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Abstract

This paper presents a new method for solving global optimization problems. We
use a local technique based on the notion of discrete gradients for finding a cone of
descent directions and then we use a global cutting angle algorithm for finding global
minimum within the intersection of the cone and the feasible region. We present
results of numerical experiments with well-known test problems and with the so-called
cluster function. These results confirm that the proposed algorithm allows one to find
a global minimizer or at least a deep local minimizer of a function with a huge amount
of shallow local minima.

Key words: Global optimization, discrete gradient, derivative-free optimization, the
cutting angle method, Lipschitz programming.

1 Introduction

Numerical methods for global optimization are very time consuming and could not be
applied for high-dimensional non-convex optimization problems. This is the reason why
many researches try to use various combinations of global and local search techniques.
Strategies based on different combinations of global and local searches can be used. In
particular, the following two types of such combinations are used:

1) A local technique is used in order to obtain a stationary point (local minimum). Then
a global technique should be applied in order to escape from the obtained stationary point
and find a new point which can be used as an initial guess for the new round of local
search; (see e.g. [7, 11, 19, 28]).

2) Points obtained by a global technique are used as initial points for a local search (see
e.g. [21]).

Descent methods of local optimization are based on the following idea. Applying a
local approximation of an objective function at the point in hand, we need to find a
descent direction and then the step-size along this direction. Local approximation of the
first order is given by the gradient or by some of its substitutes. The size of the descent
can be found by different methods, in particular by global one-dimensional minimization.
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This approach is good enough for local minimization of functions with a few stationary
points, however it does not work properly for functions with many shallow local minima.
Indeed, for such a function we are mainly interested in a deep enough local minimum, and
a local search usually sticks at a shallow local minimizers or even at a stationary point
which is not a local minimizer.

Some methods for global optimization are fast enough in small dimensions. This
observation gives rise to a completely new combination of local and global technique which
is discussed in this paper. Namely, we suggest to apply a global technique for the search
for the descent in dimensions higher than one, using a local approximation of the function
at the point at hand. This approach is beneficial for minimization of nonsmooth functions
with many shallow local minima since it allows one to find a deep enough local minimizer
and even a global minimizer. It can be also used for minimization of smooth functions.

For application of this approach we need to have a good local approximation of an
objective functions and a fast enough (in small dimensions) methods for a global search.
Since we are mainly interested in the minimization of nonsmooth functions, we consider
a special approximation of Clarke subdifferential and quasidifferential given by discrete
gradients [3, 4, 5] for a local approximation of the objective function. For a global search
we use the cutting angle method [1, 2, 6, 12]). We propose the algorithm for minimization
that is based on the use of discrete gradients and the cutting angle method.

The proposed algorithm was applied to two classes of global optimization problems.
One of these classes consists on well-known test problems with smooth objective functions
(see [23]). The other class consists of problems with the objective function of the form

f(x1, . . . , xk) =
m

∑

i=1

min
1≤j≤k

‖xj − ai‖p, xj ∈ IRn, j = 1, . . . , k, (1)

where A = {ai}m
i∈1 is a finite set of points. Note that f depends on n · k variables.

The function f in (1) is called a cluster function (see, [9] and references therein). Such
a function is used in cluster analysis. Many location problems can also be reduced to
the minimization of a cluster function (see, for example, [15]). It is well-known that the
cluster function has very many shallow local minima. We suggest a special method for
the minimization of a cluster function which allows one to find a good initial point. In
order to find such an initial point we need to solve an optimization problem of dimension
n with non-smooth and non-convex objective function. We used the proposed algorithm
for both the search of an initial point and the minimization of a cluster function.

The results of numerical experiments confirm that the proposed algorithm can be
successfully applied for solving many problems of global optimization.

The structure of this paper is as follows. In Section 2 we briefly recall the notion
of discrete gradients which we use for a local approximation of a function and also local
discrete gradient method and global cutting angle method. Section 3 provides a description
of the main algorithm which we propose. In Section 4 we discuss the results of numerical
experiments with well-known test problems. Section 5 contains an algorithm for the
minimization of cluster functions. Results of numerical experiments with the minimization
of a cluster function are presented in Section 6. Section 7 contains concluding remarks.
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2 Preliminaries

In this section we recall some known methods for local approximation and global opti-
mization which will be used in this paper.

2.1 The discrete gradient method

In this subsection we will briefly describe a local approximation of a locally Lipschitz func-
tion by means of discrete gradients. We also describe a known algorithms for calculation
of descent directions based on discrete gradients and the discrete gradient method for the
local minimization. We start with the definition of the discrete gradient.

