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Abstract

A well-known extension of the Travelling Salesman Problem (TSP) is the
Selective TSP (STSP): Each node has an associated profit and instead of vis-
iting all nodes, the most profitable set of nodes, taking into account the tour
cost, is visited. The Quadratic STSP (QSTSP) adds the additional compli-
cation that each pair of nodes have an associated profit which can be gained
only if both nodes are visited. The QSTSP is a subproblem when constructing
hierarchical ring networks.

We describe an integer linear programming model for the QSTSP. The
QSTSP is solved by two construction heuristics and by a branch-and-cut al-
gorithm. Computational results are presented for two budget constraints lim-
iting the length of the ring and the number of nodes in the ring respectively.
It is investigated how the tightness of the budgets affect the running time of
the branch-and-cut algorithm and correspondingly how this affect the solution
quality of the construction heuristics.

The construction heuristics have difficulties in finding good solutions. One
heuristic is best when tight budgets are considered, the other heuristic is best
when loose budgets are considered. The branch-and-cut algorithm finds the
optimal solutions at a cost of much higher running time. All problems with
up to 50 nodes are solved within one hour.
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Cut, Integer Programming
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1 Introduction

When building telecommunication networks, the ring topology is widely used due to
its inherent single link /node breakdown protection and the simple and fast restora-
tion scheme. When a service provider choose to build a ring, it is of major impor-
tance to build a ring which gives a good tradeoff between the service provided (i.e.
gives a revenue) and the node- and link-costs of building the ring. The ring chosen
should also be implementable in the technology chosen, e.g. the number of nodes
and/or the length of the ring is limited due to delay problems when transmitting
or robustness requirements (the number of links increases with the number of nodes
and after all only single link protection is provided by a ring).

Single-ring design can be generalized to multi-ring design where the service provider
is contracted to bring service to a set of customers using more rings. In that case
the same tradeoff is apparent, but for more rings at the same time. Evaluating the
quality of single rings is at least a good start for such designs. In particular one
could imagine generating a set of potentially good rings and choosing a subset of
those which cover all customers.

The single-ring design can be seen as an extension to the classical Travelling Sales-
man Problem (TSP) and it has been termed, e.g. the Orienteering problem, Prize
collecting TSP and Selective TSP (STSP). We will use the term STSP. In the STSP,
a revenue is associated with each customer and the idea is then to establish a good
tradeoff between the length travelled and the revenue obtained for visiting nodes.
STSP is studied in e.g. [2], [3], [9], [11] and [12]. A related problem is the General-
ized TSP (GTSP) which is considered in [6] and |7]. In GTSP the set of nodes is
divided into disjoint subsets and the shortest ring which passes at least one node in
each subset is to be determined.

The most notable difference between the different versions of STSP and GTSP is
the way a limit is put on the size of the ring. (The limit may be a minimum size or a
maximum size determined directly or indirectly.) Some of the possibilities (they are
sometimes combined) are: 1) a tradeoff in distance travelled and revenue collected
(i.e. both the distance travelled and the revenue appear in the objective) [2, 3| 2)
A lower bound on the revenue collected [2, 3] 3) An upper bound on the distance
travelled [9, 11, 12| 4) Subset controlled (GTSP) [6, 7.

Another notable difference is whether a particular node (usually denoted the depot)
is required to be in the ring [9, 11, 12] or not [2, 3, 6, 7|. In [9], a non-empty subset
of the nodes are required nodes. Finally [6] and [7] falls a bit out of category - one
of each of the subsets must be selected (which include singleton subsets).

The Quadratic STSP (QSTSP) adds the additional complication that each pair of
nodes have an associated profit which can be gained only if both nodes are visited.
QSTSP is considered in [8] and [10]. In [8] a model for the QSTSP with quadratic
objective is presented and heuristics are developed and tested. The size of the ring



is controlled by an upper limit on the distance travelled combined with a tradeoff
in the objective between the distance travelled and the profit associated with each
pair of nodes. No nodes are required to be in the ring. In [10] alternative models for
QSTSP are considered. The size of the ring is controlled by a bound on the number
of nodes in the ring and also a set of nodes is required. Three integer linear models
are evaluated by solving test instances with up to 80 nodes using Cplex. For the
test instances, all pairs of nodes have a demand, but only a fixed number (200 for
test instances with 80 nodes) of the shortest edges are considered. Some instances
cannot be solved within 24 hours.

