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DOUBLE-REGULARIZATION

PROXIMAL METHODS, WITH
COMPLEMENTARITY APPLICATIONS

Abstract. We consider the variational inequality problem formed by a general set-
valued maximal monotone operator and a possibly unbounded “box” in R, and
study its solution by proximal methods whose distance regularizations are coercive
over the box. We prove convergence for a class of double reqularizations general-
izing a previously-proposed class of Auslender et al. We apply this class of regu-
larizations to complementarity problems using a dual formulation, leading to the
broadened class of generalized augmented Lagrangian methods. We point out some
connections between these methods and earlier work on “pure penalty” smoothing
methods for complementarity; this connection leads to a new augmented Lagrangian
based on the “neural network” smoothing function. Finally, we computationally
compare this augmented Lagrangian to the already-known logarithmic-quadratic
variant on the MCPLIB problem library, and show that the neural approach offers
some advantages.

Acknowledgements: Bert Schaaf, via the RGMIA internet group, suggested the outline
of the proof in Appendix A, more elegant and far shorter than our original proof.
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1 Introduction

Let B C R” denote the possibly unbounded n-dimensional “box”,

BY ([a1,b1] X ... % [an, ba]) "R,

where —oo0 < a; < b; < 400,17 =1,...,n. This paper will consider the generalized variational
inequality problem

0 € T(x) + Np(z), (1)

where T is a (possibly set-valued) maximal monotone operator, and Ng(z) denotes the cone
of vectors normal to the set B at .
Throughout, we will make the standard regularity assumption:

Assumption 1.1
dom T Nint B # ().

As an application of this general problem setting, we will be particularly interested in
the complementarity problem

F@)>0  2>0  (F(z),5)=0 (2)

corresponding to some single-valued function F': R* — R". In our analysis, we assume that
F' is monotone, although we will drop this assumption in later computational experiments.

A straightforward application of (1) to (2) is to set T'(z) = {F(x)} for all z € R", and
a; =0, b; = +oo for i = 1,...,n. Then B = R, the nonnegative orthant in R, and (1)
reduces to

which is equivalent to (2), and called its primal formulation.

One can obtain an alternative formulation of (3) in the form (1) by applying a simple
duality transformation [1, 12, 17, 19]: given arbitrary set-valued maps U and V, z is a
solution of

0eU(x)+V(x) (4)
if and only if there exists y such that

yeU(x)  —yeV(a). (5)

On the other hand, given some y, the existence of an = such that (5) holds is equivalent to
y solving
0e U (y) =V~ (~y), (6)

where the inverses are taken in the sense of point-to-set maps, and thus guaranteed to exist.
We consider the problems (4) and (6) to be duals of one another, since they have identical
“optimality” conditions (5).
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Applying this duality transformation to (3) with U = F and V' = Ng» yields

0eFi(y) — (Nm)_l(—y),

where inverses are again taken as point-to-set maps. It is easily confirmed that —Io (Nm )_1 o
—1 = Ngr, so this problem is identical to the dual formulation

0€c F ' (y)+ NRi(y)a (7)

which is also of the form (1) by letting T(y) = {z | F(z) =y} and a; = 0, b; = 400 for
1=1,...,n.

This paper will study generalized proximal methods for (1). These methods are con-
ceptual algorithms in which one takes some generalized distance measure D : R" x R" —
(—00, +00], strictly convex in its first argument, and computes a sequence of iterates {2z}

via the recursion _
0 € i T(z") + Ny (2" + VD (aF ! 2F), (8)

where Vi denotes the gradient with respect to the the first argument, and a3 > 0 is some
scalar bounded away from 0. D should be finite on int B X int B, but may be finite elsewhere
as well. The original method of this form, the classical prozimal point algorithm [21], takes

D(z,y) = (1/2)||z — y||*>. In general, one may have to satisfy (8) only approximately, but
for simplicity we omit this complication here.

Applying such an algorithm to the primal formulation (3) of the complementarity prob-
lem, one obtains the recursion

0€ F(z") + N (z™1) + aikvlﬁ(xkﬂ, 7). (9)
Applying the same algorithm to the dual formulation (7) leads to subproblem recursion
0€ FH (") + Neo (v™) + aikvlﬁ(y’““, y").
Again applying the duality transformation, but with
U=F" V = Nay + (1/a)V1iD(-, "),
produces an equivalent subproblem
0 F(at+) — (NM +v,D(., yk))* (—agz* ).

The strict convexity of 5(, y*) it its first argument implies that the mapping

~ -1
L (Nay + ViD(-o)) (10)
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is single-valued, so we obtain the equivalent recursions

0 = F(z") — P(—aya™™) (11)
Yt = Pi(—agath), (12)

which is known as a method of multipliers or generalized augmented Lagrangian method.
First, one solves the system of nonlinear equations (11) — the augmented Lagrangian — to
obtain z**!, and then one updates the Lagrange multiplier estimates via (12). We use the
letter P because P] plays the same role as the gradient of the penalty term in augmented
Lagrangian methods for optimization problems; see for example [22, 23, 11]. Algorithms of
this class exist for problems where the constraint set takes a much more general form than
a box, but we focus here on the simple complementarity case. The augmented Lagrangian
methods of this paper are easily adapted to the more generalsetting.
The main subject of this paper is when D is separable and coercive on B, that is,

y) = Zg(l"i,yi) (13)

d(i, yi) = +00 if x; & [a;, bi] (14)
hlmV V(i i) = —o0 if a; > —o0 (15)
hTrnV V(i i) = 00 if b; < 4-o00. (16)

In this case, V1 D(-, %) acts as a kind of “barrier” in algorithms like (8), keeping successive
iterates within int B. In particular, Ng + Vi D(-,2*) = V1 D(-,z*), so (8) reduces to the
simpler recursion

OEQkT( k+1)+v D( k+1 k),

which should be more convenient computationally. For example, the primal complementarity
recursion (9) now reduces to

1 ~
0= F(z") + —V D(z" 2F). (17)
A

This recursion is an equation, rather than an inclusion, and inherits whatever smoothness is
present in F' and V;D(-,2*%). This situation is generally preferable to the non-coercive case,
where the resulting subproblem may be no easier than the original problem (3). However,
the definition domain of equation (17) is constrained to the positive orthant, which we denote
R? ., presenting possible computational difficulties.

An even more important property of coercive separable distances emerges when they are
applied to the dual formulation (7), and used in the corresponding multiplier method (11)-
(12). Then, the definition (10) reduces to the much simpler

= (ViDh) (18)
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By judicious choice of l~), one can make the single-valued function P; finite everywhere, with
any desired degree of smoothness. The augmented Lagrangian equation system (11) can then
be made to have the same definition domain and degree of smoothness as F'. This property
may in turn allow solution by standard Newton methods, a significant advantage. Classical
choices of D lead to nonsmooth augmented Lagrangians. Certain non-coercive choices of D
can also lead to some limited smoothness in the augmented Lagrangian [15, 12], but result
in a penalty that is very “flat” in the vicinity of the origin, which may not be ideal.

Given the attractive properties of coerciveness, an unfortunate gap existed for some
time in the theory of coercive proximal algorithms. In early analyses such as [5, 11, 23],
convergence of methods like (8) was demonstrated only when either T was the subgradient
map of some convex function f : R* — (—o0,+00], or when the distance regularization
13(-, x¥) was not coercive. The case of a general monotone T and coercive D remained open.

