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Abstract. In the context of SQP methods or, more recently, of sequential semidefinite pro-
gramming methods, it is common practice to construct a positive semidefinite approximation
of the Hessian of the Lagrangian. The Hessian of the augmented Lagrangian is a suitable
approximation as it maintains local superlinear convergence under appropriate assumptions.
In this note we give a simple example that the orthogonal projection of the Hessian of the La-
grangian onto the cone of semidefinite matrices may lead to arbitrarily slow local convergence,
and is thus not a suitable approximation.
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1 Introduction

The subproblems arising in SQP methods or in sequential semidefinite programming methods
(SSP methods), use a quadratic objective function whose Hessian ideally coincides with the
Hessian of the Lagrangian. However, when the Hessian of the Lagrangian is not positive
definite, the solution of the SSP subproblems is computationally unattractive. An effective
remedy used with SQP methods is to replace the Hessian of the Lagrangian by the Hessian
of the augmented Lagrangian. Under suitable conditions, this matrix is positive definite and
this substitution maintains local superlinear convergence of the SQP method, [1, 11]. The
augmented Lagrangian depends on certain penalty parameters, a good choice of which is not
always obvious. Alternatively, the Hessian of the Lagrangian can be replaced by a reduced
Hessian that approximates the Hessian on the null space of the active gradients. Again, the
reduced Hessian is positive definite under suitable assumptions. Here, the identification of the
active constraints is a critical issue.

Another popular and computationally cheap approach for generating a positive semidefinite
approximation to the Hessian of the Lagrangian is to apply a damped BFGS update, [8, 9].

For the recent SSP methods [4, 3, 5], the cost for solving the SSP subproblems is rather
high—it is the solution of a linear semidefinite program—so that a cheap approximation to the
Hessian is less crucial than the goal of finding the best possible approximation.

An approximation that does not depend on some unknown parameters (as the augmented
Lagrangian or the reduced Hessian do) and that is closest possible to the Hessian of the
Lagrangian, is to use the projection onto the cone of positive semidefinite matrices. Due to
the computational cost, the use of this approximation is prohibitive in standard SQP methods.
However, for more complicated SSP subproblems, this approximation might be affordable.
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The aim of this short note is to show that, regardless of the computational cost, this
approximation is not suitable in the context of SQP methods or SSP methods.

2 A positive semidefinite approximation

Consider the following nonlinear optimization problem

(P ) minimize f(x) subject to x ∈ IRn : fi(x) ≤ 0 for 1 ≤ i ≤ m

with twice continuously differentiable functions f , fi (1 ≤ i ≤ m). By defining an m × m
diagonal matrix with diagonal entries fi(x), it is evident that problem (P ) is a special case of
a nonlinear semidefinite program. The SSP subproblem of this nonlinear semidefinite program
coincides with the SQP subproblem for (P ). In the following we therefore restrict ourselves to
the simpler problem (P ).

Let the Lagrangian L : IRn+m → IR be defined by

L(x, y) := f(x) +
m∑
i=1

yifi(x).

The Hessian of the Lagrangian is denoted by

H(x, y) := ∇2
xL(x, y).

For brevity we will write shortly H := H(x, y). For a given vector x, and a given matrix H
the SQP subproblem is given by
(QP )

minimize
∆x∈IRn:

∇f(x)T∆x+
1
2

∆xTH∆x subject to fi(x) +∇fi(x)T∆x ≤ 0 for 1 ≤ i ≤ m.

Replacing H in (QP ) by a semidefinite matrix Ĥ yields a modified convex quadratic subprob-
lem.

The symmetric matrix H possesses the eigenvalue decomposition

H = UDUT

with a diagonal matrix D and a unitary matrix U . Let D+ be the matrix obtained from D by
replacing the negative entries of D with zeros. The matrix

H+ := argmin
H̃�0

‖H̃ −H‖2F

is the projection of H onto the cone of positive semidefinite matrices; where the norm ‖.‖F
denotes the Frobenius norm generated by the trace inner product on the space of square
matrices. Since U is an orthogonal matrix, it follows that H+ is given by

H+ = UD+UT .