We present an integer linear programming model for the QSTSP and suggest a
branch-and-cut algorithm. Given the similarities with GTSP and STSP, cuts and
corresponding separation-routines found in [7] are very useful.

The outline of the paper is the following. We present the model for QSTSP in
section 2. In section 3 we describe the branch-and-cut algorithm and in section 4 we
describe two construction heuristics. In section 5 we test the algorithms with two
different budget constraints limiting the length of the ring and the number of nodes
in the ring respectively. Finally we give conclusions in section 6.

2 The Model

In this section we present an integer linear programming model for the QSTSP
problem. The model is in essence a linearization of the model presented in [8]. We
restrict ourselves to the undirected /symmetric version of QSTSP as is the case in
[8] and [10].

Let V.= {1,...,n} be a set of vertices and F = {{3,j} : i € V,5 € V\{i}} be a
set of node-pairs corresponding to (undirected) edges. Let r; be the revenue (cost if
negative) obtained if ¢ € V' is on the ring. Associate with each node-pair {7,j} =e
a cost ¢, incurred if e is chosen and a revenue 7. obtained if 2 and j are on the ring.

Let S C V and define §(S) C FE to be the set of edges with one endpoint in S and
one endpoint not in S - the cut-set of S. Also define v(S) C FE to be the set of edges
with both endpoints in S:

0S) = {{i,jleFE:ieS j¢gSvigsS,jeS}

7S) = {{i,jlek:ie€s jesS}

d({i}) is abbreviated d(7).

Let z. = 1 if e € E is chosen in the ring, 0 otherwise. Let y; = 1 if 4 € V is on the
ring, 0 otherwise. And finally let z, = 1, {i,j} = e € E if i and j are both on the



ring. Given this, QSTSP is formulated as follows.

Maximize Zri <Y + Zre ©Ze — Z Ce " Te (1)

=% e€E e€E
Subject To
Z:ce:2y,- forieV (2)
e€d(i)
ze < y; fori € Ve € 6(i) (3)
ze>yi+yj—lfor{i,j}=ecFE (4)
Yo we< Y yi—ytlfoadcScVkeSi¢gs (5)
e€y(S) ieS\{k}
ze. € {0,1} fore e E (6)
y; €{0,1} fori e V (7)
ze € {0,1} fore € E (8)

Constraints (2) ensures that if 7 is on the ring, then exactly two edges are incident
to i, otherwise no edges are incident to i. Constraints (3) and (4) connects the y
and z variables. (3) ensures that z, = 0 if either of the endpoint nodes are not on
the ring and (4) ensures that if both endpoint nodes are on the ring, then z, = 1.

Constraints (5) are the Generalized Subtour Elimination Constraints (GSECs) in
inner form [6, 7]. The GSECs ensure that at most one subtour exists. Assume S
is the nodes of a subtour and assume that a node in another subtour ! ¢ S exists.
For any k € S, the corresponding GSEC cut is violated, since ). s Te = [S] >
Yies\p ¥i—u+1=1[S[—1-141=|S]—1 and thus cuts of such solutions. Thus
in general GSECs exists which cut of any solution with more than one subtour.

Finally constraints (6), (7) and (8) are the integer domain constraints.

The GSECs can be reformulated in outer form (or cut form). The GSECs in outer
form look as follows.

Yo w2y +y—1fordcScVkeSi¢s (9)
ecd(S)

The reformulation is obtained by using constraints (2). The constraint is easier to
interpret in outer form: If a node is selected on both sides of a cut, then at least
two edges crossing the cut must be selected. Actually it suffice to consider GSECs
such that |S| < |n/2]. To see why, assume that a GSEC with |S’| > |n/2]|,S C V,
k' € S"and [ ¢ S’ exists. A corresponding GSEC is: S = V\S’ (hence |S| < |n/2]),
k=1 and [ = k'. Obviously this GSEC is violated if and only if the original GSEC
is violated, hence it suffice to consider GSECs such that |S| < |n/2].

