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ABSTRACT. We consider the problem of scheduling a set of tasks related by
precedence constraints to a set of processors, so as to minimize their makespan.
Each task has to be assigned to a unique processor and no preemption is al-
lowed. A new integer programming formulation of the problem is given and
strong valid inequalities are derived. A subset of the inequalities in this for-
mulation has a strong combinatorial structure, which we use to define the
polytope of partitions into linear orders. The facial structure of this poly-
tope is investigated and facet defining inequalities are presented which may
be helpful to tighten the integer programming formulation of other variants of
multiprocessor scheduling problems.

1. INTRODUCTION

Let N = {1,...,n} be a set of partially ordered tasks, M = {1,...,m} a set
of processors (or machines), and G = (N, A) an acyclic directed precedence graph
associated with the set of tasks [1, 4], such that (¢, j) € A if and only if task ¢ must
be executed before task j. Each task has to be assigned to exactly one processor,
in which it is entirely executed without preemption. For each task 57 € N and each
processor k € M, we denote by dj; the total processing time of task j in case it is
assigned to processor k.

The problem of multiprocessor scheduling under precedence constraints (MSPC)
consists in finding an assignment of the tasks in N to the processorsin M minimizing
the makespan, i.e. the maximum completion time among all tasks in N. The
minimization of the makespan on two uniform processors (problem Q2 || Cpnqz in
the notation of [14]) is already NP-hard [6, 7].

An application of this problem arises in the context of scheduling tasks of par-
allel programs. Parallel programs can be represented as a set of interrelated tasks
which are sequential units. In a heterogeneous multiprocessor system, we not only
have to determine how many, but also which processors should be allocated to
an application and which tasks will be assigned to each processor. Greedy algo-
rithms for processor assignment of parallel applications modeled by task precedence
graphs in heterogeneous multiprocessor architectures were proposed by Menascé
and Porto [16], while Porto and Ribeiro [18, 19] studied sequential and parallel
algorithms based on the tabu search metaheuristic. Porto et al. [17] presented a
detailed analysis of the solutions obtained by this parallel tabu search algorithm,
using a broad set of test instances corresponding to real-size and realistic problems
and showing that it leads to much better solutions than the greedy algorithm.
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Maculan et al. [15] proposed a new formulation with a polynomial number of 0-1
variables for MSPC, improving a previous formulation based on the discretization
of the schedule horizon into unit time-periods [2]. However, even small problems
are not amenable to be exactly solved by branch-and-bound or branch-and-cut
algorithms based on this formulation.

In this paper, we first describe in Section 2 a new formulation for the problem of
multiprocessor scheduling under precedence constraints. A subset of the inequalities
in this formulation has a strong combinatorial structure, which we use to define
the polytope of partitions into linear orders. The facial structure of this polytope
(which is a relaxation and a projection of the original polytope) is investigated
in Section 3 and facet defining inequalities are presented which may be helpful to
tighten the integer programming formulation of other variants of multiprocessor
scheduling problems. Further valid inequalities for MSPC are derived in Section 4.
Concluding remarks are made in the last section.

2. PROBLEM FORMULATION

In this section, we present a new formulation for the problem of multiprocessor
scheduling under precedence constraints. This formulation reveals as part of it the
polytope of partition in linear orderings. Given the directed acyclic precedence
graph G = (N, A), we define the following sets for every task j € N:

e P; = {i € N : there exists a path in G from ¢ to j}, i.e., P; is the set of
predecessors of task j;

o I'; ={i e N:(i,j) € A}, i.e., T; is the set of immediate predecessors of task
J;

e Q; = {i € N : there exists a path in G from j to i}, i.e., @; is the set of
sucessors of task j; and

e R; ={i € N: there is no path in G from ¢ to j or from j to i}.

This new formulation makes use of two types of 0 — 1 variables:

~_ | 1, if task j is scheduled to processor k,
Yik 0, otherwise,

forall j € N,k € M, and

- 1, if task ¢ is scheduled before task j in the same processor,
4 0, otherwise,

for all (i,j) € N x N,i € R;. Moreover, we denote by e; the starting time of the
execution of each task 7 € N. The problem of multiprocessor scheduling under
precedence constraints (MSPC) may be formulated as follows:
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minimize Cpax

subject to:
m—1
(1) Y yr=1 Vj € N,
k=0
(2) zij + zji + Yik — Yjk <1 Vj € N,Yi € R;,Vk € M,
(3) Zij +Yik — Yje <1 Vj € N,Vi € P;,Vk € M,
(4) Yir +Yjk — 255 — 25; < 1 Vj € N,Vi € R;,Vk € M,
(5) Yir + Yk — 2ij < 1 Vj € N,Vi € P;,Vk € M,
m—1
(6) ei—€j+zdik'yik30 Vj € N,Viely,
k=0
m—1
(7) ej_cmax+zdjk'yij0 Vj €N,
k=0
m—1
(8) ei—ej+ Y dix -y < pij-(1—2;)  Vj€N,VieR;,
k=0
9) ej >0 Vj € N,
(10)  wr € {0,1} V(j,k) € N x M, and
(11) Zij € {0,1} Vj € N,Vi € R; U P;.

Equations (1) ensure that each task is processed and assigned to exactly one pro-
cessor. Inequalities (6) express the precedence constraints: no task may be started
unless all its predecessors have already completed their execution. Inequalities (8)
define the sequence of starting times of the tasks assigned to the same processor,
ensuring that no overlap occurs. The constant p;; is such that if tasks ¢ and j
are not executed in the same processor in that order, then inequality (8) is always
satisfied. Though knowing the smaller possible value of this constant is as difficult
as solving the original problem itself, some good approximations can be obtained.
One such a good estimation is fi;; = f; —e; (Wij < pij ), where £, is an overestimate
of the latest time task 7 could finish to be processed, and e; is an underestimate of
the least time at which j could start to be processed. The tighter these estimations
are, the tighter inequality (8) will be. Inequalities (7) define the makespan.

The correct relation between the z and y variables are assured by inequalities
(2)—(5). Since the formulation with the variables defined earlier seem to be a novelty
in the scheduling literature, we now discuss these inequalities in detail. First we
consider the inequalities (2) and (4) for fixed tasks i,j € N and a machine k € M.
In this case, we have that i € R; and j € R;. Therefore, inequality (2) can also
be written for when the roles of ¢ and j are interchanged. Table 1 summarizes the
outcomes of inequalities (2) and (4) for the four possible combinations of the values
of y;; and y;i. In this table, inequality (2) is denoted by (2)’ when written for
j € R;.

We cannot determine the exact values of z;; and zj; in the first row of Table 1.
However, due to constraints (1), there must be a machine ¢ # k for which at least
one of the variables y;; or y;; is equal to 1. Thus, for machine ¢, one of the cases
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Yik | Yjk (4) (2) (2)

0 0 Zij+2ji2—1 Zij +Zji§1 Zij-{—ZjiSl
0 1 Zij+25; >0 | 2y + 25 <2 | 235 +25 <0
1 0 Zij+ 2520 | 2y + 25 0| 255+ 25 <2
1 1 Zij+ 2z > 1 | zij+25 <1 z5+25 <1

TABLE 1. Relation between z and y variables when i € R;.

in the three remaining rows of Table 1 must hold which forces the z variables to
assume the correct values. In the second (third) row of Table 1, the condition on
the fifth (fourth) column forces both z;; and z;; to be 0, which is correct since, in
both cases, ¢ and j are not assigned to the same machine. Finally, in the last row of
the table, the three conditions force either z;; or z;; to be set to 1, which is correct
since both tasks are assigned to machine k£ and one must precede the other.

We now investigate the relation between variables y and z when ¢ € P;. For
fixed values of 7, j and k, we are left only with the two inequalities (3) and (5),
since j is clearly not in P;. As for the previous case, we build Table 2 in which the
outcome of these inequalities are given for all possible values of y;;, and y;p.

yir | Yik | (5) 3)

0 0 Zij Z -1 Zij S 1
0 1 Zij Z 0 Zij S 2
1 1 Zij Z 1 Zij S 1

TABLE 2. Relation between z and y variables when i € P;.

As for the previous table, the conditions in the first row of Table 2 are inconclu-
sive with respect to the value of z;;. Once again, this is not a difficulty since, like
before, when i € R, there exists another machine for which we are in one of the
cases expressed in the remaining rows of the table. Now, notice that the second
row is also inconclusive. However, from equation (1), there exists another machine
¢ # k for which the third row (with k replaced by £) must hold. The last column
of the third row forces z;; to be equal 0. This is in accordance with the definition
of the z variables, since i and j are not in the same machine. Finally, the last row
of Table 2 imposes that z;; = 1 which is correct since, in this situation, ¢ precedes
J in machine k.

Inequalities (2) to (5) determine the relation between variables z and y. Inequal-
ities (2) and (3) ensure that if task ¢ is processed in processor k but task j is not,
then both z;; and z;; are equal to 0. In case both tasks ¢ and j are processed in
the same processor, these inequalities become redundant. Inequalities (4) and (5)
ensure that if tasks 7 and j are both processed in machine &, then z;; or z;; is forced
to be equal to 1. In case task 7 is processed in processor k£ and task j is not, then
the inequalities become redundant.

Equations (1) and inequalities (2) to (5) deserve a more exhaustive analysis,
because they represent an underlying common structure to different multiple pro-
cessor scheduling problems. This study is carried out in the next section.

The previous formulation of MSPC proposed by Maculan et al. [15] has n’m
variables. The new formulation described in this work has only n? 4+ nm variables.
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While the latter has O(n®m) constraints, the new formulation has only O(n?m)
constraints. The new formulation is more compact in terms of both the number of
variables and the number of constraints.

3. THE POLYTOPES OF PARTITIONS INTO LINEAR ORDERINGS

In this section, we consider the problem of partitioning a directed graph in linear
orders (PLO). Given a directed graph D = (N, E) and a weight w, € R associate
to each arc a € E, a feasible solution to PLO is a set of subgraphs partitioning
the vertices of D, each of them defining a linear order on its vertices. An optimal
solution is one in which the sum of the weights of the arcs in all subgraphs is
minimized.

In Section 2 we have presented a new formulation for MSPC. A subset of the
inequalities in this model defines a linear order for the set of tasks assigned to
each processor. To tighten this model, we investigate the facial structure of the
polytope of partitions in linear orders. Most of the results presented here hold for
the particular case where the graph is complete. This assumption simplifies several
proofs and, as we show later, it does not compromises the usefulness of the results
for the MSPC.

The PLO polytope is closely related to the clique partitioning polytope studied
in [11, 12] and some order polytopes such as linear order [8] and partial order
[13]. In Subsection 3.1 we compare the PLO polytope with some other well studied
order polytopes. In Subsection 3.2 we present two alternative characterizations of
the PLO polytope. Valid and facet defining inequalities for the PLO polytope are
presented in Subsection 3.3 and in Section 4.

