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Abstract

We study the convex hull of the feasible set of the semi-continuous knapsack prob-
lem, in which the variables belong to the union of two intervals. Besides being im-
portant in its own right, the semi-continuous knapsack problem is a relaxation of
general mixed-integer programming. We show how strong inequalities valid for the
semi-continuous knapsack polyhedron can be derived and used in a branch-and-cut
scheme for mixed-integer programming and problems with semi-continuous variables.
We present computational results that demonstrate the e®ectiveness of these inequal-
ities, which we call collectively semi-continuous cuts. Our computational experience
also shows that dealing with semi-continuous constraints directly in the branch-and-
cut algorithm through a specialized branching scheme and semi-continuous cuts is con-
siderably more practical than the \textbook" approach of modeling semi-continuous
constraints through the introduction of auxiliary binary variables in the model.

Keywords: mixed-integer programming, semi-continuous variables, disjunctive program-
ming, polyhedral combinatorics, branch-and-cut
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1 Introduction

Let n be a positive integer, N = f1; : : : ; ng, N+, N+
1, and N

¡ three disjoint subsets of
N with N+ [ N+

1 [ N¡ = N , and aj > 0 8j 2 N+ [ N+
1 and aj < 0 8j 2 N¡. We

study the inequality description of P = clconv(S), the closure of the convex hull of S, where
S = fx 2 <n : x satis¯es (1); (2), and (3)g, and

X
j2N

ajxj · b; (1)

xj 2 [0; pj] [ [lj; uj] 8j 2 N+; (2)

and

xj 2 [0; pj] [ [lj;1) 8j 2 N+
1 [N¡: (3)

When pj < lj, we call xj a semi-continuous variable, and the corresponding constraint (2)
or (3) a semi-continuous constraint. Note that our de¯nition of semi-continuous variable
is more general than the usual one (Beale [3]), in which pj = 0. When pj ¸ lj, we say
that xj is a continuous variable. The set P is the semi-continuous knapsack polyhedron. An
optimization problem whose constraints are (1), (2), and (3) is a semi-continuous knapsack
problem (SCKP).
Semi-continuous constraints appear in general mixed-integer programming (MIP), since

xj 2 Z \ [0; uj] ) xj 2 [0; pj] [ [pj + 1; uj], where pj is an integer. They also appear more
explicitly in other applications, including production scheduling (Beale [3], Biegler et al. [5]),
portfolio optimization (Bienstock [6], Perold [28]), and blending problems (Williams [31]).
The \textbook" approach to dealing with the semi-continuous constraints (2) is to intro-

duce a binary variable yj in the model for each semi-continuous variable xj, j 2 N+, and
the constraints

xj ¸ ljyj (4)

and

xj · pj + (uj ¡ pj)yj; (5)

see for example Nemhauser and Wolsey [27]. This approach has the potential disadvantage
of considerably increasing:

² the size of the problem, since the inclusion of the auxiliary binary variables doubles
the number of variables, and the inclusion of (4) and (5) adds 2n constraints to the
model;

² the amount of branching, since it may happen that in an optimal solution x to the LP
relaxation, x satis¯es (2) but yj 2 (0; 1) for some j 2 N+, in which case branching on
yj may be performed to enforce integrality;
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² degeneracy of the LP relaxation, due to (4) and (5);

see de Farias et al. [10]. Note that to use the same device to model (3) it is necessary to
assign big-M values to uj in (5). Among other issues, the introduction of big-M constants
may cause severe numerical di±culties. For example, in a basic solution to the LP relaxation,
many times some of the constraints (5) are satis¯ed at equality. If xj 2 (pj; lj) but it is much
smaller than the big-M constant assigned to it, yj will be very small, and the solver may
consider it to be 0. As a result, the solver may consider the LP relaxation solution feasible
(i.e. such that yj 2 f0; 1g 8j 2 N) and fathom the node. The common end result is that the
solver gives as optimal solution one that does not satisfy all semi-continuous constraints.
An alternative to the \textbook" approach that dispenses with the introduction of the

auxiliary binary variables yj and the constraints (4) and (5) in the model was suggested by
Beale [3]. It consists in branching directly on the semi-continuous variables xj by adding
the bound xj · pj in one branch and xj ¸ lj in the other branch, thus enforcing the semi-
continuous constraints (2) and (3) algorithmically, directly in the branch-and-bound scheme.
Note that, this way, all the issues explained in the previous paragraph are immediately
resolved.
We explore Beale's approach further by deriving strong cuts in the x-space valid for P and

using them in a branch-and-cut scheme without auxiliary binary variables (de Farias et al.
[10]) for solving problems that contain semi-continuous constraints. Branch-and-cut without
auxiliary binary variables has been successfully used in the study of other combinatorial
constraints, including complementarity (de Farias et al. [11], Ibaraki [20], Ibaraki et al. [21],
Jeroslow [22]), cardinality (Bienstock [6], de Farias and Nemhauser [12, 13], Laundy [23]),
and special ordered sets (Beale and Tomlin [4], de Farias et al. [9]).
The main tool used in this paper to study the inequality representation of semi-continuous

knapsack polyhedra in the x-space is lifting, see Louveaux and Wolsey [24] for the basic
theory of lifting and recent developments. As part of our lifting approach, we generalize the
concepts of cover and cover inequality (Balas [2], Hammer et al. [18], Wolsey [32]), which
have proven to be of great use in 0-1 programming, for semi-continuous constraints. We also
show how to lift our cover inequalities to derive strong cuts to be used in branch-and-cut.
We call our cuts collectively semi-continuous cuts.
Even though our theoretical results are general, we test their practical value speci¯cally

on problems with integer constraints, semi-continuous constraints, and the constraints

xj 2 [0; pj] [ fsjg [ [lj; uj]; j 2 N; (6)

which we call three-term semi-continuous. They arise, for example, in ¯nancial applications,
see Perold [28]. We show through our computational results that semi-continuous cuts
can be e®ective for general MIP, and problems with semi-continuous and three-term semi-
continuous constraints. Our computational results also demonstrate that branch-and-cut
without auxiliary binary variables is superior to the \textbook" MIP approach for problems
with semi-continuous and three-term semi-continuous constraints.
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Compared to the 0-1 case, polyhedral studies for general MIP are scarce in the literature.
For a review on the use of polyhedral methods for MIP, see the recent studies by Louveaux
and Wolsey [24], Marchand et al. [26], and Wolsey [33]; see also Ar¶aoz et al. [1] and Gomory et
al. [16] for recent developments on the use of the group approach for deriving cutting planes
for general MIP. Louveaux and Wolsey [24] reviews polyhedral results for constraints (4) and
(5). We are not aware of any polyhedral study for three-term semi-continuous constraints.
Throughout the paper we will denote (a)+ =maxf0; ag, where a 2 <. We will adopt the

convention that
P
j2; aj = 0, maxfcx : x 2 ;g = ¡1, and minfcx : x 2 ;g =1, where fajg

is a sequence of real numbers and c 2 <n. We will repeatedly refer to Proposition 1, where
the following notation is used. First, uj =1 8j 2 N+

1. IfX
j2N+[N+1

ajuj > b; (7)

let t 2 N+ [ N+
1 be the smallest index such that

P
fj2N+[N+1:j·tg ajuj > b, and x̂ be given

by x̂j = uj 8j 2 fk 2 N+ : k < tg,

x̂t =
b¡P

fj2N+:j<tg ajuj
at

;

and x̂j = 0 otherwise. If N¡ 6= ;, let r =maxfj : j 2 N¡g, and ~x be given by ~xj = uj
8j 2 fk 2 N+ : k < rg,

~xr =

Ã
b¡P

fj2N+:j<rg ajuj
ar

!+
;

and ~xj = 0 otherwise. Finally, let ¹x be given by ¹xj = uj 8j 2 N+, and ¹xj = 0 otherwise.

