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Abstract

Primal-Dual Interior-Point Methods (IPMs) have shown their power in solving large
classes of optimization problems. However, there is still a gap between the practical behavior
of these algorithms and their theoretical worst-case complexity results with respect to the
update strategies of the duality gap parameter in the algorithm. The so-called small-update
IPMs enjoy the best known theoretical worst-case iteration bound but their performance in
computational practice is poor, while the so-called large-update IPMs have superior practical
performance but with relatively weaker theoretical results. This gap was reduced by Peng,
Roos, and Terlaky [7] who introduced a new family of Self-Regular (SR) proximity functions
based IPMs. In this paper, by restricting us to linear optimization, we propose an adaptive
single step large-update IPM for a class of SR-proximities. At each step our algorithm
chooses the target value adaptively and the update is a large update. The new algorithm
does not do any inner iterations, unlike other large update methods. An O (qn%1 log %)
worst-case iteration bound of the algorithm is established, where ¢ is the barrier degree of
the SR-proximity. For a special choice of g the best complexity for large-update IPMs is
established.

Keywords: Linear Optimization, Primal-Dual Interior-Point Method, Self-Regular Proxim-
ity Function, Polynomial Complexity.

1 Introduction

Since Karmarkar’s seminal paper [4], many researchers have proposed and analyzed various
interior-point methods (IPMs) for solving large classes of optimization problems. For a survey
of these results we refer to the recent books [12, 15, 16] on the subject. In this paper, we deal
with primal-dual IPMs for solving the following standard Linear Optimization (LO) problem:

(P) min{c’z : Az = b,z > 0},
where A € R™*™ satisfies rank(A) =m, b€ R™, ¢ € R", and its dual problem

(D) max{bTy : ATy +s=cs>0}.
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Without loss of generality, we may assume that both (P) and (D) satisfy the interior point
condition (IPC), i.e., there exists an (2°,%°,5%) such that Az° = b, 2° > 0, and ATy + s° =
¢, s° > 0. For detailed discussions on the IPC and some other properties mentioned in the sequel
the reader is referred to the literature, e.g., [12]. If the IPC holds, then finding optimal solutions
of (P) and (D) is equivalent to solving the following system:

Axr =b, = >0,
ATy—i—S:c, s>0, (1)
xs =0,

where s € R™ denotes the componentwise product of the vectors x and s. The basic idea of
primal-dual IPMs is to replace the third equation in (1) by the parameterized equation zs = ue
with e = (1,...,1)T. This leads to the following system:

Ax =b, = >0,
ATy—i—s:c, s>0, (2)
TS = e.

If the IPC holds then, for each p > 0, system (2) has a unique solution. This unique solution
(denoted by (x(u),y(u), s(p))) is called the u-center of the primal-dual pair (P) and (D). The
set of p-centers with all u > 0 gives the central path of (P) and (D), respectively [5, 14]. It has
been shown that the limit of the central path (as p goes to zero) exists. Because the limit point
satisfies the complementarity condition, it naturally yields optimal solutions for both (P) and
(D) [12].

Primal-dual IPMs follow the central path (z(u),y(u), s(1)) approximately, and approach the
optimal solution sets of the underlying LO problems as p goes to zero. Let us briefly indicate
how this works [12, 15, 16]. Without loss of generality we assume that the present point (x,y, s)
is in a certain neighborhood of the central path for some positive pu. We first update p to
py = (1 — O)u, for some § € (0,1). Note that # can be constant, it may depend on the
dimension n, or may also be dependent on the actual iterate. Then we solve the Newton system

AAx =0,
ATAy + As =0, (3)
sAz +xAs = pre —zxs

to obtain the unique search direction (Ax, Ay, As). By taking a step along the search direction,
where the step size is chosen so that the new iterate has significantly smaller proximity value
w.r.t. (x(ps),y(py), s(us)). We repeat this procedure until the present iterate is ‘close enough’
to (x(p4),y(p+), s(u4)), and thus we can set p := p4. Then p is reduced again by the factor
1 — 0 and we apply Newton’s method again with targeting the new p-center, and so on. This
process is repeated until g is small enough.

