraint qualification, the set A(xg) is bounded and hence compact. Now by a chain
rule ([3],[2, Proposition 3.33]), we have

Ti (0, h) = DG(x0) ™" [T5(20, DG(20)h) — D*G(z0)(h, h)] - (4.3)

It follows that the term —o (F(zq),T%(xo,h)) is equal to the optimal value of the
following problem

Min'wGR” <—F<3§'0), 'lU)

subject to DG (zo)w + DG (xo) (h, h) € T2 (20, DG(x0)h). (4.4)
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The dual of this problem is

A1\//[\2(1x) {{X\, D*G(x0)(h, h)) — o (X, T§(20, DG(x0)h)) } (4.5)
eN(xo

and (under Robinson’s constraint qualification) the optimal values of (4.4) and (4.5)
are equal to each other (cf., [2, p. 175]). We obtain that for any d € C(z),

o(d) = sup {(\ D*G(w)(d,d)) — o (A, T3 (20, DG(20)d))} . (4.6)

)\EA(:BQ)
We also have that if the set () is second order regular at zy and Robinson’s constraint

qualification (4.1) holds, then K is second order regular at z.
Suppose, further, that the following property holds at the point z:

dist(zg + tw, Q) = o(t*) fort >0 and every w € Ty(2p). (4.7)

This holds, for example, if the set @) is polyhedral. Condition (4.7) means that 0 €
T3 (20, w) for any w € Tg(z). It follows then by (2.13) that T3(z0, w) = Ty () (w),
and hence because of (2.14) that

J(A,Té(zo,w)) =0 forall h € C(xp) and A € A(xy),
(cf., [2, p. 177]). In that case, for any d € R,

QZB(d) - /\es}\l(p )</\7 DQG(xO)(d’ d)> + ]C(:co) (d) (48)

Condition (4.7) also implies that the set @) is second order regular at zy (see [2, p.203]).

In the present situation results of the previous sections can be applied in a straight-
forward way if the set K = G~(Q) is convex. However, convexity of the set K is not
ensured by the assumed conditions. Therefore, in order to push the corresponding
proofs through we need some modifications.

Definition 4.1 [t is said that the set K is prox-regular at xq if there exists a neigh-
borhood V' of xq and a positive constant o such that

dist(y — =, Tx (7)) < a|ly — z||* forall z,y € KNV. (4.9)

Property (4.9) was introduced in [20] under the name “O(2)-convexity”. The term
“prox-regularity” was suggested in [14] and [19] where this concept was defined in a
somewhat different, although equivalent, form. It easily follows from the Robinson-
Ursescu stability theorem that if Robinson’s constraint qualification holds and DG(-)
is Lipschitz continuous in a neighborhood of zy, then K is prox-regular at zo (see
[20, pp. 134-135]). It is possible to show that prox-regular sets have the following
important property ([20, Theorem 2.2]).
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Proposition 4.1 Suppose that K is prox-reqular at xo € K. Then Pk(x) exists and
15 unique and locally Lipschitz continuous for all x in a neighborhood of x.

For a constant x > 0 and a neighborhood V' of xy consider the function

. . _ 1 2

Yoy (@u) = b {g(ey,u) = (Fle,u).x —y) + 3ulle = yl}- (4.10)
Clearly 7, v (x,u) <0 for all z € KNV. We also have here that the optimal solution
of the right hand side problem in (4.10) is given by

Yolx,u) = Pr(x + k1 F(a,u)).

It follows by Proposition 4.1 that for k large enough, 4. (z, u) is unique and Lipschitz
continuous for all (z,u) in a neighborhood of (xg, ug).

Lemma 4.1 Suppose that the set K is prox-reqular at the point xo. Then there exist
constant k > 0 and neighborhoods V' and W of x¢ and ug, respectively, such that for
anyu € W and z € V, we have that & € Sol(K, F,) iff € K and 7,y (Z,u) = 0.

Proof. Consider a point & € Sol(K, F,). By the definition we have that z € K
and (F(z,u),h) <0 for any h € Tk (Z). Together with (4.9) this implies that

(F(@,u),7 —y) > —a|F(z,u)]| ly — 2|

for ally € KNV. We can choose the neighborhoods V' and W such that || F'(x, u)||
for some b > 0 and all (z,u) € V' x W. Then for k > 2ab we obtain that g, v (Z, -
attains its minimum over K NV at y = z. It follows that v, v (Z,u) = 0.