Subsequent research [6] proved convergence of certain coercive proximal algorithms when
T is paramonotone [13], a condition less stringent than T being a subgradient, but more
restrictive than general monotonicity.

A breakthrough then came with Auslender et al.’s publication of [2], which proved con-
vergence of a proximal method with a general monotone operator T', and a specific, coercive
form of D, the logarithmic-quadratic kernel. This D is a weighted sum of a logarithmic term,
one of the standard coercive choices, and a traditional quadratic term.

Very shortly thereafter, the authors of [2] generalized its analysis in [3]. There, they
proved convergence for a family of possible distance regularizations, the class ®, of rescaled
p-divergences, and also included analyses of dual algorithms like (11)-(12).

This paper makes three contributions to this field of research: first, capitalizing on our
related work in [18], we prove convergence for a general maximal monotone operator 7' of
proximal methods employing a broader class of coercive distance regularization measures D
than in [3]. These distance measures do not have take the @-divergence form: for example,
they may instead be certain kinds of rescaled Bregman distances; see Section 5.2. Second, we
note a relationship between the logarithmic-quadratic penalty arising in [3] and some prior
work on pure penalty (or smoothing) methods for complementarity problems by Chen and
Mangasarian [7]. We study another penalty from [7], the neural network smooth plus func-
tion, and show that it too corresponds to a proximal algorithm and augmented Lagrangian
method. The neural penalty yielded superior computational results to the logarithmic-
quadratic penalty in the pure penalty environment of [7], so it is natural to consider whether
it might also be superior in an augmented Lagrangian setting.

The third contribution of this paper is to test this hypothesis on a difficult, realistic
set of test problems, the MCPLIB [9]. We also believe our experiments constitute the first
rigorous computational testing of any coercive proximal algorithms on non-optimization
complementarity problems. The experiments show that our new neural multiplier method
does indeed tend to be faster than the logarithmic-quadratic multiplier method, but is less
robust. A hybrid approach that executes a single initial step of the logarithmic-quadratic
method, and then reverts to the neural method, cures the robustness problem and seems
almost uniformly faster than the logarithmic-quadratic algorithm. Note that the MCPLIB
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problems are not monotone, as required by our convergence analysis, but following the
example of [12] we still use them as a computational testing library.

The remainder of this paper is structured as follows: Section 2 sets forth the class of
distance regularizations D that we analyze, and the algorithm that employs them. General-
izing [3], we study distances D of the form

1

that is, the sum of a coercive term D and p times the traditional squared Euclidean distance;
we assume g > 1. We then make two sets of assumptions about this distance: first D must
meet a set of conditions (Assumption 2.1 below) slightly reformulated from our earlier work
in [18]. Next, we introduce a set of conditions on the coercive term D(-,y) (Assumption 2.3
below), that constrain its derivative to lie within a certain envelope. In the case B = R,
the lower bound of this envelope corresponds exactly to the logarithmic-quadratic measure
of [2].

Section 3 then presents the heart of our convergence analysis. In particular, we show
that the sequence of iterates {z*} produced by our proximal algorithm is Féjer monotone to
the solution set of (1). If u > 1, we shortly thereafter obtain convergence of the method.

Section 4 then treats convergence in the more difficult case p = 1. Taking p = 1 tends
to lead to simpler penalties than p > 1, and it is also useful in analyzing the neural network
penalty function. When g = 1, we restrict ourselves to B = R}, and strengthen somewhat
the assumptions on D from Section 2.

In Section 5, we give examples of distance measures meeting our assumptions. These
include the @, class proposed in [3], but also other possibilities. Next, Section 6 considers
how our class of distance measures manifests itself in the dual setting (11)-(12), that is,
what kind of penalty terms P’ correspond to D regularizations meeting our assumptions.
We show that any penalty term having certain regularity properties and fitting inside a
certain envelope corresponds to one of our allowed distance measures D. The upper bound
of this envelope is the logarithmic-quadratic penalty of [3]. The remainder of Section 6
develops the relationship with the work of Chen and Mangasarian, as well as the properties
of the neural penalty, which uses ;1 = 1. Finally, Section 7 presents the computational
testing, and discusses possible further tuning of the algorithm.

2 Coercive separable distances and double regulariza-
tions

We begin by stating a key assumption adapted from [18]:

Assumption 2.1 Fori=1,...,n, the function d; : Rx (a;,b;) — (—00, 0] has the following
properties:
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2.1.1. For oll y; € (a;,b;), di(+,y;) is closed and strictly convex, with its minimum at y;.

Moreover, int dom d; (-, y;) = (a;, b;).

2.1.2. d; is differentiable with respect to the first variable on (a;, b;) X (a;,b;), and this partial
derivative is continuous at all points of the form (z;, ;) € (a;, b;) X (a;,b;). Moreover,
we will use the notation

2.1.8. For all y; € (a;,b;), di(+,y;) is essentially smooth [20, Chapter 26].

2.1.4. There exist L,e > 0 such that if either —oo < a; < y; < x; < a; +€ orb; —e < x; <
yi < bi < +oo, then |di(z;,yi)| < Lz — yil.

This assumption is a simple transformation of [18, Assumption 2.1], where each c?l(, i)
is divided by J;.' (vi,yi). We note that all the convergence results from [18] remain true under
Assumption 2.1. N

The stipulation that int domd;(-,y;) = (a; b;) and Assumption 2.1.3’s requirement of
essential smoothness imply that (14)-(16) hold — that is, they guarantee that d;(-,y;) is
coercive on [a;,b;] N R. Within a proximal algorithm, the term d;(-,y;) acts as a “barrier”
keeping the iterates within the interval (a;, b;).

We will use functions c?l of this sort as proximal kernels; however, we will obtain such
functions by adding a simple quadratic function to another coercive function d;, as follows:

Definition 2.2 Let py > 1. Fori=1,...,n, let d; : R x (a;,b;) = (—00, 00] be continuously
differentiable with respect to the first variable. Let

T ef
di(ws, i) 2 diCai, i) + & @i — i), (19)
and
Dia,y) " dilssyi) = Y dilai, ) + 5 (i — i) (20)
=1 =1

If each c?z conforms to Assumptions 2.1.1-2.1.3 we shall call D the double regularization

based on D(x,y) o Sor di(zi,yi). Moreover, each d; will be called the double regularization

component based on d;.

Note that we did not directly require Assumption 2.1.4. Instead, we make a further
assumption with no analog in [18], and show that it implies Assumption 2.1.4:

Assumption 2.3 Fori = 1,...,n, let d; : R x (a;,b;) — (—00,00] and z;,y; € (a;,b;).
Then,
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Figure 1: Bounds for the derivative of d;, for (a;,b;) = (0,2) and y; = 0.75. Notice that the
derivative of the classical regularization (1/2)(z; — ;)° lies in between the limits.

1. If a; and b; are both finite,

(zi —yi) (i — ai) < d'(wiy) < (2 — y3) (b — yi)_

T, — Qg bz'_xi

2. Otherwise, we take the respective limits as a; — —o0 or b; — 00 in the above relation:

(a) If only a; is finite:

(w; — yz)(yz_ a;) < di(xi,y;) < 1 — ¥

(b) If only b; is finite:

(xi - yi)(bi - yz)

z;i — yi < dizi, yi) < —

(C) (ai,bi) = R
di(ws,y:) = T35 — Y.