2.1.1 Definition of the discrete gradient

Let ϕ be a locally Lipschitz continuous function defined on IRn. Let

S1 = {g ∈ IRn : ‖g‖ = 1}, G = {e ∈ IRn : e = (e1, . . . , en), |ej | = 1, j = 1, . . . , n},

P = {z(λ) : z(λ) ∈ IR1, z(λ) > 0, λ > 0, λ−1z(λ) → 0, λ → 0},

I(g, α) = {i ∈ {1, . . . , n} : |gi| ≥ α},

where α ∈ (0, n−1/2] is a fixed number.
Here S1 is the unit sphere, G is the set of vertices of the unit hypercube in IRn and P

is the set of univariate positive infinitesimal functions.
We define operators Hj

i : IRn → IRn for i = 1, . . . , n, j = 0, . . . , n by the formula

Hj
i g =

{

(g1, . . . , gj , 0, . . . , 0) if j < i,
(g1, . . . , gi−1, 0, gi+1, . . . , gj , 0, . . . , 0) if j ≥ i.

(2)

We can see that

Hj
i g −Hj−1

i g =
{

(0, . . . , 0, gj , 0, . . . , 0) if j = 1, . . . , n, j 6= i,
0 if j = i.

(3)

Let e(β) = (βe1, β2e2, . . . , βnen), where β ∈ (0, 1]. For x ∈ IRn we consider vectors

xj
i ≡ xj

i (g, e, z, λ, β) = x + λg − z(λ)Hj
i e(β), (4)

where g ∈ S1, e ∈ G, i ∈ I(g, α), z ∈ P, λ > 0, j = 0, . . . , n, j 6= i.
It follows from (3) that

xj−1
i − xj

i =
{

(0, . . . , 0, z(λ)ej(β), 0, . . . , 0) if j = 1, . . . , n, j 6= i,
0 if j = i.

(5)

It is clear that H0
i g = 0 and x0

i (g, e, z, λ, β) = x + λg for all i ∈ I(g, α).

Definition 1 (see [3]) The discrete gradient of the function ϕ at the point x ∈ IRn is
the vector Γi(x, g, e, z, λ, β) = (Γi

1, . . . , Γ
i
n) ∈ IRn, g ∈ S1, i ∈ I(g, α), with the following

coordinates:

Γi
j = [z(λ)ej(β)]−1

[

ϕ(xj−1
i (g, e, z, λ, β))− ϕ(xj

i (g, e, z, λ, β))
]

, j = 1, . . . , n, j 6= i,
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Γi
i = (λgi)−1



ϕ(xn
i (g, e, z, λ, β))− ϕ(x)−

n
∑

j=1,j 6=i

Γi
j(λgj − z(λ)ej(β))



 .

A more detailed description of the discrete gradient and examples can be found in [4].
The discrete gradient is an approximation to a subgradient of a locally Lipschitz function
([3]).

Remark 1 It follows from Definition 1 that for the calculation of the discrete gradient
Γi(x, g, e, z, λ, β), i ∈ I(g, α) we define a sequence of points

x0
i , . . . , x

i−1
i , xi+1

i , . . . , xn
i .

For the calculation of the discrete gradient it is sufficient to evaluate the function ϕ at
each point of this sequence.

Remark 2 The discrete gradient is defined with respect to a given direction g ∈ S1. We
can see that for the calculation of one discrete gradient we have to calculate (n+1) values
of the function ϕ: at the point x and at the points xj

i (g, e, z, λ, β), j = 0, . . . , n, j 6= i. For
the calculation of another discrete gradient at the same point with respect to any other
direction g1 ∈ S1 we have to calculate this function n times, because we have already
calculated ϕ at the point x.

2.1.2 The method

We consider the following unconstrained minimization problem:

minimize ϕ(x) subject to x ∈ IRn (6)

where the function ϕ is assumed to be semismooth (for the definition of semismooth
functions see [22]). We consider the following algorithm for solving this problem. An
important step in this algorithm is the calculation of a descent direction of the objective
function ϕ. Therefore first, we describe an algorithm for the computation of this descent
direction.

Let z ∈ P, λ > 0, β ∈ (0, 1], the number c ∈ (0, 1) and a small enough number δ > 0
be given.

Algorithm 1 An algorithm for the computation of the descent direction.

Step 1. Choose any g1 ∈ S1, e ∈ G, i ∈ I(g1, α) and compute a discrete gradient v1 =
Γi(x, g1, e, z, λ, β). Set D1(x) = {v1} and k = 1.