Conversely, suppose that z € K and 7, y(Z,u) = 0. Then 7 is a maximizer of
Yev (-, u) over K NV and 9,(Z,u) = T is an optimal solution of the right hand side
of (4.10). Moreover, for s large enough the minimizer y,(Z, ) is unique, and hence
by Danskin theorem

<b
;)

Vovev(Z,u) = F(Z,u).

It follows then by first order optimality conditions that F'(z,u) € Nk (), and hence
T € Sol(K, F,). 1

The above lemma shows that, under Robinson’s constraint qualification, we can
reformulate (locally) VI(K, F,) as an optimization problem similar to (2.2) for suf-
ficiently large constant x. Since for k large enough, 7, (x,u) is unique and locally
Lipschitz continuous, the expansions (2.11) and (3.2) still hold, with ||d — &|* re-
placed by kl||d — h||?, provided that the set K is second order regular at z.
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Finally, in the previous sections we used convexity of the function QAﬁ() The
function ¢(-), given in (4.6), is defined as maximum of the sum of quadratic and convex
functions. Since the set A(xg) is compact, the corresponding quadratic functions can
be represented in the form

(X, D*G(x0)(d, d)) = f(d) — Blld]*,

such that fy(-) is convex for all A € A(zy) and 3 large enough. It follows that é()
can be represented as difference of an extended real valued convex function and the
quadratic function || - ||2. The subdifferential d¢(d) is then defined in a natural way
as the subdifferential of the corresponding convex function minus V(3||d||?) = 23d.
In particular, for ¢(-) given in (4.8) and d € C(z0) we have

8@(61) = conv {U)\EA*(J}O,d) [2D2G(.I0)d]*/\} + Nc(xo)(d>, (411)

where A*(zg, d) := arg maxea(z) (A, D*G(20)(d, d)).
Similar to Theorem 3.1 we have the following result.

Theorem 4.1 Suppose that the set K is given in the form (1.4), Robinson’s con-
straint qualification holds at the point xy, and the set () is second order reqular at
G(xg). For a vector p € U consider a path u(t) := ug + tp + o(t), t > 0. Let
te 10, up :=u(ty), T, € Sol(K, F,,) and d be an accumulation point of the sequence
(Zr — x0)/te. Then d is a solution of the system (3.3) with ¢(-) defined in (4.6).

Again the above theorem has an interpretation that, under the specified assump-
tions, the inclusion (3.14) holds, and hence the multifunction u — Sol(K, F},) is locally
upper Lipschitz at (zg, ug) if condition (C2) is satisfied.

Let us also note that the above analysis can be extended to situations where the
set K is given in the form K := SN G71(Q), with S being a convex closed subset
of R™. That is, consider the mapping G(z,u) := (z, G(z,u)) and write K = G71(Q),
where Q := 5 x Q.

Example 4.1 Suppose that the set K is defined by a finite number of constraints
K:={zeR":g(z) <0,i=1,..,m}, (4.12)

where g;(-) are twice continuously differentiable real valued functions. We can formu-
late this in the form (1.4) by defining G(-) := (¢1(*), ..., gm(+)) and @ := R™. The set
@ here is polyhedral, and hence K is second order regular and (see (4.8))

d(d) = sup {Z A D% (x0)(d, d)} + Loy (d). (4.13)
AEA(z0) i=1

For the set () := R™, Theorem 4.1 (and its consequence about locally upper Lipschitz

continuity of the solution mapping) corresponds to results in [8],[9].
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Example 4.2 Suppose that G : R® — S? and @ := S”, where S” denotes the cone
of p X p symmetric negative semidefinite matrices. The set S? is second order regular
and for Z € S” and 2 € S,

2tr(QHZTH), if tr(QZ) =0, tr(QH) =0,

—+00, otherwise, (4.14)

o (0,T5(Z,H)) = {

where ZT denotes the Moore-Penrose pseudoinverse of 7, [2, p.487].