Lemma 2.4 Suppose d; conforms to Assumption 2.3. Let

e : bi_ i
edzf_mln{ 2a}€(0,+oo].
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If —o<a <y <z <a;+eorb—e<xz <y <b <+oo, then |d,(x;,y:)| < 2|z; — 4.
Therefore, |di(zi, ;)| < (24 p) |zi — yi|, and the double regularization component d; based
on d; meets Assumption 2.1.4 with L = 2+ p.

Proof. Suppose —oc0 < a; < y; < x; < a; + €. If b; = +00, we have
\di (i, yi)| = di(@i,yi) < @i —yi = |2 — vl < 2|z — il -
On the other hand, if b; € R, we get

|d;(xi;yi)| = dg(%,yz)

(%‘ — yz)(bz - yi)
b; — x;

_ |z = wil (bi — wi)

b, — x;

< |5Uz - Z/z| (bi - az')

- bz — Q; — €

< 2w — i

The analysis of the situation b; — e < z; < y; < b; < 400 is analogous. O

We now introduce our proximal method:

Proximal Method using Double Regularization (PMDR):

Let D be a double reqularization based via (20) on a coercive term D conforming to
Assumption 2.3, with pu > 1.

1. Initialization: Let k = 0. Choose a scalar ¢ > 0, and an initial iterate 2° € int B.
2. Iteration:

(a) Choose oy € [c,+00).
(b) Find x**1 such that*

0 € apT(z¥*Y) + VD (2 k). (21)

(¢) Let k < k+ 1, and repeat. 0

!'We assume here that we can solve each of these proximal steps exactly. Inexact versions of the calculations
are possible, but for clarity in the proofs, we have omitted such variations.
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3 Principle convergence analysis

To prove convergence, we will establish that the PMDR sequence is Fejér monotone to the
solution set of (1). To this end, we require four technical lemmas.

Lemma 3.1 Let a < 3 and v < § be real numbers. Then

(6 —a)y—08)<(0-B)(y— ),

and this inequality is strict if a # B and v # 6.

Proof. Multiplying the inequality e < 3 by the nonnegative value 6 — 7,

a(d—7) < B0 —7)

= —ay =0 < —fy—ad
= aff —ay—pBo+v < aff — By —ad + 6
= O —a)(y=8) < (0 -B)(y—a)

The strict inequality assertion follows from the same reasoning, observing that the first two
inequalities are strict when o # § and v # 4. O

Lemma 3.2 Under Assumption 2.3,

sgn (d;(l"i, Z/z)) =sgn(z; — ¥i),

where
-1 ifz <0
sgn(x) o 0 ifz=0
+1 ifx > 0.

Proof. Examining Assumption 2.3, the signs of all the upper and lower bounds on d}(z;, y;)
are identical to the sign of z; — y;. ([l

Lemma 3.3 Let d; : R x (a;,b;) — (—00,00| be a function conforming to Assumption 2.3.
For all z; € [a;,b;) "R™ and z;,y; € (a;,b;),

(z; — xz)dg(ﬂﬁz, Yi) < (2i — yi) (75 — yi).
Proof. With the help of Lemma 3.2, one can easily confirm the inequality whenever x; = y;,

r; = z; or y; = z;. So, from now on, suppose that x;, y;, and z; are all distinct.
Suppose a;,b; € R. Then we divide the proof into four cases:
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1. x; < min(y;, 2):
If z; <y, it follows that (z; — x;)d}(x;, ;) < 0 < (z; — yi) (z; — yi)-
If y; < z;, we apply Lemma 3.1 with o = z;, S =1v;, 7= 2;, 6 = b; and get:

(bs — i) (zi — yi) < (bi — yi)(2i — 33)
R AICE D S ORI CEED
= (i = i) (2 — yi) > di(wi, yi) (20 — ). [Assump. 2.3]

2. z; > max(y;, z;) (very similar to case 1):
If z; > y;, we have (z; — x;)di(z5, ;) <0 < (2; — y;) (@i — ;).
If z; < y;, apply Lemma 3.1 with o = a;, 5 = 2;, v = vy;, 6 = x;, yielding

(i —a;)(yi — ) < (x5 — ) (yi — ;)

Ty — Y
= (J“l - yl)(yl - Zz) S T w0 (-'L'z - z,)(yz — ai)
= (z; — yi)(yi — 21) < di(@4,v3) (i — 2). [Assump. 2.3]

3. z; < xy <y

Apply Lemma 3.1 with a = a;, 5 = z;, v = x;, 0 = y;, resulting in

(yi — a;) (i — i) < (¥ — ) (xi — ;)

Ti—Yi

T; — a;

= di (@i, yi) (wi — 2:)

4

(yi — ai) (@ — 2i) > (v — i) (v — 2i)
[Assump. 2.3|

v
—
8

|
=
~
—~
s

|
R
~

4. y; < 1; < 2

Again, we apply Lemma 3.1, but now with a = y;, 8 =x;, v = z;, 6 = b;:

(bi — i) (20 — w5) < (bi — 25) (20 — ¥i)

Ty — Yi
- b, — x; (bi = yi)(zi — i) < (i — i) (20 — wi)
= di(i, yi) (2 — 1) < (2 — yi) (20 — i) [Assump. 2.3]
It remains only to consider what occurs if a; = —oo or b; = oco. These unbounded cases

follow, similarly to the respective inequalities in Assumption 2.3, by taking limits in the
bounded cases above. ([l
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Lemma 3.4 Let D be a double reqularization, A and C' be subsets of int B, and z € B. If
for each i =1,...,n, there exists some (;(z;, A,C) > 0 such that for all z € A and y € C,

(Zi - xz)dz(%, yz) < Ci(zia A, C)(Zz - yz)(% - yi),
then for all x € A and y € C,
(Z — T, V11~7($,y)> < Z (M((% - yi)Q - (Zz' - l"i)Q) - M(% - yi)2) .
i=1
Proof. If xt € A and y € C,
(zi — xi)vlﬁ(% y)i = (2 — Iz)( (xi, yi) + p(x; — ?Jz))
< Gilzi, A, O) (2 — yi) (@i — i) + p(2i — ) (i — i)

Using the identities

it follows that

(zi — )V D(x y)i < M((% - ?Ji)2 — (2 — xz)Q) - M(% - ?Ji)Q-

The result follows by adding this inequality for i = 1,...,n. OJ
We can now establish Fejér monotonicity:

Lemma 3.5 Let {2*} be a sequence computed by the PMDR. Then, {x*} is Fejér monotone
with respect to the solution set of (1). Moreover, if u > 1 and the solution set is non-empty,
then x*+' — 2F — 0.

Proof. Let z € (T + Ng)~*(0). From (21),

- () VDt € (1 4 Nt

Qg
Using the monotonicity of T'+ Npg, it follows that
0 < (z— 2" vV D(*! 2F)).

