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2 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTON1. IntrodutionLet Pn denote the linear spae of omplex polynomials of degreen or less. De�ne the root mapping on Pn to be the multifuntionR : Pn ! C given by R(p) = f� j p(�) = 0g ;and let � : C ! IR [ f+1g = �IR be a lower semi-ontinuous onvexfuntion. We are onerned with the variational properties of funtions�̂ : Pn ! IR [ f�1g de�ned as(1) �̂(p) = sup f�(�) j� 2 R(p)g :The absissa and radius mappings on Pn are obtained by taking �(�) =Re� and �(�) = j�j, respetively. Indeed, the absissa and radiusmappings are the primary motivation for this study. The variationalbehavior of these funtions is important for our understanding of thestability properties of ontinuous and disrete time dynamial systems[1, 2℄.The funtions de�ned by (1) possess a very rih variational struture.In addition, these funtions are related to important applied problems.Consequently, they o�er an ideal setting in whih to test the utilityand robustness of any theory for analyzing the variational strutureof nonsmooth funtions. We fous our study of the lass (1) to theirbehavior on the set Mn of polynomials of degree n. This set is anopen dense subset of the linear spae Pn (endowed with the topologyof pointwise onvergene). Note that on the set Mn the sup in (1) anbe replaed by max. The supremum in (1) is only required for onstantpolynomials. We also note that the non-onstant members of the lass(1) are never loally Lipshitz on Mn and are always unbounded inthe neighborhood of any point on the boundary of Mn. The non-Lipshitzian behavior is seen by onsidering the family of polynomialsp�(�) = (� � �0)n � �. For the unboundedness of �̂ on the boundaryof Mn reall that for any non-onstant onvex funtion � there mustexist a nonzero diretion a 2 C for whih �(�a) ! +1 as � " 1. Ifp 2 Pn is any polynomial of degree less than n, the polynomial de�nedby q�(�) = (1 � a�1��)p(�) is in Pn, and satis�es q� ! p as � & 0.Moreover, ��1a 2 R(q�) for all � > 0. Therefore, �̂(q�)! +1 as �& 0.It is this essential unboundedness of the roots on the boundary of Mnthat motivates the restrition toMn. OnMn the roots of polynomialsare ontinuous funtions of their oeÆients, so the funtions �̂ de�nedin (1) are lower semi-ontinuous on Mn.



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 3We use the tools developed in [6, 7, 12, 14℄ to study the variationalproperties of �̂. Our earlier work demonstrates that these tehniquesare well suited to appliations in stability theory [1, 2, 3, 4, 5℄. Inaddition, we make fundamental use of a lassial result originally due toGauss and ommonly known as the Gauss-Luas Theorem. This resultestablishes a beautiful and elementary onvexity relationship betweenthe roots of a polynomial and the roots of its derivative.Theorem 1.1. [Gauss-Luas℄ All ritial points of a non-onstant poly-nomial p lie in the onvex hull H of the set of roots of p. If the rootsof p are not ollinear, no ritial point of p lies on the boundary of Hunless it is a multiple root of p.The Gauss-Luas Theorem implies the following hain of inlusionsfor any polynomial of degree n:(2) onvR(p(n�1)) � onvR(p(n�2) � � � � � onvR(p0) � onvR(p);where onv S denotes the onvex hull of the set S.Theorem 1.1 is referred to by Gauss as early as 1830 and has beenredisovered many times. In 1879, Luas [9, 10℄ published a re�nementof Gauss's result. For more on the Gauss-Luas Theorem and its usessee Marden [11℄.In [5℄, Burke and Overton investigate the variational properties ofthe absissa mapping using an approah modeled on work of Levan-tovskii [8℄. However, this approah is diÆult and lengthy, and provideslittle insight into the underlying variational geometry. Furthermore,extending this approah to other funtions of the roots of polynomialswould be a daunting task at best. In [3℄, an approah based on theGauss-Luas Theorem is introdued to simplify the derivation of thetangent one to the epigraph of the absissa mapping at the polyno-mial p(�) = (�� �0)n. This derivation is one of the two most diÆulttehnial hurdles in [5℄. The seond is the veri�ation of subdi�erentialregularity.In this paper, we apply the Gauss-Luas ideas in [3℄ to the lass offuntions given by (1). As in [3℄, we fous on the omputation of thetangent one to the epigraph at the polynomialse(n;�0)(�) = (�� �0)n:We reover our earlier result for the absissa mapping and obtain theorresponding result for the radius mapping whih is stated below.Here and throughout, we denote the omplex onjugate of the omplexsalar z by �z.



4 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONTheorem 1.2. Let r : Pn ! IR denote the radius mapping on Pn:r(p) = max fj�j j� 2 R(p)g :Let (v; �) 2 Pn � IR be suh that(3) v = nXk=0 bke(n�k;�0):(i) (v; �) is an element of the tangent one to the epigraph of r atthe polynomial p(�) = �n if and only if� � 1n jb1j;(4) 0 = bk; k = 2; 3; : : : ; n:(5) (ii) (v; �) is an element of the tangent one to the epigraph of r atthe polynomial p(�) = (�� �0)n with �0 6= 0 if and only if� � 1nj�0j �jb2j � Re ��0b1� ;(6) 0 = Re ��0p�b2; and(7) 0 = bk; k = 3; : : : ; n:(8)The notation and de�nitions follow those established in [14℄. Thede�nitions of the terms epigraph and tangent one used in Theorem 1.2appear in the next setion.Reall that the omplex plane C is a Eulidean spae when endowedwith the usual real inner produt h! ; �i = Re �!�. By extension, C n isalso a Eulidean spae when given the real inner produt
(!1; : : : ; !n)T ; (�1; : : : ; �n)T� = nXk=1 h!k ; �ki :Given �0 2 C we de�ne the basis �e(k;�0) j k = 0; 1; : : : ; n	 for Pn,where e(k;�0)(�) = (�� �0)k; k = 0; 1; : : : ; n:Eah suh basis de�nes a real inner produt (or duality pairing) on Pn:hp ; qi�0 = Re nXk=0 �akbk;where p = Pnk=0 ake(k;�0) and q = Pnk=0 bke(k;�0). In the ase n =0, we reover the real inner produt on C . When �0 = 0, we dropthe subsript on the inner produt and simply write h� ; �i. Note thatthis family of inner produts behaves ontinuously in p; q, and �0