3.1. Order polytopes. Several order polytopes have been extensively studied re-
cently. In this section we summarize the relations between the PLO polytope and
some well-known order polytopes ranging from the most inclusive (i.e., acyclic sub-
graph), to the most restrictive (i.e., linear order). We first give some basic definitions
to describe the order relations.

Given a binary relation E over a set N (E C N x N), the following properties
are defined:
Symmetry (Sym): if (i,j) € E then (j,i) € E,V i,j € N.
Antisymmetry (Asym): if (i,j) € E and (j,7) € Etheni =4, V i,j € N.
Transitivity (Trans): if (h,7) € E and (i,5) € E then (h,j) € E, ¥V h,i,j € N.
Comparability (Comp): (i,7) € E or (j,i) € E, V i,j € N.
Weak comparability (Wcomp): (h,7) € E and (h,j) € E, or, (i,h) € E and
(4,h) € E, then (i,j) € Eor (§,i1) € E, V h,i,j € N.
Table 3 relates some well-known types of order relations and the properties given
above.

Notice that every binary relation £ C N x N can be represented by a directed
graph D = (N, E) whose vertices are the elements in N and, for each pair {i,j} €
N x N, the arc (i,j) exists if and only if (¢,5) € E. Throughout this text we
sometimes describe a binary relation via its corresponding subgraph.

Assume that D, = (N, E) is the complete graph on n = |N| vertices and one
is interested in the set X of subgraphs of D, that represent one type of order
relation in N. For example, X could be the set of subgraphs which are PLOs of
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Agym | Trans | Comp | Wcomp
Preorder (Pre) yes
Complete Preorder (CP) yes yes
Partial Order (PO) yes yes
Linear Order (LO) yes yes yes
Partial Linear Order (PLO) | yes yes yes

TABLE 3. Properties of order relations.

D,,. Let Px C {0,1}/®l denote the convex hull of all incidence vectors of subgraphs
in X. From the polyhedral point of view, the goal is to find linear inequalities that
define facets of Px. This sort of investigation was conducted earlier for the orders
listed in Table 3. Besides them, there are two other sets of subgraphs which were
studied in the literature and are closely related with the PLOs. One is the set of
acyclic subgraphs of D,, and the other is the set of subgraphs which correspond to
an interval order of N. Table 4 lists some of the references found in the literature
where the facial structure of the polytopes associated to the problems cited above
are studied.

Subgraphs of D,, = (N, E) | References
Preorder (Pre) 13
Complete Preorder (CP) 13
Partial Order (PO) 13
Linear Order (LO) 10
Acyclic (AC) [3, 8, 9]
Interval Order (I0) 20]
TABLE 4. Properties of order relations.

The Venn diagram in Figure 1 describes the relations among the polytopes in
Table 4. Some graphs are depicted to illustrate elements in different regions of the
diagram. Empty regions are indicated by the symbol “}”. From Figure 1 and the
discussion following the formulation in Section 2, one can see the importance of
investigating the facial structure of the PLO polytope. Though the PLO polytope
can inherit all the strong valid inequalities from the polytopes in which it is included,
it is different from other previously studied polytopes. Thus, there exist strong
valid inequalities for the PLO which are not even valid for the other polytopes and
which can help in strengthening integer formulations for a large variety of scheduling
problems.

3.2. Characterizations of the PLO polytope. In this subsection we describe
two integer linear programming formulations for the PLO problem, and present
some elementary facts about the associated polyhedra. In the discussion that fol-
lows, we consider an analogy between the solutions of the scheduling problem de-
scribed in Section 1 and the PLO solutions for the complete digraph D,. This
analogy is given in Table 5 and is used whenever it simplifies the presentation of
the text.
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FiGURE 1. Venn diagram for order polytopes.

Scheduling problem PLO

Tasks vertices

Sequence of tasks processed in a processor | a linear order subgraph
Precedences within the processor arcs in one linear order subgraph

TABLE 5. Correspondence between scheduling and PLO solutions.

Before we continue a few more notation is introduced. If H is a graph, let H*
and HT denote the transitive closure and the transpose of H respectively. Thus,
in order to define the problem of partition into linear orders corresponding to the
MSCP with precedence graph G = (N, A), we consider the graph D given by

D =(N,E) =D\ (G"),

where D,, is the complete digraph on n vertices. A partition into linear orders is
a collection of subgraphs forming a partition of the vertices (tasks) of N such that
each subgraph is a linear order of its vertices (tasks). According to the analogy in
Table 5, the set of vertices induced by a subgraph of the collection corresponds to the
set of tasks that are assigned to a processor of the scheduling problem. Moreover,
these tasks are scheduled in the processor following to linear order provided by this
subgraph.

Notice that, from the definition of D, all the precedence constraints described by
G are respected by any partition of D into linear orders. However, to simplify the
forthcoming proofs, we assume that the arc set of the precedence graph G is empty
so that D is complete, i.e., D = D,. In practice, assuming that D is complete
is not too restrictive since arbitrary large weights can always be assigned to the
forbidden arcs avoiding their presence in any optimal solution. There is a natural
way to associate a polytope with a given instance of the partition into linear orders
problem such that every vertex of the polytope corresponds to a feasible solution
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and vice versa. To this end, a partition into linear orders can be represented by an
incidence vector z € B*"~1) whose coordinates are indexed by all possible ordered
pairs (i,7) of distinct vertices of D. Thus, z;; = 1 means that both vertices ¢
and j belong to the same subgraph of the partition and that j is preceded by ¢
in the linear order induced by this subgraph. This representation yields to the
definition of Ppro(D) as the convex hull of all incidence vectors z representing a
partition into linear orders of the vertices of D. So, if L is the set of all vectors z
in B*"=1) which are incidence vectors of partitions of D into linear orders, then
PpLo(D) = CO’H,’U(L).

Now suppose that we define a new set of variables y = (y;;) € B"P that relate
the vertices of N with the subsets of the partition of N to which they are assigned.
This leads to a second representation of the partition into linear orders polytope,
where the incidence vectors of the partitions are defined on both sets of variables
y and z. The latter yields to the definition of Pp% (D) as the convex hull of all
incidence vectors (y,z) representing a partition of the vertices of D in at most p
linear orders. Thus, if L, is the set of all vectors (y, z) in B("t2—1) which are
incidence vectors of partitions of D into linear orders, then Py, (D) = conv(L,).

Theorem 3.1. For a digraph D = (N, E) with |N| > 3, a correct formulation for
the partition of D into linear orders is given by the linear system

(12)  zni+ 255 — 2nj + 2in + 255 — 2jp < 1, (h,i,j) € N*, h#i#j#h,
(13)  zni + 2ij + 2jn — 2in — Zji — 2n; < 1, (h,i,j) € N*, h#i#j#h,
where z € BMn=1)

We call inequalities (12) the double triangle or dt inequalities, while inequalities
(13) are called double cycle or dC inequalities. Support graphs of these inequalities
are given in Figure 2. The following convention is used throughout this text to
draw the support graph of valid inequalities: full lines represent arcs with positive
coefficients and dashed lines represent those with negative coefficients. Moreover,
lines with no arrows represent the pair of opposites arcs. Inequalities are always in
the “<” form.

F1GURE 2. Support graphs of dT and dC Inequalities.

Proof: The proof is divided into two parts. In part (a) we show that every
incidence vector z of a PLO satisfies inequalities (12) and (13). In part (b) we
show that every 0 — 1 vector in z-space satisfying inequalities (12) and (13) is an
incidence vector of a PLO.



MULTIPROCESSOR SCHEDULING UNDER PRECEDENCE CONSTRAINTS 9

Part (a). If z is the incidence vector of a PLO then for every pair of tasks i,j € N
we have that z;; + 2;j; <1 so, if there is an inequality in (12) that is violated by z
then we must have zp; + z;, = 1 and z;; + 2j; = 1. However, in this case necessarily
znj + zjn = 1. The six possible cases are depicted in Figure 3. Notice that, due

c1 M c2 M C3 M

h i h i h j
C4 M C5 #i Cc6 M

h i h i h j

FI1GURE 3. Six possible acyclic triangles.

to transitivity, the direction of the arc between h and j is mandatory in cases C1
and C2, while cases C3-C6 leave the direction free. However, weak comparability
requires the existence of an arc between h and j all cases.

Concerning inequality (13), since z is the incidence vector of a PLO, zp; + 2;; +
zjn < 2. Otherwise the left hand side would sum 3 and there would be a cycle.
But transitivity implies that if two of these arcs are in the solution one of the arcs
(i,h), (j,i) or (h,7) should be also in the PLO and the result follows.

Part (b). Let z be an incident vector of a spanning subgraph D' of D that
satisfies (12) and (13). We show that D' is a PLO of D. Assume that z partitions
the underlying graph of D into p < n connected components.

First notice that the inequality z;; + z;; < 1, Vi # j € N, is obtained by
adding the two inequalities of type (12): z;; + zj; + 2ni + zin — 2jn — 2n; < 1 and
Zij + 2ji — Zhi — Zin + Zjp + 2nj < 1.

Secondly the transitivity inequality z5; 4+ 2;; — zn; < 1 can be obtained by adding
the following inequalities of type (12) and of type (13): zp; + 2zin + 2ij + 2ji — Znj —
zjn < 1 and zp; — 2in + 2ij — 2jis — 2nj + 2jp < 1. We now prove two facts that will
complete the proof of part (b).

Fact A: The underlying graph of each component induced by z in D is a clique.

This result is obvious when the connected component has one or two vertices. If
it has three vertices, inequalities (12) ensure that there must be three arcs joining
the vertices. A simple induction on the number of vertices in the component can
now show that we must have a clique. Suppose that there are vertices ¢ and j,
in the same component, such that no arc connects them. As they are part of the
same connected component, there is a path between them. Let such path passes
through the vertices (i = uy,...,up = j). As uy is connected with us and us
is connected with us, by applying inequality (12) we find that w; is connected
with u3. By induction, one can see that if u; is connected with up_1 and up—1
is connected with uy then w; is connected with uy. This implies that vertices 4
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and j are connected by an arc. Therefore as any pair of vertices is connected, the
component is a clique.

. oL

- U
’l ;.\1

FIGURE 4. Cycle (u1,us2,- .. ,up—1,up)

Fact B: The subgraph induced by z in D is acyclic.

Suppose there exists a cycle C in the subgraph D’ represented by z. Let the
cycle be C' = (uy,us,...,up) (see Figure 4). From the transitivity inequality for
vertices up_1, up, and ug, the arc (up_1,u1) belongs to D'. If we consider the cycle
(u1,u2, ... ,up—1,u1) and use the same reasoning again, we get a smaller cycle (of
h — 2 vertices) that must be in D'. Continuing in this way, we end up by concluding
that the cycle (u1,us2,us,u;) is in C. But this is impossible, since otherwise there
would be a dC inequality (13) violated by z. This completes the proof of fact B.

