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Abstract

We describe an implementation of an infinite-dimensional primal-dual
algorithm based on the Nesterov-Todd direction. Several applications to
both continuous and discrete-time multi-criteria linear-quadratic control
problems and linear-quadratic control problem with quadratic constraints
are described. Numerical results show a very fast convergence (typically,
within 3-4 iterations) to optimal solutions.

1 Introduction

One of the current trends in the development of interior-point algorithms of

optimization is the extension of the domain of their applicability. While at
first the linear programming problem was the major target, subsequent devel-

opments led to creation of algorithms and software for much broader class of

symmetric programming problems. This class includes semidefinite program-
ming and second-order cone programming problems. See e.g. [2] for numerous
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engineering applications. Of course, these extensions are not without a price.
While the general theory (very similar to the linear programming case) has
been developed and cast in a very elegant form with the help of the technique of
Euclidean Jordan algebras (see e.g. [1, 3, 4, 5, 6, 13, 14, 16, 18] ), the computa-
tional cost of implementation grew quite significantly (mostly due to the cost of
implementation of the major computational ” Newton-like” step). In the present
paper we make the next natural step along this road. We consider a class of
infinite-dimensional optimization problems and a primal-dual algorithm based
on the Nesterov-Todd direction. We implemented this algorithm for a class
of control problems: multi-criteria linear-quadratic control problem and linear-
quadratic control problem with quadratic constraints (in both continuous and
discrete-time settings). A computation of Nesterov-Todd direction is an infinite-
dimensional (linear) problem. Thus, the cost of the major computational step is
even higher in comparison with previous essentially finite-dimensional schemes.
What is crucial here is a careful consideration of the structure of the problem.
In particular, in control applications mentioned above ”the infinite-dimensional
part” of the Newton-like step is reduced to solving the linear-quadratic con-
trol problem with extra linear term in the cost function. As we show in this
paper, the presence of this extra linear term does not lead to any significant
complications and (as in the standard control-theoretic setting) the solution of
this problem is essentially reduced to solving one of the standard Riccati equa-
tions (differential, difference or algebraic depending on the concrete setting of
the problem). The conceptual difference in implementation of the algorithm for
continuous-time and discrete-time systems is quite minimal: it is essentially in
the organization of data, different schemes for computation of scalar products
in various functional spaces, and solving the linear-quadratic problem briefly
described above.

A 7"Newton-like” step for continuous-time problem is computationally ex-
pensive operation. Good news here is that it is much cheaper for discrete-time
systems. Combining this with an experimental fact (which can be partially ex-
plained by t heoretical complexity estimates [10] ) that three-four iterations of
the algorithm lead to very reasonable approximations of optimal solutions, one
can hope t hat on-line versions of the algorithm can be implemented. This, in
turn, may lead to entirely new and exciting methodologies for the multi-criteria
regulation of control systems.

2 Primal-dual interior-point algorithms

In this section, following [10], we describe a general set up for a class of infinite-
dimensional optimization problems. We then proceed with the optimality cri-
terion and describe a primal-dual algorithm based on Nesterov-Todd (NT) di-
rection.

Let (H,<,>) be a Hilbert space, Vi be a vector space: V7 = Rx H. Let,
further, V =V; x --- x V; (m-times), X C V be a closed vector subspace in V.



Consider the following standard optimization problem:

< a,z >y— min (2.1)
ze(b+X)NN (2.2)
and its dual
< b,w >y— min (2.3)
be(a+ XN (2.4)

where our cone 2 is a second order cone(open convex set in V;):
U =A{(s,y) e Rx H: s> |yllu}
(sometimes also called the cone of squares) and
Q=0 x---xQ; (m-times).

It is known that B
Q1 ={(s,y) e Rx H :5 > |lyllu}

Suppose z,w € V,
z = {(817331)7 e 7(Sm7xm)}

w = {(tlayl)v ) (tmaym)}
Then we define an inner product on V as follows:

m

<z,w>y= Z(Siti—l— < T, Y; >H)~

i=1
The cone (2 is self-dual, i.e.

O ={zeV:icw,z>>0 Ywe} =0

Denoted by X the orthogonal complement of X in V with respect to <, >y.
Let, further, - B
F=[z+X)NnQ] x [(a+ X" NQ*.

We assume that
int(F) = [(z 4+ X) Nint(Q)] x [(a + X 1) Nint(Q*)] # 0. (2.5)
It is easy to see that if a pair of Z,w satisfies (2.2),(2.4) and
< zZ,w >=0,

then Z is an optimal solution to (2.1)-(2.2) and @ is an optimal solution to
(2.3)-(2.4).



Definition 2.1. Given (z,w) then the duality gap p(z,w) is defined as follows:

- <zw>

plzw) = —

where r is a positive constant.

A typical primal-dual algorithm generates a sequence of pairs primal and
dual feasible points (2%, w(F)) € int(F),k =1,2,... such that

(D 0y < (12 00 0 (2.6)
71(.4)

for some positive ¢ and w (see e.g. [19]).
The following theorem (see [10] ) provides necessary and sufficient conditions
for a pair (z*, w*) to be an optimal solution to (2.1),(2.2) and (2.3),(2.4).

Theorem 2.2. Suppose the conditions (2.5) holds. Then both (2.1),(2.2) and
(2.8),(2.4) have optimal solutions. Moreover, z* is an optimal solution to(2.1),(2.2)
and w* is an optimal solution to (2.8),(2.4) if and only if

< z5,w* >y=0.

One of the most important steps in the implementation of primal-dual al-
gorithms is a computation of a descent direction which drives duality gap p to
Z€ero.