Proposition 1 Consider the continuous knapsack problem

max

8<:X
j2N

cjxj :
X
j2N

ajxj · b; xj · uj 8j 2 N+; and xj ¸ 0 8j 2 N
9=; ; (8)

where cj ¸ 0 8j 2 N+ [N+
1, cj · 0 8j 2 N¡, and

c1
a1
¸ ¢ ¢ ¢ ¸ cn

an
:

Then, (8) has an optimal solution i® it is feasible and 8j 2 N+
1; k 2 N¡,

cj
aj
· ck
ak
:

Assume that (8) has an optimal solution x¤. If
cj
aj
>
ck
ak

for some j 2 N+; k 2 N ¡ fjg, then x¤j = uj whenever k 2 N¡ or x¤k > 0. Finally, suppose
that:
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1. N+ [N+
1 = ;. Then ~x is an optimal solution to (8);

2. N¡ = ;. If (7) holds, then x̂ is an optimal solution to (8), otherwise ¹x is an optimal
solution to (8);

3. both N+ [N+
1 6= ; and N¡ 6= ;. If (7) does not hold, then ¹x is an optimal solution to

(8). Assume that (7) holds. If t < r and t 2 N+, then ~x is an optimal solution to (8),
otherwise x̂ is an optimal solution to (8). 2

In Section 2 we introduce assumptions and we present a few simple results about P . We
give the trivial facet-de¯ning inequalities and a necessary and su±cient condition for them
to describe P . We then discuss the nontrivial inequalities. In Section 3 we present the lifting
technique and a few lifting results that hold for the nontrivial inequalities for P . We show
that in some cases it is easy to obtain the exact lifting coe±cients of several variables, and
we show how the lifting coe±cients of all variables can be calculated approximately in time
O(n2). We also give the full inequality description of P when all variables are continuous
with the exception of one semi-continuous variable. In Section 4 we extend the concepts of
cover and cover inequality of 0-1 programming to our case. We show that when the cover
is simple, the cover inequality is the only nontrivial facet-de¯ning inequality of the semi-
continuous knapsack polyhedron obtained by ¯xing at 0 all variables not indexed by the
cover. We give the value of the lifting coe±cient of a continuous variable xk, k 2 N¡, that
is ¯xed at 0, when the cover inequality is lifted with respect to it ¯rst. We then show that
for mixed-integer programming, our cover inequality is sometimes stronger than the Gomory
mixed-integer cut and the cover inequality de¯ned in [8]. In Section 5 we present results
of our computational experience on the e®ectiveness of semi-continuous cuts for MIP, and
problems with semi-continuous and three-term semi-continuous variables. In addition, we
compare the e®ectiveness of branch-and-cut without auxiliary binary variables and of the
traditional MIP approach for problems with semi-continuous and three-term semi-continuous
variables. Finally, in Section 6 we present directions for further research.

2 The Semi-Continuous Knapsack Polyhedron

In this section we introduce assumptions and we present a few simple results about P .
We establish the trivial facet-de¯ning inequalities and when they su±ce to describe P . We
present a nontrivial facet-de¯ning inequality that dominates (1) and under certain conditions
is the only nontrivial facet-de¯ning inequality for P . Finally, we present a few relations that
hold among the coe±cients of the variables in a nontrivial inequality.
We will assume throughout the paper that:

Assumption 1 n ¸ 2;
Assumption 2 pj ¸ 0 and lj > 0 8j 2 N , and uj ¸ lj 8j 2 N+;
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Assumption 3 when N¡ = ;, N+
1 = ; and ajuj · b 8j 2 N+;

Assumption 4 when N+
1 = ;,

P
j2N+ ajuj > b.

When Assumption 1 does not hold, the problem is trivial. So, there is no loss of generality
in Assumption 1. In addition, with Assumption 1 it is possible to simplify the presentation
of several results that would otherwise have to consider separately the case n = 1. If uj = 0
for some j 2 N+, xj can be eliminated from the problem. Therefore, there is no loss of
generality in Assumption 2. Assumption 2 implies that pj > 0 whenever xj is continuous.
When N¡ = ;, xj is bounded 8j 2 N . In addition, for j 2 N+, it is possible, in this case,
to scale xj so that ajuj · b, unless b = 0 or xj 2 f0g [ [lj; uj] with ajlj > b. In the ¯rst case
the problem is trivial, and in the second case xj can be eliminated from the problem. Thus,
there is no loss of generality in Assumption 3. Assumption 3 implies that when N¡ = ;,
b > 0. Finally, if N+

1 = ;, (1) is redundant unless
P
j2N+ ajuj > b. This means that there is

no loss of generality in Assumption 4 either. Assumption 4 implies that when N+[N+
1 = ;,

b < 0.
As a result of Assumptions 1{4, Propositions 2{4 follow.

Proposition 2 P is full-dimensional. 2

Proposition 3 The inequality

xj ¸ 0 (9)

is facet-de¯ning 8j 2 N+ [N+
1. For j 2 N¡, (9) is facet-de¯ning i® either

1. jN¡j > 1 or
2. b > 0 and 8k 2 N+ [N+

1 either pk > 0 or aklk · b.
2

Proposition 4 When N¡ 6= ;,

xj · uj (10)

is facet-de¯ning 8j 2 N+. When N¡ = ;, (10) is facet-de¯ning i® ajuj < b and 8k 2
N+ ¡ fjg either pk > 0 or ajuj + aklk · b. 2

Example 1 Let S = fx 2 <3 : x satis¯es (11), x1 2 [0; 1] [ [2; 3], x2 2 f0g [ [3;1), and
x3 ¸ 0g, where

2x1 + 3x2 · 4 + x3: (11)

Then, x1 ¸ 0, x1 · 3, and x2 ¸ 0 are facet-de¯ning for P . On the other hand, x3 ¸ x2
8x 2 S, and therefore x3 ¸ 0 is not facet-de¯ning. 2
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Unlike inequalities (9) and (10), there do not seem to exist simple necessary and su±cient
conditions to determine when (1) is facet-de¯ning. We now present an inequality that, when
N = N¡, is valid for P , is at least as strong as (1) (and possibly stronger), and under an
additional condition gives, together with (9), a full inequality description for P .

Proposition 5 Suppose that N = N¡, and let N¡
0 = fj 2 N¡ : pj = 0g. Then,

X
j2N¡

0

aj
minfb; ajljgxj +

1

b

X
j2N¡¡N¡

0

ajxj ¸ 1 (12)

is valid for P . If N¡ = N¡
0 or 9k 2 N¡ ¡ N¡

0 such that xk is continuous, then (12) is
facet-de¯ning. If N¡ = N¡

0 , then P = fx 2 <n+ : x satis¯es (12)g.

Proof Let ~x 2 S. If ~xj > 0 for some j 2 N¡
0 with ajlj < b, then, since ~xj ¸ lj , ~x satis¯es

(12). If ~xj = 0 for all j 2 N¡
0 with ajlj < b, then (1)) ~x satis¯es (12). Clearly, if N¡ = N¡

0

or 9k 2 N¡ ¡N¡
0 such that xk is continuous, then (12) is facet-de¯ning.

Suppose that N = N¡
0 . We prove that P = fx 2 <n+ : x satis¯es (12)g by showing

that for an arbitrary nonzero vector (c1; : : : ; cn) of objective function coe±cients, one of the
inequalities (9) or (12) is satis¯ed at equality for every optimal solution to SCKP. We assume
WLOG that SCKP is a minimization problem.
If cj < 0 for some j 2 N , then SCKP is unbounded. So we assume that cj ¸ 0 8j 2 N .