The two facts imply that z partitions D into a complete acyclic digraph or, in
other words, it partitions D into linear orders. This completes the proof. O

Theorem 3.2. For a digraph D = (N, E) with |[N| =n > 3, a correct formulation
for the partition of D into at most m linear orders is given by the following system:

m—1
(14) Z Yjk =1, JEN,

k=0
(15) 2ij + 2ji Yk — Yje <1, (i,j,k) € N* x M,i # j,
(16) Yik + Yjk — 255 — 25 < 1, (i,j,k) € N* x M,i # j,

(17)  zni+ 2ij + 2jn — Zin — 2ji — 205 < 1, (h,i,j) E N>, h#£i#j#h.
where z € B""~1) and y € B*™,

Proof: Once again the proof, is divided in two parts: (a) every incident vector
(y, z) of a PLO satisfies inequalities (14) to (17), (b) every 0 —1 vector in y, z-space
satisfying inequalities (14) to (17) is an incidence vector of a PLO.

Part (a). Let (y,z) be an incident vector of a PLO. Equations (14) hold, since
each task should be assigned to exactly one processor.

For every pair of tasks ¢ and j, z;; + 2z < 1. Thus, inequality (15) could be
violated only if z;; = 1 or z;; = 1, y;» = 1 and y;; = 0. However, this is impossible
because z;; = 1 or zj; = 1 would imply that both ¢ and j belong to the same subset
of the partition of N and, therefore, if y;; = 1 then y;; = 1. Thus (15) holds.
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The only way inequality (16) could be violated would be if y;; = y;; = 1. But,
the latter condition would imply that z;; = 1 or z;; = 1 which satisfies inequality
(16).

In respect of inequality (17), a similar argument as the one used for inequality
(13) in the proof of Theorem 3.1 holds and this completes the proof of (a).

Part (b). First notice that inequalities z;; + zj; < 1 can be obtained by adding
Zij + 2Zji + Yie — Yk < 10 255 + 25 + yjr — yae < 1 and dividing the resulting
inequality by two.

Let Ni be the set of vertices for which y;; = 1. The subgraph induced by (y, 2)
in D whose vertex set is IV}, is complete, because if y;;, and y;; are both set to one,
then inequality (16) forces either z;; or zj; to be one.

We show that the graph D’ induced by (y,z) in D is acyclic. Since every con-
nected component of D' is complete, cycles can only go through vertices belonging
to the same component. Therefore, we restrict ourselves to prove that for any con-
nected component of D', inequalities (14) to (16) imply inequalities (12). Then, by
noticing that (13) and (17) coincide, we apply part (b) of Theorem 3.1 to complete
the proof.

Consider three tasks i, j and h in N and assume they all belong to the same
component Ny of D'. By adding inequalities z;, + zn; < 1, zp; + 2zjn < 1 and (16)
we get
(18) Zhi + Zih + 2hj + Zjn — Zij — Zji <3 = Yjk — Yik-

Since tasks ¢ and j are in N, we have that yj; = yix = 1. Thus, for processor

k, (18) coincides with (12) and by repeating the steps in the proof of part (b) of
Theorem 3.1 one can complete the proof. a

Theorem 3.3. dim(Ppro(D,)) =n(n —1).

Proof: We exhibit n(n — 1) + 1 affinely independent points in the polytope
Ppro(Dy). Since D, is a complete digraph, the incidence vector of every single
pair of vertices is in Ppro(D,). Together with the null vector they form a set
of n(n — 1) + 1 affinely independent points in Pppo(D,,). Moreover, because the
polytope is embedded in R*"*=Y  dim(Ppro(Dy)) < n(n — 1). Thus, we conclude
that dim(Ppro(Dy)) = n(n — 1). O

Theorem 3.4. Let p be the mazimum size of a feasible partition into linear orders
of Dy If p=n then dim(Pg, 5(Dy)) = 2n(n — 1).
Proof: Let vy + mz = m be a hyperplane containing Py’ ,(Dy). Then, vy +
7wz = o is a linear combination of equations (14). We construct successive feasible
solutions (y¢, z*) and by means of simple algebraic operations deduce the general
form of vy + 7z = mg.

Let (y',z') be a feasible solution where y); = 1, for all i € N, ygj = 0, for all
i # j, i,j € N. Clearly z! = 0. Let (y2, 2?) be another feasible solution such that
Ypp = 1, for all h € N\ {i,5}, yi; = v3; = 1,ys, = 0 otherwise. Once again we
have 22 = 0. Subtracting yy? + 722 = my from yy' + 72! = 7o, we get
(19) Yii t Vii = Yij + Vji-
Let (y*,2%) be such that yj; = ¥, = 2}, = Liysn = 1, for all h € N\ {i,5},v5, =

zys = 0 otherwise. Let (y*,z") be such that yj; = y}; = 2}, = 1,y4, = 1, for
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all h € N\ {i,j},yl, = 21 = 0 otherwise. Subtracting yy* + 72* = my from
vy? + m2® = mo, we get vii + vji = 7ij + 7jj- Subtracting the last equation from
(19), we get

(20) Vii = Vij-
Operating with (y!,21), (¥, 23) and (20) yields to the following equations:
(21) Z Yhh + Yii + Vi = To,
he N h#j,hti
(22) > mn+ v + i+ miy = mo.
heN,ha#j,hti

Subtracting and applying identity (20), we conclude that m;; =0, for all ¢ # j € N.
This shows that all ;; are 0. Moreover, by defining v, = ; for all k € {1,...,p},
we obtain from (y',2') that mo = 3¢y ;. Hence, P2} (D) C {(y,2) : (y,2) €
R2(n=1) such that vy + 72 = mo}, with (yy + 72 = m) = Sy ai(Oh_; yir = 1),
which implies that dim(Pp;, (Dy)) = 2n(n — 1). O

Once we have established the dimension of the PLO polytope, we are now ready
to study the strength of some valid inequalities. The forthcoming sections are
devoted to prove that some of these inequalities define facets of the polytope. This
shows, at least theoretically, that they are good candidates to tightening the integer
formulation of the scheduling problem.

3.3. Valid inequalities and facets of PLO polytopes. In this subsection we
investigate the facial structure of the PLO polyhedra. Initially we consider the
inequalities that are part of the integer programming formulation of the PLO in
the z-space to see whether they define facets of Ppro(Dy,). Next, we search for new
inequalities that are not part of the formulation and that define facets of Ppro(Dy,)-
Besides, we also investigate the facial structure of the polytope PIZPLO(D,L) and
present a lifting result which allows us to obtain facets for the latter polytope from
some of the inequalities defining facets of Ppro (D).

The proofs establishing facet properties use either the direct or the indirect con-
struction method described in basic texts on polyhedral combinatorics (cf. [5]).

3.3.1 The polytope Ppro(D,,)
Trivial inequalities

A natural question while studying polyhedra associated to combinatorial opti-
mization problems formulated as a 0 — 1 integer program is whether or not the
trivial inequalities of the form z > 0 and z < 1 define facets. This question is
answered below.

Theorem 3.5. The nonnegativity constraints z;; > 0 define facets of Ppr.o(Dy).

Proof: Let a = (i,j) € E. Then z; = 0 is satisfied by the zero vector and all

unit vectors 219} o’ € E,a' # a. These |E| vectors are incidence vectors of PLOs
and are affinely independent. O

Theorem 3.6. The upper bound constraints z;; < 1 do not define facets of Ppr.o(Dy).
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Proof: Let a = (i,j) € E and let (h,i,7) be a triangle. Then, the sum of the
following facet-defining inequalities zn; + zin + 255 + 2ji — 2nj — Zjn < 1, —2p; —
Zih + 2ij + 2ji + 2n; + 2jn <1, =25 < 0, =25 < 0 leads to z;; < 1 and hence this
inequality does not define a facet of Ppro(D). O

Double triangle inequalities

Theorem 3.7. Inequalities zp; + 2ij — zjn + 2zin + 2ji — 2n; < 1 define facets of
Ppro(Dn).

Proof: We look for n(n — 1) affinely independent points in Ppro(D,,) satisfying
(12) at equality. For the sake of clarity, we divide the coordinates of the z variable
in four sets: 27 is the set of four coordinates that appear in (12) with positive
coefficients; z~ are the two coordinates that appear in (12) with negative coeffi-
cients; 2? is the set of coordinates (h,v), (v,h),(j,v), (v,j) with v # i, or (u,v)
with u & {h,i,j} and v & {h,i,j} that are not present in (12) and z¥ be the set
of coordinates that are not present in (12) and represent arcs of the form (z,v) or
(v,i) with v &€ {h,j}.

The block matrix below represents the n(n — 1) affinely independent points in
Ppro(Dy). The incidence vectors of feasible solutions are given in the columns of
matrix 7. All blocks of the diagonal are identity matrices of dimension correspond-
ing to the number of 27,27, 2%, and z¥ variables in that order.

I, B B, Bs
0 I 0 0
0 0 In(n—3) B,
0 0 0 Iyns)

Matrix B; has two ones in each column in order to balance the presence of the
negative element of the diagonal of the identity I>. Matrix By has one 1 in each
column in order to satisfy (12) at equality. This can always be achieved because
the coefficient of the identity I,(,,_3) represents an arc with at most one vertex in
{h,j}. Suppose that zp, = 1 with v € N \ {h,7,j}. Then, we can define z;; = 1
and all other coordinates z,, of z to be zero, so that (12) is satisfied at equality.
Matrices Bz and B4 have one 1 in each column. Identity I, _3) has ones of the
form z;y = 1 (2y; = 1) with v € N\ {h,i,j}. To achieve the equality in (12) with
a PLO, we need to consider an arc (j,v), ((v,7)) (matrix By) and one arc (i,7)
(matrix Bs).

Since matrix T is upper triangular, it is not singular. Then, we have n(n — 1)
affinely independent points satisfying (12) at equality. O

T =

Double cycle inequalities

Theorem 3.8. Let i, j and k be three distinct vertices in of D,. Then, inequalities
Zhi T Zij + Zjh — Zih — Zji — Zhj <1 deﬁne facets Of PpLo(Dn).

Proof: We look for a set of n(n — 1) affinely independent points in Ppro(Dy)
satisfying (17) at equality. The incidence vectors of feasible solutions are given
in the columns of matrix 7" below. Without loss of generality, we will consider
arcs (h,1), (i,7) and (j,h) to index the first three components of each point. Thus
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the first three columns are easily built by observing that each of these arcs alone
is a PLO. Now given any other arc a, we can always choose one of the arcs
(h,i),(i,7), (4, h) so as to construct a PLO satisfying (17) at equality. These arcs
are represented as elements of matrix B.

Is B
T =
[ 0 Inn-1)-3 }

Matrix T is upper triangular, hence it is not singular. Thus, there are n(n — 1)
affinely independent points satisfying (17) at equality. O

The lifting theorem stated below enables us to extend facet defining results to
spaces of higher dimension. It shows that, under certain conditions, every inequality
that defines a facet of Ppro(D,,) also defines a facet of Ppro(D},) for h > n.