Step 2. Calculate the vector ‖wk‖ = min{‖w‖ : w ∈ Dk(x)}. If

‖wk‖ ≤ δ, (7)

then stop. Otherwise go to Step 3.

Step 3. Calculate the search direction by gk+1 = −‖wk‖−1wk.
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Step 4. If
ϕ(x + λgk+1)− ϕ(x) ≤ −cλ‖wk‖, (8)

then stop. Otherwise go to Step 5.

Step 5. Calculate a discrete gradient

vk+1 = Γi(x, gk+1, e, z, λ, β), i ∈ I(gk+1, α),

construct the set Dk+1(x) = co {Dk(x)
⋃

{vk+1}}, set k = k + 1 and go to Step 2.

Algorithm 1 contains some steps which deserve an explanation. In Step 1 we calculate
the first discrete gradient. The distance between the convex hull of all calculated discrete
gradients and the origin is calculated in Step 2. If this distance is less than the tolerance
δ > 0 then we accept the point x as an approximate stationary point (Step 2), otherwise
we calculate the search direction in Step 3. In Step 4 we check whether this direction is a
descent direction. If it is we stop and the descent direction has been calculated, otherwise
we calculate another discrete gradient with respect to this direction in Step 5 and add it
to the set Dk.

It is proved that Algorithm 1 is terminating (see [4, 5]).

Let sequences δk > 0, zk ∈ P, λk > 0, βk ∈ (0, 1], δk → +0, zk → +0, λk →
+0, βk → +0, k → +∞ and numbers c1 ∈ (0, 1), c2 ∈ (0, c1] be given.

Algorithm 2 Discrete gradient method

Step 1. Choose any starting point x0 ∈ IRn and set k = 0.

Step 2. Set s = 0 and xk
s = xk.

Step 3. Apply Algorithm 1 for the calculation of the descent direction at x = xk
s , δ =

δk, z = zk, λ = λk, β = βk, c = c1. This algorithm terminates after a finite number of
iterations m > 0. As a result we get the set Dm(xk

s) and an element vk
s such that

‖vk
s‖ = min{‖v‖ : v ∈ Dm(xk

s)}.

Furthermore either ‖vk
s‖ ≤ δk or for the search direction gk

s = −‖vk
s‖−1vk

s

ϕ(xk
s + λkgk

s )− ϕ(xk
s) ≤ −c1λk‖vk

s‖. (9)

Step 4. If
‖vk

s‖ ≤ δk (10)

then set xk+1 = xk
s , k = k + 1 and go to Step 2. Otherwise go to Step 5.

Step 5. Construct the following iteration xk
s+1 = xk

s + σsgk
s , where σs is defined as follows

σs = arg max {σ ≥ 0 : ϕ(xk
s + σgk

s )− ϕ(xk
s) ≤ −c2σ‖vk

s‖}.

Step 6. Set s = s + 1 and go to Step 3.

For the point x0 ∈ IRn we consider the set M(x0) = {x ∈ IRn : ϕ(x) ≤ ϕ(x0)}.

Theorem 1 ([4]) Assume that the set M(x0) is bounded for starting points x0 ∈ IRn.
Then every accumulation point of {xk} belongs to the set X0 = {x ∈ IRn : 0 ∈ ∂ϕ(x)}.
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2.2 Cutting angle method

In this subsection we consider the following problem of global optimization:

minimize f(x) subject to x ∈ S (11)

where the objective function f is an increasing positively homogeneous (IPH) of degree
one and the set S is the unit simplex in IRn:

S =

{

x ∈ IRn
+ :

n
∑

i=1

xi = 1

}

.

Here IRn
+ = {x ∈ IRn : xi ≥ 0, i = 1, . . . , n}.

Recall that a function f defined on IRn
+ is called increasing if x ≥ y implies f(x) ≥ f(y);

the function f is positively homogeneous of degree one if f(λx) = λf(x) for all x ∈ IRn
+

and λ > 0.
For a given vector l ∈ IRn

+, l 6= 0 we put I(l) = {i = 1, . . . , n : li > 0}. We use the
following notation for c ∈ IR and l ∈ IRn

+:

(c/l)i =

{

c/li if i ∈ I(l),
0 if i 6∈ I(l).

Note that an IPH function is nonnegative on IRn
+. We assume that f(x) > 0 for all

x ∈ S. It follows from positiveness of f that I(l) = I(x) for all x ∈ S and l = f(x)/x. Let
ek be the k-th orthant vector, k = 1, . . . , n. Now we describe the cutting angle method
for solving problem (11).