For |S| < |n/2], the number of non-zero variables are smaller for GSECs in inner
form than in outer form. Hence GSECs in inner form are more suitable for cutting-
plane approaches [6] and are thus used.



As noted earlier, it is customary to limit the ring-size in some way, at least for STSP.
We will consider two different budget constraints, one which limits the length of the
ring, and one which limits the number of nodes in the ring. Assuming b, is the max
length of the ring and b, is the maximum number of nodes in the ring, the budget
constraints are given below.

Zcexe < b, (10)

eck

D yi<by (11)

1%

Constraint (10) limits the length of the ring and is the same budget constraint
used in [8]. Constraint (11) limits the number of nodes in a ring and corresponds
exactly to a subproblem arising when using column generation to solve a hierarchical
multi-ring network design problem similar to the one described in [14].

We note that the ¢.’s in (10) are the same ¢,’s as in the objective (1). The following
constraint generalizes both (10) and (11):

> bz <b (12)

eckE

Replacing b, by c. we obtain (10) and by using (2), we obtain (12) with b, = 1 for
alle € F.

If the budget constraint (11) is used (and arbitrary coefficients were allowed to
be multiplied on the y;’s in (11)), then QSTSP is actually a generalization of the
Quadratic Knapsack Problem (QKP) treated in e.g. [4] and [5].

The mathematical model is similar to several other models suggested in e.g. [2, 6,
7,9, 11, 12] with the exception of the quadratic revenue. In [8] a model is presented
with a quadratic revenue and budget constraint (10). The presented model has a
quadratic objective and the model is obtained by replacing z, with y;y; and leaving
out the (now redundant) constraints (3) and (4). Also no revenue exists for nodes,
i.e. Ty = 0.

Integer requirements on z, are unnecessary, since z. is really a bookkeeping variable.
If ro > 0 (we will assume this in the sequel), then constraints (4) are redundant,
since we maximize the demand-revenue (), .5 7. - 2z.) and thus the constraints will
be non-binding.

The advantage of the suggested model over the one given in [8] is clearly that the
model is linear; hence the usual tools for solving integer programs can be used.
The disadvantage is the additional (n? — n)/2 variables (z.), the additional n* —n
constraints of type (3) and the additional (n®> — n)/2 constraints of type (4).

In [6] the polytope of GTSP is studied and it is proved that GSECs are facet defining
for GTSP. Additionally [6] study generalized comb inequalities which are proved to
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be facet defining for GTSP. A computational study of a branch-and-cut algorithm
using these cuts is presented in [7], and showing that the GSECs are by far the most
important of these two. In most problems solved, no or very few (< 5) generalized
combs are generated. With this in mind, we will not consider the generalized combs
any further in this paper.

2.1 Additional Cuts

In order to strengthen the LP-relaxation, we add additional cuts cutting off fractional
(hence infeasible) solutions feasible in the LP-relaxation.

The following constraints strengthen the LP-relaxation.
ze <y; forieViee i) (13)

Constraints (13) are valid, since if an edge is in the ring, then both endpoint nodes
are selected. Also constraints (13) dominate the GSEC constraints (5) for |S| = 2
as can be seen from the following. Let S ={i,j}, e ={i,j}, k =jand [ € S, then
the following GSEC is obtained:

ze<yi—y+1 (14)

This constraint is valid whenever constraint (13) is valid since y; < 1 and thus
Te <y < y; —y+ 1. Also values exist for which constraint (14) is valid but
constraint (13) is not (e.g. z. = 1, y; = 0 and y;, = 0). Thus constraint (13)
dominate constraint (14). Computational experiments indicate that these improve
the performance only marginally.

The constraints mentioned below are valid only when the number of nodes in the
ring is limited i.e. constraint (11) is used.

Z ze < (by —1)y; forieV (15)
jie={i,j}€E

The constraints are used in e.g. [4] and [5] for the QKP. They improve the LP-
relaxation considerably. They can be seen to be valid by multiplying (11) by y; and
replacing y;y; with z, for e = {4, j} and y,y; by y;.