Let us finally consider situations where the set K = K(u) also depends on the
parameter vector u. That is, let

K(u) :={z e R": G(z,u) € Q}, (4.15)

where G : R" x U — R™ is a twice continuously differentiable mapping. Similar to
(4.2) we consider the following system of generalized equations

F(z,u) = D,G(z,u)*A =0 and A € No(G(z,u)). (4.16)

We denote by M(u) the set of solutions of (4.16), that is, x € M(u) iff there exists
A € R™ satisfying (4.16). Consider a point zg € M(ug) and function v, v (z, u) defined
in the same way as in (4.10) with K replaced by K(u). We assume that Robinson’s
constraint qualification, with respect to the mapping G(-,ug), holds at the point
xg. Since DG(z,u) is locally Lipschitz continuous, it follows by Robinson-Ursescu
stability theorem that property (4.9), in the definition of prox-regularity, holds for
all u in a neighborhood of ug and K = K (u), with constant o and neighborhood V'
independent of u. Therefore, we have by Lemma 4.1 that there exist constant x > 0
and neighborhoods V and W of xq and ug, respectively, such that for any u € W and
z € V, it holds that z € M(u) iff z € K and 7, v (Z,u) = 0.

The second order growth condition, for x = xg and u = wug, is defined here in
the same way as in (2.18) for the function v(-) = v.v (-, up) and the set K = K (uy).
Similar to Theorem 2.1 we have here that if the set () is second order regular at
G(z0,up), then for x large enough the second order growth condition (2.18) holds iff
condition (C2) is satisfied.

We say that the multifunction M(+) is locally upper Hélder at (o, uy) (of degree
1/2) if there exist positive number p and neighborhoods V and W of xy and wuy,
respectively, such that

M(u) NV C B (zo, pllu — u0||1/2) , YueW. (4.17)

Proposition 4.2 Suppose that F(-,-) is continuously differentiable, Robinson’s con-
straint qualification, with respect to the mapping G(-,ug), holds at the point xq, the
set Q) is second order reqular at G(xo,up), and for sufficiently large k the second or-
der growth condition (2.18) is satisfied. Then the multifunction M(-) is locally upper
Hélder at (xo,up).
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Proof. Suppose that the second order growth condition (2.18) holds at z, with the
corresponding constant ¢ and neighborhood N. Consider a solution Z(u) € M(u)NN.
We can choose the constant s large enough and the neighborhoods V' and W, such
that Z(u) is a maximizer of 7, v (-, u) over K(u)NV for all w € W. By [2, Proposition
4.37] we have then that the following estimate holds:

|Z(u) — xo]| < ¢+ 20 + 01/2(7]15 + 7725)1/2, (4.18)

Here ¢ = {(u) is a Lipschitz constant of the function x(-,u) := e v (-, u) — Vv (-, uo)
on a subset of N containing x¢ and Z(u), m; and 1y = n2(u) are Lipschitz constants of
Vv (-, up) and v, v (-, u), respectively, on N, and § = d(u) is the Hausdorff distance
between K (up) NN and K (u) N N. By Robinson-Ursescu stability theorem we have
that for the neighborhood N sufficiently small §(u) = O(||u — ug||). The Lipschitz
constant 7, (u) is bounded for all v in a neighborhood of uy. Let us estimate ¢(u). By
(2.5) we have

Dl(z,u) = (D F(x,u)* — Dy F(x,u0)*)(x — gz, up))+

D F (. u) (3l va) - (. w) + [P, w) — F(a)] + [7(r.0) - gla.a)). )

We have that y(zg,up) = x¢ and (see [2, pp.434-435]) that the mapping (z,u) —
Py (uy(z), and hence the mapping (z,u) — Pg)(z + £ 'F(z,u)) are locally upper
Holder at (xg,up). Therefore, by choosing the corresponding subset of N consisting
of two points xy and Z(u), we can bound the norm of the first term in the right hand
side of (4.19), on that subset, by 3||Z(u) — z¢||*/? for some 3 > 0. Moreover, by con-
tinuity of DF(z,u), the constant 5 can be arbitrary small for all u in a sufficiently
small neighborhood of ug. In particular, we can choose a neighborhood of ug such
that § < ¢/2. The other three terms in the right hand side of (4.19) are of order
O(||u — uo|[*/?) uniformly in @ € N, for a sufficiently small neighborhood N. The
proof can be completed then by applying the estimate (4.18). 1

Note that without additional assumptions, the power constant % in the above lo-
cally upper Holder continuity of M(-) cannot be improved. For optimization problems
this is discussed in [2, section 4.5.1].
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