One of these directions (the so-called NT-direction) is described below. Let
zi = (ti, 23), w; = (84,y;) € V1. We define a determinant of z; as follows:

det(z;) = t7 — |lzi*.
And the multiplication in V; is defined as follows:
(ti, i) o (si,ys) = (Lisi+ < T3, Yi >, Si%i + Liy;)

Observe that the above multiplication is commutative but not associative. This
defines the structure of a Jordan algebra (see e.g. [10] for more details). Then
the inverse z; L of z is given by the formula

1
-1
LT = ti;_ i)-
% det(zi)( %)

Next we consider a function
f(z) = —Indet(z) = —In(t2 — ||lz4]|?).
The quadratic representation P(z;) is defined as follows:
P(z) = H(z)™"

where H(z;) is the Hessian of f(z;).



Remark: Since V is a product of m copies of V. We define a quadratic
representation P(z) for z = (z1, -+ ,2zm) € V as follows:
P(z) = (P(z1),- -, P(zm)).

One of the main ingredients in the construction of NT-direction is the so-
called scaling point.

Proposition 2.3. Given (z1,22) € Q x Q. Then there exists a unique z3 € §)
such that
P(Zg)Zl = Z2. (27)

The following Corollary gives an explicit formula for the scaling point.

Corollary 2.4. Let z1,22 € Q,21 = (8,y), 22 = (t,x). Then consider z3 = (r,u)
with

1 p1s + pot
r=,/>=
42 \/2+u1u2 < (s,y), (t,z) >
M1 Mo — p1y
U= ,/—
2 \/2+u1u2 < (s,y),(t,z) >
1

= i=1,2.
s v/det(z;)

Then z3 € 4 is a unique solution to (2.7) for Vi =R x H.

Proposition 2.5. FEvery element z € Vi admits the following spectral decom-
position
z = /\161 + )\262

where \; € IR, e; 0 e; = d5e; fori,j=1,2.

The following proposition gives us an explicit formula for the spectral de-
composition of an element z € V7.

Proposition 2.6. Let z = (s,y) € V1, y # 0. Consider

1 Yy 1 Y
e1=-(1, =), e2= (1, =)
22yl 2 lyll
Ar=s+lyll, A2=s—lyl

Then
(8,9) = Aier + Aaea

and e; o ej = 0;5e; fori,j =1,2.

Proposition 2.7. Let  be the cone of squares of Vi and (s,y) € Q1. Consider

vy
2= (G = Vs Iyl + s = Il



Then z € Q1 and 2% = (s,y). Moreover if
22 = )\161 + /\262

is the spectral decomposition of 22, then

z = \/Eel + \/gez-

Denote z by (s,y)2.
Proposition 2.8. We have

Hence,
1

P(z7) = P(2)?. (2.8)

For proofs of the above propositions and corollary, see [10]. We are now in a
position to introduce Nesterov-Todd direction (see e.g. [15]). Given z1, 22 € Q,
let z3 € Q be the scaling point of z; and 2z, defined in (2.7). Then the NT-
direction (£,1) € X x X+ is defined to be the solution to the following system
of linear equations:

P(z3)€ + 1 =yp(21, 22)21 | — 22, (2.9)
feX, neXxt. (2.10)

Here 0 < v < 1 is a real parameter. One can show (see [10]) that (2.9),(2.10)
admits a unique solution.

Proposition 2.9. By following the NT-direction, the duality gap decreases.
Proof Let (2\¥ 2{") € Q x Q, (¢®,5®) be NT-direction at (z{*, z{"),
and t*) > 0. Define
z£k+1) _ zgk) 1B
zékH) = zék) + t(k)n(k).
Then, consider the following equality:

< z§k+1), zékﬂ) > = < z§’“) + t(k)g(k), zék) —+ t(k)n(k) >

= <M 2B s L) (< LB k) 5 ) (k) 5

So it suffices to show that < z;k),n(k) >4 < zék),f(k) >< 0.

<ZB ) s < B e® s = B k) S 4 Pag) M) e >
= < z%k), n® 4 P(z3)¢® >
B R
= (v-1< z§k),z§k) >
< 0 (since: 0 <y <1).



Here we used (2.9). Hence we have

< ZFFD D S o <R

k+1 k+1 k k
p(ED Y < e ).

d
We conclude this section by a brief description of a primal-dual algorithm
based on NT-direction.
For a fix € > 0, suppose that

(9 w®) € int(Q) N (b+ X) x int(Q) N (a+ X1).

Let (&k, nk) be the descent NT-direction obtained by solving the system of linear
equations (2.9),(2.10), ¢ > 0 be the largest value such that

(%) 42, w® + ) € int(Q) N (b+ X) x int(Q) N (a+ X1).

Then we set (zF+1) w*+1)) = (2(0) 4 7¢; w®) + Tny). We stop the iteration
when (2, w®)) < e. In [10], it is shown that by choosing the right stepsize
carefully, the algorithm runs in polynomial-time, i.e. it generates a sequence of
primal and dual feasible iterates satisfying (2.6) with w = 0.5 or 1 and with &
being an independent positive constant.

3 Abstract Formulation of the Problem and Im-
plementation

Let H be a Hilbert space. Consider the following optimization problem:

t — min, (3.1)
Wily —yi)lla <t, i=1,..m, (3.2)
yec+ 2. (3.3)

Here || ||z is the norm induced by the scalar product < | >p, y; € H are
fixed ; Z is a closed vector subspace in H, W; : H — H is a bounded linear
operator for ¢ = 1,--- ,m. The problem (3.1)-(3.3) is an example of an infinite-
dimensional second-order cone programming problem which has been analyzed
in detail in [10].

We have implemented a version of a primal-dual algorithm based on Nestreov-
Todd direction described in [10].

The problem (3.1)-(3.3) can be easily rewritten in the conic form: Let

O ={(s.9) €Rx H:s> ylu}: Vi =Rx H:
Q=0 x O x ... x O (m-times) ;V =V; x ... x Vi (m-times).