3 Branch-and-Cut Algorithm

We solve QSTSP using branch-and-cut. The root problem consists of (1), (2),
bounds on variables and one of the budget constraints (10) or (11). If constraint
(11) is used, we also include (15). We generate (3), (13) and the GSECs (5).



We have implemented the branch-and-cut algorithm using the Branch-Cut-and-Price
framework (BCP) which is part of the COmputational INfrastructure for Operations
Research (COIN-OR or just COIN) [1]. COIN contains open-source software useful
in the field of operations research. BCP is, as its name indicates, a framework for
developing Branch-Cut-and-Price algorithms. The choice of using BCP instead of
implementing from scratch was made to speed up development including additional
benefits of e.g. having an advanced cut-pool without having to worry explicitly about
it. We have used BCP standard setups and classes whenever possible.

The branch-and-cut algorithm is shown in figure 1. The algorithm maintains a set

INCUMBENT = A feasible solution found heuristically (may be the empty ring).
SET_OF_ SUBPROBLEMS = {Root problem}
while SET _OF_SUBPROBLEMS # ()
do
Select subproblem
Solve LP relaxation of subproblem (including generated cuts)
Let OBJ_ VAL = objective value of LP relaxation
Generate and add violated cuts
while New cuts added
if LP solution is feasible (hence integer) and OBJ_ VAL > INCUMBENT:
Update incumbent: INCUMBENT = OBJ-VAL
Fathom subproblem
else if OBJ-VAL < INCUMBENT: Fathom subproblem
else Branch: Add two subproblems to SET OF SUBPROBLEMS
end while

Figure 1. The branch-and-cut algorithm

of subproblems, initially containing the root node only. An initial feasible solution
is generated by selecting the best solution from the two heuristics described in
section 4.

Subproblems are considered depth first. This allows for reuse of the obtained LP-
tableau in the following iteration. Branching is done on a y if any non-integer exists.
Secondarily we branch on a x. Selecting whether a node is in the solution or not
(i.e. branch on a y) seems to affect the solution more than selecting whether an edge
is in the solution (i.e. branch on a x). Thus swapping the order of branching (i.e.
branch on z’s before y’s) is not a good idea. This is supported by computational
experiments. When choosing among different y’s (or z’s) we choose the variable
closest to 1/2. In one subproblem we set the branch variable equal to one and in the
other we set the branch variable equal to zero. We consider the subproblem with
the branch variable equal to one first.

For the selected subproblem we generate violated cuts, add them and resolve. We
generate as many cuts as possible before we branch. Ineffective cuts are taken out
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of the formulation and ineffective GSECs are kept in a cut pool (handled by BCP).
The cut pool is purged when switching subproblem.

Generation of (3) and (13) is done by checking whether any is violated. Since there
are (n? —n)/2 of each of those, this takes O(n?). Generation of GSECs is described
in the following section.

3.1 Separation of GSECs

Separation of GSECs is due to [7] which presents an optimal and a heuristic sep-
aration routine. Optimal separation can be achieved in O(n*) but proves to be
ineffective for STSP. For completeness we will however describe how optimal sepa-
ration can be achieved.

Assume z}, y and 2z} is the value of an optimal solution to the relaxed problem.
Set up an undirected graph with n nodes and capacity of edges equal to z}.

Optimal separation of GSECs is best described based on constraint (9). Recall the
interpretation of the constraint: If a node is selected on both sides of a cut, then at
least two edges crossing the cut must be selected. Thus separation can be done by
for all pairs of nodes £, [ finding a min-cut separating £ and [ or equivalently finding
a max-flow between k and [. Given the min-cut, evaluate (9) to check whether it is
violated. This can be done in O(n®) since finding max-flow can be done in O(n?)
and O(n?) pairs of nodes exists.

However we can do better using the following observation. For a given S’ C V/, the
most violated cut is obtained for &' € S" and I' € S’ such that &' = arg max;cs {y;}
and I' = argmax;¢s{y; }. Assume without loss of generality that y;, > y;;. For any
GSEC defined by S, k and [ it holds, that &' € S or ¥’ ¢ S. But In that case (one
of) the most violated GSECs will have k = k' if &' € Sor I =K' if k' ¢ S. Thus it
suffice to pick any such &' and consider pairs for this &’ and all other nodes I. This
is only O(n) pairs and thus in total the complexity is O(n*).