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 5in the sense that the mapping (p; q; �0) ! hp ; qi�0 is ontinuous onPn � Pn � C . To see this simply note thathp ; qi� = Re  nXk=0 p(k)(�)k! q(k)(�)k! ! :The inner produt on a Eulidean spae gives rise to a norm j�j in theusual way by setting jxj =phx ; xi.Given a mapping � : C ! �IR, we de�ne the mapping ~� : IR2 ! �IRby the omposition ~� = � Æ �, where � : IR2 ! C is the lineartransformation(9) �(x) = x1 + i x2;i 2 C denoting the imaginary unit. If we endow IR2 with its usual innerprodut and C with the inner produt above, we have��1� = ��� = � Re �Im � � :We say that � is di�erentiable in the real sense if ~� is di�erentiable, inwhih ase the derivative of � is given by the hain rule as�0(�) = �r~�(���):Here r~� denotes the gradient of ~�. Similarly, we say that � is twiedi�erentiable in the real sense if ~� is twie di�erentiable and again thehain rule gives(10) �00(�)Æ = �r2 ~�(���)��Æ;where r2 ~� denotes the Hessian of ~�. Sine these are the only notionsof di�erentiability we employ, we omit the qualifying phrase in the realsense when speifying that a funtion from C to �IR is di�erentiable ortwie di�erentiable. We also make use of the following notation:�0(�; Æ) = h�0(�) ; Æi ; and�00(�;!; Æ) = h! ; �00(�)Æi :2. The Tangent Cone and the SubderivativeWe use the tools in [7, 14℄ to desribe the variational geometry of thefuntion �̂. These tools are built on the loal geometry of the epigraph.Reall that the epigraph of a funtion f mapping a Eulidean spae Einto the extended real numbers �IR = IR[f+1g is the subset of E� IRgiven by(11) epi (f) = f(x; �) j f(x) � �g :



6 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONThe fundamental variational objet for f is the tangent one to itsepigraph [14, De�nition 6.1℄. Given a set C in a linear spae S and apoint x 2 C, the tangent one to C at x is de�ned to be the setTC(x) = �d ���� 9fxkg � C; ftkg � IR suh thatxk ! x; tk # 0; and t�1k (xk � x)! d � :The tangent one to epi (f) at a point an be viewed as the epigraphof another funtion alled the subderivative of f at x. It is denoted bydf(x) [14, Theorem 8.2℄:(12) epi (df(x)) = f(w; �) j df(x)(w) � �g = Tepi (f)(x; f(x))for all x 2 dom (f) = fx j f(x) < +1g. The subderivative generalizesthe notion of a diretional derivative as seen by the following alternativeformula [14, De�nition 8.1℄:(13) df(x)(w) = lim inft&0w0!w f(x+ tw0)� f(x)t :In the ase of �̂ de�ned in (1), the omputation of the tangent oneis simpli�ed due to the fat that (p; �) 2 epi (�̂) if and only if (�p; �) 2epi (�̂) for every nonzero omplex salar �.Lemma 2.1. De�ne Mn1 �Mn to be the set of moni polynomials ofdegree n: Mn1 = �e(n;0) + q �� q 2 Pn�1	 :De�ne �̂1 : Pn ! �IR by�̂1(p) = � �̂(p) , if p 2 Mn1 ,+1 , otherwise.Let �0 2 dom (�), bk 2 C ; k = 0; 1; : : : ; n, � 2 IR, and setv = nXk=0 bke(n�k;�0) and ~v = nXk=1 bke(n�k;�0):Then (v; �) 2 Tepi (�̂) �e(n;�0); �(�0)�if and only if (~v; �) 2 Tepi (�̂1) �e(n;�0); �(�0)� :Remark The lemma shows thatTepi (�̂) �e(n;�0); �(�0)� = C e(n;�0 ) + Tepi (�̂1) �e(n;�0); �(�0)� ;where C e(n;�0 ) = ��e(n;�0) j � 2 C 	. Therefore, we an restrit ouranalysis of the tangent one to sequenes that lie in the set Mn1 . This



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 7is the approah taken in [4℄. Here we work on the seemingly moregeneral spae Mn in order to simplify appliations.Proof. Suppose (v; �) 2 Tepi (�̂) �e(n;�0); �(�0)�, that is, there exists asequene �j # 0 suh that(e(n;�0) + �jv + o(�j); �(�0) + �j� + o(�j)) 2 epi (�̂);or equivalently,(e(n;�0) + �j~v1 + �jb0 + o(�j); �(�0) + �j� + o(�j)) 2 epi (�̂1):But then (~v; �) 2 Tepi (�̂1) �e(n;�0); �(�0)�.Conversely, suppose (~v; �) 2 Tepi (�̂1) �e(n;�0); �(�0)�. By de�nition,there exists �j # 0 suh that(14) (e(n;�0) + �j~v + o(�j); �(�0) + �j� + o(�j)) 2 epi (�̂1):Multiplying e(n;�0) + �j~v + o(�j) by (1 + �jb0) gives(1 + �jb0)(e(n;�0) + �j~v + o(�j)) = e(n;�0) + �jv + o(�j):Hene (14) is equivalent to(e(n;�0) + �jv + o(�j); �(�0) + �j� + o(�j)) 2 epi (�̂) :Therefore, (v; �) 2 Tepi (�̂) �e(n;�0); �(�0)� whih proves the result. �Next reall that the epigraph of the onvex funtion � as well as allof the lower level sets lev�(�) = f� j�(�) � �gare onvex sets [13℄. This allows us to apply the Gauss-Luas Theoremin a powerful way. Sine(15) � � �̂(p) () R(p) � lev�(�);the Gauss-Luas Theorem yields the following hain of inlusions forany polynomial of degree n providing (p; �) 2 epi (�̂):(16) onvR(p(n�1)) � � � � � onvR(p0) � onvR(p) � lev�(�):This system of inlusions along with subdi�erential information aboutthe funtion � provide the basis for a set of neessary onditions for apair (v; �) 2 Pn � IR to be an element of the tangent one to epi (�̂).The onvexity of � implies that � is diretionally di�erentiable in alldiretions at every point in �0 2 dom (�) [13℄ and one has�0(�0; �) = lim�#0 �(�0 + ��)� �(�0)� = inf�>0 �(�0 + ��)� �(�0)� :