Algorithm 3 The cutting angle method.

Step 0. (Initialization) Take points xk ∈ S, k = 1, . . . m, where m ≥ n, xk = ek for
k = 1, . . . , n and xk � 0 for k = n + 1, . . . ,m. Let lk = f(xk)/xk, k = 1, . . . , m. Define
the function hm :

hm(x) = max
k≤m

min
i∈I(lk)

lki xi = max

{

max
k≤n

lkkxk, max
n+1≤k≤m

min
i∈I(lk)

lki xi

}

(12)

and set j = m.

Step 1. Find a solution x∗ of the problem

minimize hj(x) subject to x ∈ S. (13)

Step 2. Set j = j + 1 and xj = x∗.

Step 3. Compute lj = f(xj)/xj , define the function

hj(x) = max{hj−1(x), min
i∈I(lj)

lji xi} ≡ max
k≤j

min
i∈I(lk)

lki xi (14)

and go to Step 1.
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This algorithm can be considered as a version of the cutting angle method ([1, 2]). The
cutting angle method provides a sequence of lower estimates for the global minimum f∗ of
(11) with an IPH objective function, which converges to f∗. Theoretically this sequence
can be used for establishment of a stopping criterion (see [26] for details). Let

λj = min
x∈S

hj(x) = hj(xj+1) (15)

be the value of the problem (13). λj is a lower estimate of the global minimum f∗. It is
known (see, for example, [26]), that λj is an increasing sequence and λj → f∗ as j → +∞.

The cutting angle method constructs the sequence {f(xj)}, which is not necessarily
decreasing: it is possible that f(xj+1) > f(xj) for some j.

The most difficult and time-consuming part of the cutting angle method is solving the
auxiliary problem (13). An algorithm for the solution of this problem was proposed in
[6]. Some modifications of this algorithm (and corresponding modifications of the cutting
angle method) are discussed in [8] and [12].

Only one value of the objective function is used at each iteration of the cutting an-
gle method. Some modifications of this method require to evaluate a few values of the
objective function at each iteration.

2.2.1 Global minimization of Lipschitz functions

Now we consider the following problem of global optimization:

minimize f(x) subject to x ∈ S (16)

where the function f is Lipschitz continuous on S. This problem can be reduced to the
global minimization of a certain IPH function over S. The following theorem has been
established in [27] (see [26]).

Theorem 2 Let f : S → IR be a Lipschitz function and let

L = sup
x,y∈S,x6=y

|f(x)− f(y)|
‖x− y‖1

(17)

be the least Lipschitz constant of f in ‖ · ‖1-norm, where ‖x‖1 =
∑n

i=1 |xi|. Assume that
minx∈S f(x) ≥ 2L. Then there exists an IPH function g : IRn

+ → IR such that g(x) = f(x)
for all x ∈ S.

Let
c ≥ 2L−min

x∈S
f(x), (18)

where L is defined by (17). Let f1(x) = f(x) + c. Theorem 2 implies that the function
f1 can be extended to an IPH function g. Since f1(x) = g(x) for all x ∈ S the global
minimization of g over S is equivalent to the following problem:

minimize f1(x) subject to x ∈ S (19)

and consequently the cutting angle method can be applied to solve this problem. On the
other hand the functions f and f1 have the same minimizers on the simplex S and if the
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constant c is known the problem (16) can be solved by the cutting angle method. In order
to estimate c we need to know an upper estimation of the Lipschitz constant L and a lower
estimation of the desired global minimum of the function f . We will assume that c is a
sufficiently large number. However it should be noted that for increasing values of c the
cutting angle method works less efficiently.

3 The main algorithm

In this section we consider the following global optimization problem:

minimize f(x) subject to x ∈ D (20)

where
D = {x ∈ IRn : ai ≤ xi ≤ bi, i = 1, . . . , n}.

We propose the following algorithm for solving problem (20).

Let sequences δk > 0, zk ∈ P, λk > 0, βk ∈ (0, 1], δk → +0, zk → +0, λk →
+0, βk → +0, k → +∞, numbers c1 ∈ (0, 1), c2 ∈ (0, c1] and c3 > 0 be given.

Algorithm 4 The discrete gradient method with global search.

Step 1. Choose any starting point x0 ∈ D and set k = 0.

Step 2. Set s = 0 and xk
s = xk.