So the separation algorithm is as follows. Pick a node k such that k£ = arg max;ev{y;}.
For all nodes | # k find a max-flow from k to [. Evaluate (9) to check whether the
cut is violated and if so add it (in the form of (5)). Thus up to n — 1 cuts may be
added.

Computational experiments shows that substantial time is spent on optimal sepa-
ration, however the most important problem is that the generated cuts do not span
the graph [7]. Suppose that three disjoint sets S, C V,a = 1,2, 3 exists for which
d(S,) = 0. Assume the k£ chosen during optimal separation is in S; fixed. Then (at
least) two GSECs will be generated with S = S; and [ € Sy or [ € S3. The cut with
S =05y, k€ Sy and [ € S5 will not be generated, and this may be important.

This can be ensured by using the O(n°) separation algorithm, but in that case
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the cut generation is even higher. An alternative is to use heuristic separation as
described in [7] and described in the following.

Again set up an undirected graph with n nodes and capacity of edges equal to .
The idea is then to generate a minimum spanning forest using Kruskal’s algorithm
and each time two components are merged, a cut is identified and added if it is
violated. Initially all nodes constitutes a component. Consider all edges e = {i,j},
x; > 0 in non-increasing order. Merge components if ¢ and j are in different compo-
nents. When two components merged, let the resulting component be S. Also let
k = argmax;es{y;} and | = argmax;gs{y;}. Add the corresponding GSEC if it is
violated.

Checking whether a GSEC is violated can be done in O(n?) and this may be done
at most n — 1 times (once for each merge) i.e. O(n?®). However, this can be reduced
to O(n?) in total by doing the following. Maintain for each component the weight
internally in the component and the weight to all other components. For each merge
of two components, update the weights, which can be accomplished in linear time
in n. Since at most n merges are carried out the total complexity is O(n?). The
complexity of Kruskal’s algorithm is O(mlogm) where m is the number of edges.
Since m may be up to O(n?) the complexity expressed in terms of n is O(n?logn).
Thus the complexity of the heuristic separation is O(n?logn).

As mentioned, the primary advantage of the heuristic separation routine is that it
generates GSECs that span the graph. This is confirmed by computational exper-
iments. The heuristic separation routine is used in all computational experiments
presented in section 5.

4 Heuristics

We have developed two types of greedy heuristics. One builds up a ring from scratch
(similar to the heuristics used in [8]) and one removes nodes from a full ring initially
including all nodes. To distinguish the two heuristics, we will denote them the
construction heuristic and the destruction heuristic, respectively.

The heuristics are used for generating an initial solution (this does not give a sig-
nificant speed up, though) and for comparison. Comparing the solutions found by
heuristics with the optimal solutions justify the need for better methods. In [8] bet-
ter heuristics are presented (along with the construction heuristic presented here).
The better heuristics do however rely on more advanced codes unavailable to us.
Also the test-instances used in [8] are not available, hence we cannot compare di-
rectly. The comparison in [8] shows that for instances with 40, 80 and 120 nodes,
the results for the best heuristic (average over 10 instances) are 15%, 43% and 55%,
respectively, better than the construction algorithm.

The construction heuristic is shown in figure 2. For notational convenience we use
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the following notation r;; = r. for {4,j} = e and ¢;; = ¢, for {i,j} = e. Let Apyq
be the change in budget, equal to 1 when the number of nodes is limited and equal
to cij — cix — ¢j when the length of the ring is limited. The construction heuristic

Let {3, j} = argmax{r;; +r; + r; — ¢;j|budget holds} € E
Let £ = arg max{rik + 7 + 7 — Cip — cjk\budget hO]dS} € (V\{Z,j})
Let R={i,j,k} CV
Let F'= {{i,j}, {j, k}, {k,i}} CE
while a node exists which can be added without violating the budget
Find k € V\R and ij € F:
k,i,j = argmax{(} ;cgTik + Tk + Cij — Cik — Cji)/Apug/budget holds}

R=RU{k}
F=F\{{i,j}}U{{s,k},{s, k}}
end while

Run 2-opt on the final set of nodes R.