Let I = fj 2 N : cj = 0g. If I 6= ;, then for every optimal solution to SCKP, xj = 0
8j 2 N ¡ I. So we assume that cj > 0 8j 2 N . Let x¤ be an optimal solution to SCKP,
R = fj 2 N : x¤j > 0g, and

s = argmax

(
cj
aj
: j 2 R

)
:

Suppose that x¤ does not satisfy (12) at equality. Since

X
j2R

aj
minfb; ajljgx

¤
j > 1)

X
j2R
ajx

¤
j < b;

then x¤j = lj 8j 2 R, and we have that X
j2R
ajlj < b: (13)

Note that jRj ¸ 2. This is true because if R = fsg, then (13) ) minfasls; bg = asls, and
(12) is satis¯ed at equality. Since jRj ¸ 2, it is clear that 8j 2 R,

lj <
b

aj
: (14)

Now, let z¤ be the optimal value of SCKP. Then, (13) implies that
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cs
b

as
< cs

P
j2R ajlj
as

·X
j2R
cjlj = z

¤:

However, due to (14), x̂ given by

x̂j =

(
b
as

if j = s

0 otherwise

is a feasible solution to SCKP. Thus, x¤ must satisfy (12) at equality. 2

Example 2 Let S = fx 2 <5+ : x satis¯es (15), x1 2 f0g [ [1;1), x2 2 f0g [ [2;1),
x3 2 [0; 1] [ [2;1), and x5 2 [0; 1] [ f2gg, where

2x1 + 3x2 + 3x3 + x4 ¸ 4 + x5: (15)

Then, P \ fx 2 <5 : x3 = x4 = x5 = 0g = fx 2 <5+ : x satis¯es (16) and x3 = x4 = x5 = 0g,
where

x1 + x2 ¸ 2: (16)

2

Let PR = fx 2 <n+ : x satis¯es (1) and (10) 8j 2 N+g, the feasible set of the LP
relaxation of SCKP. The following proposition is easy to prove.

Proposition 6 Let x be a vertex of PR. Then, with the possible exception of one, all
components of x must satisfy

xj = 0; j 2 N¡ [N+
1 (17)

and

xj 2 f0; ujg; j 2 N+: (18)

If one of conditions (17) or (18) is not satis¯ed by a component of x, then x must satisfy
(1) at equality. 2

We now give a necessary and su±cient condition for P = PR.

Proposition 7 P = PR i® 8T µ N+, i 2 N+ [N+
1 ¡ T , and k 2 N¡, the following two

conditions are satis¯ed
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1.
P
j2T ajuj + aipi ¸ b or

P
j2T ajuj + aili · b

2.
P
j2T ajuj + akpk · b or

P
j2T ajuj + aklk ¸ b.

Proof The if part follows from Proposition 6. If aipi < b¡Pj2T ajuj < aili for some T µ N+

and i 2 N+ [N+
1 ¡ T , then x̂ given by

x̂j =

8>><>>:
uj if j 2 T
b¡
P

v2T avuv
ai

if j = i

0 otherwise

is a vertex of PR that does not satisfy (2). If akpk > b¡Pj2T ajuj > aklk for some T µ N+

and k 2 N¡, then ~x given by

~xj =

8>><>>:
uj if j 2 T
b¡
P

v2T avuv
ak

if j = k

0 otherwise

is a vertex of PR that does not satisfy (3). 2

Inequalities (1), (9), (10), and any inequality dominated by one of them is called trivial.
For the remainder of the paper we will study the nontrivial inequalities for P . We will denote
a generic nontrivial inequality valid for P as

X
j2N

®jxj · ¯: (19)

Note that ®j · 0 8j 2 N¡, ¯ > 0 whenever N¡ = ;, and ¯ < 0 whenever N+ [ N+
1 = ;.

In addition, (19) remains valid if we replace ®j with (®j)
+ 8j 2 N+ [N+

1, and we will then
assume that ®j ¸ 0 8j 2 N+ [N+

1.

Proposition 8 Let k 2 N¡. If

1. i 2 N+
1 and (19) is satis¯ed at equality for at least one point ~x of S, then

®i
ai
· ®k
ak
; (20)

2. i 2 N+, xk is continuous, and (19) is satis¯ed at equality for at least one point ~x of S
with ~xi < ui, then

®i
ai
· ®k
ak
; (21)

or in case ~xi > 0, then

®i
ai
¸ ®k
ak
; (22)
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3. i 2 N¡, xk is continuous, and (19) is satis¯ed at equality for at least one point ~x of S
with ~xi > 0, then

®i
ai
· ®k
ak
: (23)

Proof We prove the proposition for statement 1, the proofs for statements 2 and 3 being
similar. For ² big enough, ~x0 given by

~x0j =

8><>:
~xi + ² if j = i
~xk ¡ ² aiak if j = k

~xj otherwise

also belongs to S. Therefore, it satis¯es (19), and

®i²¡ ®k² ai
ak
· 0;

which implies (20). 2

Proposition 9 Suppose that (19) is facet-de¯ning. If i 2 N+
1 and xi is continuous, then

®i = 0.

Proof Because (19) is nontrivial and facet-de¯ning, there exists a point x¤ 2 P that satis¯es
(19) at equality and (1) strictly at inequality. Thus, for ² > 0 su±ciently small, x0 given by

x0j =

(
x¤i + ² if j = i
x¤j otherwise

belongs to P . This means that ®i · 0, and therefore, ®i = 0. 2

From statement 3 of Proposition 8 it follows that if (19) is facet-de¯ning, and xi and xk,
i; k 2 N¡, are continuous,

®i
ai
=
®k
ak
: (24)

Because of (24) and Proposition 9 we will continue our polyhedral study under the following
two assumptions:

Assumption 5 There is at most one continuous variable xi with i 2 N¡;

Assumption 6 pj < lj 8j 2 N+
1.
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3 Lifting

In this section we present the lifting technique and a few lifting results that hold for the
nontrivial inequalities for P . We show that in some cases it is easy to obtain the exact lifting
coe±cients of several variables. We then apply the lifting technique to obtain a nontrivial
family of facets of P when all variables are continuous with the exception of one semi-
continuous variable. We show that, in this particular case, this family of facets, together
with the trivial facets, gives P . Finally, we show how all the lifting coe±cients can be
calculated approximately in time O(n2).
Let ~x 2 P , T+ µ N+, T+1 µ N+

1, T
¡ µ N¡, and T = T+ [ T+1 [ T¡. We will henceforth

denote a generic nontrivial valid inequality for PT = P \ fx 2 <n : xj = ~xj 8j 2 N ¡ Tg asX
j2T
®jxj · ¯: (25)

We will also denote the resulting knapsack constraint (1) when xj = ~xj 8j 2 N ¡ T asX
j2T
ajxj · b¡

X
j2N¡T

aj~xj: (26)

In Lemma 1 we establish the lifting technique, see for example Louveaux and Wolsey
[24].

Lemma 1 Let i 2 N ¡ T ,

®mini = max

(P
j2T ®jxj ¡ ¯
~xi ¡ xi : x 2 PT[fig and xi < ~xi

)
(27)

and

®maxi = min

(
¯ ¡P

j2T ®jxj
xi ¡ ~xi : x 2 PT[fig and xi > ~xi

)
: (28)

Then

X
j2T
®jxj + ®ixi · ¯ + ®i~xi (29)

is a valid inequality for PT[fig if and only if ®i 2 [®mini ; ®maxi ]. Moreover, if (25) de¯nes a
face of PT of dimension t, and ®i = ®

min
i or ®i = ®

max
i , then (29) de¯nes a face of PT[fig of

dimension at least t+ 1. 2

It is well known that when PT[fig \fx : xi < ~xig\ fx : xi > ~xig 6= ;, it may happen that
[®mini ; ®maxi ] = ;, in which case it is not possible to ¯nd a lifting coe±cient for xi. Because
of this, in most of the lifting theory presented in this paper, we will ¯x variables at their
bounds. We leave as an open question what values variables can be ¯xed at before lifting.
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For the particular case of 0-1 mixed-integer programming this issue was settled in Richard
et al. [29, 30].
As we establish in Propositions 10 and 11, in some cases it is easy to obtain the exact

lifting coe±cients of several variables. In Proposition 10 we establish that when ~xi = 0,
i 2 (N+ [N+

1)¡ T , and pi > 0, the lifting coe±cient of xi is equal to 0. We omit the proof
of Proposition 10, which is similar to the proof of Proposition 9.