Theorem 3.9. Let 7 € R*"* 1V and my € R. Suppose that the inequality 7z < mp
defines a nontrivial facet of Ppro(Dy). For an arbitrary integer n > h, let ©' €
R*"=1) be such that 7, = m; for all i € {1,... ,h(h — 1)} and 7} = 0 otherwise.
Moreover, assume that condition (%) below holds:

(%) Dy = (Ny, Er) has a partition into linear orders P whose incidence vector zP
satisfies mzP = my and P divides Ny, into subsets W1,... , W, with W; = {v}
for some v € Ny, and some i € {1,...,p}.

Then, for z' € RM*=1 the inequality ©'z' < my defines a facet of Ppro(Dy).

Proof: We show that the given inequality defines a facet of Ppro(Dpy1). The
statement of the theorem then follows by induction, since condition (%) remains
satisfied in D41 = (Npt1, Ent1). Let N ={1,... ,h}, Npy1 = NyU{h+ 1}, and
T = (’”ij)(i,j)EEh: T = (ﬁi]')(i,j)EEthN where T;; = m;; for (i,j) € Ej and mij =0
for (i,7) € Epy1 \ Ep. The validity of mz < mg for Ppr.o(Dp+1) is obvious.

Since 7z < my defines a nontrivial facet of Ppro(Dy) then my > 0. Thus, there
are |Ep| feasible partitions with arc sets Py,... , Pig,| whose incidence vectors are
linearly independent and satisfy 7z < my with equality. Clearly each P; also induces
a linear order of Dj41 in which the new vertex is isolated. Thus, if 2'(P;) denotes
the incidence vector of P; in RM"*1)  we have that 7' 2 (P;) = mo.

Thus, let T' be the nonsingular |Ep,| x| Ej, | matrix whose columns are the incidence
vectors of the P;’s. We may assume that the rows and columns of T are arranged
in such way that: (a) the last 2(h — 1) rows correspond to the arcs (i,v), (v,4) with
i € Ny \ {v}, where v is the special vertex verifying condition (x), and () the lower
right corner 2(h — 1) x 2(h — 1) submatrix, denoted by 7", is nonsingular. Notice
that such arrangement of the columns of T exists, otherwise T" would be singular.

From the 2(h — 1) linear order partitions Pg, |—2p43,- - , P|g,|, whose incidence
vectors are the last 2(h — 1) columns of T', we construct 2(h — 1) linear order
partitions of Dp4q as follows. For i € {|En| —2h + 3,...,|E4|}, let (Yi, Ex(Y3))
be the linear order of P; containing v, i.e., v € Y;. If |Y;]| < 2 then v would be a
singleton and, in this case, 7" would contain a null column which imply that 7" is
singular, a contradiction. Hence |Y;| > 2 holds. Now, let us define the sets @; as
follows:

Qi =P U{(Gh+1):(v) € Ep(Y)} U{(h+1,j): (v,5) € En(Y)} U{(v,h + 1)}



MULTIPROCESSOR SCHEDULING UNDER PRECEDENCE CONSTRAINTS 15

Then 729 = my holds by construction. Finally, let P be the particular linear
order described in condition (%) and define the sets: Qyp+1 = PU{(v,h+1)} and
Qhr10 = PU{(h+1,v)}. Tt is easy to check that mz@vr+t = 12@n+1v = 7.

*
T

0 0
T T .
0 0
0 0

T’ :
0 0 0
1 1({1 0
110 1

FIGURE 5. Matrix T (proof of Theorem 3.9).

Assume that T is the | Ej41| x| Ej41| matrix whose rows are the incidence vectors
(in BFr+1) of the linear order partitions P, . . . v PE, s QEn 20435 - - » QEn|> Qu,ht1
and Qp41,,. Then T can be put into the form shown in Figure 5, where T and
T are nonsingular. Obviously, T is nonsingular. Thus, there are |Ej ;| PLOs in
D41 whose incidence vectors satisfy 7'z’ < 7y and are linearly independent. This
implies that 7'z' < mg defines a facet of Ppro(Dpt1)- a

Double simplex inequalities

This set of inequalities is a generalization of the dT inequalities in (12). Let

S ={vo} and T = {v1,va,... ,vs} be two disjoint sets of vertices of D,,. We define
the double simplex inequality associated with .S and 7' as follows:
(23) 2(6(5,T)) — 2(E(T)) < 1.

FI1GURE 6. Double simplex inequalities, dSs and dSy

Theorem 3.10. The double simplex inequality (23) defines a facet of Ppr,o(Dy).

Proof: We prove the validity of (23) by induction on |T'| and applying the Chvatal—
Gomory procedure. For |T| = 2 the result is immediate, since in this case we have
a dT inequality. So, assume that |T'| = ¢ > 3. By the induction hypothesis, for
every v € T the double simplex (S,T" \ {v})-inequality given by z(6(S,T \ {v})) —
z(E(T\{v})) < 1is valid for Ppro(D,). Adding up these inequalities for all v € T
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we obtain that (¢t —1)z(6(S,T)) — (t — 2)(2(E(T)) < t. Since —(2(E(T")) < 01is also
valid for Ppro(Dy,), by adding these two inequalities we get (t — 1)(2(6(S,T)) —
z(E(T))) < t. Hence, since (t — 1) > 1, 2(6(S,T)) — 2(E(T)) < 45, which implies
that 2(6(S,T)) —z(E(T)) < |#4] = 1. Thus inequality (23) is valid for Ppro(D5,).

We look for dim(Ppro(Dy,)) affinely independent points in Ppro(D,,) satisfying
(23) with equality to prove that this inequality is facet defining.

For the sake of clarity, we will separate the coordinates of the z variable in four
sets: zt the set of 2h coordinates that appear in (23) with positive coefficients;
2z~ the set of h(h — 1) coordinates that appear in (23) with negative coefficients;
2% the set of (n + h —2)(n — h — 1) coordinates that are not present in (23), and
represent arcs with one vertex in T and the other in N \ (SUT) or both vertices
in N\ (SUT), and finally z¥ represents the set of 2(n — h — 1) coordinates that
are not present in (23), and represent arcs with one vertex in S and the other in
N\ (SuT).

The block matrix @) below represents the n(n — 1) affinely independent points
in Ppro(D,) and satisfying (23) at equality. The incidence vectors of feasible
solutions are given as columns of matrix (). All blocks of the diagonal are identity
matrices of dimension corresponding to the number of 27,27, 2%, and z¥ variables
in that order.

Ly, B By Bs
o-| 0 oy 0 0

0 0 Inth—2)(n—h—1) By

0 0 0 Ln—n-1)

Matrix B; has two ones in each column in order to balance the presence of the
negative element of the diagonal of the identity Ij,(,_1). Matrix B> has a single one
in each column in order to satisfy (23) with equality. This can always be achieved
because a coefficient of the identity I(,,+n_2)(n—n—1) represents an arc with exactly
one vertex in T'. Suppose that the z;; =1 with i € T and j € N\ (SUT). Then it
is clear that we can define z;, = 1 with i’ € T, i’ # 4 and all other coordinates z;;
set to zero, so as to obtain z(§(S,T)) — z(E(T)) = 1.

Matrices B3 and By have a single one in each column. Identity I(,_p—_1) has
ones of the form z;, = 1 or z,;, = 1 with i € N\ (SUT). So as to achieve the
equality in (23) with a PLO, we need to consider an arc (j,v) from T to S (matrix
Bs) and another arc (4, 7) from T to N \ (SUT) (matrix By).

Matrix @ is upper triangular, hence it is not singular. Thus, we have n(n — 1)
affinely independent points satisfying (23) with equality. O

2-Partition inequalities
Here we introduce a class of facet defining inequalities that further generalizes
the class of double triangle (12) and double simplex (23) inequalities.

Let S and T be subsets of N such that SNT =@ and (SUT) C N. We define
the 2-partition inequality induced by S and T, or (S, T')-inequality for short, as:

(24) 2(6(5,T)) = 2(E(S)) — z(E(T)) < min{|S], |T}.
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The support graph of a 2-partition inequality with S = {1,2,3} and T' = {4,5,6, 7}
is shown in Figure 7. Note that, if |S| = 1 and |T| = 2, the corresponding (S, T)-
inequality is a dT inequality. Also, if |S| = 1 and |T'| > 2 the (S, T)-inequality
corresponds to a double simplex inequality.

FIQURE 7. 2-partition inequality

Theorem 3.11. For every n > 3 and every two nonempty disjoint subsets S,T of
N the corresponding 2-partition inequality (24) is valid for Ppro(Dy,). It defines a
facet if and only if |S| # |T|.

Proof: Assume without loss of generality that |S| < |T'|. We prove the validity
of (24) by induction on |S| + |T| applying the Chvatal-Gomory procedure. Let
|S| =1 and |T'| > 1. For |T'| = 2 the result is immediate since in this case we have
a dT inequality. For |T'| > 2 the result follows since the (S,T') inequality becomes
a double simplex inequality.

Now, let |S| =s > 2,|T| =t > 2,|S|+ |T| = h, and suppose that (24) is valid
for |S|+|T) < h— 1. For every v € S, consider the (S \ {v}, T)-inequality,

(25) 2(6(S\{v}, 1)) = 2(E(S \ {v})) = 2(E(T)) <5 -1,
and for every v € T consider the (S,T \ {v})-inequality,
(26)  z(0(S, T \{v})) — 2(E(S)) — 2(B(T \ {v})) < min{s,t —1}.
By induction hypothesis, all these inequalities are valid for Ppro(D;). Adding up
the inequalities (25) for every v € S and (26) for every v € T we obtain
27)(s +t—2)(2(6(S,T)) —z(E(S)) — 2(E(T))) < s(s = 1) + t(min{s,t — 1}).
If |S| < |T, then (27) yields
s(s+t—1)
s+t—2 I=1ls+
If |S| =T, i-e., s = t, then (27) can be written as
(25 = 2)(2(0(5,T)) — 2(E(S)) — 2(E(T))) < s(2s - 2),
which implies that z2(0(S,T)) — z(E(S)) — z(E(T)) < |S|.

So, inequality (24) is valid for Ppro(D,). When |S| = |T| the above proof
shows that the inequality (24) can be obtained by nonnegative linear combinations
of other valid inequalities, and therefore it does not define a facet of Ppro(Dy,).

Now assume that s = |S| < |T'|. We first prove that (24) defines a facet of
PpLo(Dh) when h = |S| + |T|

2(3(8,1)) = 2(B(S)) = 2(B(T) < | ——I=1sl

s+t
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Let F = {z € Ppro(Dy) : 2(0(S,T)) — z(E(S)) — 2(E(T)) = s} be the face
defined by inequality (24) in Ppro(D},), and let F' = {z € Ppro(Dy) : 1z = 7o}
be a generic face of Ppr,o(Dy,) such that F C F'.

Notice that: (a) F is a proper face of Ppro(Dy), since z = 0 belongs to
Ppro(Dp) \ F; (b) F is nonempty since if we match each vertex in S with a
distinct vertex in T and take one of the arcs joining each of those pairings, we
obtain a linear order partition whose incidence vectors lies in F' and (c) inequality
(24) is valid for Ppro(Dy).