Figure 2. The construction heuristic

builds the ring by first (greedily) identifying a feasible ring with three nodes (first
four lines). The ring is then extended until the budget is entirely used up. This is
done by picking during each iteration the node which gives the most revenue minus
additional cost relative to the increase in budget. Finally the tour is improved by
running 2-opt on the selected set of nodes. Running 2-opt is defined as follows: For
all non-adjacent edges 75 and kl in the tour take out 75 and kl and obtain two paths.
Assume 7 and k are on the same path. Connect the two paths by inserting edge
1l and jk thus obtaining a new ring. If the new ring is shorter than the old ring,
accept the new ring, otherwise keep the old ring.

The construction algorithm is aborted if it is not possible to find a ring with three
nodes. In that case the solution consisting of no ring and with a value of 0 is
reported.

The destruction heuristic is shown in figure 3. The destruction algorithm initially
builds a tour containing all nodes. This is done using farthest insertion followed by
running 2-opt. Farthest insertion constructs a tour as follows: Pick three nodes at
random obtaining an initial ring. Add remaining nodes one by one by doing the
following. For all nodes not in the ring, find the shortest distance to a node in the
ring and denote this value short; where 7 is a node not in the ring. For all nodes not
in the ring, select the node which has the highest short; value and insert this node
between two nodes in the ring such that the length-increase is as small as possible.

Now the tour is shortened by removing one node during each iteration. The node
removed is picked greedily as the node which decrease the objective the least relative
to the decrease in budget. Finally 2-opt is run on the remaining set of nodes.

The idea of selecting all nodes and then removing one at a time comes from Quadratic
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Find a tour containing all nodes using farthest insertion and 2-opt.
Let R=V
Let F' = Set of edges in the tour found
while Budget does not hold
Find k£ € R and let i and j be neighbours, i.e. {i,k}, {j,k} € F:
k= argmin{(ZieR\{k} Tik + Tk + Cij — Cik — Cjk:)/Abud}

R = R\{k}
end while

Run 2-opt on the final set of nodes R.

Figure 3. The destruction heuristic

Knapsack algorithms which do the same thing [4, 5].

In some cases the algorithms return solutions of negative value. These are rejected
and the solution consisting of the empty ring with a value of 0 (which is better) is
reported.

5 Computational Results

In this section computational results are presented. It is investigated how the
branch-and-cut algorithm performs and how the heuristics perform. We conjec-
ture that the budget type and tightness of the budget have major influence on the
problem difficulty. In particular the problem is expected to be easier if the budget
is either very loose or very tight. If the budget is very tight, the set of feasible tours
is smaller than average budget tightness. Hence selecting one node will have more
affect on the bound value and hence branching may finish faster.

When the budget is loose, assume the revenue is considerable in comparison with
the distance cost. Thus almost all nodes can and will be selected and thus the
optimal revenue is close to the total possible revenue (=Y, i + > cpTe)- Such
problems reduce to TSP problems plus a constant corresponding to the revenue.
The branch-and-cut algorithm in essence solves these problems as one would solve
TSP problems, by generating subtour elimination constraints. Thus the bound on
the optimal distance cost corresponds to the value of the LP relaxation of the TSP
problem which is good. Thus in total one obtains a rather good bound on the optimal
solution value and thus problems with loose budgets are easy. The most difficult
problems are the problems with an optimal solution which has approximately n/2
nodes.

Thus in the tests, the number of nodes, and the budget tightness for both type of
budgets is varied. First it is described how the test instances used for testing are
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generated.

5.1 Generation of Test Instances

The test instances are generated the same way as suggested in [8] except that node-
values which do not exist in [8] are generated. n points are generated in the plane
with coordinates uniformly distributed between 0 and 100. Coefficient c. is the
Euclidean distance (rounded to integer) between points i and j, e = {3, j}.

When limiting the length of the ring, set b, = 0.75y/n/2 which will have the effect
that somewhat more than n/2 nodes will be in the optimal ring [8]. Since c. is
the coefficients in both the objective and in the budget constraint limiting the ring
length, the distance-cost incurred is at most b,. Given this an expected total revenue
of similar size is constructed. To make sure that no instances are generated where it
does not pay off to have any nodes, the revenues are constructed such that the total
expected revenue R is 1.15b,. The aim is to distribute the total revenue equally over
node-revenues and demand-revenues. Thus the test instances have the property that
the expected node-revenue and demand-revenue are both R/2.