Proposition 10 Let i 2 (N+ [ N+
1) ¡ T , ~xi = 0, and suppose that (25) de¯nes a facet of

PT . If pi > 0, the lifting coe±cient of xi is 0. 2

Example 2 (Continued) The lifting coe±cient of x5 in (16) is 0 (regardless of the lifting
order), and therefore P \ fx 2 <5 : x3 = x4 = 0g = fx 2 <5+ : x satis¯es (16) and
x3 = x4 = 0g. 2

We now establish that when (25) contains a continuous variable xk with k 2 N¡, it is
easy to obtain the lifting coe±cient of a variable xi with i 2 N¡ and pi > 0 that is ¯xed at
0, or with i 2 N+ and li < ui that is ¯xed at ui. The proof of Proposition 11 follows from
Proposition 8.

Proposition 11 Let xk, k 2 T¡, be a continuous variable, and suppose that (25) de¯nes a
facet of PT . If

1. i 2 N¡ ¡ T , pi > 0, and ~xi = 0; or
2. i 2 N+ ¡ T , li < ui, and ~xi = ui,

the lifting coe±cient of xi is

®i =
ai
ak
®k:

2

Example 2 (Continued) The lifting coe±cient of x4 in (16) is the optimal value of

max
½
2¡ x1 ¡ x2

x4
: x 2 S; x4 > 0; and x3 = 0

¾
: (30)

Let x¤ be an optimal solution to (30). Because x2 > 0 ) x2 ¸ 2, x¤2 = 0. In addition, it is
clear that x¤ must satisfy (15) at equality, i.e. 2x¤1 + x

¤
4 = 4. Thus,

max
½
2¡ x1 ¡ x2

x4
: x 2 S; x4 > 0; and x3 = 0

¾
=
2¡ x¤1
4¡ 2x¤1

=
1

2
:

So,
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2x1 + 2x2 + x4 ¸ 4 (31)

de¯nes a facet of P \ fx 2 <5 : x3 = 0g. From Proposition 11, if we now lift (31) with
respect to x3, the lifting coe±cient is 3, and thus

2x1 + 2x2 + 3x3 + x4 ¸ 4
de¯nes a facet of P . 2

We now apply the lifting technique to derive a family of nontrivial facet-de¯ning in-
equalities for P when all variables are continuous, with the exception of one semi-continuous
variable xi with i 2 N+. Note that, due to Assumptions 5 and 6, in this case jN¡j · 1 and
N+
1 = ;.

Proposition 12 Let i 2 N+ with pi < li. Suppose that xj is continuous 8j 2 N ¡ fig. Let
U µ N+ ¡ fig be such that

aili +
X
j2U

ajuj > b (32)

and

aipi +
X
j2U

ajuj < b: (33)

Then,

¢Uxi +
X
j2U

ajxj +
X
j2N¡

ajxj · pi¢U +
X
j2U

ajuj; (34)

with

¢U =

P
j2U ajuj ¡ b+ aili

li ¡ pi ;

is valid and facet-de¯ning for P .

Proof Because of (32),

X
j2U

ajxj +
X
j2N¡

ajxj · b¡ aili (35)

is facet-de¯ning for P \ fx : xi = li and xj = 0 8j 2 N+ ¡ (U \ fig)g. We derive (34) by
lifting (35).
Let ®i be the lifting coe±cient of xi. Using the notation of Lemma 1,

®mini = maxf
P
j2U ajxj +

P
j2N¡ ajxj ¡ b+ aili
li ¡ xi : x 2 S and xi · pig

13



and

®maxi = minfb¡ aili ¡
P
j2U ajxj ¡

P
j2N¡ ajxj

xi ¡ li : x 2 S and xi > lig: (36)

Because of (33),

maxf
P
j2U ajxj +

P
j2N¡ ajxj ¡ b+ aili
li ¡ xi : x 2 S and xi · pig =

P
j2U ajuj ¡ b+ aili

li ¡ pi = ¢U :

Now, let x¤ be an optimal solution to (36). ClearlyX
j2U

ajx
¤
j +

X
j2N¡

ajx
¤
j + aix

¤
i = b;

otherwise, by decreasing xj, j 2 N¡, or increasing xi or xj; j 2 U , it is possible to improve
over x¤. This means that

®maxi =
b¡ aili ¡P

j2U ajx¤j ¡
P
j2N¡ ajx

¤
j

x¤i ¡ li
=
b¡ aili ¡ b+ aix¤i

x¤i ¡ li
= ai:

Since ¢U < ai, Lemma 1 implies that it is possible to lift (35) with respect to xi, and by
choosing ®i = ¢U , the lifted inequality de¯nes a nontrivial facet of P \ fx 2 <n : xj = 0
8j 2 N+¡(U\fig)g. From Proposition 10, the lifting coe±cient of xj is 0 8j 2 N+¡(U\fig).
Thus, (34) de¯nes a facet of P . 2

As we show next, under the assumptions of Proposition 12, P is given by (34) and the
trivial facet-de¯ning inequalities. For general MIP, a result of this type has been given by
Magnanti et al. [25].

Theorem 1 Let i 2 N+ with li < pi. Suppose that xj is continuous 8j 2 N ¡ fig. Then
P = fx 2 <n : x satis¯es (1), (9), (10), and (34)g.
Proof As we did in Proposition 5, we prove the theorem by showing that for an arbitrary
nonzero vector (c1; : : : ; cn) of objective function coe±cients, the set of all optimal solutions
to SCKP is contained in the face de¯ned by an inequality of one of the families (1), (9), (10),
or (34). We assume that N¡ = fkg, the proof for when N¡ = ; being similar. We assume
WLOG that SCKP is a maximization problem.
If cj < 0 for some j 2 N+, then in all optimal solutions to SCKP xj = 0, so we assume

that cj ¸ 0 8j 2 N+. If ck > 0, then SCKP is unbounded. So we assume that ck · 0.
If cj = 0 8j 2 N+, then since (c1; : : : ; cn) is a nonzero vector, ck < 0, and in all optimal

solutions to SCKP (1) is satis¯ed at equality in case b < 0, and xk = 0 in case b ¸ 0. So let
I = fj 2 N+ : cj > 0g and assume that I6= ;.
If

cj
aj
>
ck
ak

14



for some j 2 I, then in all optimal solutions to SCKP, xj = uj. So we assume that 8j 2 I
cj
aj
· ck
ak
:

If b · 0, then in all optimal solutions to SCKP, (1) is satis¯ed at equality. So we assume
that b > 0.
If
P
j2I ajuj · b, then in all optimal solutions to SCKP, xr = ur 8r 2 I. So we assume

that

X
j2I
ajuj > b: (37)

If i62 I, then (37) implies that in all optimal solutions to SCKP (1) is satis¯ed at equality.
So we assume that i 2 I. If Pj2I¡fig ajuj + aipi ¸ b or

P
j2I¡fig ajuj + aili · b, then again

(37) implies that in all optimal solutions to SCKP (1) is satis¯ed at equality. So we assume
that

X
j2I¡fig

ajuj + aipi < b (38)

and

X
j2I¡fig

ajuj + aili > b: (39)

Let I 0 = I ¡ fig. Inequalities (38) and (39) imply that

¢I0xi +
X
j2I0

ajxj + akxk · pi¢I0 +
X
j2I0

ajuj (40)

is a facet-de¯ning inequality of the family (34).
Suppose now that SCKP has an optimal solution x̂ that does not satisfy (1) at equality.