Therefore, if we prove that 7z < g is a scalar multiple of z(§(S,T)) — 2(E(S)) —
z(E(T)) < s, we can conclude that (24) defines a facet of Ppro(Dp). We use the

following notation: indices i1, ... ,is represent an arbitrary order of the elements
of S and indices ji,...,Js,Js+1,- .- ,jt represent an arbitrary order of the elements
T.

Let 2! and 22 be two points of Ppro(Djy) representing the following set of arcs,
bOth Of size S: P1 = {(il,jl),- .. ,(’L.S_l,js_l), (’is,js)} and P2 = {(il,jl),. ey
(ts—1,Js—1), (Js,is)}- It is clear that P; and P, both represent partitions in linear
orders and that z!, 2?2 € F C F'. Therefore, we conclude that 72! = 722 and

(28) Tisjs = Tjgiss ViSES, VjSET.

Hence, the coeflicients of opposite arcs in §(S,T') are equal.

Let 2z be a point of Ppro(D}) representing the PLO of size s with the following
set of arcs: P3 = {(i1,51),---,(is—1,5s—1), (is,js+1)}. Since 2,23 € F C F', it
follows that mz' = 72® and we get that m;_j;, = m;,j.,,, for all iy € S and for all
JssJs+1 € T. As indices denote an arbitrary order of elements of S and T', we can
conclude that, for a fixed vertex i € S,

(29) mi; =i, ¥V j,5 €T.

Let 2* be a point of Ppro(D},) representing the set Py = PyU{(is, js+1), (Js, js+1)}-
As both 2!, 2* € F C F' we have that 72! = mz*. Thus,

(30) Migfatn +7Tjsjs+l =0, Vig € S, Vjs,js+1 eT.

Let 2z° be a point of Ppro(D},) representing the set Ps = PiU{(is, js+1), (Js+1,Js)}-
Clearly 2!, 2% € F C F' are incidence vectors of PLOs. Therefore, 72! = 72°. Thus,

(31) Tisjst1 + Tjet1ds — 07 Vis € S: v js:jerl € T:
and from (30) and (31) we get
(32) T = Tj'j, Vj,jIET.

Let 2% and 27 be two points of Ppro(Dp) representing the following sets of

arcs P6 = {(ilajl)a' .. 7(is—27js—2)7 (is—lajs)a (isajs—l)} and P7 = P6 U {(is—la
Gs+1)s (4s,ds+1)}. Since 28,27 € F C F', it follows that m2° = 727 therefore

(33) Mig 1jet1 +7rjsjs+1 =0, Vig_1 € S, v js,js+1 eT.

Hence, from (30) and (33) we get m;_j ., = mi,_,j.,,- As indices denote an
arbitrary order of elements of S and T', we can conclude that given a fixed vertex
jeT
(34) Tij = Ti'j, ‘v’i,i'ES.

Thus, from (29), (34) and (28), we get
(35) ﬂ'ij:ﬂ'ji:)\,ViES, VjeT.
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From (31), (32) and (35), we get
(36) T = -\ V¥ j,j’ eT.

Let 28 be a point of Ppro(D,) representing the arc set Py = P; U {(is—1,7s),
(isyjs—1)s (is_1,%5), (js—1,7s)}. Since z!,28 € F C F', we have that m2! = 728,
Hence m;,_,;, + m,j,_, + mi,_yi, + 7j,_,j, = 0. Combining the last equation with
(35) and (36), we obtain m; = —X, V4,i’ € S, and therefore (24) defines a facet of
Ppro(Dp).

For any vertex v € T there exists a matching M C §(S,T) of size s, not covering
v. Since M is a PLO whose incidence vector lies on F' and v a vertex satisfying
condition (%), Theorem 3.9 holds and therefore the (S, T')-inequality defines a facet
of Ppro(Dy,), for all n > h. This completes the proof. a

2-Chorded cycle inequalities
Given digraph D,,, let (N(C),C) be a directed cycle in D,, and C? the set of

2-chords of C' with the same direction of C. In other words, if arcs (h,7) and (i, j)
belongs to C then arc (h,j) belongs to C2. Then, the inequality

(37) ()~ =09 < |1}

is the 2-chorded cycle inequality induced by C. Figure 8 shows a 7-cycle and its
set of 2-chords.

FI1QURE 8. 2-chorded cycle inequality

Theorem 3.12. Let (N(C),C) be a cycle in D,, with |C| > 5 and let C? be the set
of 2-chords of C'. Then, the 2-chorded cycle inequality (37) induced by C is valid
for Ppro(D,,) and defines a facet of Ppro(D,,) if and only if |C| is odd.

Proof: We start by showing the validity of the inequality. Suppose without
loss of generality that C = ((1,2),(2,3),...,(2h,2h + 1),(2h + 1,1)) so C? =
{(i,74+2) mod (2h+ 1) : 1 < i < 2h + 1} is the set of 2-chords of C. For each arc
(h,7) of C?, we consider the two arcs (h,4) and (i,7) in C such that they induce
the following triangle inequality

(38) Zhi + Zij — Zhj <1.
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Adding |C| inequalities of the form (38), one for each arc of C?, and the valid
inequality —2z(C?) < 0 we obtain, after dividing the resulting inequality by 2, that
(39) «(0) - (¢ <

Since the left hand side of (39) is integer in every vertex of Ppro(Dy,), by applying
Chvatal-Gomory procedure we can round the right hand side while keeping validity.
On the other hand, it is clear that when |C] is even, (39) can be obtained as a linear
combination of valid inequalities of the form (38) and then it does not define a facet
of PPLO (Dn) .

Now, we show that the inequality defines a facet of Ppro(Dap+1), then by using
Theorem 3.9 we extend the result to n > 2h 4+ 1. Thus, let us suppose that
|C| = 2h + 1, h > 2. Moreover, assume that all indices are computed modulo
2h + 1.

Let F = {z € Ppro(Dapyt1) : 2(C)—2(C?) = h} be the face defined by inequality
(37) in PPLO(D2h+1) and F' = {Z € PPLO(D2h+1) LTz = 7T0} be a generic face
of Ppro(D2p+1), such that FF C F'. Notice that: (a) the feasible solution z = 0
belongs to Ppro(Dan+1) \ F, hence F' is proper and (b) F' is not empty since the
arc set {(2,3),(4,5),...,(2h,2h 4+ 1)} is a PLO and its incidence vector satisfies
(37) at equality.

We prove that 7z < 7 is a scalar multiple of z(C) — 2(C?) < h. Then, we
conclude that (37) defines a facet of Ppro(D2pt1)-

For each i € N let P; be the set of arcs of size h given by P; = {(i + 1, +
2),(i+3,i+4),...,(0+2h—1,i+ 2h)}. Notice that P; defines a partition into
linear orders in which the vertex i is a singleton. Moreover, 2% € F C F' for all
i € N. Therefore,

(40) 2Pt =P = = P = .

Since PiAP;1o = {(i,i +1),(i + 1,i + 2)} and 72" = 7zF+2 = 75, we conclude
that m; ;41 = mit+1,i42. Thus, for all arcs in C' we have the same coeflicient, i.e.:

(41) Jd AeRy suchthat 7. =AVeeC.

Let Q; = P; U {(i,i +1),(i,i + 2)}, for all i € N. Since 29 € F C F', for
all i € N, m2P = 729 Hence, m; ;11 + miit2 = 0 which together with (41) and
Tii+2 = —A, implies that there exists A € Ry such that 7y = —, for all f € C2.
From (40) and (41), we conclude that mo = hA.

Let R; = P, U{(i+ 1,i),(i + 2,4)}, for all i € N (see Figure 9 (a)). Since
2Bie FCF' foralli€ N, rzli =mzF and hence
(42) Mit1,i + Tit2,i = 0.

Let S; = Pia U{(i 4+ 2,i+ 1), (i + 2,4)}, for all i € N (see Figure 9 (b)). Since
2% e FCF' foralli e N,z = 725 we have that
(43) Tit2,it1 + Tit2,i = 0.

From (42) and (43), we conclude that 742,41 = 741, and, therefore,

(44) 3 a € R, such that 7z =, Ve € C.

Let T; = Pipy U{(i +2,i+1),(i+3,i+ 1)}, for all i € N (see Figure 9 (c)). But,
zlie FCF forallie N, w2zt = nz%i. Hence, mi42,:4+1 + Tiy3,i+1 = 0 and, from
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(43), we conclude that —m;y2 ;41 = Tit2,; = Tit3,i+1. Therefore,
(45) 3 a € Ry such that 77 = —a, V fe c’.

At this point, we split the proof in two parts. We first consider the case h = 2.
Then, we investigate the case h > 3. For h = 2, i.e. |C| = 5, consider the partition
into linear orders induced by the arc set {(1, 2), (3,4), (3,2), (4,2),(3,1),(1,4)}. The
incidence vector of this arc set lies in F'. Moreover, since the first two arcs are in
C, the third arc is in C and the three remaining arcs are in 62, the previous results
imply that 2A + a — 3a = 2\. Thus, we conclude that a = 0 and the proof for
h = 2 is complete.

Suppose now that h > 3 and assume that j € {3,5,...,2h — 3}. Let U} =
P;U{(i,i+j),(i,i+j+1)}, foralli e N. Since 2V € F C F', 7P = 72U¢ and

(46) Tiitj + Tiitjt1 = 0.

Let U2 = P; U{(i + j,i), (i,i +j + 1)}, for all i € N. Since 2% € F C F',
r2P = 7207 and
(47) Titji + Tiitj+1l = 0.

Let U? = P; U {(i + j,7),(i + j + 1,i)}, for all i € N. Since VP e FCF,
r2P = 7207 and
(48) Titj,i + Titj+1,i = 0.

From (46) and (47), we conclude that m; ;+; = miyj,;. From (47) and (48), we
conclude that m; ;441 = Ty jy1,:. Then,
(49) Tijitj = Tidkjyi = —Tiitjbl = —Tigjt1,i-

Let Wy =Py U{(i+j+1,0),0+j+1,i+1),G+7+2,i),6G@+75+2,i+ 1)},
for all i € N (see Figure 10). Since z"Vi € F C F', nzP" = m2"i hence
(50) Titjt1,i T Titjt1,i+1 + Titjg2,i + Tipjtr2,i+1 = 0.

From (48) and (50), we conclude that

(51) i jl,i = ~Mitjt2,i-

Now, consider the linear order partition induced by the arc set K; = P;_1 U
{(i+3,4),(i+3,i+1),(i+2,i+ 1), (i +2,7)} whose incidence vector is in F. Since
(¢4 3,i+1) and (i + 2,7) are both in T and (i4+2,i+1)isin C, from (44) and
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(45) we obtain that m;4+3; = a. Moreover, from (49) and (51), we can extend this
result to

(52) Q= M43, = M43 = —Titds = --. == —Ti12p—2,i = —T4i+2h—2-

Now, consider the PLO whose incidence vector belongs to F' and with arc set
given by Piion_sU{(i,i4+2h—2),(i,i+2h—1),(i—1,i+2h—2),(i—1,i+2h—1)}.
Since (i,i+2h — 1) and (i — 1,i +2h —2) are in O, and (i — 1,i +2h —1) is in C,
we obtain m; j4op—2 — 2 +a = 0 = m; ;492 = a. Comparing the last equation
with (52), we conclude that a = 0.