Step 3. Apply Algorithm 1 for the calculation of the descent direction at x = xk
s , δ =

δk, z = zk, λ = λk, β = βk, c = c1. This algorithm terminates after a finite number of
iterations m > 0. As a result we get the set Dm(xk

s) and an element vk
s such that

‖vk
s‖ = min{‖v‖ : v ∈ Dm(xk

s)}.

Furthermore either ‖vk
s‖ ≤ δk or for the search direction gk

s = −‖vk
s‖−1vk

s

f(xk
s + λkgk

s )− f(xk
s) ≤ −c1λk‖vk

s‖. (21)

Step 4. If
‖vk

s‖ ≤ δk (22)

and m > 2 then set xk
s+1 = xk

s and go to Step 7. If (22) satisfies and m ≤ 2 then set
xk+1 = xk

s , k = k + 1 and go to Step 2. Otherwise go to Step 5.

Step 5. Construct the following iteration xk
s+1 = xk

s + σsgk
s , where σs is defined as follows

σs = arg max {σ ≥ 0 : xk
s + σgk

s ∈ D, f(xk
s + σgk

s )− f(xk
s) ≤ −c2σ‖vk

s‖}.

Step 6. If m = 1 then set s = s + 1 and go to Step 3. Otherwise go to Step 7.

Step 7. Calculate two discrete gradients w1, w2 ∈ Dm(xk
s) such that

〈w1, w2〉
‖w1‖‖w2‖

= min

{

〈v1, v2〉
‖v1‖‖v2‖

: v1, v2 ∈ Dm(xk
s), ‖v1‖, ‖v2‖ 6= 0

}
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Step 8. Set y1 = xk
s+1, g1 = −w1, g2 = −w2 and I(gt) = {i ∈ {1, . . . , n} : gt

i 6= 0}, t =
1, 2. For t = 1, 2 calculate the maximum step-sizes along the directions gt, t = 1, 2 :

s1
t = min

{

ai − y1
i

gt
i

, i ∈ I(gt), gt
i < 0

}

,

s2
t = min

{

bi − y1
i

gt
i

, i ∈ I(gt), gt
i > 0

}

,

st = min{s1
t , s

2
t }, t = 1, 2.

Set s̄ = max{s1, s2}.

Step 9. Calculate the points y2 and y3 as follows:

y2 = y1 + s1g1, y3 = y1 + s2g2

and construct the following set:

S = {v ∈ IRn : v = α1y1 + α2y2 + α3y3, α1 + α2 + α3 = 1, α1, α2, α3 ≥ 0}.

Step 10. Apply the cutting angle method to solve the following global optimization prob-
lem:

minimize f(x) subject to x ∈ S. (23)

Step 11. Let x∗ ∈ S be a solution to the problem (23). If

f(x∗)− f(xk
s+1) ≤ −c3s̄

then set xk
s+1 = x∗, s = s + 1 and go to Step 3. Otherwise go to Step 12.

Step 12. If (21) satisfies then set s = s + 1 and go to Step 3. Otherwise set xk+1 =
xk

s+1, k = k + 1 and go to Step 2.

Now we give some explanations to Algorithm 4. In Step 1 we select any starting point
and then apply the discrete gradient method with the starting values of the parameters
in the definition of the discrete gradient. In Step 3 Algorithm 1 is applied to calculate a
descent direction or to determine that the current point xk

s is an approximate stationary
point. If we calculate a descent direction in Step 3, that is the condition (21) satisfies then
we carry out a line search along this direction at the point xk

s in Step 5 and calculate a
new point xk

s+1. If the number of the calculated discrete gradients is more than two (this
allows us to construct two-dimensional set for a global search) we carry out a global search
in Steps 7-11.

If xk
s is the approximate stationary point and the number of the calculated discrete

gradients at this point is more than two then we carry out global search in Steps 7-11
trying to escape from xk

s , otherwise we change the parameters for the calculation of the
discrete gradient to get a better approximation to the subdifferential.

Two-dimensional global search is carried out in Steps 7-11. In Step 7 we calculate
two discrete gradients from the set of discrete gradients Dk

m with largest angle between
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them. These two discrete gradients give us two directions g1 and g2 (Step 8), respectively.
Then we calculate two points (y2 and y3 in Step 9) where the rays from the current point
y1 = xk

s+1 meet the boundary of the feasible region. Using these two points and the point
y1 we construct the set S for the global search by the cutting angle method (Steps 9 and
10).

The problem (23) can be rewritten as follows:

minimize ψ(α) subject to α ∈ S (24)

where
S = {α = (α1, α2, α3) : α1 + α2 + α3 = 1, α1, α2, α3 ≥ 0}

and
ψ(α1, α2, α3) = f(α1y1 + α2y2 + α3y3).