Note that our primary goal is to reduce the duality gap as fast as possible. This is done
by subsequently decreasing the parameter p with a ratio 1 — 6 at each outer iteration of the
algorithm. As a consequence, the choice of the parameter 6 has an important role in the design
and analysis of IPMs. Usually, if 6 is a constant independent of n, the dimension of the problem,
for instance 6 = %, then we call the algorithm a large-update (or long-step) method. If § depends

on the problem dimension, such as § = ﬁ, then the algorithm is called a small-update (or short-

step) method. Theoretical worst-case complexity results with respect to small-update methods
have so far the best O(y/nlog%) iteration bound, while large-update methods based on the



classical Newton direction have a worse O(nlog %) iteration complexity. In spite of weaker
theoretical complexity results, large-update IPMs perform much better in practice than small-
update methods [1, 2, 6]. To resolve this discrepancy, Peng, Roos, and Terlaky have recently
introduced recently the family of SR-proximity functions for IPMs and for a special member of
the SR family established an O(y/nlognlog Z) iteration bound for large-update IPMs [7].

In this paper, we focus on the approach suggested in [7, 8] where new IPMs are indrouced
based on SR proximity functions. The basic idea in [7, 8] is to employ a specific class of SR~
proximity functions and consequently its induced search directions in the algorithm. To describe
briefly the algorithm in [7, 8], we need to introduce some notations and define SR functions. For
any strictly feasible primal-dual pair (z,s) and g > 0, we define the vectors

s _ 1€
v= /=, and v '=,/"=,
7 s

whose " components are \/x?l and ,/ﬁ, respectively. Observe that v = e holds if and only

if x = x(u) and s = s(p), i.e., the vectors z and s are on the central path. For ease of reference,
we also scale the search directions Az and As in the scaled v-space as

dy = vAT and dg:= UAS. (4)
x s

Using this notation the Newton system (3) can be written as

Ad, =0,
ATAy +d, =0, (5)
-

dz+ds: 1_07

where A = iAV_lX with X = diag (z) and V! = diag (v™!). Observe that the right-hand-
side of the third equation in (5) is the projected steepest descent direction for the primal-dual
logarithmic barrier function

T,2

n
e'vt—n
—5 Zlogvi.
i=1

The new SR search directions introduced in [7, 8] are slight modifications of the standard Newton
direction. They are defined as solutions of the following system:

Ad, =0,
ATAy +d, =0, (6)
dy +ds =v % —w,

where ¢ > 1 is a parameter.

This search direction is defined also as the projected steepest descent direction of a proximity
function in the scaled space, where the proximity function is a SR proximity function introduced
in [7, 8]. SR proximity functions are induced by one dimensional self-regular kernel functions
that are defined as follows.

Definition 1.1 A function (t) € C? : (0,00) — R is self-reqular if it satisfies the following
conditions:



SR.1 (t) is strictly convex with respect to t > 0 and vanishes at its global minimal point t =1,
i.e., (1) =4’ (1) = 0. Further, there exist positive constants vo > 11 >0 andp > 1, ¢ > 1
such that

(P 1) <) S v+ ¢7179), Yt € (0,00); (7)
SR.2 For any t1,t9 > 0,

Gty ") < rp(ty) + (L—r)e(ty), Vre[0,1]. (8)

If ¢(t) is SR, then parameter g is called the barrier degree and p the growth degree of the SR
function v (t).

There are two popular families of SR functions. The first family is given by

_tp“fl =11 pfq(

Tra) =0 T o) T ;e

t_1)7 pqula (9)
with 1 = v = 1. The second family is defined as

tp-‘rl_l tl—q_]_
L,q(t) = >1,qg>1 10
p,q() p+1 + Q*l , P= 1, ¢4 ) ( )

with 1 =1 and v, = gq.
Let! v € R .. Then an SR-proximity ¥ : R, — R, measures the discrepancy between v
n
and e = (1,1,---,1)T, and is defined as ¥(v) = 3 (v;), where 9(¢) is a univariate SR function,
i=1
called the kernel function of the SR-proximity. Using the notation introduced by (4), the authors
in [7, 8] have designed the Newton system (11) in the scaled space that gives the projected

steepest descent direction w.r.t. a SR-proximity. This direction is the unique solution of the
new system,

Ad, =0,
AT Ay +dy = 0, (11)
dy +ds = =V (v).
One can easily verify that the search direction given by (6) is the projected steepest descent
direction w.r.t. the I'y 4(¢) family of SR functions.
Using the notation ®(z, s, u) := ¥(v), the algorithm in [8] is outlined as Algorithm 1.