Let, further, A : V; — V be a linear operator such that:



A(57y) = {(57 le)v i) (Sa me)}a

a = ((1,0),(0,0),...,(0,0)) € V, b = (0, W1(c — y1), .-, (0, Wi, (¢ — ym))), and
X = A(Rx Z). The scalar product <, >y in V is defined as follows:

m
< (t1, 1) s (Bns T )5 (81, 91)s oo (S Ym) >v= Z{tisi+ < @i, Yi >utb.
i=1

With these notations we can rewrite the problem (3.1)-(3.3) in the conic
form (2.1),(2.2).

Proposition 3.1. We have
Xt ={(r1,u1), e, Py ) €V ir1 4 o1 =0, Wi € 24} (34)
i=1

where Z+ is the orthogonal complement of Z and W} is the adjoint of W; for
each 1.

A conic dual to (2.1),(2.2) will have the following form ([10]):

Z < Wi(e = y;),u; >g— min, (3.5)
i=1
ZW;‘ui S Zl, ||uz|| <r, t=1,....m, (36)
i=1
> =1 (3.7)
i=1

Here W} is the adjoint of W;.

K2

3.1 Calculation of NT-direction

Given (z1, z2) a pair of feasible solutions to the problem (2.1),(2.2), and (2.3),(2.4).
To obtain NT-direction for each iteration, we need to solve the following equa-
tion for (&,n),

P(z)¢—-Ac Xt ¢eX (3.8)

where 23 is the scaling point of z; and 29 ,and A = yu(z, 22)21_1 — z3. (Compare
with (2.9), (2.10).)
The equation (3.8) is equivalent to :

< P(z3)£7§ >

> — < &, A >— min,

e X.



Let
23 = ((t17$2)u (tQ»xZ)v' o 7(tmaxm)) and A = ((7‘1,11/1), e ,(Tm7um))~
For (u,¢) € Rx Z, £ = A(p,(),

< P(Z3)§7€ >
2

P(MC): _<§7A>

1Q 2 2 . vy
izt — [z ®) Wil +;<$uWC> ;<UuWiC>+T+V2H,
where .
1/1:Z(t2+||x2|\ —2Zt <z, Wi¢ > — Zn
i=1
Hence, if we denote by
¢(¢) = min{p(p,¢) : p € IR}
m+1 m 2
<GME> 1 (i)
#(C) = 9 +5 ; g < v, (¢ >? 4 < Vo, ¢ > o ;o (3.9)
where .
_ 2 | @ 0
M= 3 ) A (3.10)
1 m
vo =/ — > (Z 7)) Uma1 — ZWU, (3.11)
1 =1 =1
2 m
= V2 ; i ‘:1327"'7 ’ m = 7 t; - 3 A2
v = V2Wix,, i m, Umt1 \/E; Wix (3.12)
ei=1i=1,.,m, emp =1, (3.13)

As a result, to obtain NT-direction, it suffices to solve the following optimization
problem:

¢(¢) — min,
ez
which is equivalent to solving:
M m+1
<Cf<> ;51<UZ,§> + < g, > — min, (3.14)
(e Z.

The following theorem further simplifies the problem (3.14).



Theorem 3.2. Let (y be the optimal solution to the problem:

<<,24C> + (09, C) — min, (3.15)
Cez, (3.16)
and (;,1=1,2,--- ;m+ 1, be optimal solutions to the problems:
«’Qﬂ + (Vi ¢) — min, (3.17)
Cez, (3.18)

where V; = g;v;.

Let S = (Sij)vsij = <'Ui,<j>,i,j =1,2,---,m+1.

Then the set of optimal solutions to the problems (3.14) is in one-to-one
correspondence with the set of the solutions of the system of linear equations

o1 (v1, o)
t-9| =] (3.19)
Om1 (Um+1, Go)
More precisely, if (01,...,0m+1) is a solution to (3.19), then
m+1
CO) =Co+ Y i (3.20)
i=1

is the optimal solution to the problem (3.14).

For a proof see [8, 10].

Remark: The procedure of reduction of (3.14), (3.15), (3.17) is a version of
Sherman-Morrison-Woodbury formula.

Solving (3.14) is therefore equivalent to solve m+2 problems of the following

type

< MC, ¢ > )
%Jr <wv,{(>—min, (€ Z (3.21)
and a system of (m + 1) x (m + 1) linear algebraic equations.
Let ¢ be an optimal solution to (3.14). Since g—z = 0. Hence p = —22.

Therefore, we obtain

§= A(NvC) = ((Ma WIC)a ) (M>WmC))

which is the primal descent direction. A dual descent direction is simply

n=P(z){—-A.

10



3.2 Computation of the step size

The Jordan algebraic techniques significantly simplifies the computation of the
step-size. Observe that

z+t& = P(27)(e + tP(277)).

Hence, z + t€ € 4, is equivalent to e + tP(z’%)g € 0.
If
tP(272)E = pfi + pafo

is the spectral decomposition, then z + t€ € Q; is equivalent to

T+tuy >0, 1+ tuy > 0. (3.22)

Since the primal-dual cone is the product of several copies of €21, we obtain
step size ¢ as the maximal value of ¢ for which all inequalities (3.22) are satisfied.
We use 0.9t for the actual step size in out algorithm.

The stopping rule we used is quite standard: the duality gap pu < € for a
given € > 0.

Recall (see [10]) that Nesterov-Todd direction (&, 7) is determined by the
following conditions

§+ P(2) "=y, 22) 2 ' — 21,

e X, nGXJ‘,

where (21, 22) € 2 x Q and z3 € Q is the scaling point uniquely determined by
the equation:
P(Z3)Zl = Z2.

As a result of numical experiments,we arrived at v = 0.5 as a value which
minimizes the number of iterations.

4 Examples of concrete problems

We now consider several concrete examples of the problem (3.1)-(3.3).