Given the total node- and demand-revenue and the expected number of nodes in
the ring (= n/2), the average node- and demand-revenue can be determined. The
average node-revenue 7, is:

n R 1.15b, 1.156,
—_r, = — — r, = 1
2rn 5 5 ST, - (16)

The number of demands for [ nodes is (I> — [)/2, thus the total demand revenue is:
R/2 =T4((n/2)* = 1n/2)/2 = T4((n/2)*)/2 (17)
Isolating 74, an expression for the average demand-revenue is obtained:

R 4-115-b, 4.6b,

T (n/2)2 n? n?

(18)

The revenue of a node is now uniformly distributed between 0 and 27, and the
revenue of an edge is uniformly distributed between 0 and 27;. The revenue is turns
out to be much higher than expected, when using limiting the length of the ring,
since the number of nodes in optimal solutions is on average higher than n/2. 10
instances of networks with 10, 20, 30, 40 and 50 nodes have been generated.

5.2 Results

In this section computational results for the branch-and-cut algorithm and for the
two heuristics are presented. As mentioned BCP [1] is used for the branch-and-cut
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algorithm and Cplex 7.5 is used for solving LP problems. The tests are run on a pc
with a 1.6 Ghz Intel Xeon processor running Linux.

It is investigated how the tightness and the type of the budgets affect running time.
This is done by varying the budget tightness. When the length of the ring is limited,
tests are carried out for a budget of value equal to 0.2, 0.6 1.0, 1.4 and 1.8 times the
b, described above. When limiting the number of nodes in the ring, b, is set equal
to 5, 10, 20, 30, 40 and 50. Results for instances where b, > n is not reported, since
the results are the same as for b, = n. For values of Results given are averages over
10 instances. All tests completed within one hour. The results when limiting the
length of the ring are given in table 1.

The columns of table 1 show the number of nodes in the test instance and the
budget relative to the normal budget which identifies the test instance. The following
column contains the average number of nodes in solutions, and the following column
contains the average optimal solution value. The following three columns show
the components of the objective value corresponding to =, y and z (see (1)). The
following four columns contain the LP relaxation value in the root (after adding
cuts), the gap between the optimal solution value and the Root LP-value relative
to the optimal solution, the number of subproblems and the maximum depth of the
branch-tree. Finally the running times are shown. The total time and the two most
time consuming operations are reported; the time spent on generating cuts and the
time spent on solving LPs.

The results for limit on the number of nodes in the ring are given in table 2. The
table contains the same columns as table 1, except the budget column which gives
the maximum number of nodes in the ring (b,).

Note that distance-costs and the node- and demand-revenues all contribute signifi-
cantly to the objective value. This corresponds to how they were generated the test
instances.

It can be seen from the results that the budget has considerable impact on the
running times. As conjectured in the beginning of section 5, the running time is
highest when approximately n/2 nodes are in the optimal solution but also it can
be seen that instances with limit on the length of the ring are solved faster than
instances with a limit on the number of nodes.

Note that the main part of the running time is spent on solving LPs. Also note that
the value of the LP relaxation and generated GSECs in the root is good for high
budget values and bad for low budget values as conjectured.

The two different heuristics are tested for the two different budget types with varying
budget tightness. The same values of b, and b, are used as described above. Running
times of the heuristics are insignificant - less than 1 second for the instance sizes
considered. The results are given in table 3 and table 4. The tables repeat the
optimal solution value found by the branch-and-cut algorithm and gives result for
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the two heuristics. For each heuristic, the solution value, the gap relative to the
optimal solution and the components of the objective value are reported.

The construction algorithm perform the best if the budget is tight whereas the
destruction algorithm performs the best if the budget is loose. Comparing the
heuristic solutions found with the proven optimal solutions, there is a substantial

gap.