'Throughout R’} denotes the positive orthant and R’} denotes the nonnegative orthant in R™.



Algorithm 1: A Large-update SR-IPM

Input:

A proximity parameter T;

an accuracy parameter € > 0;

a fixed update parameter 0, 0 < 6 < 1;

(2°,5%) and p® = 1 such that ®(2°,s°, u°) < .
begin

x:=2a0 5:= 5% pu:=pu’

while nu > e do

begin
= (1—0)p;
while ®(z,s,u) > nr do
begin

Solve the system (11) for Az, Ay, As;
determine a step size «;

T:=x + oA
5= s+ aAs;
Y=y + aly.
end
end
end

It should be noted that in the algorithmic scheme presented in Algorithm 1, y is treated as an
independent parameter, not related to the present duality gap. This is different from what is
implemented in most IPM solvers [1, 18], where p is always chosen as a fraction of ITTS, ie., pis
directly linked to the current duality gap 2”'s. Further, when search directions induced by SR
proximity functions are used, it is not so easy to estimate how the duality gap changes along the
Newton step [10]. It is possible that the duality gap increases after a step in the inner process of
the algorithm, even if the target p value is smaller than ”"TTS We will elaborate on this issue in
Section 2. We also point out that in IPM solvers, one always employ an adaptive large-update
at each iteration and only one or very few inner iterations are needed to recenter. Although such
a heuristic is very efficient in practice, there is no theoretical explanation for this phenomenon.
We note that the proximity function ¥(v) has a dominant role in Algorithm 1, and the role of
the proximity and its interplay with the p updating strategy needs further investigation. In this
paper we focus on one of the specific classes of SR functions with kernel functions

2 -1 tlm1—1
w(t):Zqu(t)=< 5+ 1 )

where p = 1, ¢ > 1. At each iteration our algorithm chooses the target p value adaptively and
does not do any inner iterations.

The paper is organized as follows. First, in Section 2, we explore the role of the parameter p
w.r.t. one of the SR classes of proximity functions with kernel function ¢ (¢). Then we discuss
how the duality gap changes along the search direction. In Section 3, we propose a family of
new IPMs and establish its complexity. Finally, we close this paper by some concluding remarks
in Section 4.



A few words about our notation. Throughout the paper || - | denotes the 2-norm of vectors.
We denote by Z the index set Z = {1,2,...,n} and 2~ Ts™t = 3,727 s; . For any = =
(x1,22,...,2,)T € R, opin = min{xy,22,...,7,} is the smallest component of z and Ty is
defined similarly to denote the largest component. We also denote o = [jv — v ™.

2 Properties of the Proximity Function

In this section we investigate some properties of the family of SR proximity functions
elv2—n  elvl-1—n

2 + q—1

Py(z, s, 1) == V4(v) = (12)
with respect to the argument p, where (x, s) are fixed and ¢ > 1. This family of SR-proximity
functions is induced by the kernel functions I'i4(t) given by (10). Let the current iterate be
(x,s) and let pg := ITTS denote the parameter value associated with the current duality gap.
Next, we consider the behavior of the function ®4(x,s, ) w.r.t. p. The following result gives
the global minimum of the proximity function.

Proposition 2.1 For any fized (xz,s) > 0, the prozimity function ®q(x,s, ), as a function of

W, has a global minimizer at
2

* I'TS @t
=\ T 1= .
CEN

Proof: It can be easily proved that for any ¢ > 3 the proximity function is strictly convex and
for any 1 < ¢ < 3 the proximity function is quasi-convex. Using the strict and quasi-convexity of
the proximity function and the optimality conditions, one can easily show that u* is the global
minimizer of the proximity function. a

One can easily prove the following proposition.