Because of (38) and (39), x̂i = pi, x̂j = uj 8j 2 I ¡fig, and x̂k = 0, in which case x̂ satis¯es
(40) at equality. Let ¹x be an alternative optimal solution that satis¯es (1) at equality. Then,

¹xi ¸ li:

We show that ¹x satis¯es (40) at equality. Note that

ci¹xi +
X
j2I0

cj¹xj + ck¹xk = cipi +
X
j2I0

cjuj: (41)

Suppose that ¹xi = li. It follows that aili +
P
j2I0 aj¹xj + ak¹xk = b, or

aili +
P
j2I0 ajuj ¡ b
li ¡ pi (li ¡ pi) +

X
j2I0

aj¹xj + ak¹xk =
X
j2I0

ajuj;

15



and so

¢I0li +
X
j2I0

aj¹xj + ak¹xk = ¢I0pi +
X
j2I0

ajuj:

Finally, suppose ¹xi > li. We have that

¹xi =
b¡P

j2I0 aj¹xj ¡ ak¹xk
ai

:

Because of (41),

ci
b¡P

j2I0 aj¹xj ¡ ak¹xk
ai

+
X
j2I0

cj¹xj + ck¹xk = cipi +
X
j2I0

cjuj;

or

b¡X
j2I0

aj¹xj ¡ ak¹xk = aipi +
X
j2I0

ai
ci
cj(uj ¡ ¹xj)¡ ai

ci
ck¹xk: (42)

For j 2 I 0, if
cj
aj
>
ci
ai
;

then ¹x can be an optimal solution only if ¹xj = uj. This means that 8j 2 I 0,
ai
ci
cj(uj ¡ ¹xj) · aj(uj ¡ ¹xj):

In the same way, if

ck
ak
>
ci
ai
;

then ¹x can be an optimal solution only if ¹xk = 0. This means that

ai
ci
ck¹xk ¸ ak¹xk:

So,

aipi +
X
j2I0

ai
ci
cj(uj ¡ ¹xj)¡ ai

ci
ck¹xk · aipi +

X
j2I0

aj(uj ¡ ¹xj)¡ ak¹xk: (43)

Combining (42) and (43), we obtain b · aipi +P
j2I0 ajuj, which is inconsistent with (38).

Thus, it must be that ¹xi = li, and in all optimal solutions to SCKP (34) is satis¯ed at
equality. 2
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Example 3 Let S = fx 2 <3+ : x satis¯es (44), x1 2 [0; 1] [ [2; 3], and x2 · 2g, where

2x1 + 3x2 · 9 + x3: (44)

Then, P = fx 2 <3+ : x satis¯es (44), (45), x1 · 3, and x2 · 2g, where

x1 + 3x2 · 8 + x3: (45)

2

In 0-1 programming, the objective function denominator in either (27) or (28) is always
equal to 1, and the lifting problem is a linear 0-1 knapsack problem. In practice, it is
common, in this case, to solve the lifting problem approximately by solving its LP relaxation
and rounding the resulting optimal value down for (27) and up for (28); see Gu et al. [17],
where an extensive computational study is presented that shows, among other things, that it
is more practical to use the LP relaxation approximation to compute the lifting coe±cients
than to use dynamic programming to compute them exactly.
In the case of semi-continuous variables, however, the objective function denominator in

(27) or (28) may not be a constant. We now show how to solve the LP relaxation of (27) and
(28) for this case to obtain approximate values for the lifting coe±cients of xj, j 2 N ¡ T ,
in (25). As in 0-1 programming, the procedure gives all lifting coe±cients approximately in
time O(n2). We will discuss speci¯cally the case where the next variable to be lifted is xk,
k 2 N+, pk = 0, pk < lk < uk, and ~xk = 0. The other cases can be treated in a similar way.
Let k 2 N+ ¡ T . Suppose that pk = 0, pk < lk < uk, ~xk = 0, and that we lift (25) next

with respect to xk. The approximate lifting coe±cient ®k of xk is given by the optimal value
of the LP relaxation of (28), i.e.

®k = min

(
¯ ¡P

j2T ®jxj
xk

: x 2 ¹Sk
)
; (46)

where

¹Sk = fx 2 <n+ :
P
j2T ajxj + akxk · b¡

P
j2N¡T aj~xj;

xj · uj 8j 2 N+; xj = ~xj 8j 2 N ¡ (T [ fkg); and xk ¸ lkg:
We assume that ¹Sk 6= ;, otherwise xk cannot be the next lifted variable. Rather than solving
(46), we solve

max

8<:X
j2T
®jxj + ~®kxk : x 2 ¹Sk

9=; = ¯; (47)

where the variables are ~®k and xj, j 2 N . Problem (47) is to ¯nd a value ~®¤k for the variable
~®k such that 8x 2 ¹Sk X

j2T
®jxj + ~®

¤
kxk · ¯;
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and values x¤j for the variables xj, j 2 N , such that x¤ 2 ¹Sk andX
j2T
®jx

¤
j + ~®

¤
kx
¤
k = ¯:

We now show that problems (46) and (47) are equivalent.

Proposition 13 Let ®k be the optimal value of (46) and (~®
¤
k; x

¤) be a solution to (47).
Then, ®k = ~®¤k.

Proof It is clear that
P
j2T ®jxj + ®kxk · ¯ 8x 2 ¹Sk and ®k ¸ ~®¤k. Now, since (~®

¤
k; x

¤) is a
solution to (47), X

j2T
®jx

¤
j + ®kx

¤
k · ¯ =

X
j2T
®jx

¤
j + ~®

¤
kx
¤
k:

This means that ®k · ~®¤k, and therefore ®k = ~®¤k. 2

Suppose WLOG that T = f1; : : : ; tg and
®1
a1
¸ ¢ ¢ ¢ ¸ ®t

at
: (48)

We now show how to solve (47) in linear time, once ®1
a1
; ¢ ¢ ¢ ; ®t

at
have been sorted as in (48).

We ¯rst note that due to Propositions 1 and 8, the maximization problem in (47) is never
unbounded. If we know whether

®k
ak
¸ ®1
a1
; (49)

or

®j
aj
¸ ®k
ak
¸ ®j+1
aj+1

(50)

for some j 2 f1; : : : ; t¡ 1g, or else
®t
at
¸ ®k
ak
; (51)

then, using Proposition 1, it is possible to ¯nd an optimal solution x¤ to the maximization
problem in (47), even if we do not know the value of ®k. But then,

®k =
¯ ¡P

j2T ®jx¤j
x¤k

: (52)

We determine ®k by calculating the values that result from (52) under the cases (49), (50),
and (51). Speci¯cally, let ®0k be the value of ®k resulting from case (49), ®

j
k, j 2 f1; : : : ; t¡1g,

the values of ®k resulting from case (50), and ®tk the value of ®k resulting from case (51).
Then,
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®k = (minf®0k; : : : ; ®tkg)+:

By calculating ®tk; : : : ; ®
0
k in this order, it is possible to calculate all of them in time O(n).

Also, by maintaining a list of the variable indices sorted as in (48) every time a new lifting
coe±cient is calculated, it will not be necessary to sort the indices, except for the initial
inequality, before any variable is lifted. Therefore, all lifting coe±cients can be calculated
approximately in time O(n2).

Example 4 Let S = fx 2 Z3 : x satis¯es (53), x1 2 [0; 1] [ f2g, x2 2 [0; 2] [ [3; 4], and
x3 2 f0g [ [1; 3]g, where

4x1 + 3x2 + 3x3 · 16: (53)

As we will show in Section 4,

2x1 + x2 · 6 (54)

de¯nes a facet of conv(S) \fx 2 <3 : x3 = 0g. We now lift x3 approximately. The
approximate lifting problem is

max f2x1 + x2 + ®3x3 : 4x1 + 3x2 + 3x3 · 16; x1 2 [0; 2]; x2 2 [0; 4]; x3 2 [1; 3]g = 6: (55)

If ®3
3
· 1

3
, then

x
(2)
1 = 2; x

(2)
2 =

5

3
; x
(2)
3 = 1

is an optimal solution to the maximization problem in (55), and ®23 =
1
3
. If 1

3
· ®3

3
· 1

2
, then

x
(1)
1 = 2; x

(1)
2 = 0; x

(1)
3 =

8

3

is an optimal solution to the maximization problem in (55), and ®13 =
8
3
. If 1

2
· ®3

3
, then

x
(0)
1 =

7

4
; x
(1)
2 = 0; x

(1)
3 = 3

is an optimal solution to the maximization problem in (55), and ®03 =
5
6
. Thus, the approx-

imate lifting coe±cient is ®3 =
1
3
, which coincides with the exact lifting coe±cient. 2
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4 Cover Inequalities

In this section we extend the concepts of cover and cover inequality, commonly used in 0-1
programming, to our case. We show that when the cover is simple, the cover inequality
is the only nontrivial facet-de¯ning inequality of the semi-continuous knapsack polyhedron
obtained by ¯xing at 0 all variables not indexed by the cover. We then give the value of
the lifting coe±cient of a continuous variable xk, k 2 N¡, that is ¯xed at 0, when the
cover inequality is lifted with respect to it ¯rst. Finally, we show that for mixed-integer
programming, our cover inequality is sometimes stronger than the Gomory mixed-integer
cut and the cover inequality de¯ned in [8].
We now de¯ne covers and simple covers for semi-continuous knapsack polyhedra.