Finally, to see that the double cycle inequality also defines a facet of Ppro(Dy,)
for all n > 2h + 1, observe that every node i together with the PLO P; satisfies the
condition (L) of Theorem 3.9. The result follows. O

Double 2-chorded cycle inequalities

Let (N(C),C) be a cycle in D,, and C? in the set of 2-chords of C'. The sets
formed by the inverse arcs of C and C? are denoted as C and C2, respectively.
Figure 11 shows a double 7-cycle and its set of 2-chords. The inequality

— — c
53) 2(0) +2(0) - 2(¢?) — (0 < 1))

is the double 2-chorded cycle inequality induced by C.

FIGURE 11. Double 2-chorded cycle inequality
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Theorem 3.13. If (N(C),C) is a cycle in D,, with |C| > 5, then the double 2-
chorded cycle inequality (53) induced by C' is valid for Ppro(D,,). It defines a facet
of Ppr.o(Dy) if and only if |C| is odd.

Proof: Let C =((1,2),(2,3),...,(]C|—1,|C])). We first prove the validity of the
(53). Given three consecutive vertices i — 1,4, 4+ 1 in C, they induce the following
double triangle inequality (12)

Zi-1, F Zijit1 — Zic1,41 T Zii-1 T Zig1,i — Zit1,i-1 < L

Adding |C| inequalities of this form, one for each triple of consecutive vertices of
C, we get 22(0) 4 22(C) — 2(C?) — 2(C?) < |C|.

If we add to the last inequality the valid inequalities —z(C?) < 0 and —z(C2) < 0
and dividing the resulting inequality by 2, we obtain
(9]

5
The left-hand side of (54) is integer for every vertex of Ppro(D;). Thus, we can
apply the Chvatal-Gomory procedure and round the right hand side of the above
inequality. On the other hand, it is clear that, for |C| even, inequality (54) can be
obtained as a linear combination of other valid inequalities and therefore it does
not define a facet of Ppro(D,,).

Now, suppose that |C| = 2h + 1 for h > 2. Moreover, let C* = {(i,i +
2) mod (2h + 1) : 1 < i < 2h + 1} be the set of 2-chords of C. As in the pre-
vious proof, assume that all index computations are done modulo 2h + 1.

Let F' = {z € Ppro(Dapy1) : 2(C) + 2(C) — 2(C?) — 2(C?) = h} be the face
defined by inequality (53) in Ppro(Dapt1). Let F' = {z € Ppro(Dapy1) : 2 =
7o} be a generic face of Ppro(Dapt1) such that F C F'. Notice that: (a) the
feasible solution z = 0 belongs to Ppro(Dan+1) \ F, so F is proper, and (b) F is
not empty since the arc set {(1,2), (3,4),...,(2h,2h+1)} is a linear order partition
whose incidence vector is in F. L

We prove that 7z < 7o is a scalar multiple of 2(C) + z(C) — 2(C?) — 2(C?) < h
to conclude that (53) defines a facet of Ppro(Dant1)-

For each i € N let P; be the arc set given by P, = {(i + 1,i + 2), (i + 3,7 +
4),...,(i+2h —1,i+ 2h)}. Notice that |P;| = h and its incidence vector lies in F'.
Then, 72"t = 722 = ... = gzPmi1 = 1.

Now, since P;AP; o = {(i,i+1),(i+1,i+2)} and 2" € F C F' foralli € N,

(54) 2(0) + 2(C) — 2(C?) — 2(C?) <

nzti = mzfi+2. Therefore, m; ;41 = miy1,i42, i.e. all arcs in C have the same
coefficient, or
(55) I X eRy such that 7, =\, Ve e C.

Foralli € N,let Q; = P;,U{(i,i+1), (i,i+2)}. Since 2@ € F C F', nzF = 72@1.
Then, m; 41 + Tii+2 = 0 which, together with (55) and 7; ;42 = — A, implies that
(56) 3 X € Ry such that 7p = —\, V f € C?.

Let R; = P,U{(i+1,i), (i,i+2)}, foralli € N. Since 2% € F C F', 2P = gz
Then, 41,5+ mi 42 = 0. From (56) we conclude that m;41,; = A or, more generally,
that 7z = A, for all € € C.

Let S; = P;U{(i+1,4),(i +2,i)}, Vi € N. Since 2% € F C F', w2 = 725
and hence m12; = m; ;42 = —A. In general, we can write that T = =\, for all
fec2.
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Since for (C'UC U C? U(C?) = Ds, the results above are enough to prove that
(53) defines a facet of Ppr,o(Ds). To prove that it also defines a facet of Ppro(Dy)
for all n > 2h + 1, observe that every node i together with the PLO P; satisfies
the condition (L) of Theorem 3.9. So, from now on, assume that h > 3. We
show that 7, = 0 for all g € E\ (CUC U C?UC?). To this end, assume that
j€{3,5,...,2h—3).

Let U} = P, U{(i,i + j),(i,i +j + 1)}, for all i € N. Clearly zVi € F C F',
P, U}

therefore mz!% = wz% and

(57) Tiitj + Tiirje1 = 0.

Let U? = P,U{(i + j,i),(i,i +j + 1)}, for all i € N. Clearly 2V e FCF.
2

Therefore 7zl = 72V and

(58) Titji + Tijitj1 = 0

Let U} = P,U{(i +j,i),(i +j + 1,9)}, for all i € N. Clearly P e FCF.

. 3
Thus 727 = 72Y and

(59) Titji T Titj+li = 0.

From (57) and (58), we conclude that m; ;+; = miyj;. From (58) and (59), we
conclude that Tii+j+1 = Tidj4+1,i- Then,

(60) Tijitj = Titji = ~Tiitj+l = ~Titj4i-

Let Wi = P;1 U{(i+j+l)i))(i+j+1>i+1)>(i+j+2)i))(i+j+2;i+1)};
for all i € N (see Figure 13). Clearly z"i € F C F', therefore 72%" = m2"i and we
obtain

(61) Titjt1,i T Titjt1,i+1 + Titjg2,i + Tigjtr2,i+1 = 0.
Equations (60) and (61) imply that m4j+1,; = —Tit+j+2,4. This last equation
joint with (60), allows us to write that a; = T3, = T it3 = —Tii4a = —Tiqd,i =
. = —Tiyon—_2,; = —T; it2n—2, for some constant a; and for all € {1,...,2h+1},.

More generally, for k € {3,...,2h — 2},

kg

(62) Titk,i = Tiivk = (—=1)
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Now, define i’ =i+ 2h —2 — ¢ and k = 3 + ¢ for ¢ ranging from 0 to 2h — 5. If
we rewrite equation (62) for i’ and k, we get

Tirphe =T ogr = (-1 oy =
(-1

_ _ 444
Tt 2h—2—+3+L,i+2h—2—€ = Ti42h—2—0,i = )Y ray =

¢
Titoh+1,it2h—2—0 = (—1) Qitan_2_¢ =
¢
Tiit2h—2—0 = (—1) Qiyan_a_s.

Now, if we let k' = 2h — 2 — £, the equation above can be rewritten as

(63) Tipk! i = Tiiph! = (_1)klai+k’;
with k' ranging from 3 to 2h — 2. Notice here that we have used the fact that ¢ and
k' have the same parity, so (=1)¢ = (=1)*".

By comparing (62) and (63), we get that

(64) (—1)k+104i = (_l)kai-i-k =  —0 = Qtk-

Rewriting (64) for i4+2h—5 and k = 3, we obtain —a;42n-5 = @j12n—2. Repeat-
ing the computation above for k = 2h —2 and k = 2h—5, we obtain —a; = aq2p-—2
and —q; = Qjyon—5.

The last three equations imply that «; = 0 for all ¢ € {1,...,2h + 1}. This
completes the proof for Ppro(D;,). To prove that the inequality also defines a
facet of Ppro(Dy,) for all n > 2h + 1, observe that every node i together with the
PLO P; satisfies the condition (L) of Theorem 3.9. O

At a first glance, it may be intriguing that both inequalities (37) and (53) define
facets of Ppro(D,). However, for three distinct vertices ¢, j and k, it is easy to find
points of the polytope that satisfy at equality the double 2-chorded cycle but not
the 2-chorded cycle inequality. To see this, it is enough to consider the incidence
vectors of the feasible solutions obtained by reversing the arcs of the sets P; defined
in the proofs of Theorems 3.12 and 3.13. The inverse statement is also easy to
show. It follows from the fact that the incidence vectors of the arc sets K; defined
in the proof of Theorem 3.12 do not satisfy inequality (53) at equality.

3.3.2 The polytope P}, ,(D,,)
Facets in (y, z)-space

We now investigate the facial structure of Py ,(D,). Initially the inequalities
in the linear system of Theorem 3.2 are considered. Then, a lifting theorem is
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given which shows that under certain assumptions a facet defining inequality of
Pp1o(D,,) also defines a facet of P;_f,”LO(Dn) for some values of p. This last theorem
allow us to extend some of the facet results seen before to the PLO polytope in the
(y, z)-space.

Consider the inequality (15). Using the equation (14), the inequality can be
written in the following form:

m—1
zij + zji + (L= yie) — Yik = 2i5 + 2ji + Z Yie — Yk < 0.
£=0,0#k

A closer inspection of the above inequality suggests that it belongs to a larger class
of inequalities which takes the following general form:

(65) zij + zji + Z Yik — Z yir <0,

ke My k&Z My
where M is a nonempty and proper subset of M. The following result holds.

Theorem 3.14. For every pair of vertices (i,7) in N x N and for every nonempty
and proper subset My of M, the inequality (65) defines a facet of PPy (D).

Proof: The validity of the inequality when z;; 4 z;; = 0 is trivial to check. On the
other hand, if z;; + z;; = 1, there exists £ € M such that y;o = y;, = 1. Therefore,
exactly one of the two summations in the left hand side of the inequality has value
one. This completes the proof of validity.

Now, let F' = {(z,y) € Ppyo(Dn) : 2ij + 2ji + Lpens, Yik — kg, Yir = 0} be
the face defined by inequality (65) in Pg} (D), and let F' = {(z,y) € P} 5(Dy) :
7z + By = o} be a generic face of PY} ,(Dy) such that F C F'.

In the remainder of the proof a feasible solution is represented by a list of ordered
sets of vertices in the form {uy, us,. .., up}r meaning that vertex u; precedes vertex
uj for all 1 < ¢ < j < p and all these vertices are assigned to machine k. Moreover,
the list may contain an element of the form (W,M') for W C N and M' C M
which denotes an arbitrary assignment of the vertices of W to the machines in M’
in such a way that at most one vertex is assigned to each machine.

