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Abstract. We present a refined version of the Karush-John first order optimality condi-
tions which reduces the number of constraints for which a constraint qualification is needed.
This version is a generalization both of the Karush-John conditions and of the first order
optimality conditions for concave constraints.
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1 Introduction

The Karush-John optimality conditions (often also called Fritz John conditions, after Fritz
John, who rediscovered Karush’s results; see Karush [5], John [4] and Schrijver [12,
p.220] for a history) play a central role in constrained optimization,, characterizing the
solutions of smooth nonlinear programming problems by first order necessary conditions.
However, the Karush-John conditions in their most general form pose difficulties in applica-
tions, because the factor in front of the gradient term may be zero or very small. Therefore,
most of the local solvers require a constraint qualification, like that of Mangasarian &
Fromovitz [9], to be able to reduce the Karush-John conditions to the more convenient
Kuhn-Tucker conditions [7]. Thorough discussions of such constraint qualifications can be
found in Bazaraa et al. [2] and Mangasarian [8].

Deterministic global optimization algorithms cannot take this course, since it is not known
beforehand whether the global optimum satisfies an assumed constraint qualification. There-
fore, they have to use the Karush-John conditions in their general form (cf., e.g., Kearfott
[6]). Unfortunately, the additional constraints needed involve all multipliers and are very
inconvenient for the solution process.

In this article we derive a stronger form of the Karush-John optimality conditions for general
smooth nonlinear programming problems. These conditions imply the (known) result that
for concavely (or linearly) constrained problems no constraint qualification is needed, and
the derived Kuhn-Tucker conditions requires linear independence constraint qualifications
for fewer constraints than the conditions found in the literature. The new conditions are
incorporated in the COCONUT environment [3] for deterministic global optimization.
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2 Known results

The situation is simplest when the constraints are concave, i.e., of the form F (x) ≥ 0 with
convex F . Due to the concave structure of the feasible set descent from nonoptimal points
can be achieved using linear paths.

2.1 Theorem. (First order optimality conditions for concave constraints)
Let x̂ ∈ Rn be a solution of the nonlinear program

min f(x)

s.t. F (x) ≥ 0
(1)

where f : C0 → R and F : C0 → Rr are continuously differentiable functions defined on
their domain of definition.

If F is convex then there is a vector ẑ ∈ Rr such that

g(x̂) = F ′(x̂)T ẑ, inf(ẑ, F (x̂)) = 0. (2)

Here inf(u, v) denotes the infimum (componentwise minimum) of the vectors u and v; a
condition of the form inf(u, v) = 0 is generally referred to as a complementarity condition.

The proof can be found, e.g., in [8, Section 7.3]; the assumptions amount to the reverse
convex constraint qualification by Arrow et al. [1].

In general, curved paths may be needed to get descent, and without some condition on
the geometry one does not arrive at the Kuhn-Tucker conditions (2). The conditions for
the general case, stated, e.g., in [8, Section 11.3], follow from the following, equivalent
statement when slack variables are introduced to eliminate general inequality constraints.
Our formulation is adapted to the use of interval analysis [6, 10, 11] in branch and bound
methods for global optimization. A box is a set of the form

x = [x, x] = {x ∈ Rn | x ≤ x ≤ x},

with componentwise inequalities; the bounding vectors are allowed to contain infinite entries
indicating missing bounds.

2.2 Theorem. (Karush-John first order optimality conditions)
Let x̂ ∈ Rn be a solution of the nonlinear program

min f(x)

s.t. F (x) = 0

x ∈ x,
(3)

where f : C0 → R and F : C0 → Rr are continuously differentiable functions defined on
their domain of definition.

Then there are a constant κ ≥ 0 and a vector ẑ ∈ Rr, not both zero, such that

ŷ := κg(x̂)− F ′(x̂)T ẑ (4)
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satisfies the two-sided complementarity condition

ŷk ≥ 0 if x̂k = xk,

ŷk ≤ 0 if x̂k = xk,

ŷk = 0 otherwise.