Proposition 2.2 The prozimity function ®4(z,s,p) is a decreasing function w.r.t. p when
w < p*, and it is an increasing function of p if p > p*.

In [10], for the special case ¢ = 3, the authors used the property ®4(x,s,uq) = Pq4(z, s, pp),
where pp, is the harmonic mean of the components of the vector xs. In this paper, for the
general case, instead of u;, we use

2

X n o
Mh = ———— 1= s
CEis

as a generalized harmonic mean. Unfortunately, in general the relation ®4(x, s, pg) = Pq4(z, s, fin)
does not hold.

The following lemma [13] plays an important role in the definition of the SR neighborhood.

Lemma 2.3 Let 7 > 2 be a constant. Then, the following statements are equivalent.

1) g2 <,

2) @y (w5, 52) < T

2
q—1
) s sg) < )"



Proof: By the assumption of the lemma we can write pgy = 7/ij, for some 7 < 7. It follows
that

=l 1-q.p 1-g
o) <l T T
q < 2 q—l
G
< (T—l)n+ ((T) 2 1)” < (T—l)n.
=73 q—1 =

This completes the proof that 1) implies 2). One can easily prove that 2) implies 1). For 1)
implies 3) we have

q

l-g.p 1=g ot 1
pt @755 (7T 1)

qg—1 - q—1

(I)q(xy S, Mg) =
One can prove analogously that 3) implies 1) and thus the proof is complete. O

Using Lemma 2.3, an SR neighborhood of the central path is defined by
N = {(z,y,s)|(z,s) >0, Az =b, ATy+s=c, Q4(x, s, 1ug) < n(n, 1)}, (13)

T2 —1

q—1
n
where n(n,7)} = (ql) with 7 > 2.

Now we proceed to discuss the properties of SR search directions for different updates of p.
Note that, due to the specific choice of the kernel function ¢ (t), we can rewrite system (11) in
the original space as:

AAx =0,
AT Ay + As =0, (14)

g+1 1—gq l1—gq
2

sAx +zAs=p 2 (x72)s

— IS.

Let us denote the solution of system (14) by (Az(u), Ay(u), As(u)). The following two lemmas
discuss the change of the duality gap along the search direction (Az(u), Ay(u), As(p)) for p =
w*, and for p = fip.

Lemma 2.4 Let (Ax(p*), Ay(up*), As(p*)) be the solution of system (14) with p = p*. Then
the relation
T As(p*) + sT Az (p*) =0

holds.

Proof: The lemma follows immediately from the choice of u*. O

Corollary 2.5 If the targeted p parameter is p*, then the duality gap will not change for any
feasible step size a, i.e.,

(z + aAz(u*) T (s + aAs(u*)) = z7's.

Lemma 2.6 Let (Ax(fin), Ay(fin), As(fin)) be the solution of system (14) with u = fip,. Then
the relation

wT As(fn) + 5" Ax(pn) = nfy, — "'

holds.



Proof: Using the third equation in (14) with p = fi;, we have

g+1 1—q 1—gq

sTAz+2TAs =, (x72 )'s2 —als=npy, —2Ts.
The proof is completed. |
Corollary 2.7 If the targeted p parameter is fiy, then the search direction based on our specific

SR-proximity function and the standard Newton direction will predict the change of the duality
gap in the same way.

Since we are working with a large neighborhood, we define @ as the maximum allowed
value of the proximity function w.r.t. p the target p value. One can see that ®4(z, s, p) = @
if and only if y; satisfies the equation

2(x12;q)T31§7qu%1 —2n+7(g—Dn)p+(g—1)zTs=0. (15)

This equation has two positive roots. One is less than or equal to p* and the other is larger
than equal to p*. In the algorithm we will use the smaller positive root u; as the target value
at each iteration. One can easily prove that p; < fi5, holds when pg < 7/, with p; = fi, if and

only if pg = 7jip.

Lemma 2.8 Let py be defined by equation (15). Then the inequality

fun < 2T pug
holds.