From Lemma 3.3, it is possible to apply Lemma 3.4 with A = C = int B, v = 2",
y = 2% and (;(2;, A,C) =1 for alli = 1,...,n. Therefore,

o< L)) - ot

; k+1H2) . N__l ka-i-l

P . M|
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Recalling that > 1, Fejér monotonicity is now proven.
Finally, if 4 > 1, we have

g1
a4t — | < ﬁ(\lz—x’“HQ—Hz—ﬂﬂ’““HQ)- (22)

Fejér monotonicity guarantees that ||z — 2*|| converges for all z € (T + Ng) 1(0). Thus, if
the solution set is non-empty, (22) implies 2%t — z¥ — 0. O

With the above results in hand, it is possible to apply the analysis of [18] to prove the
convergence of the PMDR algorithm:

Theorem 3.6 In the PMDR algorithm, suppose D is a double reqularization based on a
distance D conforming to Assumption 2.3, where u > 1. Then the resulting sequence {z"*}
converges to a solution to the variational inequality (1), if its solution set is non-empty.

Proof. We will apply [18, Theorem 2.7]. First, we have already shown that any double
regularization that conforms to Assumption 2.3 also conforms to Assumption 2.1, which is
identical to [18, Assumption 2.1] after applying a scaling factor. The regularity condition of
Assumption 1.1 is exactly [18, Assumption 2.2]. And finally, the exact proximal step (21)
and Lemma 3.5 imply [18, Assumption 2.3]. Thus, the assumptions of [18, Theorem 2.7]
hold, and it guarantees convergence of {z*}. O

4 Analysis of the case ;=1

Theorem 3.6 omits the case p = 1. However, in Sections 6 and 7, we will encounter precisely
this case. By strengthening Assumption 2.3, we now obtain a convergence result for the
u =1 case.

When p = 1, Lemma 3.5 does not guarantee that the difference of successive iterates
goes to zero, so [18, Assumption 2.3] does not hold, and the proof of Theorem 3.6 is not
valid. By strengthening Assumption 2.3, we seek to reestablish the condition z¥! — 2% — 0,
so the logic of Theorem 3.6 will once again apply.

For simplicity, we will consider only the case a = 0, b = +o0.

Assumption 4.1 Let B=R}. Let d; : R x Ryy — (—o00,00], ¢ = 1,...,n, be the coercive

terms used to construct a double reqularization D. We assume that di(-,-) is continuous and:

4.1.1. For all z;,y; € Ry,
Li — Yi)Yi
(@i vy x~ ) < di(zi, ) < @i =y,
13

and the lower bound is strict if x; # y;.
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4.1.2. Given any y; > 0, exist (;(g;) € (0,1), a neighborhood A;(y;) of 0, and a neighborhood
Ci(9:) of yi such that, for all z; € Ay(y;) "Ry and y; € Cy(y;) "Ry,

)M

< d; (i, yi)- (23)

Gl

Assumption 4.1.1 simply restates Assumption 2.3 for the (a,b) = R, case, with the addi-
tional stipulation of strict inequality for z; # y;. Note that (23) automatically holds when
x; > 1y; and both sides are nonnegative, but imposes a stronger bound when z; < y; and
both sides are negative.

Lemma 4.2 Let d; : R x Ry, — (—o00,00] be function conforming to Assumption 4.1.1.
Suppose z; > 0, and x;,y; > 0 with x; # y;. Then,

(20 — wi)di (@i, yi) < (20 — yi) (i — i)

Proof. Assumption 4.1 implies Assumption 2.3 for the case a = 0, b = +o0o. Therefore,
Lemma 3.3 gives

(2 — ) di(ws,v3) < (2 — vi) (i — vi).

Thus, we need only show that this inequality is strict when x; # y;. First, if 2; = x;, we
have:

(zi = za)di(xi,9:) = 0 < (23 — v:)” = (2 — v:) (w7 — ).
Similarly, if z; = y;,

(zi — w)di (s, y5) = (ys — wa)di (w3, 3) < 0= (25 — ya) (w; — va).

Now, we can assume z;, ¥;, and z; are distinct, and thus we can proceed as in the proof of
Lemma 3.3:

1. x; < min(y;, 2):

If z; < y;, the strict inequality is already present in the proof of Lemma 3.3. If y; < z;,
we imitate the reasoning of the respective case for Lemma 3.3, but take § to be any
number strictly greater than x;,y;, and z;. Then,

the strict inequality following from 0 < (0 —y;)/(d — ;) < 1 and (x; —y;) (2 —x;) < 0.
The last inequality follows from Assumption 4.1.1.
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2. x; > max(y;, z;):
This case is proved exactly like the respective case in the proof of Lemma 3.3, but
using the strict inequality from Assumption 4.1.1 in the last step.

3. z; < xy <y
Again, we follow the respective case in Lemma 3.3, but use the strict inequality from

Assumption 4.1.1 in the last step.

4. y; < x; < 2z As in the first case, we use the reasoning of the respective part of
Lemma 3.3, but take any 6 > x;,v;, z;. Then

(55— )= ) > 52 (o= )z )
> (x; — yi) (2 — x;)
> di(i, yi) (2 — 23). 0

Lemma 4.3 Let {2*} be a PMDR sequence where = 1 and the double reqularization is
based on coercive terms d; conforming Assumption 4.1. Moreover, assume that the solution
set of the variational inequality (1) is non-empty. Then, z*** — 2% — 0.

Proof. Let z be a solution of the variational inequality (1). The Fejér monotonicity of the
PMDR sequences, asserted by Lemma 3.5, implies that {z*} is bounded.

Thus, the sequence {z**'—z*} is also bounded. Thus, it suffices to show that 0 is its only
possible limit point. Let X C N be any infinite index set over which z**! — z* is convergent.
By passing to subsequences, we may assume without loss of generality that {2*} and {21}
converge over K as well. Let 7 and Z be the respective limit points of {z*} and {z**!'}.

Since x**t — 2% — 7 — 7, we need only demonstrate that ¥ = z. Define two index sets

I(7,7) € {i | 7 = &}

I, @) S {i | 7 # 7}
We claim that for any i € J(Z,T), there exists n; € (0,1), a neighborhood A; of z;, and a
neighborhood C; of x; such that, for all z; € A;,NR,, and y; € C;NR,

(zi — wi)d; (i, i) < milzi — yi) (% — vi)- (24)
To establish the claim, consider three possibilities:
1. z;,z; > 0. Lemma 4.2 gives
(z; — &;)d(Zi, T;) < (20 — T;) (T — T).
Thus, there exists an € € (0,1) such that
(20 — Zi)di (T, T) < (1 —€)(2z — 23) (T — Ty).