It follows from the results stated in Subsection 2.2 that the problem (24) can be reduced
to the global minimization of a certain IPH function over the unit simplex and the cutting
angle method can be applied for its solution.

Step 11 checks whether the global search achieves the guaranteed decrease of the
objective function. If it is we do not change the parameters of the discrete gradients in
Step 3. If both the line search and global search do not achieve the guaranteed decrease of
the objective we change the parameters of the discrete gradient in Step 3 to get a better
approximation to the subdifferential.

It is clear that all accumulation points of the sequence generated by Algorithm 4 are
stationary points of problem (20).

4 Results of numerical experiments

In this section we report the results of numerical experiments for some known test prob-
lems with smooth objective functions involved. The following test problems of global
optimization were used in numerical experiments: Ackleys function (A1) , Branin func-
tion (B1), Camel function (C1), two Levy functions (L2 and L3), Rastrigin function(R1)
and three Shubert functions(Sh1, Sh2 and Sh3). We consider the problem of global min-
imization of these functions subject to box-constraints. The description of functions and
the corresponding box-constraints can be found, for example, in [23].

In numerical experiments 50 initial points were randomly generated from the feasible
region. Thus 50 results were obtained by the proposed algorithm starting from 50 different
initial points. In all problems we used two-dimensional search by the cutting angle method.
At each global search the number of iterations by the cutting angle method was restricted
by 100.

The codes of algorithms have been written in Fortran 95 and numerical experiments
have been carried out in VPAC’s (Victorian Partnership for Advanced Computing), su-
percomputer in Melbourne using one processor with 833 MHz.

Results of numerical experiments are presented in Table 1. The following notations are
used in this table. In column “known gl. min” we present the known global minimum of
the corresponding problem. In columns “mean” and “st. dev.” mean values and standard
deviation of all results obtained by the discrete gradient and DG+CAM methods are
presented, respectively.
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Results presented in Table 1 show that in all problems except Levy function No. 2,
the DG+CAM method improved the results obtained by the discrete gradient method. In
many cases such an improvement is significant. In particular, DG+CAM method achieved
much better results for Ackleys function (n = 2), Branin function, Camel function, Levy
function L3 (n = 4, 5), Rastrigin function (n = 2, 5) and all Shubert functions. Values of
standard deviations for DG and DG+CAM methods show that the latter method allows
one to get better and more “stable” results. Moreover, in the case of Branin, Camel, Levy
function L2 (n = 10, 20), Levy function L3 (n = 5) and Shubert function Sh3 the mean
value of all results obtained by DG+CAM method is quite close to the value of the global
minimum.

In numerical experiments we restricted the number of iterations generated by the cut-
ting angle method by 100. Otherwise CPU time required by the cutting angle method
could be large which makes the proposed algorithm ineffective. The results confirm that
DG+CAM requires in average two times more CPU time than the discrete gradient
method. Thus we can say that DG+CAM is a local optimization method with better
global search properties.

Table 1: Results of numerical experiments

Prob. n known Discrete gradient DG+CAM
gl. min. fbest mean st. dev. fbest mean st. dev.

A1 2 0.00 0.2801 4.5869 2.3187 0.0000 1.8253 1.4097
A1 10 0.00 3.9491 3.9491 0.0000 2.398 3.8179 0.4027
A1 30 0.00 3.9296 3.9477 0.0082 2.1155 3.6924 0.5969
B1 2 0.00 0.0000 2.3792 3.2117 0.0000 0.1240 0.5413
C1 2 -1.0316 -1.0316 -0.7868 0.3778 -1.0316 -0.9990 0.1616
L2 2 0.00 0.0000 0.8708 1.5442 0.0000 0.8708 1.5442
L2 10 0.00 0.0000 0.0187 0.0746 0.0000 0.0187 0.0746
L2 20 0.00 0.0000 0.0933 0.0770 0.0000 0.0933 0.0770
L3 4 -21.5024 -21.5024 -4.3183 15.6069 -21.5024 -18.3553 9.6436
L3 5 -11.5044 -11.5044 -6.7422 4.2938 -11.5044 -11.2685 0.8825
R1 2 0.00 0.0000 13.1931 11.2383 0.0000 4.9151 9.3581
R1 5 0.00 7.9597 23.1427 9.7087 0.9950 14.9641 8.4591
R1 10 0.00 36.8740 40.6341 3.5355 24.8740 38.3855 4.6715
R1 20 0.00 79.5966 82.9795 2.3442 30.8437 81.2681 8.4698
R1 30 0.00 119.3949 127.99131 5.41521 9.9496 98.9386 41.6100
Sh1 2 -186.7309 -186.7309 -93.1254 73.5074 -186.7309 -113.0273 26.6690
Sh2 2 -186.7309 -186.7309 -81.6387 67.8182 -186.7309 -118.6854 17.0499
Sh3 2 -24.0625 -24.0625 -16.5940 4.6777 -24.0625 -21.5355 3.8992
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5 Minimization of cluster functions