Proof: The function in (15) is a convex function w.r.t. u. If we replace u by % in that
function and use the fact that p1y > fi5, then the function value is larger than
2 1 -1
+1 =

o+l

2r)y=z T 2

(16)

It is sufficient to prove that (16) is nonnegative. Since 7 > 2 is a positive constant, one can
easily show that (16) is a strictly increasing function of ¢ for ¢ > 1. For ¢ = 1 the value of this
function is zero and thus for ¢ > 1 the function is positive. This completes the proof of the
lemma. |

When p; is the target value, analogue to Lemma 2.4, we can get the following result.

Lemma 2.9 Let (Ax(ut), Ay(ue), As(uy)) be the solution of system (14), where p = p; is de-
fined by equation (15). Then the relation

2T As(py) + sTAx (i) = i, (z72 ) s 2" — 2Ts
holds.

Recall that in traditional IPMs, based on the standard Newton direction, we need to solve
system (3) at each iteration. In this case, if we set the target uy = g, then the solution of
system (3) will satisfy

@l 1-gq.p 1-g
tTAs+ sTAz=p, 7 (272 )Ts2 —als.



This implies that if the targeted parameter is py, then

q+1
2

(2 + ala () (s + als(u)) = (z + aAa) (s + aAs) =2Ts [1—a+ 22| a7)

q—1

Mg,ahT

Remark 2.10 If u; ~ fip, then (17) implies that the search direction based on our specific SR-
proximity function and the standard Newton direction will predict the change of the duality gap
at1

O

almost in the same way (If s = fin, see Corollary 2.7). But if uy < fup, then the ratio “tiq;l
/Jg/th
is very small and for the SR search direction the duality gap reduction is much larger than it

would be when using the standard Newton direction.

3 An Adaptive Single Step Large-Update IPM

In this section we consider a specific variant of Algorithm 1. This variant is more flexible in
updating p and closer to what is implemented in IPM solvers than Algorithm 1, mainly because
we use large-update at each iteration and we do not employ any inner iterations to recenter. In
our algorithm we use the family of SR-proximity functions given by (12).

To motivate our design, let us start by considering an implementational issue in the algorithm.
Suppose that the present point (z,s) is in a certain neighborhood of the central path. Then we
solve the linear system (14) for the search direction (Ax, Ay, As), from which we can estimate
the maximal feasible step size amax. A popular heuristic for choosing the step size in IPM
solvers is to use a damping factor to amax, say 0.995amax, as a step size. Of course, if the value
of the corresponding proximity function is too large for this step size, then we can reduce the
step size appropriately so that the value of the proximity function at the new iterate is below a
prescribed threshold. Note that it is also possible that the proximity function has a relatively
small value for the step size 0.995a.x. In this case, theoretically we can still increase the step
size so that the value of the proximity function remains below a prescribed bound. However, in
practice this might not be a good idea. Since the step size is already quite close to the maximal
feasible step size, even a small increase of the step size may cause numerical problems or drive
the iterate too close to the boundary of the feasible region. In this situation, it is better to use
the default value 0.995a4,.x as the step size. Note that after such a step, we have an iterate
(z, s) with a small proximity function value. Motivated by the above observation, we change the
procedure of Algorithm 1. Further, we utilize a parameter 7 > 2 to keep control on the distance
of the iterate to the central path. Recall the results of Lemma 2.3 that quantify the relation
between 4, fip, and the corresponding proximity values. As specified in (13), the definition of
the neighborhood N, we force the value of the proximity function (12) to satisfy the relation:

=n(n, 7). (18)

In our algorithm, regardless of the iterate is close to, or is far away from the central path, we
always make a large update of the central path parameter p.

Remark 3.1 The assumption T > 2 is necessary to keep o = ||lv —v™9|| > 1, what is a helpful
property in the complexity analysis of the algorithm.