4.1 Multi-criteria linear quadratic control problem

Denote by L%[0,T] the Hilbert space of square integrable functions f : [0,7] —
R', T > 0. Let (z,u) € H = L%[0,T] x L4[0,T]. Consider the following

optimization problem:

T
J(x,u) = max /o (x — )7 Qi(x — x;) + (u — us) T Ri(u — ug)dt — min (4.1)

i€[1,m]

(t) = Az(t) + Bu(t), z(0) = . (4.2)

11



Here (x;,u;) € H, i = 1,2,....,m; A, B,Q;, R;,i = 1,2,...,m are given ma-
trices of appropriate dimensions. We will assume that @;, R; are symmetric
positive definite matrices. The problem (4.1),(4.2) can be easily rewritten in
the second order cone programming problem of the form (3.1)- (3.3)

Here || ||g is the norm induced by the scalar product < | >g, y; =
(xi,ui), ¢ = 1,2, ...,m; Z is a closed vector subspace in H described as fol-
lows:

Z ={(z,u); &(t) = Az(t) + Bu(t), z(0) =0} (4.3)

Lt 0
Wi{ Qi }zlm
0 LY,

where Lg,, L, are lower-triangular matrices obtained by Cholesky factorization
of Q; and R; respectively.

Then by following the scheme described in the previous section, we have to
show that the condition (2.5) is satisfied, and then compute NT-direction.

Constructing feasible solutions

Primal problem: After some numerical experiments, we end up with the
following construction.
Let Ky be a unique stabilizing solution to the algebraic Riccati equation:

KBBTK —ATK —KA—-T=0.

Here stabilizing means that the close-loop matrix A — BBT K| is stable. Let
be the solution to the following system of linear differential equations:

i = (A— BBTKy)x; 2(0) = z9, u=—BT Koz.
It is quite obvious that y = (x,u) € ¢+ Z. and hence if we choose

s= max [Wi(y —y)|+6
i€[1,m]
for some 0 > 0, the initial point for primal problem is A(s,y).
Dual problem: We simply take u; = 0,r; = %J =1,2,...,m.

Computation of NT-direction

For T' < oo, the problem (3.21) is simply classical LQ problem with a linear
term on a finite interval (see e.g. [8, 11]). Hence on each iteration, we need to
solve a differential Riccati equation, system of linear differential equations and
a system of (m + 1) x (m + 1) linear algebraic equations (see [10]).

For the case when T' = oo, the problem (3.21) is LQ problem with a linear
term on a semi-infinite interval. The complete solution to such a problem is
described in the following section.

12



4.1.1 Solution to LQ problem with a linear term on a semi-infinite
interval

Let (z,u) € H = L3[0,00) x L'[0,00), ¥ = %T. Consider the following LQ-
control problem with a linear term on a semi-infinite

J(m,u)zé/ooo<{i},Z[i}>dt+/ooo<[i},[Z]>dt—>min

(4.4)

& = Az + Bu, x(0) =z (4.5)
By using block partition, denote

Y11 X2
Y= .
{ ¥, Yo

For proofs of the theorems in this section, see [9].

Theorem 4.1. Let A be an antistable n by n matriz (i.e. real parts of all eigen-
values of A are positive). Consider the following system of linear differential
equations:

T = Az + f, (4.6)

where f € L5[0,00). There exists a unique solution L(f) of (4.6) such that
L(f) € Ly[0,00). Moreover the map f — L(f) is linear and bounded. Explicitly:

+o00
L)) = — /0 AT (7 1 t)dr (@.7)

Theorem 4.2. The following conditions are equivalent:
i) Yoo is a positive definite (symmetric) matriz and the following Riccati
equation has a stabilizing solution.

KLK + KA+ ATK —Q =0 (4.8)
where
A=A-BY%3)%, Q=311 —1255 %, L=B%;B".

ii) The pair (A, B) is stabilizable and there exists € > 0 such that

tew= [ <[ o]l 0] s [ e

for all (z,u) € Z.
Let further Z C H be as follows:

Z ={(z,u) € H;& = Az + Bu, z is absolutely continuous, z(0) = 0}.

13



Theorem 4.3. Suppose that the pair (A, B) is stabilizable. Then Z is a closed
vector subspace in H. Then

1 p + ATp n . . . n
Z—=/{ BTp :p € Ly[0,+00),p is absolutely continuous,p € Ly[0,+00)}

We are now in the position to describe the optimal solution to (4.4).

Theorem 4.4. Suppose that the conditions of theorem 4.2 are satisfied. Then

the problem (4.4)-(4.5) has a unique solution which can be described as follows.
There exists a stabilizing solution Ky to the Riccati equation (4.8). Then the

matriz C = —(A + LK) is antistable, (KoB — $12)Y05 v + y € L}[0, +00).
Let p be a unique solution from LF[0,400) of the system of differential equa-

tions
p=CTp+ (KoB —Z12)S0v +y (4.9)

(which exists according to Theorem 4.1), x is the solution to the system of dif-
ferential equations

i = (A+ LK)z + Lp — BYy v, (0) = o, (4.10)
p=Kor+p, u= Egzl(BTp —v— Yo11).

Now back to the problem of finding NT-direction for T' = co. Solving (3.21)
is reduced to solving an algebraic Riccati equation (4.8), systems of differential
equations (4.9),(4.10) and a system of (m+1) x (m+1) linear algebraic equations
on each iteration.

4.2 Discrete-time Multi-criteria linear quadratic control
problem

In this section, we consider a discrete-time formulation for the problem (4.1)-
(4.2). For simplicity, let us introduce some useful notations.

Let x denote a sequence {z} C IR" for k =0,--- ,00. We say that x € I5(IN)
if Y77, [|@i]|* < oo where || - || is a norm induced by an inner product <,> in
R'. Let (z,u) € I5(IN) x I5*(IN). Then the Discrete-time Multi-criteria Linear
Quadratic Control Problem takes the form:

max Y {< (@—¢y), Qular—py)) > + < (w=¢))), Ri(wr—¢;) >} — min
’ k=0

(4.11)

Tr+1 :Al'k—FB’U,k, k:0717 y Lo = 70,
where (0, ¢")) € H = 13(IN) x I5*(N) for i = 1,--- ,m , A, B,Q;, R; for i =
1,---,m are matrices of appropriate sizes. We assume that @Q;’s and R;’s are

positive definite.
It is easy to see that the problem (4.11) can be rewritten into the second-
order cone programming problem (3.1)- (3.3).