(5)

In the following we prove a common generalization of both Theorem 2.1 and Theorem 2.2.
Apart from the inverse function theorem, our mail tool is the following transposition theorem,
which is a simple application of the Lemma of Farkas.

2.3 Theorem. Let B ∈ Rm×n, and let (I, J,K) be a partition of {1, . . . ,m}. Then exactly
one of the following holds:

(i) (Bp)I = 0, (Bp)J ≥ 0, (Bp)K > 0 for some p ∈ Rn,

(ii) BT q = 0, qJ∪K ≥ 0, qK 6= 0 for some q ∈ Rm.

3 A refinement of the Karush–John conditions

We consider concave and nonconcave constraints separately, and introduce slack variables
to transform all nonconcave constraints into equations. Thus we may write the nonlinear
optimization problems without loss of generality in the form

min f(x)

s.t. C(x) ≥ 0

F (x) = 0.

(6)

The form (6), which separates the concave constraints (including bound constraints and
general linear constraints) and the remaining nonlinear constraints, is most useful to prove
our strong form of the Karush-John conditions. However, in computer implementations, a
transformation to this form is not ideal, and the slack variables should be eliminated again
from the optimality conditions.

3.1 Theorem. (General first order optimality conditions)
Let x̂ ∈ Rn be a solution of the nonlinear program (6), where f : U → R, C : U → Rm, and
F : U → Rr are functions continuously differentiable on a neighborhood U of x̂. In addition,
C shall be convex on U . Then there is a constant κ ≥ 0 and there are vectors ŷ ∈ Rm,
ẑ ∈ Rr such that

κg(x̂) = C ′(x̂)T ŷ + F ′(x̂)T ẑ, (7)

inf(ŷ, C(x̂)) = 0, (8)

F (x̂) = 0, (9)

and
κ, ẑ are not both zero. (10)

In contrast, the standard Karush-John condition asserts in this case only that κ, ŷ, ẑ are not
all three zero. Thus the present version gives more information in case that κ = 0; therefore,

3



weaker constraint qualifications are needed to ensure that κ 6= 0 (in which case one can scale
the multipliers so that κ = 1).

Proof. We begin by noting that a feasible point x̂ of (6) is also a feasible point for the
optimization problem

min f(x)

s.t. Ax ≥ b

F (x) = 0,

(11)

where J is the set of all components j for which C(x̂)j = 0 and

A = C ′(x̂)J :, b = C ′(x̂)J :x̂.

For the indices k corresponding to the set N of inactive constraints, we choose yN = 0 to
satisfy condition (8). Since C is convex, we have C(x) ≥ C(x̂) +C ′(x̂)(x− x̂). Restricted to
the rows J we get C(x)J ≥ C ′(x̂)J :(x− x̂). This fact implies that problem (6) is a relaxation
of problem (11) on a neighborhood U of x̂. Note that since C is continuous we know that
C(x)j > 0 for k ∈ N in a neighborhood of x̂ for all constraints with C(x̂)j > 0. Since, by
assumption, x̂ is a local optimum of a relaxation of (11) and a feasible point of (11), it is a
local optimum of (11) as well. Together with the choice yN = 0 the Karush-John conditions
of problem (11) are again conditions (7)–(9). So we have successfully reduced the problem
to the case where C is an affine function and all constraints are active at x̂.

Thus, in the following, we consider a solution x̂ of the optimization problem (11) satisfying

Ax̂ = b. (12)

If rkF ′(x̂) < r then zTF ′(x̂) = 0 has a solution z 6= 0, and we can solve (7)–(10) with
y = 0, κ = 0. Hence we may assume that rkF ′(x̂) = r. This allows us to select a set R of r
column indices such that F ′(x̂):R is nonsingular. Let B be the (0, 1)-matrix such that Bs is
the vector obtained from s ∈ Rn by discarding the entries indexed by R. Then the function
Φ : C → Rn defined by

Φ(x) :=

(
F (x)

Bx−Bx̂

)

has at x = x̂ a nonsingular derivative

Φ′(x̂) =

(
F ′(x̂)

B

)
.