Thus, the eigenbases of H and H+ coincide, and, with respect to the Frobenius norm, H+ is
the best possible semidefinite approximation to H.
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To illustrate the local convergence properties of the modified SQP-method based on some
modified Hessian Ĥ, let us assume, for simplicity, that the constraints fi are linear and that
the active constraints are identified and satisfied with equality at an early stage of the SQP
method. Then, local superlinear convergence may be lost if, and only if, Ĥ provides wrong
curvature information on the null space of the Jacobian of the active constraints.

What is needed for the modified SQP subproblem is some positive definite approximation
of H that coincides with H on the null space of the Jacobian of the active constraints (because
this is the space in which the iterates are still “moving”). Since the eigenvectors to negative
eigenvalues of H are not necessarily orthogonal to this null space, the approximation H+

typically does not coincide with H on this null space, and is thus not suitable for the modified
SQP subproblem.

In contrast to the projection H+ of H, the Hessian of the augmented Lagrangian – under
certain conditions – does provide a suitable approximation in the context of SQP methods.
For a real number t let t+ := max{0, t}. For a given real parameter r > 0, the augmented
Lagrangian Λ : IRn+m → IR (see e.g. [6, 7, 10, 2]) is given by

Λ(x, y) := f(x) +
r

2

m∑
i=1

((
fi(x) +

yi
r

)+
)2

−
(yi
r

)2
.

Near a strictly complementary solution of (P ) the augmented Lagrangian is twice continu-
ously differentiable, and if the second order sufficient conditions for optimality hold and r is
sufficiently large,

Ha(x, y) := ∇2
xΛ(x, y)

is positive definite at the local minimizer and can be considered as a positive definite approx-
imation to H. Since H and Ha coincide on the null space of the Jacobian of the active
constraints, the Hessian of the augmented Lagrangian is a suitable approximation in the con-
text of SQP methods.

The possibly very poor quality of the modified SQP-subproblem based on the projection
H+ will be illustrated with a simple example and will be compared with the subproblem based
on the matrix Ha:

3 An example

For µ > 0 we consider the problem

(Pµ) minimize fµ(x) subject to x ∈ IR2 : x ≥ 0,

where
fµ(x) := µ2x3

1 + 4µx1x2 + 2x2
2 + (µ2 − 4µ+ 1)x1 − 4x2 + 2

= x1(1 + µ2(x1 − 1)2) + 2(µx1 + x2 − 1)2.

From the second representation of fµ it becomes obvious that the global minimizer of (Pµ) is
the point x̄ = (0, 1)T .

Let an approximate local minimizer xε := (0, 1+ ε)T with |ε| < 1 be given. The derivatives
of fµ are then given by

∇fµ(xε) =
(
µ2 + 1 + 4µε

4ε

)
and ∇2fµ(xε) =

(
0 4µ

4µ 4

)
.
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As the constraints are linear, the Hessian of fµ and of the Lagrangian

L(x, y) = fµ(x) + y1x1 + y2x2

coincide, H = ∇2fµ(xε). For simplicity of the presentation we now assume µ� 1. For y1 > 0
and sufficiently small |y2|, the Hessian Ha(xε, y) of the augmented Lagrangian function with
parameter r > 0 and the projected Hessian H+ are then given by

Ha(xε, y) =
(
r 4µ

4µ 4

)
and H+ ≈

(
2µ 2µ+ 1

2µ+ 1 2µ+ 2

)
.

For sufficiently large r (≥ 4µ2) the matrix Ha(xε, y) is positive semidefinite. The “ideal” SQP
subproblem

minimize
(
µ2 + 1 + 4µε

4ε

)T
∆x+

1
2

∆xTH∆x subject to ∆x ∈ IR2 : xε + ∆x ≥ 0

has a nonconvex objective function. When replacing H with Ha(xε, y), the solution of the
resulting SQP subproblem is given by

∆x = (0, −ε)T .

Hence, x+ ∆x also solves (Pµ). When replacing H with H+ instead, the resulting search step

∆x ≈ (0, − 2ε
µ+ 1

)T

is too short by a factor of approximately 2
µ+1 . For µ → ∞ the search step is arbitrarily bad,

even for tiny |ε| > 0. Thus, the SQP method with H replaced by H+ is linearly convergent
with rate 2

µ+1 � 1. Combining several problems of the form (Pµ) with different values of µ to
form a single high dimensional, separable problem (P ), this simple example can be extended
in such a way, that the search step can be a poor direction as well, and a line search will not
help much.
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