14



Observe now the inner product in H has the following form:

oo

<(z,9), (u,v) >p= Z{< T, U > + < Y, vk >} (4.12)
k=0

The vector subspace Z now takes the form:

Z ={(x,u) € H: xpy1 = Az + Bug,k=0,1,--- ) 2o =0}

The constructions of a initial feasible point for primal and dual problems are
similar to the constructions of a feasible points in the continuous case. In the
primal, we solve a discrete LQ problem via discrete Algebraic Riccati equation.
In the dual, we take the same choice as in the continuous case.

Now the problem (3.21) is discrete-time linear-quadratic control problem
with linear term.

4.2.1 Discrete-time linear-quadratic control problem with linear term

In this section, we describe a complete solution to discrete linear-quadratic
control problem with a linear term. In order to derive the solution, we need the
following auxiliary results.

Theorem 4.5. Let A be a d-stable matriz (ie. all eigenvalues of A lie inside a
unit circle on a on a complex plane. ) Consider the following system of linear
difference equation.

:Ek:ASE]ﬁLl-i-fk, k=0,1,--- (413)

where f = {fr} € I5(IN). Then there exists a unique solution L(f) of (4.13)
such that L(f) € 13(IN). Moreover the map f — L (f) is linear and bounded.
Ezxplicitly,

oh=L(f)e =Y Afosn, k=01, (4.14)

r=0

Proof Since A be a stable matrix, there exists S = S7 > 0, such that
ATSA -8 =1 (4.15)

(see e.g. [12]). Let wy =< x, Sz > . Obviously, wy > 0, Vk. Then using (4.13)
and (4.15), we obtain the following:

Awgyr = Wyl — Wi

< Tpy1,5Cpy1 > — < xg, Sl >

< Tpt1, STpr1 > — < (Azgq1 + fr), S(Azgr + fr) >
= < T4, Smk“ > —< $k+1,ATSA$k+1 > —

2 < Axpi1,Sfe > — < fr,Sfr >

< Ty, Ty > =2 < Azpy1, Sfe > — < fi, Sfr >
ek l” = 2l AT S fxll = 1S Fell-

Y

15



But then it is easy to see that the following inequality is true.
1
2|z [IATSTIRI < Sl l® + 21 ATS |12 £l

Then .
Awgyq > §||$k+1||2 — CIATSIZ+ 1SIDI 112

Then it follows that

k+1
Wig1 — Wo = Z Aw,
r=1
kL
> Z(gllﬂﬂrll2 — IIATS|1* + ISIDI1fr—21%)-
r=1
Hence,
k+1 k+1
S el < 2> IATSI + IS fr-1ll® + 2(whi1 — wo).
r=1 r=1
Let now

xk:ZArfr+ka k:O,l,"'7

r=0
then we have that

Az + fr = AZATfr+k+1+fk

r=0

= D A e+ fi

r=0

= Y Afrik+ fr

r=1

(oo}
= Y Afr
r=0

= Tk-

(4.16)

(4.17)

Hence, (4.17) satisfies (4.13). Let us now consider the following inequilities:

[e%S)
el = (1D A" franl
r=0
o)
< S Al

r=0
<

D AT frsll
r=0

16



Then by Cauch-Schawrz inequality we have

DAY M frerll?
r=0 r=0
B FA
r=0 s=0

for all k. But since A is stable and all norms are equivalent, by Householder’s
Theorem [17] we can assume without lost of generality that

IN

[EAS

IN

|A]l < 1.

Therefore,
|z ||* < oo for all k.

Hence {z} is bounded and as a result {wy} is also bounded.
But since zp = >~ A" f |

IN

o

E M
< ” TEFID) Z 111

Then from (4.16) we have,

k+1 1 k+1
ZH%H? < 2(2\\ATSH2+HSH‘Fw)ZHﬂW‘F?(U’kH — W)
r=0

r=0

for all k. Since {wy} is bounded, we conclude from (4.18):

{zx} € ().

Hence
li =0.
Jm 7 =0
As a result,
li =0.
i e
From (4.18), we now have
oo
D lll? < 202l AT S|P + 1S T ae ”A”2 Z 1fr]1? = 2wo. (4.18)
r=0
But since

wo =< xg,Sxo > > 0,

17



we have

[e'S) 1 [e'S)
Dollzl? < 20 ATS|E + |1 S)] + W)Z ILf 1
r=0 r=0
< OY AP (4.19)
r=0

for some constant C.
But now suppose that {Z;} € {5 (IN) be another solution to (4.13). Then

Yk = Tk —Tg
= A(@p+1 — Tp41)
= Ayrn
for k = 0,---. Since A is d-stable and {y;} € {5(IN), one can easily see that

y, =0forall k=0,---.

Therefore the system (4.13) may have only one solution {z;} € I5(IN). Hence
we can conclude that the linear map f — £ (f) is correctly defined and bounded.
O

Let now consider the following classical discrete-time LQ problem

1 > Tk Tk .
kao<[uk},2[uk > — min, (4.20)

where x3,41 = Az, + Bug, o = 2° € IR* and

E11 E12
Y = .
{ Sl ¥ }

It is well known the the following discrete algebraic Riccati equation plays a
very important role in finding the optimal solution to the problem (4.20) [12]:

K=ATKA— (ATKB + %15)(Z22 + BTKB) Y (ATKB + ¥15) + £11. (4.21)

Observe that (4.21) is defined under assumption that the matrix ¥a3 +
BTKB is invertible. Let

F=(ATKB+%15)(X22 + BTKB)™".

Then K, a symmetric solution to (4.21) is called a stabilizing if Yoo +BT KB > 0
and AT — FBT is d-stable.