Hence, by the inverse function theorem, Φ defines in a neighborhood of 0 = Φ(x̂) a unique
continuously differentiable inverse function Φ−1 with Φ−1(0) = x̂. Using Φ we can define a
curved search path with tangent vector p ∈ Rn tangent to the nonlinear constraints satisfying
F ′(x̂)p = 0. Indeed, the function defined by

s(α) := Φ−1

(
0

αBp

)
− x̂

for sufficiently small α ≥ 0, is continuously differentiable, with

s(0) = Φ−1(0)− x̂ = 0,

(
F (x̂+ s(α))

Bs(α)

)
= Φ

(
Φ−1

(
0

αBp

))
=

(
0

αBp

)
,

hence
s(0) = 0, F (x̂+ s(α)) = 0, Bs(α) = αBp. (13)
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Differentiation of (13) at α = 0 yields

(
F ′(x̂)

B

)
ṡ(0) =

(
F ′(x̂)ṡ(0)

Bṡ(0)

)
=

(
0

Bp

)
=

(
F ′(x̂)

B

)
p,

hence ṡ(0) = p, i.e., p is indeed a tangent vector to x̂+ s(α) at α = 0.

Now we consider a direction p ∈ Rn such that

gTp < 0, g = g(x̂), (14)

Ap > 0, (15)

F ′(x̂)p = 0. (16)

(In contrast to the purely concave case, we need the strict inequality in (15) to take care
of curvature terms.) Since Ax̂ ≥ b and (15) imply A(x̂ + s(α)) = A(x̂ + αṡ(0) + o(α)) =
Ax̂ + α(Ap + o(1)) ≥ b for sufficiently small α ≥ 0, (13) implies feasibility of the points
x̂+ s(α) for small α ≥ 0. Since

d

dα
f(x̂+ s(α))

∣∣∣∣
α=0

= gT ṡ(0) = gTp < 0,

f decreases strictly along x̂+s(α), α small, contradicting the assumption that x̂ is a solution
of (6). This contradiction shows that the condition (14)–(16) are inconsistent. Thus, the
transposition theorem 2.3 applies with



−gT
A

F ′(x̂)


 ,




κ

y

z


 in place of B, q,

and shows the solvability of

−gκ+ ATy + F ′(x̂)T z = 0, κ ≥ 0, y ≥ 0,

(
κ

y

)
6= 0.

If we put ẑ = z, let ŷ be the vector with ŷJ = y and zero entries elsewhere, and note that x̂
is feasible, we find (7)–(9).

Because of (10), it remains to discuss the case where κ = 0 and z = 0, and therefore

ATy = 0, y 6= 0. (17)

In this case, bTy = (Ax̂)Ty = x̂TATy = 0. Therefore any point x ∈ U satisfies (Ax− b)Ty =
xTATy − bTy = 0, and since y ≥ 0, Ax− b ≥ 0, we see that the set

K := {i | (Ax)i = bi for all x ∈ U}

contains all indices i with yi 6= 0 and hence is nonempty.

Since U is nonempty, the system AK:x = bK is consistent, and hence equivalent to AL:x = bL,
where L is a maximal subset of K such that the rows of A indexed by L are linearly
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independent. If M denotes the set of indices complementary to K, we can describe the
feasible set equivalently by the constraints

AM :x ≥ bM ,

(
AL:x− bL
F (x)

)
= 0.