8 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONTaking � = 1 and � = �� �0 in the right hand side of this expressiongives the subdi�erential inequality�(�) � �(�0) + �0(�0;�� �0):A vetor ! is a subgradient of �, written ! 2 ��(�) [13℄, if and only if(17) �(�) � �(�0) + h! ; �� �0i 8� 2 C :The subdi�erential ��(�0) is always a losed onvex set, although itmay be empty at points on the boundary of the set dom (�). Thesubdi�erential is related to the diretional derivative of � by the formula(18) �0(�0;�) = sup fhz ; �i j z 2 ��(�0)g :Therefore, at points�0 2 dom (��) = f� j ��(�) 6= ;g ;we have �0(�0; �) : C ! IR [ f+1g is a lower semi-ontinuous onvexfuntion. Sine �0(�0; �) is a onvex funtion, we an use (1) to de�ne�̂�0 = \�0(�0; �):That is, we de�ne the funtion �̂�0 : Pn ! IR [ f�1g by�̂�0(q) = sup f�0(�0;�) j q(�) = 0g :The next lemma shows how to extend the subdi�erential inequality for� to the the funtion �̂ by using the funtion �̂�0 .Lemma 2.2. Given 0 < � 2 IR and �0 2 dom (�), de�ne the lineartransformation S[�;�0℄ : Pn ! Pn byS[�;�0℄(p)(�) = p(�0 + ��):Then, for every p 2 Pn,(19) �̂(p) � �(�0) + � �̂�0([S[�;�0℄(p)℄(`));for ` = 0; 1; : : : ; (deg(p)� 1).Proof. For the ase ` = 0, we have�̂(p) = max f�(�) j p(�) = 0g= max f�(�) j S[�;�0℄(p)() = 0; � = �0 + � g= max f�(�0 + �) j S[�;�0℄(p)() = 0g� max f�(�0) + ��0(�0; ) j S[�;�0℄(p)() = 0g= �(�0) + � �̂�0(S[�;�0℄(p)):The remaining ases follow immediately from the the remark preeed-ing the proof, the equivalene (15), and the hain of inlusions (16). �



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 9We now translate the ontent of Lemma 2.2 into statements aboutthe oeÆients of the underlying polynomials. Consider the polynomial(20) p = nXk=0 ake(n�k;�0);with a0 6= 0. The `th derivative of this polynomial is given by(21) p(`) = `! n�X̀k=0 b(n� k; `)ake(n�(k+`);�0);where b(n; k) with k � n are the binomial oeÆientsb(n; k) = n!k!(n� k)! :Applying the operator S[�;�0℄ to p yields(22) S[�;�0℄(p) = nXk=0 ak� (n�k)e(n�k;0);and(23) [S[�;�0℄(p)℄(`) = `!�n n�X̀k=0 b(n� k; `)��kake(n�(k+`);0);for ` = 0; 1; 2; : : : ; (n � 1) (the ase ` = 0 is just (22). With thisnotation, we have the following simple onsequene of Lemma 2.2.Lemma 2.3. Let p 2 Pn be as in (20) and let t 2 IR be positive. Then(24) �̂(p) � �(�0) + t1=s�̂�0  sXk=0 b(n� k; n� s)t�k=sake(s�k;0)! ;for s = 1; : : : ; n.Proof. In (23) take ` = n � s and � = t1=s for ` = 0; 1; 2; : : : ; (n � 1),or equivalently, s = 1; : : : ; n, to obtainS[�;�0℄(p)(n�s) = `!tn=s sXk=0 b(n� k; n� s)t�k=sake(s�k;0);for s = 1; : : : ; n. Plugging this expression into (19) yields the resultsine �̂�0(p) = �̂�0(�p) for every nonzero omplex number �. �The main result of the setion now follows.



10 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONTheorem 2.4. Let �0 2 dom (��) with ��(�0) 6= f0g. If (v; �) 2Tepi (�̂) �(e(n;�0); �(�0))� with(25) v = nXk=0 bke(n�k;�0);then � � �0(�0;�b1=n);(26) 0 = Dg ; p�b2E 8 g 2 ��(�0); and(27) 0 = bk; k = 3; : : : ; n:(28)Thus, in partiular, if int (��(�0)) 6= ;, then b2 = 0.Proof. Let (v; �) 2 Tepi (�̂) �e(n;�0); �(�0)� with v given by (25). ByLemma 2.1, (~v; �) 2 Tepi (�̂1) �e(n;�0); �(�0)�, where~v = nXk=1 bke(n�k;�0):Hene there exist sequenes tj # 0 and f(pj; �j)g 2 epi (�̂1) suh thatt�1j ((pj; �j)� (e(n;�0); �(�0)))! (v; �):That is, there exists f(aj0; aj1; : : : ; ajn)g 2 C n+1 suh thatpj = nXk=0 ajke(n�k;�0);t�1j (�j � �(�0)) ! �, aj0 = 1 for all j = 1; 2; : : : , and ajk ! 0 witht�1j ajk ! bk for k = 1; : : : ; n. By applying Lemma 2.3 to pj for eahj = 1; 2; : : : with t = tj we obtain for s = 1; 2; : : : ; n�j � �(�0) + t1=sj �̂�0  sXk=0 b(n� k; n� s)t�k=sj ajke(s�k;0)! ;or equivalently,(29) t�1=sj (�j � �(�0)) � �̂�0  sXk=0 b(n� k; n� s)t�k=sj ajke(s�k;0)!for eah s = 1; : : : ; n. We now onsider the limit as j !1 in eah ofthese inequalities. First observe that" sXk=0 b(n� k; n� s)t�k=sj ajke(s�k;0)# ! �b(n; n� s)e(s;0) + bs�



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 11for s = 1; : : : ; n. HeneR sXk=0 b(n� k; n� s)t�k=sj ajke(s�k;0)!! R �b(n; n� s)e(s;0) + bs�for s = 1; : : : ; n, sine aj0 = 1 for all j = 1; 2; : : : and the roots of apolynomial are a ontinuous funtion of its oeÆients onMn. There-fore, the lower semi-ontinuity of �̂�0 and the inequalities (29) implythat(30) � � �̂�0(b(n; n� 1)e(1;0) + b1) = �0(�0;�b1=n)and0 � �̂�0(b(n; n� s)e(s;0) + bs)= max(�0 �0;� �bsb(n; n� s)�1=s !! ���� ! = e2�k i =sk = 0; : : : ; s� 1 )(31)for s = 2; : : : ; n. This proves (26). By assumption there exists g 2��(�0) with g 6= 0. Inequality (31) implies that0 � *g ; � �bsb(n; n� s)�1=s !+ ;for ! = e2�k i =s (k = 0; 1; : : : ; s � 1). For s = 3; : : : ; n this an onlyour if bs = 0 whih gives (28). For s = 2 we have0 � *g ; �� �b2b(n; n� 2)�1=2+ 8 g 2 ��(�0);or equivalently, ondition (27) holds. �If � is twie ontinuously di�erentiable with �00(�0; �; �) positive def-inite, then this result an be sharpened. For this we make use of thefollowing tehnial result.Lemma 2.5. If H is a 2-by-2 real symmetri matrix with nonnegativetrae then the funtionf(w) = 
��1pw ; H��1pw�is sublinear, i.e. positive homogeneous and subadditive (see (9) for thede�nition of �).Proof. If H = � a bb  �



12 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONand z = x + i y with x and y real, thenf(z2) = 
��1z ; H��1z� = ax2 + 2bxy + y2= a+ 2 jz2j+ a� 2 Re(z2) + b Im(z2):Hene f(w) = a+ 2 jwj+ a� 2 Re(w) + b Im(w)and the result follows. �De�nition 2.6. A funtion f : C ! IR is said to be quadrati on Cexatly when f omposed with � (de�ned in (9)) is quadrati on IR2.We now sharpen the inequality (26) using the notation establishedat the end of Setion 1.Theorem 2.7. If in Theorem 2.4 it is further assumed that � is ei-ther (i) quadrati, or (ii) twie ontinuously di�erentiable at �0 with�00(�0; �; �) positive de�nite, then ondition (26) an be strengthened to(32) � � 1n h�0(�0;�b1) + �00(�0;p�b2; p�b2)i :Proof. If � is quadrati, then the proof follows essentially the samepattern of proof as in the positive de�nite ase. Therefore, we onlyprovide the proof in the ase where � is assumed to be twie ontinu-ously di�erentiable at �0 with �00(�0; �; �) positive de�nite.Let (v; �) 2 Tepi (�̂) �e(n;�0); �(�0)� with v given by (25). By Theorem2.4, (v; �) satis�es (26)-(28). By Lemma 2.1,(~v; �) 2 Tepi (�̂) �e(n;�0); �(�0)� ;where ~v =Pnk=1 bke(n�k;�0). From (27) and (28), there exist sequenestr # 0, �r ! �, b1r ! b1; and b2r ! b2 suh that(33) �(�0) + �rtr + o(tr) � �̂(pr);wherepr = e(n;�0) + (b1rtr + o(tr))e(n�1;�0) + (b2rtr + o(tr))e(n�2;�0) + o(tr):Let �1r; : : : ; �nr denote the roots of the polynomials pr for r = 1; 2; : : : ,respetively. We have(34) nXk=1(�kr � �0) = �b1rtr + o(tr);



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 13andnXk=1(�kr � �0)2 = " nXk=1(�kr � �0)#2 � 2Xj<k(�jr � �0)(�kr � �0)= (�b1rtr + o(tr))2 � 2(b2rtr + o(tr))= �2b2rtr + o(tr):(35)Set zkr = �kr � �0 for k = 1; : : : ; n and r = 1; 2; : : : . By (34) and(35) we have(36) nXk=1 zkr = �b1rtr + o(tr)and(37) nXk=1(zkr)2 = �2b2rtr + o(tr);respetively. With this notation, (33) beomes�(�0) + �rtr + o(tr) � �(�0 + zkr); k = 1; : : : ; n:Taking seond-order Taylor expansions yields(38)�rtr + o(tr) � �0(�0; zkr) + 12�00(�0; zkr; zkr) + o(jzkrj2); k = 1; : : : ; n;(note that if � is quadrati then the term o(jzkrj2) equals zero). Sinepr ! e(n;�0), we have zkr ! 0; k = 1; : : : ; n. Hene, the positivede�niteness of �00(�0; �; �) implies that for every � > 0 there is an r0suh that 12�00(�0; zkr; zkr) + o(jzkrj2) � 1� �2 �00(�0; zkr; zkr);for k = 1; : : : ; n and all r � r0 (if � is quadrati then we an take � = 0without the assumption of positive de�niteness). Therefore, for r � r0,the inequalities (38) imply the inequalities�rtr + o(tr) � �0(�0; zkr) + 1� �2 �00(�0; zkr; zkr); k = 1; : : : ; n:



14 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONNow sum over k and again use the positive de�niteness of �00(�0; �; �)with Lemma 2.5 and de�nition (10) to obtain�rtr + o(tr) � 1n "�0(�0; nXk=1 zkr) + 1� �2 nXk=1 �00��0;qz2kr;qz2kr�#� 1n 24�0(�0; nXk=1 zkr) + 1� �2 �000��0;vuut nXk=1 z2kr;vuut nXk=1 z2kr1A35 ;for all r � r0. Plugging in (36) and (37) gives the relation�rtr � trn h�0(�0;�b1r) + (1� �)�00(�0;p�b2r;p�b2r)i+o(tr):Dividing through by tr and taking the limit yields the inequality� � 1n h�0(�0;�b1) + (1� �)�00(�0;p�b2;p�b2)i :Observe that if � is quadrati, we an obtain this inequality with � = 0without the positive de�niteness assumption. Sine � > 0 was arbitrary,we obtain (32). �If � is not quadrati and �00(�0; �; �) is only positive semide�nite, wean still sharpen (26) but not as �nely as in (32). The proof in theinde�nite ase is ompletely di�erent. Unlike the proof of Theorem(2.7), it relies only on the Gauss-Luas Theorem.Theorem 2.8. If in Theorem 2.4 it is further assumed that � is twieontinuously di�erentiable, then ondition (26) an be strengthened to(39) � � 1n ��0(�0;�b1) + 1(n� 1)�00(�0;p�b2; p�b2)� ;when n > 1.Proof. Consider the polynomialp = nXk=0 ake(n�k;�0)and set r =s� a1na0�2 � 2a2n(n� 1)a0