Theorem 4.6. Suppose ¥ag is a positive definite matriz, (4.21) has a stabilizing

solution. Then
1 = Tk Tk
2;<[uk],z[uk]>> 0. (4.22)

18



for all (zg,uy) satisfying
Tpy1 = Axy, + Buy, (423)

x0 =0, (z,u) € lF(IN) x I5*(IN).

Proof Let K be a stabilizing solution to (4.21), using (4.22) we obtain the
following equalities:

< Xpg1, Kxpy1 > — < xp, Kz, >

= < (Azg + Buy), K(Azxp + Bug) > — < ag, Kz >

= <, (ATKA - K)xp, > + < 2, ATKBuy > + < up, BT K Axy, > +
< ug, (BTKB + Sog)uy > — < ug, Soouy > .

Let now Rix = Yoo + BTKB, and S = ATKB + X1 then using (4.21), we
obtain:

< Tpt1, Krpy1 > — < xp, Kz >

= <uxg, (SKR;{lSK —Y1)ak > + < ap, ATK Buy, >
+ < up, BT KAz, > + < up, Rgug, > — < g, Doty >

= < uxg, (SKR?SK)I;C >+ < xp, Sgup > + < ug, Skxp >+ < up, Rgug >
— < Tp, DoUp > — < uk,Efok > — < Uk, Dol > — < Tk, 11Tk >

S S <[ 7 5[]

Then take summation with respect to k from k£ = 0 to £k = N to obtain:

N N
Z < [ Tk :| DY |: Tk :| > = Z < (R;{lsKa'}k —l—uk),RK(RI}lSKmk —|—uk) >

Uk U
k=0 k=0

+ < xp, Kxg > — < $N+17K$K+1 > .
Since
= 1. =
zo = 0 and NgnooscN 0,

we have
Z < [ Tk :| D [ Tk :| > = Z < (R;(lSK:z:k Jruk),RK(RI_(lSKIk Jruk) > .

Uk Uk
k=0 k=0
Hence, since Ri > 0, (4.22) is satisfied. Theorem is proved. O

Remark Suppose that (A, B) is d-stabilizable and ¥ = I (identity matrix).
Then (4.21) has a stabilizing solution (see e.g. [12]).

Theorem 4.7. Let H = [5(IN)xI5*(IN). Suppose the pair (A, B) is d-stabilizable.
Let X be defined as follows:
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X ={(z,u) = {ap}, {ur}) € Hyxp41 = Az +Bug, 20 =0€R' k=0,1,--- }.

Let also

Z = {({&}> {m}); ¢o=ATpo, & = ATpy —pr_y1 fork=1,2,---,
e = BTpk> fOT’ k= Oa 17' ) {pk} € lg(]N)}

Then X is a closed vector subspace and Z is an orthogonal complement of
X inH,ie Z=X".

Proof Let (z,u) € X and ({&x}, {nx}) € Z. Then
< (z,u), (&}, {me}) >m

= <0, ATpy >+ < up, BTpy > + lim E (< zr, ATpp — pr_1 >+ < up, BIpy, >)
n—oo
k=1

n
= < x1,po >+ lim Z(< Az + Bug,pr > — < T, Pr—1 >)
n—oo
k=1
n
= <@,po >+ lim Y (< @pp1,pe > — < T, pro1 >)
n—oo
k=1
= lim <zpq1,pn >

n—oo

= 0.

Next we show that given ({1}, {¢x}) € H, it admits the following representa-
tion:

Yo = 20 — [AT po)] (4.24)
and
Ve =z — [ATpr — pr—1] (4.25)
fork=1,2,---
ok = up — B py (4.26)

for kK = 0,1,---, where ({zx},{ur}) € X and {px} € [5(IN). This will imply
easily that Z = X+ and both X and Z are closed.
We look for pg in the form

pr—1 = — Kz + pi (4.27)
Then by (4.25), we have
Ph—1 =k — z + AT pi
where K = K7 is a symmetric matrix. Substituting this into (4.27), we get

pr = ATy + i — 7 + Kay,. (4.28)
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But then (4.26) implies:
u, = By + ox. (4.29)

Our goal now is to eliminate pg. By using (4.27)

P = —Kzpy1+pri
—K(Azy + Buy) + pr+1-

By substituting this into (4.29), we have

uy = BT(=K(Azy + Bug) + pry1) + o
= —BTKAz, — BPKBuy, + BT pry1 + s

Hence,
(I+BT"KByu, = -BTKAx,+ BT pei1+ o
Hence, we have

up = —(I + BTKB) ' BTKAxy, + (I + B'KB) (B  py1 + ). (4.30)

Using
Trr1 = Az + Buy
we obtain
zp41 = Az, — B+ B"KB) 'B"K Az,
+B(I + B"KB) " (B” pry1 + o). (4.31)

But then since
Pr = —Kxpi1 + prga,

we have

pe = —KAz,+KB(I+ BTKB) 'BTKAux,
~KB(I+ BT"KB) Y (BT pry1 + é1) + prs1-

Then from (4.28) we have the following

pe = ATpp 4k —a,+ Ky
= ¢ —ap+ Koy — ATK Az, + ATKB(I + BTKB) ' BT K Ax,
—ATKB(I+ BTKB) " (B i1 + &) + AT prss.
Recall, now, if ¥ is the identity matrix then according to Remark which follows

Theorem 4.6 the corresponding discrete algebraic Riccati (4.21) equation has a
stabilizing solution. In this case, X117 = I, Y90 = I, X212 = 0 i.e.

K=AT"KA—-ATKB(I+B"KB) 'ATKB +1 (4.32)
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If we choose K to be stabilizing solution, we obtain
or =AT(I-KB(I+B"KB) 'B")pp 11— ATKB(I+BT"KB) "¢+t (4.33)

It is known that if K is a stabilizing solution to DARE (4.32), then the
matrix AT (I — KoB(I + BT KoB)~!BT) is d-stable. Then by the Theorem 4.5,
there exists a unique solution {pr} € I5(IN) to (4.33). Hence by using (4.31)
where o = 0, (4.30) and then (4.27) we have shown that any ({¢x}, {¢r}) € H
admits a unique decomposition as a sum of elements in X and X*. Hence the
Theorem is proved. U

Now we are in the position to describe a solution of the LQ-problem on a
semi-infinite interval.