Since both sides of this inequality are continuous in x; and y;, there must be neighbor-
hoods A;  7; and C; 3 T; where the inequality (24) holds with n; =1 — e.
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2. 0 = z; < x;. This situation can be analyzed by subcases considering the relative
position of z;:

e 0 =2z =1I; < ;. In this case, (24) is a direct consequence of Assumption 4.1.2.

e 0 = 7; < z; < T;. Here, one may simply use the signs of the terms appearing
in (24). For any z; sufficiently close to Z; = 0 and y; sufficiently close to z;, one
has

(zi — wi)di(wi, 1) < 0 < (1/2)(2i — yi) (% — i)

e 0=271; <T; <z. For z; close enough to Z; = 0 and y; close enough to z;,

di(2s, i) < 25 — ys [by Assumption 4.1.1]
= (7 —x)di(wi,y) < (2 — z) (xi — vi) [since z; — 2; > 0]
< (1/2)(zi — vi) (7 — 92,

where the last inequality follows from x; —y; < 0 and 0 < (1/2)(z; — ;) < 2z; — ;.
3. 0 =2x; < Z;. Once again, we consider the relative position of z;:

e 0 =1; = 2; < 7;. For x; close enough to z; and y; close enough to z; =0, y; < x;,
then

Z/z(l"z - yi) < Z/z(l"z - yi)
2£UZ' Z;

(1/2)yi(@; — yi) < @idy(wi, y;)

(1/2) (2 = yi) (s — i) = (20 — i) di(2s, i)

< di(xi, ;)

=
=

e 0 =7; < z < ;. Once again, an argument based only on signs suffices. For z;
sufficiently close to z; and y; sufficiently close to x;,

(2 — @) di(2i, yi) <0 < (1/2)(2 — yi) (i — i)
e 0=21; <Z; <z Let € € (0,1) be small enough that
(zi — &) < (1 —€)(z — @)
By continuity, there exist neighborhoods A; > Z; and C; > z; such that for
xz; € A; and y; € C; MRy, one has (2; — ;) < (1 — €)(2; — y;), and thus, since

0 < di(xi,yi) <z — v,

(2 — xz’)d;(xz’; yi) < (1 —e)(zi — yi)d;(xi; yi) < (1 =€) (2 — yi) (i — us).
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Therefore, we conclude that (24) holds. Let A;, C; be the corresponding neighborhoods for
all i € J(z,x). Fori € I(z,), define A; = C; = Ry;. Then define Cartesian product

neighborhoods
AT A c=T]c
' i=1

Finally, let ¢ € R” be given by

C- def 1, 1f26[(a?,§),
g, itie J(z, 7).

Then, using Lemma 3.4 with the above definitions of A and C, we observe that for k € I
large enough,

(z — AR v D k1 ) < Z HQ  — )2 — (2 — xf“)Z) — %(xf“ — ak)2,

)

Recalling that z is a solution of (1), we may use reasoning similar to Lemma 3.5’s to establish,
for sufficiently large k£ € IC,

0< Z J;C ((Zz — x'-“)2 — (2 — xk+1)2) . TC(“T?H _ xf)Q
i=1

Taking limits over k € K, and recalling that z; = z; for i € I(Z,z), one obtains:

(z; — fi)2> :

0< > <1+77 fz‘)Z—(Zz'—ff)Z)_lgn

1eJ(Z,%)

Using once again the definition of I(z, ), we recover

0< 2—1: <HT77((Z7, — %) — (2 — f)Q) 1 ; ﬁ(a?i — Ez)2> ,

or equivalently,

L—7,~ _2_1+7 2 ~12

= NE -l < Sl - 2l — Il - 7).
Fejér monotonicity implies that limy_, o, Hz — ka exists. Since both = and Z are limit points
of {z*}, we conclude that ||z —Z|| = ||z — #||. Therefore, one has ||z — z|| < 0, that is,
T =T. O
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Lemma 4.3 implies that, under Assumption 4.1, the hypotheses of [18, Theorem 2.7]
continue to hold when p = 1. Then, by essentially identical reasoning to Theorem 3.6, we
may assert:

Theorem 4.4 The sequence computed by the PMDR using a double reqularization with p =
1, and based on coercive terms conforming to Assumption 4.1, converges to a solution to the
variational inequality (1) if its solution set is non-empty.

5 Examples of double regularizations

In this section, we will present example of coercive regularizations that conform to Assump-
tion 2.3, and may thus be used to build double regularizations for convergent proximal
methods.

We will focus on the case (a,b) = Ry, ; given a regularization for R, it is straightforward
to use argument translations and sign changes to produce regularizations for the cases (a, o)
and (—o00,b), where a,b € R For an arbitrary finite interval (a,b), the following simple
construction applies:

Lemma 5.1 Let d,,d_: R xR,y — (—00,00] be functions conforming to Assumption 2.8
for the domain R, . Then, given a,b € R, a < b and ¢ € (0,1),

d(w,y) © Cdi(x —a,y —a) + (1= Qd-(b— 2,b — )
conforms to Assumption 2.3, but for (a,b).

Proof. Let z,y € (a,b). Using Assumption 2.3 for d we have

((x—a—y+a)ly—a)

<({d(z—a,y—a) <{(x—a—y+a),

and

(1—C)(b—§_—z+y)(b_y) <SA=Qd(b—zb—y) <1 =z —b+y).

Simplifying, multiplying the second inequality by —1, and adding, we arrive at
Cz—y)ly—a
CZDWZD (1)) < =y —a) — (1= O (b —,b— )
(- —y)b-y)
- b—ux
On the other hand, since z,y € (a,b), we also have
(x—y)(y—a)gx_y x_yg(x—y)(b—y)‘
r—a b—=x
Using the definition of d, it follows that for z,y € (a,b),

(z—-y)ly—a) _, (z—y)(b—y)
T —a Sd(x,y)gﬁ. -

+((z —y).
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5.1 -divergences

As already discussed, the results of this paper may be seen as generalizing ideas in [2, 3].
There, Auslender et al. obtain double regularizations for the positive orthant by adding the
squared Euclidean norm to rescaled (-divergences.

We now show that Assumption 2.3 generalizes the ®, class from [3]. There, the coercive
part of the double regularization components have the form

di(z,y) = y2<,0<§> :

Y

for some ¢ : Ry — R. In this case, Assumption 2.3 becomes

xr — X
Vr,y € Ryy (xiy)yéy@(g) <z-—y.

The simple change of variables t = x/y converts this condition into
VEs0: (1-1/0) <@(t) < (t—1),

which is precisely the condition defining the ®y class. From [3], we have the following
examples of functions conforming to this last inequality:

tin(t) —t +1;
2. p(t) =2(Vt — 1)%

3. p(t) =—In(t) +t — 1.

—_
©
—~
~
~—
I

In particular, the function ¢(t) = —In(¢) + ¢t — 1 generates the logarithmic-quadratic regu-
larization, the first double regularization studied in the literature [2]. Moreover, this regu-

larization has

& (a,y) = L0 ;y)y,

so its derivative coincides with the lower bound imposed by Assumption 2.3.

5.2 Bregman distances

Another standard construction for producing regularization distances for proximal methods
is the Bregman distance

d(z,y) = hz) = h(y) — W' (y) (@ —y),

where h is some strictly convex function.
We now present some functions that can be used to derive Bregman distances conforming
to Assumption 2.3 after rescaling by h!(y;) [18, Section 2.2.1]. One may solve monotone
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variational inequality problems using such Bregman distances without resorting to additional
problem assumptions like paramonotonicity [6, 13]. We note that [18, Section 4] presents
similar results, but under a stronger rescaling, in which, for all z,y € B,

aly) = max (1)},

Dz, y) = zn: hi(w;) — hi(yi) — hiys) (@i — yz)

— a(y)

In this case, the rescaling factor a(y) may go to infinity very quickly, and uniformly for
all coordinates, including coordinates that remain bounded away from their interval end-
points. For such coordinates, a large rescaling factor a(y) will “flatten” the Bregman distance
excessively, and may result in numerical difficulties. Thus, the technique of [18, Section 4]
is unlikely to be workable in practice. These difficulties are avoided avoided by the double
regularization technique employed here.