De¯nition 1 Let C µ N+ with pj < lj 8j 2 C. We say that C is a cover ifX
j2C

ajlj > b: (56)

If in addition

X
j2C¡fig

ajuj + aipi · b 8i 2 C; (57)

we say that the cover is simple. 2

Note that our de¯nitions of cover and simple cover coincide with the de¯nitions of cover and
minimal cover of 0-1 programming, where pj = 0 and lj = uj = 1 8j 2 N .
We now introduce cover inequalities and show that they are the only nontrivial facet-

de¯ning inequalities for P 0 = P \ fx 2 <n : xj = 0 8j 2 N ¡ Cg when the cover is
simple.

Proposition 14 Let C be a cover. Then,

X
j2C

uj ¡ xj
uj ¡ pj ¸ 1 (58)

is valid for P . If C is a simple cover, then (58) is facet-de¯ning for P 0, and P 0 = fx 2 <n : x
satis¯es (9), (10), and (58)g.

Proof Let C be a cover. The points x(i); i 2 C, given by

x
(i)
j =

8><>:
pi if j = i
uj if j 2 C ¡ fig
0 otherwise
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satisfy (58) (some of these points may not belong to P .) Now, let x 2 S. As C is a cover,
xj · pj for some j 2 C. Since xj · uj 8j 2 N , 9 k 2 C such that xj · x(k)j 8j 2 C. Thus,
x satis¯es (58).
If C is a simple cover, then the points x(j) 2 P 0 and satisfy (58) at equality 8j 2 C.

Because the set fx(j) : j 2 Cg is linearly independent, (58) de¯nes a facet for P 0. Now, let
t 2 C and

d =
X

j2C¡ftg

uj
uj ¡ pj +

pt
ut ¡ pt

(note that the value of d does not depend on t.) Since the maximal vertices of the polytope

fy 2 <jCj :
jCjX
j=1

x
(i)
kj
yj · 1 8i 2 C and y ¸ 0g

are ( 1
uk1
; 0; : : : ; 0), (0; 1

uk2
; : : : ; 0), : : :, (0; 0; : : : ; 1

ukjCj
), and 1

d
( 1
uk1¡pk1

; 1
uk2¡pk2

; : : : ; 1
ukjCj¡pkjCj

),

it follows from antiblocking theory [14, 15, 27] that the only nontrivial facet-de¯ning inequal-
ity for P 0 is X

j2C

xj
uj ¡ pj · d;

which is the same as (58). Thus, P 0 = fx 2 <n : x satis¯es (9), (10), (58), and xj = 0
8j 2 N ¡ Cg. 2

When pj = 0 8j 2 C, i.e. for the \usual" semi-continuous variables, (58) becomesX
j2C

xj
uj
· jCj ¡ 1:

In particular, for the case of 0-1 variables, (58) becomes
P
j2C xj · jCj ¡ 1.

Example 5 Let N = f1; : : : ; 5g, x1 2 f0g [ [2; 3], x2 2 [0; 1] [ [3; 4], x3 2 [0; 2] [ [4; 5],
x4 2 f0g [ [1; 2], and x5 2 [0; 1] [ f2g. Consider the knapsack inequality

2x1 + 3x2 + 4x3 + x4 + x5 · 33:
Note that 2l1 + 3l2 + 4l3 + l4 + l5 = 32 < 33, and therefore N is not a cover. However, by
¯xing x1 = 3, x2 = 4, and x4 = x5 = 0, f3g becomes a simple cover, and

x3 · 2 (59)

is valid and facet-de¯ning for P \ fx 2 <5 : x1 = 3; x2 = 4; x4 = x5 = 0g. 2
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We now give the lifting coe±cient of a continuous variable xk, k 2 N¡, that is ¯xed at
0, when the cover inequality is lifted with respect to it ¯rst.

Proposition 15 Let C be a simple cover and xk, k 2 N¡, a continuous variable that is
¯xed at 0. Then,

X
j2C

uj ¡ xj
uj ¡ pj ¡

akP
j2C ajlj ¡ b

0@1¡X
j2C

uj ¡ lj
uj ¡ pj

1Axk ¸ 1 (60)

is facet-de¯ning for PC[fkg.

Proof Let X
j2C

uj ¡ xj
uj ¡ pj + ®kxk ¸ 1

be the facet-de¯ning inequality that results from lifting (58) with respect to xk. Then,

®k = max

8<: 1xk
0@1¡X

j2C

uj ¡ xj
uj ¡ pj

1A : X
j2C

ajxj + akxk · b; xj satis¯es (2) 8j 2 C; and xk > 0
9=; :

(61)
Note that ®k > 0, since ¹xj = uj 8j 2 C and

¹xk = ¡
P
j2C ajuj ¡ b

ak

is a feasible solution to (61) with objective function value

¹®k = ¡ akP
j2C ajuj ¡ b

:

On the other hand, when xj < lj for some j 2 C, the objective function value is at most 0.
Therefore, xj ¸ lj 8j 2 C in an optimal solution to (61), and clearly Pj2C ajxj + akxk = b.
Problem (61) is then equivalent to

®k = max

8<: ¡akP
j2C ajxj ¡ b

0@1¡X
j2C

uj ¡ xj
uj ¡ pj

1A : xj 2 [lj; uj] 8j 2 C
9=; : (62)

Consider now the solution to (62) x¤j = lj 8j 2 C with objective function value

®¤k = ¡
akP

j2C ajlj ¡ b

0@1¡X
j2C

uj ¡ lj
uj ¡ pj

1A :
We prove the proposition by showing that none of the vertices of (£[lj; uj])j2C , has an
objective function value greater than ®¤k.

22



Let i =argminfaj(uj ¡ pj) : j 2 Cg. Let T µ C and suppose that T 6= ; and i 62 T .
Consider the solution ~xj = lj 8j 2 C ¡ T and ~xj = uj 8j 2 T . The objective function value
is

~® =
¡akP

j2C¡T ajlj +
P
j2T ajut ¡ b

0@1¡ X
j2C¡T

uj ¡ lj
uj ¡ pj

1A :
We now show that ®¤k ¸ ~®k.
Condition (57) implies that

b ¸ X
j2C¡T

ajlj +
X
j2T
ajuj +

X
j2C¡T[fig

aj(uj ¡ lj)¡ ai(li ¡ pi): (63)

Clearly,

X
j2C¡T[fig

aj(uj ¡ lj)¡ ai(li ¡ pi) < 0

and

X
j2T

aj(uj ¡ lj)
ai(ui ¡ pi) ¸

X
j2T

uj ¡ lj
uj ¡ pj :

Therefore, (63) implies that

b ¸ X
j2C¡T

ajlj+
X
j2T
ajuj+

1P
j2T

uj¡lj
uj¡pj

X
j2T

aj(uj ¡ lj)
ai(ui ¡ pi)

0@ X
j2C¡T[fig

ai(ui ¡ pi)
aj(uj ¡ pj)aj(uj ¡ lj)¡ ai(li ¡ pi)