1 Tp Ty - Ty Y .
22<[uk},2[uk}>+z<{uk | o > — min, (4.34)
k=0 k=0
where
Tpi1 = Az + Bug + g, o =2 € R", {g1} € I3(IN), (w,u) € H. (4.35)
Theorem 4.8. Suppose there exists a stabilizing solution K to DARE (4.21):
Then
{fr} e B(IN)

where
fr = (ATKB + %12)(S22 + B KB) "¢, + $12(502 + B KB) ' B" Kgi. — ..
Furthermore, let {pr} be a unique solution from I3 (IN) of the system

pr = Cprr1 + fr

where
C=A" — (ATKB + %15)(Z22 + BTKB) ' BT.

Then the solution ({xk}, {ur}) to LQ-problem on a semi-infinite interval (4.34)
can be described by the following recurrent relations:

zpy1 = CT oy + B(X22 + BTKB) (B pry1 — BT Kgi. — ¢) (4.36)
uy = —(Zoo+ BTKB) " Y(BTKA+X5)x;,
+(S22 + BTKB) (B pjs1 — BT Kgi — ¢1). (4.37)

Proof By Theorem 4.5, the functional (4.34) restricted to subspace X is con-
vex. Hence necessary and sufficient optimality condition for (4.34) ,(4.35)takes

the form AT
Ty i, Pk — Dk—1
Z p—
[“k]Jr{‘?k} [ BTpi }
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when (z,u) satisfy (4.35) for some {pi} € I5(IN). Moreover, we are looking for
{px} in the form
Pk = —Kzpi1 + prtr

where K is a stabilizing solution to DARE (4.21). We finish the proof exactly
as in Theorem 4.7. O

5 Some extensions

5.1 Linear-quadratic control problem with quadratic con-
straints

Consider the following optimization problem:

[Wo(y — yo)llz — min, (5.1)
Wiy —yi)llr <ti, i=1,....m (5.2)
yec+ 2. (5.3)

With our choice of H,Z and other parameters, we arrive at the linear-
quadratic control problem with quadratic constraints ( see e.g [7, 20]). We
first consider the problem of checking the feasibility of (5.1) - (5.3):

t — min, (5.4)
||Wz(y_yz)||H <t+t;,1=1,....m (55)
yec+ Z. (5.6)

To cast (5.4) - (5.6) in the conic form, consider
A:RxZ— (Rx H) x (IRx H) x ...(IRx H), m-times such that

A(t>y) = (t>le) (t WQ?/) 7(t me)
= ((1?0)7(0’0)7“'7(0’0))7 b= ((tl,Wl(C_yl)) "( s Win ( ym))) and
X = AR x Z). Then we can rewrite (5.4)-(5.6) in the form of (2.1),(2.2).

Observe that the only difference between (2.1),(2.2) and our conic formulation
is the choice of b. It is quite obvious that the dual will be of the form

ZtTZ+Z<W ), u; >pg— min, (5.7)
S Wi € 2, il <riy i=1,..,m, (5.8)
=1
d =1 (5.9)
=1
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Thus, the whole numerical scheme remain the same for (5.4)-(5.6)( the only
difference is in the choice of initial feasible solution).
Returning to (5.1)-(5.3) consider the following;

A:Rx Z— (Rx H) x (IRx H) x ...(R x H), (m+1)-times such that

A(t,y) = (£, Woy), (0, Why), ..., (0, W,y),
X = A(Rx 2),
a=((1,0),(0,0),...,(0,0)),
b= ((0,Wo(c = o)), (b1, Wile = y1)), s (tm, Win(c = ym)))-
We can rewrite (5.1)-(5.3) in the conic form

< a,z >— min,

ze(b+X)NA.

One can easily see that the dual will have the following form

Ztﬂ"i + Z < Wi(C — yi),ui > g — min, (510)
i=1 =0
m
S Wrui€ Z5, luil <riy i=1,.,m, (5.11)
=0

[[uoll < 1. (5.12)

It is quite easy to work out a scheme for the computation of the Nesterov-
Todd direction following the ideas developed in [10].

6 Numerical results

In this section we consider several examples for both continuous and discrete-
time formulations. The major difference between the two methods is in solving
linear-quadratic control problem with linear term. For continuous-time case for
finite interval (respectively, infinite interval), solving linear-quadratic control
problem with linear term requires solving differential Riccati equation (continu-
ous algebraic Riccati equation) and systems of linear differential equations. For
discrete-time case, we have to solve discrete Riccati equation and systems of
difference equations.

The numerical experiments confirm fast convergence to optimal solution and
good approximation of the continuous formulations by discrete formulations.

The algorithms are implemented in MATLAB and integrations of the ordi-
nary differential equations are carried out with ODE45, a MATLAB ODE solver
function for nonstiff problems.
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6.1 Example 1: Multi-criteria Linear Quadratic Control

Problem

We consider Multi-criteria Linear Quadratic Control Problem in both contin-

uous and discrete cases.