We first introduce a lemma making it easier to verify whether Assumption 2.3 holds:

Lemma 5.2 Leth: R+ (—o0,00], intdomh = R, . If h"(x) is nonincreasing and x*h" (x)
15 nondecreasing over x € Ry, then the Bregman distance

d(z,y) < hz) — h(yz&yf;’(y)(fv — )

conforms to Assumption 2.3 for (a,b) = R, ..

Proof. Letting (a,b) = Ry, and substituting the definition of d(z,y) above, the lower
bound for d'(x,y) in Assumption 2.3, reduces to

W' (y)(z —y)= < (W' (z) — K (y)).

8|

To show that this inequality holds, we consider two cases:

1. If0o<x<y.

W (y) — b (z) = / " (2)de

T

y 2h//
S/I yziz(y)dz [since 2°h" () nondecreasing]

1 1
=) (-3 +3) v
Yy T
L 2

y —
— h”
(y)—xy

=h"(y)(y — =)

SHES
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2. If 0 < y < x, similar reasoning produces
Wi(a) — I (y) = / B (2)dz
y

T 2h//
Z/ y72(y)dz [since 2°h” (z) nondecreasing]
z

y

= W'y —y)2.

The upper bound from Assumption 2.3 reduces to h'(x) — h'(y) < h"(y)(z — y). Once
again, we show analyze two possibilities: If 0 < x; < y;,

W) — B(z) = / "1 (2)de

T

y
> / h"(y)dz [since h"(z) nonincreasing]
= h"(y)(y — ).
The case 0 < y < z is analogous. ([l

Two examples for Bregman functions that meet the hypotheses of Lemma 5.2 are:

1. h(z) = dilog(e”) + z1In(e” — 1), where dilog(+) is the dilogarithm function [16]:
e [1
dilog(z) & / Int)

x

In this case,
e

hll —
(%) et — 1’

which is clearly nonincreasing.

To show that z2h”(z) is nondecreasing, we calculate

ixzh"(x) _ e z(2e" —x — 2)
1y

dx

For # > 0, this function has the same sign as 2¢* — x — 2. Now, 2¢” — x — 2 evaluates
to 0 at = 0, and is strictly increasing for > 0. Hence, the derivative of 21" (z) is
nonnegative, and therefore 221" (z) is nondecreasing.

2. h(z) =2%—12°, a>1, B€(0,1). In this case,
'(z) = ala—1)z*"2+B(1— Bz’
2?0 (x) = ala—1)2® + (1 — B)P.

Clearly, z2h" () is nondecreasing on R, . Also h”(z) is nonincreasing if and only if @ <
2. Hence, the Bregman distance given by this choice of A conforms to Assumption 2.3
when « € [1,2] and € (0,1).
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Figure 2: Limits given in Proposition 6.1 for the derivatives of a penalty based on a double
regularization.

6 Penalties: conjugate distance measures

Suppose one applies a generalized proximal method with distance kernel d(z,y) to the dual
of a complementarity problem or variational inequality. Then, as noted in Section 1, one
obtains a generalized augmented Lagrangian method involving the penalty term P, defined
in (10), simplifying to (18) in the coercive case. Since P/ is the inverse of the mapping
VllB(-, y¥), its integral P} is, up to a constant, equal to the convexr conjugate [20, Chapter
12] (D(-,y))* of the function D(-,y*).

We now investigate the properties of such conjugates. In particular, we consider which
functions P(-,y) can be expressed as conjugates of double regularizations conforming to

Assumption 2.3.

Proposition 6.1 Let u > 1. Let P, : R x Ry, — R, and denote by P}(-,y;) its derivative
with respect toa the first argument. If P! is continuous and, for each y; > 0, P!(-,y;) is
strictly increasing, strictly positive, and one has for all u € R that

2
" , w (u— L+ (u+ (o= L) + dpy?
M—+yi < Pj(u,y;) <

25
+1 - - 24 ’ (25)

then there is a double regularization component c?l conforming to Assumption 2.3 such that
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where the symbol * denotes the conver conjugate operator [20, Chapter 12].

Proof. Take any y; > 0. Since P/(-,y;) is strictly increasing, P(-,y;) is strictly convex. Let
us denote the convex conjugate of this function by d;(-,y;). We then have:

1. c?l(, y;) is closed, strictly convex, and essentially smooth, since it is the conjugate of a
differentiable, strictly convex function on R [20, Theorem 26.3].

2. intdomd;(-,y;) = domd(-,y;) = rge P!(-,5;) = Ry,. Here, the first equality follows
from [20, Theorem 26.1], the second from [20, Corollary 23.5.1], and the third from the
bounds on P/(-,y;).

3. c?l(, y;) attains its minimum at y;: since both bounds on P}(-,y;) are equal to y; at 0,
we have P/(0,y;) = y;. Then, d}(y;, y;) = 0 [20, Corollary 23.5.1].

Now define d;(z;, y;) o di (25, y;) — (11/2) ||m: — y:||*. In view of the three facts above, we need

only prove that d; meets the bounds imposed by Assumption 2.3, and that CZ is continuous.
We begin with the bounds:

1. Take any x; > 0, and let
The lower bound on P/(-,y;) implies that
u
oy < Pl
P (u, )
< zi < P (4 1) (@i — vi),vi)-

As P!(-,y;) is strictly increasing, so is its inverse, CZ (-,vi) [20, Corollary 23.5.1]. Ap-
plying this function to both sides of the above inequality, and using the definition of
dia
di(wi, i) < (u+ 1) (wi — )
& di(zi,y:) + (@i — yi) < (n+ 1) — u)
< di(ws,y:) < (20 — i)
2. Again, take any x; > 0. We follow similar logic, but define u via

u = yi(xz’ - yi)

2 + p(z; — ;).

Multiplying through by x > 0, we obtain a quadratic equation in x. Applying the
quadratic formula,

2
ut (p =1y + \/(u+ (b= 1)yi)” + 4y}
2 '

€T, =
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Since > 1 and y; > 0, there is only one positive solution, and we obtain

ut (p =1y + \/(u + (= 1)) + dpy?

The hypothesized upper bound on P/(-,y;) guarantees

u+ (p— 1)y + \/(u + (= D) + dpy?

Pl(u,y;) <
l(u7y)— 2//6

Substituting the definition of u and applying the strictly increasing function 67; (-, yi)
to both sides yields

Yi\Ti — Y; >
¥ +M(xz y) < d ($zayz)

< W < di(w;, yi).

Thus, the bounds on d; are satisfied. Finally, consider the continuity of c? Let 2 — 7, > 0

and y¥ — ¢; > 0 be convergent sequences in R++ x Ry y. Let uf = d’( z¥. y¥). Then by the
inverse properties of the conjugate, z¥ = P/(u*,y¥). By the bounds we have just established,

v (2 — u7)

: +p(af —yf) <o <af -y,

so {uf} is bounded. Let % be one of its limit points and X C N be the respective index
set. We then have xf —ic T4, yZ’c —x Ui and u* = @, so the continuity of P! ensures that
z; = P/(u,y;), and thus u = &Z(@, ;). Thus, u* is bounded and all its limit points are equal
to d\(Z;, i), so it converges to d\(z;, ). O

6.1 Connections to the work of Chen and Mangasarian

The penalty derivative upper bound in (25) corresponds to the lower bound in Assump-
tion 2.3, and is proposed as the penalty term for a logarithmic-quadratic multiplier method
in [3].