For simplicity we use the notation z(«) := = + aAz, y(a) ==y + aAy and s(«a) := s+ aAs.
Correspondingly we also define

z(a)T's(a)

pga) = DY u*(a)=<

n

2
z(2)"s(a) >q+1
(2(a) 7" s(a) 3"

At each step, we stipulate that the step size should be chosen such that the proximity function

Py (z(a), s(a), uy) has a sufficient decrease while the proximity function w.r.t. p, () still satisfies
(18) at the new iterate. The new algorithm is presented in the scheme Algorithm 2.

Algorithm 2: An Adaptive Large-Update SR-IPM

Input:
A proximity parameter 7 > 2;
an accuracy parameter € > 0;

(z,8) = (2%, %) such that Zz <.
begin

while 275> ¢ do

begin

p = p computed from (15);
Solve system (14) for Az, Ay, As.
begin

Determine a step size a such that
q—1 qg—1

B(x(a), s(a), ) < Byla, s, pg) — Lo Lalisw) T
and jig(a) < i (a);
z=2xz(a); y=yla); s=s(a).

en

end
end

Remark 3.2 At each iteration, the step size « has to be chosen such that the proximity function
O (xz, s, 1) decreases sufficiently. In the sequel we present a default value for o, based on the actual
value of the proxzimity function.

Remark 3.3 For a practical itmplementation, it would be advantageous to choose the step size
a so that it minimizes the proximity function ®q(x(a),s(e), pe), while the constraint pg(o) <
Thn(a) is satisfied. However, this would require an exact line search. Instead of this, in the
analysis of Algorithm 2 we solve the line search problem approximately so that the value of the
function ®4(x(), s(a), pue) is decreased sufficiently. Theorem 3.5 gives a default value for such
a step size.

We proceed to analyzing the complexity of the algorithm. The key element of the analysis
is to estimate the value of the step size o used in Algorithm 2 that imply sufficient reduction
of pg. For this we need to explore the changing behavior of the functions ®,(z(a), s(a), pg(cx))
and ®,(z(w), s(«), pt). To simplify the analysis, we use the notation v, d,, ds for the system (11)
when p = i is chosen as described in Algorithm 2. First we give a lower bound for the maximal
feasible step size and the decreasing behavior of the proximity function ®4(x(«), s(a), fut).

10



Lemma 3.4 Let (Ax, Ay, As) be the solution of system (14) where p = p is defined by equation
(15). Then the mazimal feasible step size, amax, Satisfies

Proof: We know
V(Omax) = (U + Omaxda) (0 + Qmaxds) 2 = V(e + Qmaxt ™" da) % (€ + Omaxv ™ dy) 3,
that is nonnegative if
e+ amaxv*1d$ >0, and e+ amaxv’ldx > 0.
These inequalities imply

1
> .
Gma = (0 Tdy, v 1dy )|

We also know that
_ e d)|

Umin

1
<o(l+o)s,

H (’U_ldx, U_lds)
where the last inequality follows from Proposition 3.11 of [7]. This completes the proof of the

lemma. O

Theorem 3.5 Let (Ax,Ay, As) be the solution of system (14), where u = p; is defined by
equation (15). Then for any step size a < a* = 3%, the relation

q—1 qg—1
22 Py(z,s,pn) 9
2,20, 8(0), 1) < Pyl 5, ) — )
24q
holds.
Proof: Let
ha): =4 (z(a),s(a), u) — ‘I’q(ﬂﬁ S5 i) (19)
2 a1
o@? —n  [o@= [ =n o —n o= —n
qg—1 2 g—1 7
where v(a) = % = (v+ Oédx)%(?} —|—ads)%. Using condition SR.2 of Definition 1.1 we have
1 n
_ 1—q 2
hia) < v vT (dy + dy) 5T ;’W—FO& (20)
n 1gp2 .
2 =
q—l ;UZ—FOZ : 1(0&).
It can be easily shown that
’ 2 " q
hi(0) =——, and hy(a) < T(Umm —ao) "4

Then we have



Clearly ha(a) is a convex function and twice differentiable in the interval [0, &). Let us denote
by «f the global minimum of hy(«) in the interval [0,@). Then «f is the unique solution of the
equation

—02 + 0 ((Vmin — @) ™7 — (Vmin) ") = 0.