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 15The Gauss-Luas theorem tells us that if � � �̂(p), then� � max��(�) �� p(n�2)(�) = 0	= max��(�) ����� = �0 + �a1na0 � r�� ���0 + �a1na0 � r� ;where���0 + �a1na0 � r�= �(�0) +��0(�0) ; �a1na0 �+ 12 ��00(�0)��a1na0 � ; ��a1na0 ���h�0(�0) ; ri ���00(�0)��a1na0 � ; r�+12 h�00(�0)r ; ri+ o �����a1na0 � r����2! :By adding the resulting pair of inequalities, one assoiated with eahof the two roots, and then dividing by 2, we get the inequality� � �(�0) +��0(�0) ; �a1na0 �+ 12 ��00(�0)��a1na0 � ; ��a1na0 ��+12 h�00(�0)r ; ri+ o �����a1na0 � r����2! :(40)Next, suppose that (v; �) 2 Tepi (�̂) �(e(n;�0); �(�0))� with v givenby (25). By Lemma 2.1, (~v; �) 2 Tepi (�̂1) �e(n;�0); �(�0)�, where ~v =Pnk=1 bke(n�k;�0). Then, as in the proof of Theorem 2.4, there existsequenes tj # 0 and f(pj; �j)g 2 epi (�̂1) suh thatt�1j ((pj; �j)� (e(n;�0); �(�0)))! (v; �):That is, there exists f(aj0; aj1; : : : ; ajn)g 2 C n+1 suh thatpj = nXk=0 ajke(n�k;�0);t�1j (�j � �(�0)) ! �, aj0 = 1 for all j = 1; 2; : : : , and t�1j ajk ! bk fork = 1; : : : ; n. By replaing � by �j and ak by ajk; k = 0; : : : ; n in (40),



16 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONdividing through by tj, and slightly re-arranging, we obtain�j � �(�0)tj � *�0(�0) ; �aj1ntj ++ 12 *�00(�0) �aj1ntj ! ;  �aj1n !+
+12 
�00(�0)rj ; rj� + t�1j o0�������aj1n � rj�����21A ;where rj =vuuut0� aj1nt 12j 1A2 � 2aj2n(n� 1)tj :Taking the limit in this inequality as j !1 yields (39). �The representation (12) along with Theorems 2.4, 2.7, and 2.8 yieldthe following representations and bounds for the subderivative of thefuntion �̂.Theorem 2.9. Let �̂ be as de�ned in (1), �0 2 dom (��) with ��(�0) 6=f0g, and v = nXk=0 bke(n�k;�0)be given. Then d�̂(e(n;�0))(v) = +1 if (27) and (28) are not satis�ed;otherwise,(41) d�̂(e(n;�0))(v) � 1n�0(�0;�b1);with equality holding if int (��(�0)) 6= ;.If it is further assumed that the funtion � is twie ontinuouslydi�erentiable at �0, then whenever n > 1 the inequality (41) an bere�ned to 1n ��0(�0;�b1) + 1n� 1�00(�0;p�b2; p�b2)�(42) � d�̂(e(n;�0))(v)� 1n h�0(�0;�b1) + �00(�0;p�b2; p�b2)i ;(43)



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 17whenever (27) and (28) are both satis�ed. Moreover, equality holds in(43) if any one of the following three onditions hold:�00(�0;p�b2; p�b2) = 0;(44) �00(�0; �; �) is positive de�nite, or(45) � is quadrati.(46)Proof. By Theorem 2.4 we know that the subderivative is +1 if (27)and (28) are not satis�ed. The lower bounds (41) and (42) are imme-diate onsequenes of Theorems 2.4 and 2.8, respetively.The representation (12) and Lemma 2.1 imply that with no loss ingenerality we may assume for the remainder of the proof that b0 = 0in v.Suppose that int (��(�0)) 6= ; and (27) and (28) hold. We show thatequality must hold in (41). As noted in Theorem 2.4, int (��(�0)) 6= ;implies that bk = 0; k = 2; 3; : : : ; n. To see that equality is attainedonsider the family of polynomialsp�(�) = (�� �0 + �b1=n)n= (�� �0)n + �b1(�� �0)n�1 + o(�):For any sequene of real positive salars f��g dereasing to zero de�ni-tion (13) shows that�0(�0;�b1=n) = lim�!1 �(�0 � ��b1=n)� �(�0)��= lim�!1 �̂(p�� )� �̂(e(n;�0))��� d�̂(e(n;�0))(v);hene equality holds in (41).If either � is quadrati, or �00(�0; �; �) is positive de�nite, then The-orem 2.7 tells us that the expression on the right hand side of (43) isalso a lower bound. Thus, to establish equality in these two ases weneed only establish the upper bound (43). In addition, one this up-per bound is established then we also obtain equality when (44) holdssine in this ase the upper bound (43) redues to the lower bound(41). Thus, it remains only to prove the upper bound (43). We assumethroughout that the polynomial v satis�es both (27) and (28).We use (13) to establish the upper bound (43). The bound is ob-tained by onsidering the tangents to smooth urves having as limite(n;�0). The proof proeed by onsidering the even and odd ases for nseparately. But in both ases we make use of the following family of



18 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONpolynomials:q(�;�)(�) = �����0 � �n(b1 � 12m�) +p�b2�=m��m ������0 � �n(b1 � 12m�)�p�b2�=m��m= �(�� �0)2 + 2�n (b1 � �2m)(�� �0) + b2�=m+ o(�)�m= (�� �0)2m + 2m�n (b1 � �2m )(�� �0)2m�1+ b2�(�� �0)2m�2 + o(�):First assume that n is even: n = 2m for some positive integer m.Consider the family of polynomialsq(�;0)(�) = (�� �0)n + �v(�) + o(�):For all �, this polynomial has only two roots:�� = �0 � b1n � �r�b2m �:For � real and positive, the seond-order Taylor expansion of � at theseroots gives�̂(q(�;0)) = max(� �0 � b1n � +r�b2m �! ; � �0 � b1n � �r�b2m �!)= �(�0) + � ��0(�0;�b1=n) + 12�00(�0;p�b2=m;p�b2=m)�+ o(�)sine by (27), 
�0(�0) ; p�b2� = 0. Therefore,d�̂(e(n;�0))(v) � lim�&0 �̂(q(�;0))� �(�0)�= 1n h�0(�0;�b1) + �00(�0;p�b2;p�b2)i ;establishing the even ase.Now onsider the odd ase with n = 2m+ 1. This time set� = ��00(�0;p�b2;p�b2)�0(�0)and onsider the family of polynomialsp�(�) = ��� ��0 � �n(b1 + �)�� q(�;�)(�)= (�� �0)n + �v(�) + o(�):