Examining the penalty derivative upper bound (25), we remark on a connection to prior
work by Chen and Mangasarian [7]. The bound is exactly the Chen-Harker-Kanzow-Smale

plus function, defined by
. 2 1 432
P, ) & CEVEEAT (26)

computed at w = u + (u — 1)y; and 8 = \/uy;. In [7], Chean and Mangasarian used this
function in a smoothing method — essentially a pure penalty algorithm with no explicit
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Lagrange multipliers — for complementarity problems. One may consider the logarithmic-
quadratic multiplier method of [3] to be a related algorithm introducing explicit duality and
Lagrange multipliers.

The Chen-Harker-Kanzow-Smale plus function was not the only smoothing function stud-
ied in [7]. Thus, it is be natural to consider whether other penalties from [7] could be used
generate double regularizations and associated methods of multipliers. In particular, we
consider the neural network smooth plus function, since it yielded the best numerical results

in [7].

6.2 The neural network smooth plus function

In this section, we show that the neural network smooth plus function gives rise to a penalty
conforming to the bounds of Proposition 6.1, and thus corresponds to a double regularization.
To do so, however, it appears necessary to set 4 = 1. To be assured of convergence, we must
thus check whether the corresponding distance conforms not only to Assumption 2.3, as
guaranteed by Proposition 6.1, but also to Assumption 4.1. Then, Theorem 4.4 will assure
convergence.

Let us recall the formula for the neural network smooth plus function from [7]:

P'(w, ) < Bln(e*’s +1).

We now consider whether a penalty of this form can made to conform to the hypotheses
of Proposition 6.1. The analysis for the case p > 1 appears difficult, so we concentrate on
the ;4 = 1 case. If one follows the transformation used to obtain the logarithmic-quadratic
penalty from (26) with u = 1, one sets w = u and = y;, producing

P! (u,y;) = y; ln(e“/yi + 1). (27)

However, this function cannot possibly conform to the bound (25), which requires P/(0,y;) =
y;, whereas (27) implies P/(0,v;) = In(2)y;. However, a simple change of scale w = u,
f = y;/In(2) remedies this difficulty, producing

P!(u,y;) = yilog, (2/% + 1). (28)

We proceed by letting d; be the convex conjugate of P;(-,y;) as defined in (28), and then
define d; implicitly via (19) with p = 1, that is,

diCw) = (PlCw)™ (29)
di(xiyyi) = di(i, yi) — (v — i) (30)

Since p = 1, we seek to show that the d; implicitly defined by integrating (30) meets
Assumption 4.1. Then, Theorem 4.4 will guarantee that the proximal method based on the
double regularization components d; is convergent. This convergence will imply convergence
of the corresponding multiplier method using the penalty (28).
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Inserting the definition (28) into (29) and solving for d’(z;,;), we obtain the explicit

expression N
di(xi, yi) = yilog, (Qxi/yi —1).

Note that this regularization is a rescaled -divergence, as its derivative has the form
vi'(z;/y;) for ¢'(t) = logy(2" — 1). However, we have used g = 1, and thus the conver-
gence results of [3], which require x> 1, do not apply.

Since dj(-,-) is continuous on R}, x R}, we need only prove the validity of the the
bounds in Assumption 4.1.1. It is easily confirmed that the bounds hold when z; = y;, so
we wish to prove, for all x;,y; > 0, x; # y;, that

% < dj(zi,yi) < i —Yi
Ti — Yi)lYi s
< % < y;log, (2%/‘% - 1) —(zi— ) <zi—yi
x? —y? .
< : = = < y;log, (2%/‘% —1) <2(z; — y)
(3
& ﬂ—%<1og2(2’”i/yi—1)§2<5—1>.
Yi Ty Yi
If we define t & x;/y;, these bounds are equivalent to
VE>0,t#41: t—1/t <log,(2' —1) <2t —2. (31)

The upper bound is easily proved, as 2t — 2 — log, (2" — 1) is a strictly convex function with
its minimum at 1 and minimum value 0. The lower bound is equivalent to the inequality
2t 4 21/t < 91/t for t > 0, t # 1, which is proved in Appendix A

Finally, we need to show that Assumption 4.1.2 holds. Take any ¢; > 0, select some
¢ € (0,1), and define C; dof (7:/2, 2y;). We will show for any y; € C; and x; small enough,

(fUz' - yz) j

q . < di(xi, y;) = yilog, (2 v 1) — (@ — i) (32)

Since ¢ < 1 and z; < y; for small z;, inequality (32) is implied by

C(%_Tyl)yl < yilog, (2xi/yi - 1) — C(w — i) (33)
- EY < o, (20— 1)
Ty —Y;
& ¢ > %mgQ (2milv: — 1)x?y_i2yi2. (34)
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Once again, we introduce the change of variables ¢ = x;/y;, which reduces the expression
above in x; and y; to tlog,(2" — 1)/(¢* — 1). We next claim that

t_
lim tlog, (28 — 1)

n 2 1 =0. (35)

As limyp 1/(#? — 1) = —1, it suffices to show that
lim¢1 2 — 1) = 0.
im ¢ logy )=0
Writing ¢ log, (2" — 1) = log, (2" — 1)/(1/t) and applying L’Hépital’s rule, one obtains

. — 22!
lhrgltlogz(2 -1 = lggl ST

Since limy o 2" = 1, it is sufficient to prove that

—¢2
lim =
tlo 2t — 1

0,

which follows from a second use of L’Hopital’s rule. Thus, we have verified that the limit (35)
holds. Therefore, there exists a ¢ > 0 such that for 0 < ¢ <+¢

2 -1 -
Define A; dof (0,t7;/2). For x; € A; and y; € C;, we have x;/y; < t, and hence

- 2
L log, (274/ — 1) 2

<
Yi x? - yZQ

Since inequality (34) is equivalent to (33), which implies (32), Assumption 4.1.2 holds.

7 Computational tests

We conclude with some preliminary computational experiments with multiplier methods us-
ing double regularizations. Our main objective is to study the behavior of the neural penalty
as compared to the logarithmic-quadratic penalty. Chen and Mangasarian [7] observed bet-
ter results with the neural penalty, so the question naturally arises whether the same holds
true when explicit multipliers are present.

We coded MATLAB implementations of the multiplier methods using each of the two
penalties, and applied them to all the nonlinear complementarity problems in the MAT-
LAB version of MCPLIB [9]. We treat these problems as being in the form (2) from Sec-
tion 1. Considering differing starting points, the test set has 83 problems, most of which are
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not monotone. Even though our convergence analysis does not hold in the non-monotone
case, reasonable performance on the MCPLIB may be considered important to establishing
whether a method is useful in practice, as in [12].

To improve the numerical behavior of these models, we introduce a positive diagonal
scaling matrix S, with diagonal elements S;;, along with a change of variables w = S~ 'z,
and cast the problem as

F(Sw) >0 w>0 (F(Sw),w) =0.