Notice that: (a) F' is a proper face of Py} ,(Dy), since it does not contain the
incidence vector of the feasible solution given by ({i}s, {7 }r, (N \{%,5}, M\ {¢, k}))
for any given ¢ € M, and k ¢ M;; and (b) F is nonempty since it contains the
incidence vector of the feasible solution ({i,j}e, (N\{, 5}, M\ {¢})) for any £ € Mj.
Thus, since inequality (65) was shown to be valid, it defines a facet of P2} (D)
if there exist scalars A > 0 and «,, for u = 1...n, such that

n n
(mz + By = mo) = AM(zij + zji + Z Yik — Z yir = 0) + Zau(zyuk =1).

keM, kg M, u=1 k=1

Case 1: Given uw € N\ {i,j}, £ ¢ M; and two distinct elements b and ¢ in
M \ ¢, the incidence vectors of ({i,j}e, {u}s, { }e, (N \ {i,4,u}, M \ {¢,b,c})) and
i, 5} e, { to, {ule, N\ {i,7,u}, M\ {£,b,c})) are in F. Therefore, comparing the
values of 7z + By for these incidence vectors, yields ., = oy, for all b € M and all
we N\ {i,j}.

Case 2: Given two distinct vertices u and v in N \ {i,j}, £ ¢ M; and two dis-
tinct elements a and b in M \ £, the incidence vectors of ({,7}s, {u}qa, {v}s, (N \
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{isg,u, v}, M\ {€,a,b})), ({i,7}e; {u,v}a, { }o, (N \ {4, 5, u,0}, M\ {{,a,b})) and
({1} e (v, ubar { Yon (N \ {i, ., 0}, M\ {£,0,b})) are in F. Comparing the values
of mz + By for these incidence vectors and using case 1, yields 7y, = 7y, = 0 for all
wand vin N\ {i,j} with u # v.

Case 3: Given a vertex u in N\ {,j}, £ & My, ¢’ € My and a in M \ {£,{'}, the
incidence vectors of

({i}e, {3}es {uta, (N\ {0, 4w}, M\ {L, €, a})),
({i}e, (g, ue { Yo, (NN, Gy ul, MAA{E L, al),
({ite {w, dyers { as (NN LG, Gy ub, MAALL, € a})),
(i ube, {aes { Yo (N\ Ay Gy ul, MA AL, €, a}))

and ({u,i}e, {5} { Yo, (N\{i, 7, u}, M\ {£,¢' a})) are in F. Comparing the values
of mz + By for these incidence vectors and using case 1, yields m;, = Ty = Tjy, =
my; = 0 for all win N\ {4, j}.

Thus, from cases 2 and 3, all the coefficients of = but 7;; and 7;; are null.

Case 4: Given { ¢ M, the incidence vectors of ({i,7}e, (N \ {3,5}, M \ {£}) and
({7,i}te, (N \ {i,5}, M \ {¢}) are in F. Comparing the values of 7z + By for these
incidence vectors yields m;; = mj; = A

Case 5: Given two distinct elements b and ¢ not in My, two distinct elements d
and e in My, ain M\ {b, ¢, d, e} and two different vertices v and v in N\ {7, j}, the
incidence vectors of ({u,v}q,{i}s,{ }es {d}a, (N \ {i,4,v,u}, M \ {a,b,c,d})) and
({u,v}a, { }o,{i}e, {4}a, (N \ {i,4,v,u}, M \ {a,b,c,d})), are in F. Comparing the
values of mz + Sy for these incidence vectors S, = a; for all b & M.

Moreover, the incidence vectors of ({u,v}a, {i}s, {j}da,{ }e, (N \ {i,4,v,u}, M \
{a; b,d, 6})) and ({uv ’U}a, {i}lh { }d) {j}e; (N \ {iaj; v, U}, M\ {a) b,d, 6})), are in F'.
This implies that 34 = a; for all d € M;.

From the previous results and considering the first feasible point of F' presented
in case 5, we obtain that mo = >_I'_| ay.

Case 6: Consider again the first solution in case 1. From the results derived in
cases 1, 4 and 5, we obtain that

Ao+ Bje+ Z Q = To :Zau—kaj.
utit] utj

Hence, we conclude that 3;; = —A + «; for all £ in M;.

Case 7: Let £ be in M. Then, the incidence vector of ({7, j}¢, (N \{i,7}, M\ {¢}))
is in F. Computing the value of wz + Sy for this vector and using the results of
cases 1, 4 and 5, leads to

A+ Bie +aj + Z y :Zau.
uFi#] u

Thus, B;y = —\ + «; for all £ in M; and the proof is complete. a
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Consider now inequality (16). Using equation (14), the former inequality can be
written as

l

yir + Wik — 1) = 2ij — zji

(66) Yik — Z Yje —zij — 25 < 0,
0EM,(#k

A

for which the following result holds.

Theorem 3.15. For every pair of vertices (i,j) in N x N and for every k in M,
the inequality (66) defines a facet of P} o(Dy).

Proof: The validity of the inequality when z;; + z;; = 1 is obvious. On the other
hand, if z;; + zj; = 0, the vertices ¢ and j must be on different machines. If vertex
1 is not in k, the left hand-side of the inequality is negative while, if ¢ is in k then j
is not and therefore the left-hand side is null. This completes the proof of validity.

Now, let F' = {(2,y) € Ppio(Dn) : Yik = D penrer it — #ij — 2ji = 0} be the
face defined by inequality (66) in PP} ,(Dy), and let F' = {(z,y) € Py} 5(Dy) :
mz + By = o} be a generic face of PY} ,(Dy) such that F C F'.

We use the same notation as in the proof of Theorem 3.14. Notice that: (a) F'
is a proper face of P} ,(Dy), since it does not contain the incidence vector of the
feasible solution given by ({i,j}¢, (VN \ {i,j}, M \ {£})) for any given ¢ # k; and
(b) F is nonempty since it contains the incidence vector of the feasible solution
{iYe, {3 e, (N\{3,5}, M\ {¢,k})) for any ¢ # k. Thus, since inequality (66) was
shown to be valid, it defines a facet of PP} ,(D,,) if there exist scalars A > 0 and
Qy, for u = 1...n, such that

n n
(mz + By = m0) = A(yix — Z Yyje — zij —2ji = 0) + Zau(z Yur = 1).
k=1

(€ M0k u=1

Case 1: Given a vertex u in N \ {i,j} and any two distinct elements a and b
of M \ {k}, the incidence vectors of the following feasible solutions are in F":
({63} {hon € Joo (N i, b, M b, ), (4,3 { b {0}, (N 47,5, 0}, M
{5, KD, ({7, 3 b Yoo N\ {is, b, M\ {a, by £1), and ({5,330, { }or 11 (N
{i,j,u}, M\{a,b,k})), Therefore, by comparing the values of 7z + Sy for these inci-
dence vectors, we conclude that 8,, = a,, for all u € N\ {i,j} and all a € M \ {k}.

Case 2: Given two distinct vertices w and v in N \ {4, j} and any two distinct ele-
ments a and b of M\ {k}, the incidence vectors of the following feasible solutions are
in F: ({Z,]}k; {u}aa {v}bv (N\{Zvj) u}: M\ {aa b, k}))v and ({Z)J}Iw {’LL, U}av {}b) (N\
{i,j,u}, M\ {a,b,k})). Thus, using case 1 and by comparing the values of 7z + Sy
for the previous incidence vectors, one concludes that m,, = 0 for all v and v in

NA\{i,j}-
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Case 3: Given a vertex u in N \ {i,j} and two distinct elements a and bin M \ k,
the incidence vectors of the following feasible solutions are in F*:

({i}k: {7}as futs, (N\ {3, 7}, M\ {a, b, k})),
(i, ubp, {7} as { 1o, N\ {5}, M\ {a, b, k})),
{uwite, {7} ar { Jo, (N \A{i, 5}, M\ {a, b, k}))
({i}ks {ds ubas { Jo, (NN i, 5}, M\ {a, b, k})),

and ({i}x, {u,7}a,{ Jo, (N\{i,5}, M\ {a,b,k})). Comparing the values of 7z + By
for the first two solutions, we conclude that m;,, = 0. Analogously, the second and
third solutions imply that 7, = my;- Finally, the first and the fourth solutions
imply that m;, = 0 while the fourth and the fifth solution imply that mj, = my;.
Summing up, we have that m;, = my; = 7j, = myj =0 forall u e N\ {3,;}.

From cases 2 and 3, we have that all the coefficients of 7 are null except those
for edges (i,7) and (j,1).

Y

Case 4: Consider again the vertex uw and the elements a and b of M as defined in
case 1. The incidence vectors of the solutions ({7, j}x, {u}a, { }s, (N \ {3,4,u}, M\
{a,b,k})) and ({7, i}k, {u}a, { }», (N\{%,4,u}, M\ {a,b,k})). are in F. Comparing
the values of w2 + By for these vectors, we can conclude that m;; = 7j; = —A.

Case 5: Let a and b be two distinct elements in M \ {k}. The following incidence
vectors of feasible solutions are in F: ({j}k,{i}a,{ }o, (N \ {¢,5}, M \ {a,b,k}))
and ({7}, { }a, {2}, (N\ {i,5}, M\ {a,b, k})). Therefore, comparing the values of
mz + Py for these vectors, we can conclude that ;, = a; for all a # k and a € M.

Case 6: Consider again the first solution of case 5. Computing the value of 7z + Sy
for this vector and using the results in cases 1 and 5, we obtain that: a; + a; +

ZuEM,u#i#j Oy = Zu Oy = T0-

Case 7: Consider again the first feasible solution given in case 2. The incidence
vector of this solution is in F. By computing the value of wz + By for this vector
and using the results obtained for the previous cases, we obtain that:

A+ Bik +aj + Z au:Zau.

uwEM,uFi#j ueM

Therefore, we have that S;; = A + ;.

Now consider again the first feasible solution given in case 3 whose incidence
vector is in F. By computing the value of wz + Sy for this vector and using the
results obtained for the previous cases, we obtain that:

>\+ai+6ja+ Z auzzau-
uE M, uFi#j ueEM

Therefore, we have that 5, = —A + «; for all a € M with a # k. This completes
the proof O

Some of the facet defining inequalities found in the previous subsections for
Ppro(D,,) also define facets for PIZ"LO(Dn). This can be shown by means of The-
orem 3.16 which gives some necessary conditions under which the lifting operation
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for the higher dimensional space is possible. The lemma below is useful to prove
this result.

Lemma 3.1. Let F be a face of P};"LO(DH) that is contained in the hyperplane
vy + 7z = mo. Then v, = a; for all k € M provided the following condition is
satisfied:

(X) for all k € M there exists a point (y*,z*) in F for which j is the only task
assigned to processor k and there exists a processor £ € M \ {k} for which
no task is assigned. Moreover, if task j is assigned to processor { instead of
processor k another point in F is obtained.