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 19For all values of � the roots of this polynomial are�0 � �n(b1 + �) and �0 � �n(b1 � 12m�)�p�b2�=m:Taking the seond-order Taylor expansion of � at the root �0� �n(b1+�)for � real and positive shows that �(�0 � �n(b1 + �)) equals(47) �(�0) + (�=n) h�0(�0;�b1) + �00(�0;p�b2;p�b2)i+ o(�):Similarly, taking the seond-order Taylor expansion of � at either ofthe two roots �0� �n(b1� 12m�)�p�b2�=m for � real and positive andusing the fat that �0(�0;p�b2) = 0 shows that���0 � �n(b1 � 12m�)�p�b2�=m�also equals (47). Therefore, for � real and positive, we have�̂(p�) = �(�0) + 1n(�0(�0;�b1) + �00(�0;p�b2;p�b2))� + o(�):The proof is ompleted as in the even degree ase. �Theorem 2.4 and its re�nements give neessary onditions for in-lusion in the tangent one Tepi (�̂) �(e(n;�0); �(�0))�. We now use theonditions given in Theorem 2.9 to haraterize the tangent one when� is twie di�erentiable at �0.Theorem 2.10. Let �0 2 dom (�) be suh that ��(�0) 6= f0g, and setv = nXk=0 bke(n�k;�0):If either int (��(�0)) 6= ; or � is twie ontinuously di�erentiable at�0 and any one of the three onditions (44)-(46) hold, then (v; �) 2Tepi (�̂) �(e(n;�0); �(�0))� if and only if� � 1n h�0(�0;�b1) + �00(�0;p�b2;p�b2)i ;0 = Dg ; p�b2E 8 g 2 ��(�0); and(48) 0 = bk; k = 3; : : : ; n;where we interpret the term �00(�0;p�b2;p�b2) as zero when � is nottwie ontinuously di�erentiable at �0.Proof. Apply Theorem 2.9 in onjuntion with the representation (12).�



20 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTON3. Regular Normals and SubgradientsNext onsider the variational objets dual to the tangent one andthe subderivative. These are the one of regular normals to the epi-graph at a point and the set of regular subgradients. The one of regularnormals is the polar of the tangent one [14, Proposition 6.5℄:bNepi (f)(x) = Tepi (f)(x)Æ= �(z; �) �� h(z; �) ; (w; �)i � 0; 8 (w; �) 2 Tepi (f)(x)	 :A vetor v is a regular subgradient [14, De�nition 8.3℄ for f at x 2dom(f) if(49) f(y) � f(x) + hv ; y � xi+ o(jy � xj):We all the olletion of all regular subgradients for f at x the regularsubdi�erential of f at x and denote this set by �̂f(x). The regularsubdi�erential at a point is always a losed onvex set. At points xwhere �̂f(x) 6= ; the regular normals and the regular subgradients arerelated by the formula [14, Theorem 8.9℄(50)bNepi (f)(x) = nt(v;�1) ��� v 2 �̂f(x); t > 0o [ n(v; 0) ��� v 2 �̂f(x)1o ;where �̂f(x)1 denotes the reession one of the set �̂f(x) [14, De�nition3.3℄. The regular subdi�erential is related to the subderivative by theformula [14, Exerise 8.4℄(51) �̂f(x) = fv j hv ; wi � df(x)(w) 8wg :Reall that the support funtion for any set D in a Eulidean spaeE is given by �D(w) = supv2D hv ; wi :The support funtion of a set is a sublinear funtion and oinideswith the support funtion for the losed onvex hull of the set. Therepresentation (51) implies the inequality��̂f(x)(w) � df(x)(w) 8w 2 E:We use the relation (51) to estimate the regular subdi�erential of �̂at e(n;�0) and then use this estimate to approximate the one of regularnormals. We begin by de�ning a parametrized family of multifuntions�Æ : C � C n+1 with parameter values 0 � Æ 2 IR. For Æ = 0, set�0(�0) = 8<:0� �0...�n 1A ���� �0 = 0; �1 2 � 1n��(�0);h�2 ; g2i � 0 8g 2 ��(�0) 9=; :



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 21For Æ > 0, the multifuntion �Æ is only de�ned when � is twie on-tinuously di�erentiable in whih ase (�0; �1; : : : ; �n)T 2 �Æ(�0) if andonly if(52) �0 = 0; �1 = �1n �0(�0);and �2 satis�es(53) 
�2 ; �0(�0)2� � Æ h( i�0(�0)) ; �00(�0)( i�0(�0))i :Given �0 2 dom (��) and Æ � 0, the set �Æ(�0), when de�ned,is a non-empty losed onvex set. The reession one of �Æ(�0) isindependent of the hoie of Æ � 0:�Æ(�0)1 = 8<:0� �0...�n 1A ���� �0 = 0; �1 = 0;h�2 ; g2i � 0 8g 2 ��(�0) 9=;= f0g2 � (IR+��(�0))Æ � C n�2 ;(54)where IR+��(�0) = f�! j� 2 IR+; ! 2 ��(�0)g. We now haraterizethe support funtion for the sets �Æ(�0).Lemma 3.1. Let �0 2 dom (�) be suh that ��(�0) 6= f0g, and letÆ � 0. Then for every vetorb = (b0; b1; : : : ; bn)T 2 C n+1we have ��Æ(�0)(b) = +1 if the omponents of b do not satisfy (27)and (28); otherwise,(55) ��Æ(�0)(b) = 1n�0(�0;�b1) + Æ�00(�0;p�b2;p�b2):The term Æ�00(�0;p�b2;p�b2) is to be interpreted as zero with Æ = 0whenever � is not twie ontinuously di�erentiable at �0, and equalszero if � is twie ontinuously di�erentiable at �0 withh( i�0(�0)) ; �00(�0)( i�0(�0))i = 0:Proof. Set �(Æ;2)(�0) = f�2 j � 2 �Æ(�0)g :