1A

=
X

j2C¡T
ajlj +

X
j2T
ajuj +

1P
j2T

uj¡lj
uj¡pj

X
j2T
aj(uj ¡ lj)

0@ X
j2C¡T[fig

uj ¡ lj
uj ¡ pj ¡

li ¡ pi
ui ¡ pi

1A

=
X

j2C¡T
ajlj +

X
j2T
ajuj ¡ 1P

j2T
uj¡lj
uj¡pj

X
j2T
aj(uj ¡ lj)

0@1¡ X
j2C¡T

uj ¡ lj
uj ¡ pj

1A :
Thus,

b
X
j2T

uj ¡ lj
uj ¡ pj ¸

0@ X
j2C¡T

ajlj +
X
j2T
ajuj

1AX
j2T

uj ¡ lj
uj ¡ pj ¡

X
j2T
aj(uj ¡ lj)

0@1¡ X
j2C¡T

uj ¡ lj
uj ¡ pj

1A ;
or,
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X
j2T
ajuj

0@1¡X
j2C

uj ¡ lj
uj ¡ pj

1A ¸
0@ X
j2C¡T

ajlj ¡ b
1AX
j2T

uj ¡ lj
uj ¡ pj +

X
j2T
ajlj

0@1¡ X
j2C¡T

uj ¡ lj
uj ¡ pj

1A :
(64)

By adding 0@ X
j2C¡T

ajlj ¡ b
1A0@1¡X

j2C

uj ¡ lj
uj ¡ pj

1A
to both sides of (64),we obtain0@ X

j2C¡T
ajlj +

X
j2T
ajuj ¡ b

1A0@1¡X
j2C

uj ¡ lj
uj ¡ pj

1A ¸
0@X
j2C

ajlj ¡ b
1A0@1¡ X

j2C¡T

uj ¡ lj
uj ¡ pj

1A ;
or

1P
j2C ajlj ¡ b

0@1¡X
j2C

uj ¡ lj
uj ¡ pj

1A ¸ 1P
j2C¡T ajlj +

P
j2T ajuj ¡ b

0@1¡ X
j2C¡T

uj ¡ lj
uj ¡ pj

1A ;
and so, ®¤k ¸ ~®k. The case i 2 T can be treated similarly. 2

We now show in Example 6 that our cover inequality can be stronger than the Gomory
mixed-integer cut and the cover inequality de¯ned in [8]. The data for the example is taken
from [8], Example 2.2.

Example 6 Let S1 = f(x; s) 2 Z2+ £ <+ : (x; s) satis¯es (65), x1 · 2, and x2 · 3g and
S2 = f(x; s) 2 Z2+ £<+ : (x; s) satis¯es (65), x1 · 2, and x2 · 4g, where

4x1 + 3x2 · 16 + s: (65)

The point

(x¤; s¤) =
µ
2;
8

3
; 0
¶

is a fractional vertex of the LP relaxation for both sets. (It is the only fractional vertex in
the case of S2.)
Consider S1. The Gomory mixed-integer cut for the basis of (x

¤; s¤) is

2x1 + x2 · 6 + s: (66)

Inequality (60) for x1 2 [0; 1] [ f2g and x2 2 [0; 2] [ f3g is

x1 + x2 · 4 + s; (67)
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which is facet-de¯ning and stronger than (66), since

(2x1 + x2 · 6 + s) = (x1 + x2 · 4 + s) + (x1 · 2):

Note that in this case (67) coincides with the cover inequality of Ceria et al. [8].
Consider now the case of S2. In [8] the following cover inequality is proposed

x1 + x2 · 5 + 1
4
s: (68)

Inequality (68) does not cut o® (x¤; s¤). On the other hand, inequality (60) for x1 2 [0; 1][f2g
and x2 2 [0; 2] [ [3; 4] is

2x1 + x2 · 6 + 1
2
s; (69)

which is facet-de¯ning and cuts o® (x¤; s¤). Note that in this case (69) coincides with the
Gomory mixed-integer cut for the basis of (x¤; s¤). 2

5 Computational Experience

In this section we present our computational results on the e®ectiveness of semi-continuous
cuts for problems with general integer, semi-continuous, and three-term semi-continuous
variables. In addition, we compare the e®ectiveness of branch-and-cut without auxiliary
binary variables and the traditional MIP approach for problems with semi-continuous and
three-term semi-continuous variables. Our platform consisted of CPLEX 8.0 Callable Li-
brary on a Gateway desktop with 1.5 GHz Pentium 4 CPU, 2 Gb RAM, 120 Gb HD, and
Windows XP. We kept all CPLEX parameters at their default values, except for preprocess-
ing, which we turned o® for all tests on the instances with semi-continuous and three-term
semi-continuous variables. The reason that we turned o® preprocessing for those tests is
that no preprocessing strategy was developed for branch-and-cut without auxiliary binary
variables. However, we kept preprocessing on for the tests on the instances with general
integer variables. We limited the number of nodes to 1 million in all tests. In any instance
there are exclusively integer, semi-continuous, or three-term semi-continuous variables.
The computational results are summarized in Tables 1-4. In the tables we report the

number of nodes, computational time, number of CPLEX cuts, number of semi-continuous
cuts, and gap improvement. In addition, in Table 1, we report the LP relaxation and the IP
optimal values for each instance. The number of CPLEX cuts is the total number of cuts
generated automatically by CPLEX throughout the branch-and-bound tree. The CPLEX
cuts generated were mainly Gomory cuts, MIR, lifted °ow cover, and lifted cover inequalities.
On the other hand, the semi-continuous cuts were generated exclusively at the root node and
kept in the cut pool for the remainder of the enumeration process. The gap improvement is
given by
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gapimp = 100£ z(lp)¡ z(root)
z(lp)¡ z(ip) ;

where z(lp), z(root), and z(ip) are the optimal values of the LP relaxation, the LP relaxation
with the cuts generated at the root node added, and the IP, respectively.
The instances reported in Tables 2-4 were randomly generated. In Tables 2-4 m denotes

the number of knapsack constraints and n denotes the number of integer or semi-continuous
variables. We generated 3 instances for each pair m£ n. The results reported in Tables 2-4
are the rounded down average results for the instances with the same m£ n. The densities
of the constraint matrices of these instances range between 15% and 50%. The objective
function coe±cients are integers uniformly chosen between 10 and 25. The nonzero knapsack
coe±cients are integers uniformly chosen between 5 and 20. The values of the right-hand-
sides are ¸ £maxfb:3Pj2N aijc;maxfaij : j 2 Ng + 1g, where ¸ = 2 for the IP instances,
and ¸ = 4 for the semi-continuous and three-term semi-continuous instances. For the integer
variables we chose uj = 2. For the semi-continuous variables we chose pj = 0, lj = 3, and
uj = 4. Finally, for the three-term semi-continuous variables we chose rj = 1, sj = 2, tj = 3,
and uj = 4.
In Tables 1 and 2 we give the results for the instances with general integer variables.