5.3 Discussion of Results

As noted the main part of computational time is spent on solving LPs. This has
three explanations. 1) The bound obtained is weak, so the number of processed
subproblems is rather high. 2) For each subproblem the LP-solver is invoked several
times in order to strengthen the bound from the newly added cuts (and to be able
to generate more cuts). 3) The LPs are of considerable size.

Improving on the first point can be done by identifying new cuts which improve
the bound. Constraint (15) is an example of this and it is important for improving
the performance in case of limiting the number of nodes in the ring. Improving
on the second point can be done by generating more cuts and more importantly
generate the “right” cuts [13]. For each subproblem, the LP is solved, additional
cuts are generated and the LP is re-solved and so on until no more violated cuts
exist. The right cuts are the cuts that are ineffective at the end of this process
and if it were possible to identify them, only two calls to the LP solver would be
necessary for each subproblem (one initial call and one re-solve). In general this is
not possible to do without actually carrying out the iterations but one can try to
develop heuristics which are better to do this than simply finding all violated cuts.
In particular the heuristic separation routine used to generate GSECs is an example
of a routine which generate better cuts than the ones generated using the optimal
separation routine.

Finally improving on the third point at least two possibilities exists. One possibility
is to evaluate the bound (or alternative bounds) combinatorially. This is done with
success for the Quadratic Knapsack Problem [5|. The other possibility is to try
to reduce the number of constraints in the formulation and the number of non-
zero variables in the non-removable constraints. This is the reason for removing
ineffective cuts and (re-)generating (3), (13) and GSECs and is important in order
to achieve the reported performance. It is also possible to reduce the number of
non-zero variables using the following observation. It may be that the generated
cuts can be reduced as in [13]| and still capture the essence of the cuts with fewer
variables.

As an example of a simple reduction, let the current LP solution be z}, y; and
z¥. Assume that a violated GSEC is given by S; C V, [S1| < |V|/2, k1 € Sy,

e

I ¢S and ) . 5(s1) Le = 0. Assume further that S contains two nonempty disjoint
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subsets Sp U S3 = 51 such that Y- 56, Te = D ces(sy) Te = 0. Instead of the GSEC
corresponding to Sy, one can include two GSECs with Sy, ko € Sy, I € S and Ss,
ks € S3, I ¢ S. The nodes k; and ks are picked such that y;, = max;eg,{y;} and
Yr, = MaX;cs,{y; }. The GSECs are used in inner form (constraint (5)) and thus the
number of variables for a GSEC constraint is (|S|? — [S|)/2+ |S]. It can be checked
that for |S;| > 3 fewer non-zero variables are required to represent the two GSECs
corresponding to Sy and Ss than the GSEC corresponding to S.

We believe that the most promising way to go is to look for new cuts related to
the z, variables which are the reason for the highly fractional solutions. Note that
in order for better bounds to be really useful, better heuristics than the two con-
struction heuristics presented were needed. In order to find the maximum speed-up
which could be anticipated if good heuristics were used, the optimality verification
process has been isolated, i.e. the following has been carried out. Obtain the optimal
solution by branch-and-cut and measure the running time. Rerun the branch-and-
cut algorithm but initialize the incumbent to the optimal solution. Doing this, the
average reduction in computational time is approximately 40% for the instances
which require more than 10 seconds. This is the absolutely highest computational
improvement that can be realized due to improved heuristics. If the bounds are
improved, this may change.

6 Conclusions

The Quadratic Selective Travelling Salesman Problem has been presented as an
extension of the (Selective) TSP. An integer linear programming model for QSTSP
has been presented. The problem is solved optimally using branch-and-cut and
by two simple construction heuristics. Computational studies of the construction
heuristics indicates that the problem is difficult - better heuristics and/or optimal
algorithms do have a justification. Computational studies show that the branch-
and-cut algorithm can find optimal solutions to all test problems with up to 50
nodes within one hour.

In order for the branch-and-cut algorithm to be really useful, it is necessary to
decrease the running time. As noted, the main part of the computational time is
spent on solving LPs. Hence, to get a substantial overall reduction in computation
time, the time spent on solving LLPs should be reduced. As discussed earlier, this
requires finding better cuts.

An alternative to the branch-and-cut algorithm is to use a more advanced heuristic
than the construction heuristics suggested here, e.g. a meta-heuristic.
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