By using Lemma 1.3.1 of [7], it is easy to show that af > a* = —L1—. Then by Lemma 1.3.3
3qo(1+0)4
of [7], for any a < a* we have
a1
o q
h < - .
(@)= =21
We also have o2 > 2®,(z, s, 1) (see Proposition 1.3.5 [7]), that completes the proof. O

We proceed to estimate the proximity function ®4(z(a),s(a),ug(e)) or, equivalently, the
function ®4(z(w),s(a), u* (o)) for a feasible step size when p; is used in Algorithm 2 as the
targeted parameter. For this it suffices to consider the function ®4(z(c), s(a), pu*), because the
inequality ®,(z(a), s(a), p*(a)) < ®4(z(®), s(a), u*) holds.

Theorem 3.6 Let (Ax,Ay,As) be the solution of system (14) where p = ¢ is defined by
equation (15). Then for any step size a < a*, the relation

Dy (z(), s(a), pg(a)) < (7—2__11>n

holds.

Proof: By using Theorem 3.5, we know that any a < o™ is strictly feasible. We also know

@,(a(), (), (o)) = L

Using Proposition 2.2 and that u(a) < (), for any a < o we have

2,(a(0), s(0). () < T,
that by Lemma 2.3 is equivalent to
(TL; — 1) n
Py (z(), s(a), pg(a)) < 1
This completes the proof of the theorem. a

To obtain an upper bound for the total number of iterations of the algorithm, we need to
estimate the value of the step size a® or the change of the parameter u; before and after an
iterate. The following technical lemma is needed for the complexity analysis.

Lemma 3.7 Let vy = ﬁ for some 0 € (0,1). Then we have:

g—1
U, (v) nb on [1— (&) 2
< q 2T .
Yolvs) < 775 +2(1—9)+1—9< q—1

12



Proof: From the definition of the proximity function we have

PN ol
Vo(vy) = B q—1
— —q (12
Lyl —n =0 o= -n
= -
2 q—1
1—q [|2
1 o[> = n v 2 -n nf nd
RN Lo
S 1-90 2 q—1 2(1-0)  (¢—1)(1-0)
)
a=1 1 v
+((1—0)2 —1_9> ) (21)
1—q [|2
U, (v) né 6 ”_‘“2
< +
= 1-6  201-6) 1-6 q—1
()"
1 2
v, (v) no on |1z
< A 22
it tica| 9=t |’ (22)

where the last inequality follows from Lemma 2.8. This completes the proof of the lemma. O
By applying Lemma 3.7 to Theorem 3.5, we can prove the following theorem.

Theorem 3.8 Let7 > 2 and (Ax, Ay, As) be the solution of system (14) as defined in Algorithm
2, and let o* be the default step size as defined in Theorem 3.5. Then

(I)q (x(a*)vs(a*)) (1 - G)Nt) < qu(ﬁ,s,ut),

where -
P Vit

_ .
24q (5 +1+ %7 )n"s0

Proof: From Lemma 3.7, it can be seen that to prove the theorem it suffices to choose 6
satisfying the inequality

g—1

o 0 (1- (%)%

Qg (x(a), s(a®), ue) + - + 1 ) <(1=0)P4(x, s, pr)-

Using Theorem 3.5 we conclude that the above inequality will certainly be satisfied if

a—1 g—1 g=1
ng 1o (1 —(35) 2 ) 22 O (x, s, 1) 20
oP — < o .

Recalling the fact that ®4(x, s, 1) = (T_Ql)n, we can rewrite inequality (23) as:

a1 — _
) (T—l)n+n+”(1_(21¢)2) e
2 2 g—1 - 24q ’

13



This relation implies that if we choose

) (r—1)=
24q (% +1+ 1°§T> n'a
then
Oy (z(a”), s(a”), (1= 0) ) < y(x, s, ),
that completes the proof. O

Now we can proceed to discuss the complexity of Algorithm 2. By the choice of u; we know
that the proximity function ®4(x, s, j¢) keeps invariant for all the iterates. Let us denote by wt
the target parameter value after one step. Then we have

(I)Q(xv S7/~Lt) = (I)q(x(a*)v S(O‘*)vuj)'

On the other hand, form Theorem 3.8 we have

Dq(z(a”), s(a”), (1 = ) < Pyla(a”), s(a), u).