In this section we consider the application of the proposed algorithm for solving cluster
analysis problem.

Assume that we are given a finite points set A in n-dimensional space IRn: A =
{a1, . . . , am}, ai ∈ IRn. Then the problem of finding centers x1, . . . , xk of k clusters in this
set is reduced to the following optimization problem:

minimize fk(x1, . . . , xk) subject to xj ∈ IRn, j = 1, . . . , k (25)

where

fk(x1, . . . , xk) =
m

∑

i=1

min
1≤j≤k

‖xj − ai‖p (26)

and ‖ · ‖p is the p-norm in IRn:

‖x‖p =

( n
∑

l=1

|xl|p
)1/p

, x ∈ IRn.

Solution x̄j ∈ IRn, j = 1, . . . , k of (25) can be considered as centers of clusters.
The function fk in (26) is called a cluster function (see [9] and references therein).

The cluster function is a typical example of the so-called sum-min function, that is the
function of the form

F (x1, . . . , xk) =
∑

i∈I

min(ϕ1(x1, ai), ϕ2(x2, ai), . . . ϕk(xk, ai)),

where x 7→ ϕi(x, a) is a convex function defined on IRm ( i = 1, . . . , k, a ∈ A). Another
example of sum-min function can be found in [14].

The problem (25) is a problem of nonsmooth and nonconvex optimization. The number
of variables n in this problem can be very large in many practical applications including
the problem of the cluster analysis. Therefore the global optimization techniques as a rule
fail to solve this problem.

We propose the following algorithm for solving problem (25). This algorithm is some
modification of the algorithm proposed in [10] (see, also, [9]).

Algorithm 5 An algorithm for minimization of a cluster function.

Step 1. (Initialization). Select a starting point x0 ∈ IRn and solve the following minimiza-
tion problem:

minimize f1(x) subject to x ∈ IRn. (27)

Let x1∗ ∈ IRn be a solution to this problem. Set q = 1.

Step 2. (Computation of the next cluster center). Select a starting point y0 ∈ IRn and
solve the following minimization problem:

minimize f̄ q(y) subject to y ∈ IRn (28)
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where

f̄ q(y) =
m

∑

i=1

min
{

‖x1∗ − ai‖p, . . . , ‖xq∗ − ai‖p, ‖y − ai‖p

}

. (29)

Step 3. (Refinement of all cluster centers). Let y∗ be a solution to problem (28). Take
xq+1,0 = (x1∗, . . . , xq∗, y∗) as a new starting point and solve the problem (25) for k = q+1.
Let xq+1,∗ be a solution to the problem (25) for k = q + 1.

Step 4. (Stopping criterion). If q < k − 1 then set q = q + 1 and go to Step 2. Otherwise
stop.

Algorithm 5 contains some steps which need to be explained. In Step 1 the center of
the first cluster is calculated. The problem (27) is a convex programming problem. In
Step 2 we calculate a center of the next (q + 1)-st cluster, assuming the previous q cluster
centers to be known and fixed. It should be noted that the number of variables in problem
(28) is n which is substantially less than if we calculate all cluster centers simultaneously.
In Step 3 the refinement of all q +1 cluster centers is carried out. One can expect that the
starting point xq+1,0 calculated in Step 2 is not far from the solution to the problem (28).
Such an approach allows one to significantly reduce the computational time for solving
problem (25).

Algorithm 4 is applied to solve problems (25) and (28). Let

āi = min{aj
i , j = 1, . . . , m}

and
b̄i = max{aj

i , j = 1, . . . ,m}.

Then the problems (28) and (25) can be replaced by the following problems, respectively:

minimize f̄ q(y) subject to y ∈ D (30)

minimize fk(x1, . . . , xk) subject to xj ∈ D, j = 1, . . . , k (31)

where
D = {x ∈ IRn : āi ≤ xi ≤ b̄i, i = 1, . . . , n}.