In this modified description of the feasible set has no equality constraints implicit in the
inequality AM :x ≥ bM . For a solution x̂ of the equivalent optimization problem with these

constraints, we find as before a number κ ≥ 0 and vectors yM and

(
yL
z

)
such that

κg(x̂) = AT
M :yM +

(
AL:

F ′(x̂)

)T(
yL
z

)
, (18)

inf(yM , AM :x̂− bM) = 0, (19)

F (x) = 0, AK:x̂− bK = 0, (20)

κ,

(
yL
z

)
are not both zero. (21)

Clearly, this yields vectors ŷ = y and ẑ = z satisfying (7) and (8), but now yK\L = 0. The
exceptional situation κ = 0, z = 0 can now no longer occur. Indeed, as before, all indices
i with yi 6= 0 lie in K; hence yM = 0 and (18) gives AT

L:yL = 0. Since, by construction, the
rows of AL: are linearly independent, this implies yL = 0, contradicting (21). This completes
the proof. ut

Theorem 2.1 is the special case where F is zero-dimensional, and Theorem 2.2 follows directly

from the special case where C(x) =

(
x− x
x− x

)
.

3.2 Corollary. Under the assumptions of Theorem 3.1, if the constraint qualification

C ′(x̂)TJ :yJ + F ′(x̂)T z = 0, yJ ≥ 0 ⇒ z = 0 (22)

holds then the conclusion of Theorem 3.1 holds with κ = 1.

A slightly more restrictive constraint qualification, which, however, is easier to interpret
geometrically, is obtained if we remove the nonnegativity condition from the assumption in
(22). The resulting condition

C ′(x̂)TJ :yJ + F ′(x̂)T z = 0 ⇒ z = 0 (23)

implies that rkF ′(x̂) = r (to see this put y = 0). Writing the left hand side of (23) as
yTJC

′(x̂)J : = −zTF ′(x̂), we see that (23) forbids precisely common nonzero vectors in the
row spaces (spanned by the rows) of C ′(x̂)J : and F ′(x), respectively. Thus we get the
following useful form of the optimality conditions:

3.3 Corollary. Under the assumption of Theorem 3.1, if rkF ′(x̂) = r and if the row spaces
of F ′(x̂) and C ′(x̂)J :, where J = {i | C(x̂)i = 0}, have trivial intersection only, then there
are vectors ŷ ∈ Rm, ẑ ∈ Rr such that

g(x̂) = C ′(x̂)T ŷ + F ′(x̂)T ẑ, (24)

inf(ŷ, C(x̂)) = 0, (25)

F (x̂) = 0. (26)
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(24)–(26) are the Kuhn-Tucker conditions for the nonlinear program (6), cf. [7]. The
traditional linear independence constraint qualification requires in place of the assumptions in

Corollary 3.3 the stronger condition that the rows of

(
F ′(x̂)

C ′(x̂)

)
are independent. In contrast,

our condition allows arbitrary dependences among the rows of C ′(x̂).

Note that in view of (8), the condition (10) can be written (after rescaling) in the equivalent
form

κ ≥ 0, κ+ uT ŷ + ẑTDẑ = 1, (27)

where u is an arbitrary nonnegative vector with uJ > 0, uN = 0 and D is an arbitrary
diagonal matrix with positive diagonal entries. This form is numerically stable in that all
multipliers are bounded and near degeneracies – which would produce huge multipliers in
the Kuhn-Tucker conditions – are revealed by small values of κ. The lack of a constraint
qualification (which generally cannot be established in finite precision arithmetic anyway)
therefore simply appears as the limit κ = 0.

The formulation (27) is particularly useful for the rigorous verification of the existence of a
solution of our refined Karush-John conditions in the vicinity of an approximate solution;
cf. Kearfott [6, Section 5.2.5] for the corresponding use of the standard Karush-John
conditions. The advantage of our stronger formulation is that in case there are only few
nonconcave constraints, condition (27) involves only a few variables and hence is a much
stronger constraint if constraint propagation techniques [6, 13] are applied to the optimality
conditions.
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