Proof: This result can be easily obtained by applying the indirect construction
method described in [5]. O

Theorem 3.16. Let Sz < Bo a facet defining inequality for Ppro(Dy). Suppose
that for every vertex j in D, property (X) holds with respect to the hyperplane
Bz = Bo. Then Bz < Py is facet defining for Py} (D).

Proof: Let F = {(y,2) € P%;(Dy) : Bz = Bo} be a face of PL;,(D,) and
F'={(y,2) € P} 5(Dn) : vy +mz < m} be a generic face of PZ; ,(D,,) such that
F C F'. If we prove that vy + 7z < mg is a positive scalar multiple of 5z < o,
plus a linear combination of equations (14), the proof will be completed.

Since property (X) holds, by Lemma 3.1 we have that ;x = a; for all k € M.
Thus, the contribution to the left hand side of yy+7z < g of the assignment of task
j to a processor is always the same, which proves the relations of the coefficients for
the y variables. Now, given any two integer points in F, say (y1,21) and (ys,22),
since F' C F' we have that yy; + w721 = 7ys + m22. From previous results on the
coefficients of the vector 7, this leads to w21 = mwz2. Thus, using the same affinely
independent points as in the proof that 8z < fy is facet defining for Ppr,o(D,), we
complete the proof that the inequality also defines a facet of PJyDPLo (D). O

For the 2-chorded and the double 2-chorded cycle inequalities in (37) and (53),
it is easy to check that all points presented in the proofs of Theorems 3.12 and
3.13 satisfy the conditions of Theorem 3.16 when p > h + 3. Since validity of both
inequalities for Py ,(D,,) is obvious, the next two results hold.

Theorem 3.17. Let (N(C),C) be a cycle in D,, with length at least 5 and let C* be

the set of 2-chords of C. Then, the 2-chorded cycle inequality z(C) — z(C?) < L@J

induced by C is valid for Pph, (D,) and defines a facet of P, (Dy) if |C| is odd
|C]—1

and p > —5— + 3.

Theorem 3.18. Let (N(C),C) be a cycle in D,, with length at least 5. Let C* be
the set of 2-chords of C, and C and C? the inverse sets 0]2’ and C?. Then, the
double 2-chorded cycle inequality z(C) + z(C) — z(C?) — 2(C?) < leﬂj induced by
C is valid for P, 5(Dy). Moreover, it defines a facet of Py, (D) if |C| is odd
IC]-1
and p > ~5— + 3.
For the 2-partition inequality in Theorem 3.11, we cannot apply Theorem 3.16

because there are no roots of this inequality in which a vertex in S forms a singleton.
Nevertheless, we show below, this inequality also defines a facet of P2} ,(Dy,).
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Theorem 3.19. For every n > 3 and every two nonempty disjoint subsets S,T of
N with |S| < |T| and |S|+ |T| < |[N|—1. The corresponding 2-partition inequality
(24) defines a facet Py} (Dy,).

Proof: First notice that validity is immediate from Theorem 3.11.

Now, let F' = {(z,y) € P}}o(Dy) : 2(6(S,T))—2(E(S)) —2(E(T)) = |S|} be the
face defined by inequality (24) in PP} 5(Dy), and let F' = {(z,y) € P}} (D) :
7z + By = o} be a generic face of PY} ,(Dy) such that F C F'.

Again we use the same notation as in the proof of Theorem 3.14. Moreover, let
S be the set {iy,is,...,is} and let T be the set {j1,jo,... ,Jjt}

Notice that: (a) F is a proper face of P2} ,(D,,), since it does not contain the inci-
dence vector of the feasible solution obtained by assigning exactly one vertex to each
machine and (b) F is nonempty since it contains the incidence vector of the feasible
solution given by ({ilajl}la {iQ,jQ}Q, e, {i37js}37 {js+1}3+1, e, {jt}t7 (N \ (N U
T),M\{1,...,t})). Thus, since inequality (24) was shown to be valid, it defines a
facet of PPy (D) if there exist scalars A > 0 and a,, for w = 1...n, such that

n n
(w2 + By = mo) = A(2(8(S,T)) = 2(E(S)) = 2(E(T)) = |S]) + D au(D_ yur = 1)
u=1 k=1

Consider the feasible solutions below:

Wi = ({ir, Jito, Lizsdztey - oo 5 sy Js b Udst1 fog1ys oo o Ut bes LUt erns { ez,
(N\ (NUTU{u}), M\ {L,....t+2}))

Wo = ({i1, 1 }1, {i2, d2 Yo, - - 5 {0s, s tso st bogays - - 4t ter £ Yo, {utera,
(N\(NUTU{u}),M\{1,...,t+2}))

The incidence vectors of these solutions, say (z,y)! and (z,y)? are in F and, there-
fore, in F'. By comparing (m,[)(z,y)! with (7, 3)(z,y)? we obtain that for all
u g SUT, Butr1 = But+2 = , for some constant a,,. Since the indices can
be permuted to obtain solutions that are symmetrical to W; and W5, the general
conclusion is that 3, = a, for all k € M.

Moreover, since |T'| > |S| we can interchange the roles of any vertex of T' with
that of u. By repeating the same argument as above, one reaches the conclusion
that, for all a € M, B;, » = «;, for some constant a;,.

Now consider the solutions given by

Ws = ({ }1,{iz,d2tos -+ s {iss Jsts {st Fognys - oo 5 Lt ke, 11, 51 Hean,
(N\(NUT),M\{1,...,t+1}))

Wy = ({ir, 1 }1, Lizs g to, - oo 5 {isy Jsts {dst1 Yoo -5 Lt des L Heans
(N\(NUT),M\{1,...,t+1}))

Let (z,y)® and (z,y)* be the incidence vectors of these solutions. Since they are
both in F, by hypothesis they also belong to F’. Thus, comparing the values of
(m,B)(z,y)® with (7, 8)(2,y)* and using the results obtained so far, one concludes
that 3;, 1 = Bi, ++1. However, since the indexes of the machines can be permuted
arbitrarily, one can get in that §;, r = «;, for all kinN and for some constant o, .
Moreover, this reasoning can be repeated for all vertices in S which then leads to
the general conclusion that, for all u € S, By,r = a, for all k € N and for some
constant ay,.-
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The results attained so far, show that for any feasible point (z,y) in F', the
contribution of By to the left-hand side of w2+ By = 7 is always given by >, - n .
This means that with respect to inequality (24), the machine to which the vertices
are assigned is irrelevant. Therefore, the relationships among the coefficients of the
vectors 7, 8 and 7o that still have to be established to prove that the inequality (24)
defines a facet can be obtained using exactly the same points that are given in the
proof of Theorem 3.11 O

4. FURTHER VALID INEQUALITIES FOR MSPC

The inequalities described in the previous section involve only the z and y vari-
ables. However, the formulation of MSPC in Section 2 also contains the e variables,
which are meant to represent the starting times of the jobs. Therefore, they are
closely related to the makespan. To strengthen the integer programming model,
we study inequalities which establish strong links between the e variables and the
y and z variables.

4.1. Successors’ inequalities. Let j be a task and k£ be a processor. These
inequalities say that the sum of the processing times of all the tasks in the successor
set of j that are assigned to machine k plus the completion time of task j cannot
exceed the makespan. They can be viewed as liftings of inequalities (7) and are
written as follows:

m—1
(67) e; + Z djryjr + Z dikyik < Cmax, forall (j,k) € N x M.
k=0 1€EQ;

If the precedence graph has a unique sink represented by task n — 1, the suc-
cessors’ inequality above can be strengthened. Notice that, in this case, the task
n — 1 will not be processed until all other tasks have been completed. Therefore,
task n — 1 is never processed in parallel with other tasks and its processing time
can be added to the left-hand side of (67). This leads to the new inequality below:

m—1 m—1
(68) i+ Y dwyn+ Y divir+ Y, dn1a¥n 1.8 < Conax,
k=0 i€Q; h=0,h+k

for all (j,k) € N x M.

4.2. Predecessors’ inequalities. The aim of these inequalities is to take into
account the total processing time of the tasks scheduled to processor k£ when com-
puting the starting time of task j. If j is also scheduled to processor k, its starting
time is at least as large as the sum of the processing times of the tasks that have
been scheduled earlier in processor k. This class of inequalities is given by:

(69) E dir (Yjx + yix — 1) + E dit (Yjk + yix — 2ji — 1) < ej,
i€EP; IER;
for all (j,k) € N x M

The validity of inequality (69) is now discussed.

Assume that ¢ € P; and both tasks ¢ and j are processed in processor k. In this
case, the value of the first summation of (69) is d;; while in any other case this value
is nonpositive. We now turn our attention to the second summation. When 1 is in
R;, if task j is not executed in processor k, then y;; = 0 and y;r +yir —2;; —1 <0



MULTIPROCESSOR SCHEDULING UNDER PRECEDENCE CONSTRAINTS 33

which makes the inequality redundant. On the other hand if task j is executed in
processor k, then y;;, = 1 and three situations may occur:

1. If ¢ is executed in processor k and prior to j, then y; + yir — 25 —1 =1 and
the contribution of task ¢ to the summation is d;y,

2. If { is executed in processor k and later than j,then y;; + yir — 25 —1 =0
and the task ¢ does not contribute to the summation.

3. If ¢ is not executed in processor k, then y;i + yir — 2z;; — 1 = 0 and the
contribution of task i to the summation is null.

The arguments above ensure that the inequality is valid.

In analogy to what happened to the previous inequalities, a strengthen is pos-
sible if the task precedence graph has a unique source. In this situation, the task
corresponding to the source vertex, say task 0, is not executed simultaneously with
other tasks. Thus, whichever the processor executing task 0, its processing time can
be added to the left-hand side of inequality (69) which yields the stronger inequality
below:

m—1
(70) > donyon + Y dir(yjk + yir — 1)+
h=0,h+£k ieP;
Z dik (Yjk +yix —zji — 1) <ej, forall (j,k) € N x M.
IER;

5. CONCLUDING REMARKS

We proposed a new integer programming formulation for the problem of mul-
tiprocessor scheduling under precedence constraints. This formulation has much
fewer integer variables than those which appeared earlier in the literature.

A subset of the constraints in this formulation has a strong combinatorial struc-
ture which defines the set of characteristic vectors of the partitions of a graph into
linear orders. A polyhedral investigation of the convex hull of these vectors yielded
several results on facet defining inequalities for this new polytope. Further research
in this direction will be helpful to strengthen the integer programming formulations
of a large variety of multiprocessor scheduling problems.

We have also designed and implemented a branch-and-cut algorithm based upon
families of strong valid inequalities presented in this paper. Computational exper-
iments on a set of real-life instances have shown that the algorithm is capable to
solve many instances to optimality. Most of the duality gaps for these instances have
been reduced to less than 10%. The structure of the branch-and-cut algorithm and
detailed computational results will be reported elsewhere in a forthcoming paper.
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