The results in Table 1 refer to 12 instances of the MIPLIB [7]. Because we are interested in
problems that contain general integer variables, we changed the domain of the variables in
p0033, p0201, p0282, p0548, p2576, and set1ch, which is originally f0; 1g, to f0; 1; 2g. These
instances are denoted with boldface fonts in Table 1. In Tables 1 and 2, the \sc" columns
refer to the tests in which semi-continuous cuts were used (in addition to CPLEX cuts),
while the \no sc" columns refer to the tests in which only the CPLEX cuts were used.
In Table 3 we give the results for the instances with semi-continuous variables, and in

Table 4 for the instances with three-term semi-continuous variables. In Tables 3 and 4, the
\mip" columns refer to the tests in which the traditional MIP approach was used, while the
\sc" columns refer to the tests in which branch-and-cut without auxiliary binary variables
was used. The \B&B" columns refer to pure branch-and-bound (i.e. no cuts added), while
the \B&C" columns refer to branch-and-cut. Finally, the column \cut mip" gives the average
number of CPLEX cuts generated for the MIP approach, while the column \cuts sc" gives
the average number of semi-continuous cuts generated for branch-and-cut without auxiliary
binary variables. In this second case, no integer variables are present in the models, and
therefore CPLEX did not generate any cuts.
The branching scheme used for the tests with semi-continuous and three-term semi-

continuous variables in branch-and-cut without auxiliary binary variables was the one sug-
gested by Beale [3], and explained in Section 1. For the particular case of three-term semi-
continuous variables we implemented Beale's branching scheme as follows. If xj 2 (pj; sj)
we add the bounds xj · pj in one branch and xj ¸ sj in the other branch. If xj 2 (sj; lj)
we add the bounds xj · sj in one branch and xj ¸ lj in the other branch.
In all cases, semi-continuous cuts were separated as follows. Let x¤ be an optimal solution
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to the LP relaxation that is not feasible for the integer, semi-continuous, or three-term semi-
continuous instance that is being solved. We ¯x any variable xj for which x

¤
j 2 f0; ujg at

the value of x¤j , i.e. we take ~xj = x
¤
j . For integer variables, if x

¤
j 62 Z, we take pj = bx¤jc and

lj = dx¤je. If x¤j 2 f0; 1g, we take pj = 0 and lj = 1. If x¤j = 2, we take pj = 1 and lj = 2.
For three-term semi-continuous variables, if x¤j · 2, we take pj = 1 and lj = 2, otherwise we
take pj = 2 and lj = 3. To derive the semi-continuous cuts we consider only the knapsack
constraints active at x¤. Let C = fj 2 N : 0 < x¤j < ujg. If C is a cover, we delete from it
as many elements in nondecreasing order of ajlj as possible so that the resulting set is still
a cover. Note that in the case of IP, C will always be a cover. If the corresponding cover
inequality is violated, we lift it approximately, as described in Section 3, and we include it
in the formulation, otherwise we discard it.
As shown in Tables 1 and 2, semi-continuous cuts can be of considerable use for integer

programming problems. Note that CPLEX failed to complete the enumeration within 1
million nodes for rout and set1ch. The computational time and number of cuts reported in
the \no sc" columns for these instances are the values when the enumeration was interrupted.
In the particular case of (semi-continuous) lifted cover inequalities, the results show that they
can be e®ective for the type of instances tested, i.e. sparse constraint matrices and variables
with small upper bounds. In average, semi-continuous cuts reduced the number of nodes
in 64% and the computational time in 56% for the MIPLIB instances. For the randomly
generated IP instances, the reduction in the number of nodes was 81% and the computational
time 68%.
As shown in Tables 3 and 4, semi-continuous cuts without auxiliary binary variables can

be considerably more e®ective than the traditional MIP approach for problems with semi-
continuous, and especially for problems with three-term semi-continuous variables. Note
that CPLEX with the MIP approach failed to complete the enumeration within 1 million
nodes for the instances with three-term semi-continuous variables for which m = 70 and
n = 7; 000. The computational time and number of cuts reported in the \mip" columns for
these instances are the values when the enumeration was interrupted. In average, branch-
and-cut without auxiliary binary variables reduced the number of nodes in 43% and the
computational time in 30% over the MIP approach for the semi-continuous instances. For
the three-term semi-continuous instances, the reduction in the number of nodes was 75%
and the computational time 80%.

6 Further Research

We are currently studying semi-continuous cuts other than cover inequalities. In particular,
we are evaluating the e®ectiveness of the simple cuts introduced in [10]. We are also studying
the semi-continuous cuts that arise in structures other than the knapsack polyhedron, for ex-
ample the Simplex tableaux and knapsack intersections. We are also testing the e®ectiveness
of semi-continuous cuts for partial-integer and discrete variables.
Very often, semi-continuous constraints arise together with other combinatorial con-

straints in applications. Perhaps the most frequent one is ¯xed-charge, which is interesting
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Table 1: Number of nodes, time, and number of cuts for IP: MIPLIB instances

nodes time cuts gapimp
problem no sc sc no sc sc cplex sc no sc sc LP IP
arki001 23,030 11,020 132.21 64 75 127 2 34 7,579,599.81 7,581,040
blend2 1,541 312 1.15 0.05 39 18 19 94 6.92 7.59
°ugpl 68 334 0.03 0.02 5 2 47 47 1,167,185.73 1,201,500
gesa2 290 35 1.7 0.02 105 28 84 99 25,476,489.67 25,780,523.02
lseu 586 230 0.11 0.05 21 4 83 69 472.52 700
p0033 314 69 0.04 0.01 13 6 65 93 2,053.71 2,428
p0201 537 131 0.6 0.2 19 4 34 88 6,875 7,615
p0282 2,080 28 1.07 0.12 77 28 81 99 108,732.52 155,146
p0548 277 121 0.4 0.62 121 21 86 95 314.88 1,330
p2576 53,997 317 116.58 3.2 45 12 14 88 2,508 2,592
rout 106+ 507,814 3,900 2,128 870 38 0.5 90 981.86 1077.56
set1ch 106+ 228,350 1,533 320 424 38 79 99 32,007.72 54,788.25

Table 2: Number of nodes, time, and number of cuts for IP: random instances

nodes time cuts gapimp
m£ n no sc sc no sc sc cplex sc no sc sc
20£ 1; 000 3,024 154 5 2 14 18 54 78
20£ 1; 500 3,018 210 8 4 19 29 31 72
30£ 2; 000 7,980 312 17 7 19 31 39 82
30£ 2; 500 15,230 829 31 12 54 25 41 87
40£ 3; 000 32,620 9,730 855 238 98 58 68 72
40£ 3; 500 48,750 12,530 2,330 925 134 216 47 89
50£ 4; 000 75,520 18,990 4,330 1,022 118 207 52 65
50£ 4; 500 112,830 27,620 6,520 1,740 235 198 63 73
60£ 5; 000 248,330 31,540 9,278 3,550 334 201 59 87

in its own. We are currently studying a branch-and-cut approach without auxiliary binary
variables for problems with ¯xed-charge constraints.
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Table 3: Number of nodes, time, and cuts for problems with semi-continuous constraints

nodes time cuts gapimp
m£ n mip sc mip sc mip sc mip sc

B&B B&C B&B B&C
30£ 3; 000 681 920 680 27 11 22 12 10 45 43
30£ 3; 500 430 780 540 21 7 16 28 90 55 43
40£ 4; 000 2,038 5,327 1,005 31 40 18 79 93 57 88
40£ 4; 500 12,738 22,753 1,729 294 702 39 98 60 53 92
50£ 5; 000 46,873 93,479 41,157 497 1,059 558 170 92 48 49
50£ 5; 500 196,010 403,927 101,092 2,038 3,288 1,570 120 98 65 62
60£ 6; 000 200,746 405,161 184,000 2,199 3,507 2,044 212 99 54 56
60£ 6; 500 180,529 603,289 112,259 3,099 4,798 2,570 249 99 77 71
70£ 7; 000 260,811 344,230 71,358 4,094 3,601 1,758 295 73 59 81

Table 4: Number of nodes, time, and cuts for problems with three-term semi-continuous
constraints

nodes time cuts gapimp
m£ n mip sc mip sc mip sc mip sc

B&B B&C B&B B&C
30£ 3; 000 421 738 312 31 51 23 28 17 52 39
30£ 3; 500 1,034 641 205 71 52 12 37 54 47 58
40£ 4; 000 12,527 8,310 1,425 640 320 89 96 92 71 81
40£ 4; 500 9,581 4,515 1,130 580 207 71 94 84 68 77
50£ 5; 000 65,491 3,979 1,157 3,108 319 98 217 86 49 86
50£ 5; 500 381,520 203,386 91,010 5,375 1,386 973 415 95 54 70
60£ 6; 000 581,940 109,145 83,678 6,812 1,026 1,052 438 99 48 55
60£ 6; 500 980,529 603,289 259,612 8,408 4,736 2,000 497 88 75 81
70£ 7; 000 106+ 785,310 317,950 10,804 6,812 2,730 420 97 58 89
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