Since the proximity function is a convex function w.r.t. u, we have

u < (1 I G 1)2_qn_2q_)) " (24)

1
24q (5 +1+ 187
Now we are ready to give the complexity of Algorithm 2.

Theorem 3.9 Let T > 2. Then after at most

log

+1
12g (T +2+logT) n%  onr?
(1t — 1)% €

iterations Algorithm 2 will terminate with a feasible solution satisfying x*s < e.

Proof: In light of inequality (24) we know that after at most

a+1
12 (7 + 2+ log ) n 24 2n7?
a-1 log
(r—1) 2 €
iterations we have y; < 5. By using (15), we can see that p, < 272 < —, or equivalently
T
s < e O

The following corollary gives the best complexity for large-update IPMs [7, 8].

Corollary 3.10 When q = log(n), Theorem 3.9 provides the following upper bound for the total
number of iterations:

0] <\/ﬁlognlog n) .
€

14



4 Concluding Remarks

Some interesting properties of the proximity function induced by the family of kernel functions

t2—-1 tim1-1

v = =+

have been explored. In particular, the properties of the proximity function indicate that if
the present iterate is far from the central path, then a large-update algorithm appears to be
a natural choice for finding a good search direction and keeping control on the value of the
proximity function. Furthermore, in some important cases, this self-regularity based search
direction can predict the change of the duality gap along the search direction in the same way
as the standard Newton direction does. Based on these observations, an adaptive single step
primal-dual large-update SR-IPM for solving LO problems has been proposed. We showed that
the complexity of the algorithm matches the one for its analogues presented in [8, 10]. It is worth
mentioning that the adaptive SR-IPM does not use any inner process to get recentered. This is
a common feature shared by most algorithms implemented in IPM solvers and different from the
algorithmic scheme used in [8]. It is worth mentioning that we already have some preliminary
numerical tests for our new algorithm based on a variant of LIPSOL [17, 18]. Compared with
the standard large-update IPM, the number of iterations of the adaptive algorithm is usually
less than or equal to that of the large-update IPM based on the standard Newton direction.
There is another difference between these two algorithms. We utilize a line search routine to
find a suitable step size for our search direction. It is interesting to note that in most cases,
we can really use the default step size 0.995amax. For this step size, the proximity function at

(7'(1%1 —1)n

the new iterate still satisfies ®4(x, s, ptg) < . Nevertheless, extensive numerical tests

are needed to explore the efficiency of the adaptive algorithm. For odd ¢ > 3 we also have the
following relation:

* ) x,Ss, *)2 P z, S, *i;
éq(w,s,ug)z@q(ﬂ?,&u)+%+"‘+ lq(q+lu) q+1.
2(¢-1) (3E25) 7 (g—1n"s

It is an interesting question if there exist such an equality for even q. We are interested in such
an equation because such a relation allows to present a simpler complexity analysis.

There are several ways to extend our results. The first is to generalize our adaptive large-
update IPM for semi-definite optimization and second-order conic optimization. For this we
need to investigate the properties of the proximity function on the cone of semi-definite matrices
and on the second-order cone. In [13] we proposed a new infeasible interior-point algorithm
based on a SR function. Building on the results of this paper one can propose new infeasible
IPMs for a large class of SR functions.

As the authors suggested in [10], we confirm that another extension of the results of this paper
is to consider adaptive large-update IPMs based on general SR functions. However, it seems to
be very hard to design adaptive IPMs for the whole family of SR functions. Recall our results
from Section 2. Some properties of the proximity function rely on the strict and quasi-convexity
property of ®,(z, s, ;) with respect to p. For the I'j4(t) family one can easily verify strict and
quasi-convexity of 1/1(%) However, in general we can not obtain the strict and quasi-convexity

of w(%) from the self-regularity of ¥ (t) (see Proposition 2.1 ). It is worthwhile to explore for
which subclasses of the SR functions such properties holds for w(ﬁ)
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