For continuous formulations, we first consider the

problem (4.1),(4.2) (i.e. problem on the finite interval [0,7]) with m =n =3

and the following data:

1 2 3 4 5 6
T1; e 3t e 3t sin(t)e~* e 2t cos(t)e™*  cos(t)e
To; | cos(t)e™ 4 sin(t)e~4 e 3t sin(t)e=5¢ e 3t et
w3; | cos(t)e ™ cos(t)e ™ cos(t)e 4 sin(t)e e 2t e 3t
Ui t21+5 t21+3 t213 t23r5 ﬁ ﬁ
i 1 1 1 1 i
Usi 246 56 746 46 46 46
7 8
x1; | cos(t)e=*  sin(t)e 3!
o ot o it
s o3t o3t
Ui t%r? t%rs
U2i 248 246
U3i 216 216
2 5 2 3 2 4 1
A=1[4 2 3 |,B=[5 2 2 |,ap=1| 2
2 3 2 3 4 2 )
Q1 = diag(169,196,225), Qs = diag(169,169,9), Qs = diag(196,121,25),
)

Q. = diag(225, 81,49
Q- = diag(324,9, 169

)

~

Qs = diag(196,49,81), Qg = diag(289,25,121),

, Qg = diag(361, 121, 225),

Ry = diag(196,144,196), R, = diag(144,9,16), R3 = diag(169, 225, 36),
Ry = diag(196,49,64), Rs = diag(225,81,100), Rg = diag(256, 121, 144),
R7 = diag(289,169,196), Rs = diag(324, 225, 36),

Then by applying a primal-dual algorithm based on NT-direction, we obtain
the following table of solutions for different ”T” for e = 0.01

T 1 2 3 4 5
Opt Value 2035 | 2071 | 2075 | 2076 | 2077
Number of Iterations 6 6 6 6 6
T 6 7 8 9 10
Opt Value 2077 | 2077 | 2077 | 2077 | 2077
Number of Iterations 6 6 6 6 6
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Plot of Approximation solution after 3 iterations ".."and optimal control "——"
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Figure 1: Plot of approximation of optimal control and Optimal control: T = 3

Note also that the approximation of the optimal control approaches to the
optimal control only after a few iterations. In fact, only after 3-4 iterations,
we obtain a very good approximation to the optimal solution. Figure 1 and 2
are graphs of the approximate optimal solution after three iterations and the
optimal solution. The dotted line is the plot of the approximation and the
solid line is the actual optimal solution (the actual optimal solution means the
solution obtained in the last iteration).

Our next goal is to use the discrete formulations to estimate the optimal
solution and optimal value for the above problem. The construction is quite
straightforward. First,we choose a sufficiently large K > 0, then we discretize
the partition [0, 7] in to K sub-intervals uniformly. Next we let h = % Hence,
our targets in the discrete formulation can be easily computed by the following

simple procedure: for state components

J),(Ch) xh(kh)
22 | = | za(kh) |,
23 w9;(kh)
fori=1,---,m,and k=0,1,--- , K. Similarly, for control components
ul(fl) = u2i(k’h) y
ul(:ﬂ) UQZ(kh)

fori=1,---,m,and i=0,1,--- , K.
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Plot of approximation of state and the actual state optimal solution
T T
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I
0 0.5 1 15 2 25 3
Time

Figure 2: Plot of approximation of optimal state and Optimal state: T = 3

The corresponding discrete-time problem will have the form

oo
max S {< (ze—e)), Qulan—ey)) > + < (we=¢})), Ri(wr—¢;”) >} — min
T k=1

o (6.1)
Tp41 = Ay + Bug, vo = Yo

where Q; = hQ;, R; = hR;, A= (I + hA) and B = hB.

We choose K = 300. Then using above formulation, we obtain a optimal
solution which is very close to the optimal solution to the continuous case. As
it is shown in the Figure 3-4, we take the difference pointwise of the optimal
solutions obtained from the continuous and discrete formulation. The result is
quite good. The two optimal solutions are almost identical.

6.2 Example 3: Discrete-time linear-quadratic control prob-
lem with quadratic constraints

In this section we solve linear-quadratic control problem with quadratic con-
straints using discrete formulation. Let us first consider the checking feasibility
problem (5.4)-(5.6) in the discrete formulation of the linear-quadratic control
problem with quadratic constraints where Z, ¢, W;, y; for i = 1, ..., m will be the
same as in the Example 1, and ¢; be given by the following table.

1| 1|23 |4]5|6]|7|8
t; |41]120]39 |30 |32]|38|43]|45

It is easy to see that there exists a feasible solution to the problem (5.1)-(5.3)
if and only if the optimal value of the problem (5.4)-(5.6) is negative.
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3.1) Discrete-time optimal state 3.2) Difference between discrete-time
Optimal ‘state obtained by‘usmg discrete iu‘rmulatmn ‘ a.nd Cont inuOuS—t ime O pt lmal St ate
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Figure 3: Plot of discrete-time optimal state for Multi-criteria Linear Quadratic
Control Problem.

4.1) Discrete-time optimal control 4.2) Difference between discrete-time
: and continuous-time Optimal control

Pointwise difference in control spaces between discrete and continuous formulations
T T T T T

Optimal control obtained by using discrete formulation
1 T T T T
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Figure 4: Plot of discrete-time optimal control for Multi-criteria Linear
Quadratic Control Problem.
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5.1) Plot of optimal state for T = 20.  5.2) Plot of optimal control for T = 20.

Plot of optimal state Plot of optimal control
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Figure 5: Plot of Discrete-time linear-quadratic control problem with quadratic
constraints.

Then by applying a primal-dual algorithm described in [10] based on NT-
direction for T' = 3, we obtain the following data of optimal value ¢ after some
number of iterations.

#iterations | 1 2 3 4 5 6 7 8
Opt Value | 1.87 | 15.91 | 1.86 | 0.91 | —0.16 | —0.42 | —0.49 | —0.50

As it is shown in the above table, after the forth iteration we obtain a feasible
solution to the linear-quadratic control problem with quadratic constraints(5.1)-
(5.3). Once we obtain a feasible solution for the optimization problem (5.1)-
(5.3), we then can apply primal-dual algorithms to solve the problem. The
calculations for the NT-direction for this problem are quite similar to the cal-
culation for (6.1). The only differences are in the definition of a closed vector
subspace X and its complement X+. The optimal solution to the problem
(5.1)-(5.3) for T' = 20 based on NT-direction is shown in the Figure 5.
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