22 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONThen��Æ(�0)(b) = sup�2�Æ(�0) h� ; bi= sup8<: nXj=1 h�j ; bji ������ �1 2 � 1n��(�0)�2 2 �(Æ;2)(�0)�j 2 C ; j = 3; : : : ; n 9=;= 1n�0(�0;�b1) + sup�22�(Æ;2)(�0) h�2 ; b2i+ nXj=3 sup�j2C h�j ; bji ;(56)where the seond equality follows the de�nition of �Æ(�0) and the thirdequality follows from (18).Observe that the �nal term in (56) implies that ��Æ(�0)(b) = +1 ifb does not satisfy (28). We now show that (27) must also be satis�ed.Let g be a nonzero subgradient of � at �0 and let �2 2 �(Æ;2)(�0). Sineg is nonzero, there exist real salars �1 and �2 suh that(57) �2 = �1g2 + �2 i g2;and so(58) 
�2 ; g2� = �1jgj4 :In partiular, this implies that the inequalities h�2 ; g2i � 0 when Æ = 0and (53) when Æ > 0 do not restrit the values that �2 may take while�1 is allowed take arbitrarily large negative values. Now, as with �2,there exist real salars �1 and �2 suh thatb2 = �1g2 + �2 i g2so that h�2 ; b2i = �1�1jgj4 + �2�2jgj4 :The fat that �2 is unrestrited implies that the seond term in (56)is +1 unless �2 = 0. Similarly, the fat that �1 an take arbitrarilylarge negative values implies that the seond term in (56) +1 unless�1 � 0. Therefore,(59) ��Æ(�0)(b) <1 only if b2 = �1g2 with �1 � 0;or equivalently, 0 = Dg ; p�b2E :Sine g is an arbitrary nonzero element of ��(�0), we have that (27)holds. That is, ��Æ(�0)(b) is �nite if and only if (27) and (28) aresatis�ed.



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 23Next assume that b satis�es (27) and (28) and onsider the asesÆ = 0 and Æ > 0 separately. If Æ = 0, then, by (57), (58), and (59), theseond term in (56) takes the formsup�1�0�1�1jgj4 ;where �1 � 0. This supremum is obviously zero, thus establishing (55).On the other hand, if Æ > 0, then, again by (57), (58), and (59), theseond term in (56) is the supremum of the values �1�1j�0(�0)j4 overall values of �1 satisfying�1j�0(�0)j4 � Æ h( i�0(�0)) ; �00(�0) ( i�0(�0))i :Again, sine �1 � 0, this supremum is given byÆ �1 h( i�0(�0)) ; �00(�0) ( i�0(�0))i= Æ D� ip�1�0(�0)� ; �00(�0)� ip�1�0(�0)�E= Æ D�p�b2� ; �00(�0)�p�b2�E ;where the seond equality follows from (59). Hene, (55) is valid inthis ase as well and the �nal statement of the lemma also holds. �Lemma 3.1 ombined with Theorem 2.9 and the representation (51)provide a basis for estimates, and in some ases formulas, for the reg-ular subdi�erential of �̂ at e(n;�0). But �rst we need to map the sets�Æ(�0) into the spae of polynomials. Given �0 2 C de�ne the lineartransformation ��0 : Pn ! C n+1 to be the mapping that takes a poly-nomial to its Taylor series oeÆients when expanded at the base point�0, spei�ally,(60) ��0(p) = �p(�0); p0(�0); : : : ; p(n)(�0)=n!�T :Equivalently, if p has the representation p = Pnk=0 ake(n�k;�0), then��0(p) = (an; an�1; : : : ; a0)T . The family of linear transformations �� isontinuous in �, and for eah �0 the transformation ��0 is invertible.Indeed, one has ��1�0 = � ��0when the adjoint � ��0 is de�ned using the inner produt h� ; �i�0 .Theorem 3.2. Let �̂ be as de�ned in (1) and �0 2 dom (�) be suhthat ��(�0) 6= f0g. Then(61) d�̂(e(n;�0))(v) � ��0(�0)(��0(v))for all v 2 Pn and(62) � ��0�0(�0) � �̂�̂(e(n;�0));



24 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONwhere � ��0 is the adjoint of ��0 with respet to the inner produt h� ; �i�0.Equality holds in both (61) and (62) if int (��(�0)) 6= ;.If it is further assumed that the funtion � is twie ontinuouslydi�erentiable at �0 with �0(�0) 6= 0, then(63) ��Æ1 (�0)(��0(v)) � d�̂(e(n;�0))(v) � ��Æ2 (�0)(��0(v));for all v 2 Pn, and(64) � ��0�Æ1(�0) � �̂�̂(e(n;�0)) � � ��0�Æ2(�0)where Æ1 = 1=(n(n� 1)) and Æ2 = 1=n. Furthermore, if � is quadrati,or �00(�0; �; �) is positive de�nite, or h( i�0(�0)) ; �00(�0)( i�0(�0))i = 0,then d�̂(e(n;�0))(v) = ��Æ2 (�0)(��0(v))for all v 2 Pn, and �̂�̂(e(n;�0)) = � ��0�Æ2(�0) :Proof. Inequality (61) follows from the bound (41) in Theorem 2.9 ou-pled with Lemma 3.1. The left and right inequalities in (63) follow from(42) and (43) in Theorem 2.9, respetively, again in onjuntion withLemma 3.1. The subdi�erential inlusions in (62) and the left handside of (64) follow immediately from the de�nition of the adjoint trans-formation, the representation (51) and the inequalites in (61) and theleft hand side of (63), respetively. Here we have also used the identity�D(A �) = �A�D(�);where A is any linear transformation between Eulidean spaes E1 andE2.The inlusion on the right hand side of (64) follows from the def-inition of the adjoint transformations and the fat that for any twolosed onvex sets C1 and C2 one has that C1 � C2 if and only if�C1(v) � �C2(v) for all v.The �nal statement of the Theorem follows from the �nal statementof Theorem 2.9, the �nal statement of Lemma 3.1, and the preedingomment on the relationship between support funtions and onvexsets. �We now apply Theorem 3.2 to (50) obtaining approximations to theone of regular normals to epi (�̂) at the point (e(n;�0); �(�0)). We beginby extending the de�nitions for the sets �Æ(�0). For Æ = 0 de�ne�0(�0) = f(�;�1) j � 2 �0(�0); 0 <  2 IRg [�0(�0)1= �(w; �) 2 C n+1 � IR ���� � � 0; w0 = 0; w1 2 �n��(�0);and hw2 ; g2i � 0 8 g 2 ��(�0) � :