6 Results of numerical experiments with cluster functions

We tested the proposed algorithm for solving the cluster analysis problem using real-world
datasets. Three test sets which have been used for testing of the proposed algorithm are:
(i) 1060 and (ii) 3068 points in the plane, taken from the TSP-LIB data base ([25]), (iii)
19-dimensional image segmentation data ([13]).

In numerical experiments we consider Euclidean norm, that is p = 2. In this case the
clustering problem is also known as minimum sum-of-squares-clustering.

The results of numerical experiments are presented in Table 2. In this table we report
best known value for the global minimum from [16, 18], as well as results obtained by
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three most effective heuristic algorithms for finding of minimum of sum-of-squares clus-
tering problems: k −m-means, j −m+-means and Variable Neighborhood Search (VNS)
algorithms (see [16, 17, 18]). We present the average value of results obtained by these
three algorithms by 10 restarts. The % error E reported in the table are calculated as

E =
(f̄ − fopt)

fopt
· 100

where f̄ and fopt denote the solution found by the algorithm and the best known solution.
Negative % errors mean that the algorithm has improved the best known solution.

Since in the proposed algorithm the starting points are updated by the algorithm itself
we report only one value obtained by this algorithm.

Results presented in Table 2 show that in 6 cases the proposed algorithm improved
the best known solution. In many cases this algorithm calculated the best known solution
and in all other cases its results are comparable with results obtained by other algorithms.
Results from this table confirm the proposed algorithm is quite powerful algorithm for
solving clustering problems in large datasets.

7 Conclusion

In this paper the algorithm for solving global optimization problems has been proposed.
This algorithm is based on the discrete gradient method where line search procedure
is partly replaced by the multidimensional global search. The global search is carried
out by the cutting angle method. Results of numerical experiments are presented which
demonstrate that this method allows one to improve results obtained by the discrete
gradient method.

The proposed algorithm has been applied for solving the cluster analysis problems in
three datasets from the literature. The use of the algorithm allows one in many cases to
get best known values for global minimum. Moreover, in 6 cases the new best values have
been found. In all other cases the results achieved by the proposed algorithm are better
or comparable with the results obtained by other most effective algorithms of the cluster
analysis.

Results of numerical experiments confirm that the proposed algorithm is effective for
finding a good local minimum at least for the problems considered in this paper.
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Table 2: Results for the clustering problem

Datasets Number of Best known K-M J-M+ VNS DG+CAM
clusters value

TSPLIB1060 10 1.75484 ·109 0.03 0.19 0.04 0.00
20 7.91794 ·108 3.96 0.04 0.83 0.00
30 4.81251 ·108 10.51 1.82 0.42 0.53
50 2.55509 ·108 16.58 3.84 1.70 0.70

TSPLIB3038 2 0.31688 ·1010 0.00 0.00 0.00 0.00
3 0.21763 ·1010 1.55 1.29 1.37 0.00
4 0.14790 ·1010 0.03 0.00 0.00 0.00
5 0.11982 ·1010 0.12 0.11 0.10 0.00
6 0.96918 ·109 1.22 1.98 0.01 0.00
7 0.83966 ·109 1.65 1.48 0.73 1.73
8 0.73475 ·109 1.90 1.48 0.62 0.00
9 0.64477 ·109 1.47 0.99 0.11 0.00
10 0.56025 ·109 2.44 1.81 0.06 0.00
20 0.26681 ·109 3.16 2.60 0.09 0.14
30 0.17557 ·109 4.04 2.89 0.91 0.03
40 0.12548 ·109 6.21 3.49 0.93 -0.38
50 0.98400 ·108 6.79 3.51 0.33 0.11

Image seg. 2 0.35606 ·108 0.17 0.00 0.00 -0.01
3 0.27416 ·108 1.38 0.37 0.46 -0.02
4 0.19456 ·108 25.32 0.00 0.00 -0.03
5 0.17143 ·108 23.48 0.81 0.10 -0.03
6 0.15209 ·108 16.41 2.47 2.87 0.78
7 0.13404 ·108 12.49 5.39 2.53 0.49
8 0.12030 ·108 10.94 6.29 0.16 0.55
9 0.10784 ·108 13.58 6.92 0.32 0.61
10 0.97952 ·107 15.83 3.65 0.18 1.71
20 0.51283 ·107 34.63 3.46 0.97 0.35
30 0.35076 ·107 44.68 5.62 0.40 -0.02
40 0.27398 ·107 53.43 4.90 0.43 0.73
50 0.22249 ·107 58.51 4.32 0.35 0.44
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