Our augmented Lagrangian methods take the form (11)-(12). With the S scaling, these
recursions become

0 = F(Sw"™) - Pl(—oguw®*)
yk+1 — P,;(—akwkﬂ),
or, after changing back to the original variables z = Sw,
0 = F(z") — P/(—a S~ a™)
ylc-i-l — P,;(—akS‘lx’““),

Expanding P/, we obtain the recursions

[ P(—(x/Sn)at ™, o)
F(aFt) — : =0,
| P(—(on/Sn) 2™ yp) |

[ P/(— (/S yb) ]
k+1 .

| Pil(_(ak/snn)xlrcb-i_la yvli) _

The penalty terms for the logarithmic-quadratic method are

)

, wi+ (p— )y + \/(Ui + (= 1)ya)” + dpy?

whereas for the neural method, the penalty terms are
P (ui, ys) = yilogy (2" + 1) .

We employed a Newton algorithm with Armijo line search to solve system of nonlinear
equations (7). In particular, we used the nsola code from [14]. In order to deal with
nearly singular Jacobians, we incorporated the perturbation proposed in [8, Section 6.5]. All
nonlinear equations were solved essentially exactly, that is, until the residual less than or
equal to 107, Other details of the implementation implementation are as follows:
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e The initial multipliers were set to 1, since they must be strictly positive and this choice
gave us good computational results.

e We set the initial stepsize o to 10. If, after successful solution of the nonlinear equa-
tion, the feasibility of the primal solution or its complementarity with the multiplier did
not improve by a factor of 0.5, we divided the stepsize by 10. Otherwise we multiplied
it by 1.05 in order to speed up convergence. Such strategies are usual in multiplier
methods, see for example [12].

e As suggested in [7, 12], the scaling matrix S was determined by the initial solution z°

via
1

g, def
" max (0.1|VF;(2)]],10)”

Finally, we have chosen the total number of Newton steps as our benchmark, since our code
is preliminary and MATLAB is an interpreted language, meaning that reporting run time
may be misleading. We graphically present our test results using performance profiles [10].
Complete test results appear in Tables 1 and 2.

7.1 The impact of u

To make a fair comparison between the logarithmic-quadratic penalty and the neural penalty,
we must first study how adjusting p affects the performance of the logarithmic-quadratic
penalty. For the neural penalty, u is fixed at 1.

We tested the logarithmic-quadratic penalty with g = 5, 1.5, 1.05, and 1. Figure 3
displays the performance profile of this test, in terms of Newton iterations.? Clearly, per-
formance tends to improve as p decreases. Therefore, we should use the smallest possible u
when comparing the penalties. In our subsequent testing, we used p = 1.05, since we have
only proved convergence of the logarithmic-quadratic method when g > 1. The performance
of this case is very close to the limiting case p = 1.

7.2 Neural penalty performance

Next, testing of the neural method of multipliers showed it to be faster than the logarithmic-
quadratic method on most problems; Figure 4 gives the performance profiles, with the “pure
neural” line representing the neural method. On the other hand, the neural method appears
less reliable, solving a significantly smaller fraction of the problems. After a careful review
of the results, it became clear that the reliability problem lay in the solution of the first
system of nonlinear equations. This system is naturally the most difficult one, since the

2Following [10], let s(p, m) denote the number of Newton steps required by method m on problem instance
p, and let s*(p) = min,, {s(p,m)} be the smallest number of steps required by any method on instance p.
Define r(p,m) = s(p,m)/s*(p). The plots display the fraction of problems p for which r(p,m) < r, r being
displayed on the horizontal axis.
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Figure 3: The impact of i in the performance of the logarithmic-quadratic penalty
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Figure 4: Neural versus logarithmic-quadratic method of multipliers
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initial primal iterate 2° is unlikely to provide a good starting point. The neural multiplier

appears to suffer more than the logarithmic-quadratic method from poor starting points. On
the other hand, if the first step is successful, the neural penalty turns out to require fewer
Newton steps in subsequent iterations.

To overcome this first-step problem, we decided to initialize the neural multiplier method
with a single logarithmic-quadratic step: we first perform one logarithmic-quadratic step and
multiplier update, and subsequently use only the neural penalty. This algorithm appears
Figure 4 as the “neural+log” line. This hybrid method essentially dominates the logarithmic-
quadratic method, although it is significantly slower than the “pure” neural method on the
easiest problems. It remains to be investigated whether other initialization procedures might
have a similar effect on the reliability of the neural method, but with a smaller speed penalty.
Overall, the results agree with the Chen-Mangasarian results from the pure penalty setting:
both neural methods are faster for most problem instances.

Unfortunately, none of the methods tested are extremely reliable on the MCPLIB, solving
at best only slightly better than 80% of the test cases. Reviewing the individual run logs,
run failures usually result from non-convergence of the nonlinear equation solver. We believe
that the reliability of the multiplier methods can still be improved by replacing the simple
Newton nonlinear equation solver in our code with a more robust version. Another issue
that deserves careful investigation is how to find a good initial multiplier. Improvements in
this area could lead to faster and more reliable methods. Methods of this class have not
been tested practically before, and we believe our preliminary results here show them to
have some promise.
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Log-quad | Log-quad | Log-quad | Log-quad Pure Neural with
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Log-quad | Log-quad | Log-quad | Log-quad Pure Neural with
Problem ©w=2>5.0 p=151] pu=105 # = 1.0 | Neural | One L-Q Step
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Table 2: Number of Newton steps, part 2
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A An inequality relating to the neural penalty

Lemma A.1 Forz € (0,1), In(z)In(1 — z) < In(2)*, with equality only for x = 1/2.
Proof. Define g(z) o In(z) In(1 — z). Using L’Hopital’s rule twice,

In(1— In(x)” In(z)? + 21
z—1 z—1 ln(x)—l el 1 — 1 e 1

By the symmetry g(1 — x) = g(x), we also have lim, ,o g(x) = 0. In summary, g is strictly
positive and continuous on (0,1), and has lim, ,, g(z) = lim,_,; g(z) = 0, so we conclude
that ¢ must attain a maximum on (0,1). A necessary condition for the maximum is

_ In(l-=) In(z)

g'(z) " T, =V
& (1—2)In(l —z) = zln(x)
& (1—2)"" ="

This condition is satisfied by x = 1/2, and there can be no other solution because z* is
a strictly increasing function, while (1 — x)lfx is strictly decreasing. Therefore, ¢’s unique
maximum value over (0,1) is g(1/2) = In(2)”. O
Proposition A.2 For allt > 0,

2t 4 21/t S 2t+1/t 2—t 4 2—1/t S 1,
with equality only fort = 1.
Proof. Multiplying or dividing through by 2!71/* > 0 shows that the two claimed inequalities
are equivalent, so it suffices to prove the second one. For any given ¢t > 0, let = 27"/t ¢
(0,1). Using Lemma A.1 and dividing by In(z) < 0 yields In(1 — ) > In(2)*/In(z), with
equality only if # = 1/2. Substituting = 27'/¢ then yields

In(2)?
ln(l _ 2*1/'5) > L
—(1/t) In(2)
with equality only if £ = 1. Exponentiating both sides yields 1 — 2/t > 2, with equality
only if £ = 1, which is equivalent to the claimed result. 0

= —t1n(2),