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 25For 0 < Æ 2 IR, we assume that � is twie ontinuously di�erentiableat �0 and de�ne�Æ(�0) = f(�;�1) j � 2 �Æ(�0); 0 <  2 IRg [�Æ(�0)1so that (w; �) 2 �Æ(�0) if and only if� � 0; w0 = 0; w1 = �n�0(�0); and
w2 ; �0(�0)2� � ��Æ h( i�0(�0)) ; �00(�0)( i�0(�0))i ;where w = (w0; w1; : : : ; wn)T 2 C n+1 and � 2 IR. Also, for eah� 2 C , de�ne the linear transformation �̂� : Pn � IR ! C n+1 � IR by�̂�(p; �) = (��(p); �) where the linear transformation �� is de�ned in(60). The adjoint of �̂�, with respet to the inner produth(q; �) ; (p; �)i = hq ; pi�0 + ��on Pn � IR, is the linear transformation �̂ �� : C n+1 � IR ! Pn � IRgiven by �̂ ��(w; �) = (� ��(w); �) = �̂�1� (w; �):Theorem 3.2 and relation (50) give the following orollary to Theorem3.2.Corollary 3.3. Let Æ � 0 and �̂ be as de�ned in (1) with �0 2 dom (��)satisfying ��(�0) 6= f0g. Then(65) �̂ ��0�0(�0) � bNepi (�̂)(e(n;�0); �(�0));with equality holding if int (��(�0)) 6= ;. If it is further assumed thatthe funtion � is twie ontinuously di�erentiable at �0 with �0(�0) 6= 0,then(66) �̂ ��0�Æ1(�0) � bNepi (�̂)(e(n;�0); �(�0)) � �̂ ��0�Æ2(�0)where Æ1 = 1=(n(n� 1)) and Æ2 = 1=n. Furthermore, if � is quadrati,or �00(�0; �; �) is positive de�nite, or h( i�0(�0)) ; �00(�0)( i�0(�0))i = 0,then bNepi (�̂)(e(n;�0); �(�0)) = �̂ ��0�Æ2(�0) :4. The Absissa MappingWe apply the results of the preeding two setions to the absissamapping for polynomials:a(p) = sup fRe� j� 2 R(p)g :Here a = �̂, where �̂ is de�ned in (1) with the funtion � given by thelinear form �(�) = h1 ; �i :



26 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONSine �00(�) � 0, we obtain omplete haraterizations for the varia-tional objets under study. We state two results. The �rst onernsthe tangent one and subderivative, and the seond the regular normalsand subdi�erential.Theorem 4.1. Given �0 2 C , one has (v; �) 2 Tepi (a) �e(n;�0);Re (�0)�,with(67) v = nXk=0 bke(n�k;�0)if and only if � � � 1nRe (b1);(68) 0 � Re b2; 0 = Im b2; and(69) 0 = bk; k = 3; : : : ; n:(70)Moreover, da(e(n;�0))(v) = +1 if (69) and (70) are not satis�ed; oth-erwise,(71) da(e(n;�0))(v) = � 1nRe (b1):Proof. The �nal statement of the theorem follows immediately fromthe �nal statement of Theorem 2.9. The �rst part of the result followsfrom Theorem 2.10. �Remark The two onditions 0 � Re b2 and 0 = Im b2 in (69) are equiv-alent to the single ondition 0 = Rep�b2 whih follows from ondition(48) in Theorem 2.10.The subdi�erential and normal one haraterizations follow diretlyfrom Theorem 3.2 and Corollary 3.3.Theorem 4.2. Let �0 2 C be given. ThenbNepi (a)(e(n;�0);Re (�0)) = �̂ ��0 �t(w;�1) ���� 0 � t; w0 = 0; w1 = �1nand Re (w2) � 0 � ;and �a(e(n;�0)) = � ��0 fw jw0 = 0; w1 = �1=n; and Re (w2) � 0g :The results of Theorems 4.1 and 4.2 oinide preisely with thosefound in [3, 5℄.



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 275. The Radius MappingConsider now the radius mapping for polynomials:r(p) = sup fj�j j� 2 R(p)g :Here r = �̂, where �̂ is de�ned in (1) with the funtion � given by themodulus �(�) = j�j :The modulus is onvex and in�nitely di�erentiable in the real senseexept at the origin. The onvex subdi�erential is given by� j�j (�) = � B; if � = 0;�= j�j ; otherwise,where B = f� j j�j � 1g is the losed unit disk in C . At nonzero � wehave j�j00 (�; Æ; Æ) = 1j�j �jÆj2 � h�= j�j ; Æi2� :Sine for �0 6= 0 the Hessian is not positive de�nite and1j�0j = �� i�0j�0j� ; �00(�0)� i�0j�0j�� ;it would seem that our strongest results for the polynomial e(�0;n) donot apply when �0 6= 0. However, this diÆulty is easily sidestepped.Lemma 5.1. Let p 2 Mn be any polynomial for whih r(p) > 0. Then(v; �) 2 Tepi (r)(p; �) if and only if (v; ��) 2 Tepi (r2)(p; 12�2), wherer2(p) = sup�12 j�j2 j� 2 R(p)� :Proof. Let (v; �) 2 Tepi (r)(p; �). Then there exist sequenes(72) f(pk; �k)g � epi (r) and tk & 0suh that pk � ptk ! v; and(73) �k � �tk ! �:(74)Moreover, we may assume with no loss in generality that �k > 0 for allk sine � � r(p) > 0.Now sine (p; �) 2 epi (r) if and only if (p; �2=2) 2 epi (r2), we have(72) is equivalent to(75) f(pk; �2k=2)g � epi (r2) and tk & 0:



28 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTONAlso, sine 0 < �; �k, (74) is equivalent to(�k � �)(�k + �)tk ! 2��or equivalently,(76) 12�2k � 12�2tk ! ��:Therefore, the statements (72){(74) are equivalent to the statements(75), (73), and (76), or equivalently, (v; ��) 2 Tepi (r2)(p; �). �Lemma 5.1 gives the representation(77) Tepi (r)(p; �) = �(v; �=�) �� (v; �) 2 Tepi (r2)(p; �2=2)	 ;whenever r(p) > 0. Sine 12 j�j2 is quadrati, with (12 j�j2)00(�; Æ; Æ) = jÆj2,Theorem 2.10 provides a omplete haraterization of the tangent oneTepi (r)(e(n;�0); j�0j).Theorem 5.2. Let �0 2 C and let (v; �) 2 Pn � IR be suh that(78) v = nXk=0 bke(n�k;�0):(i) If �0 = 0, then (v; �) 2 Tepi (r)(e(n;0); �0) if and only if� � 1n jb1j ;(79) 0 = bk; k = 2; 3; : : : ; n:(80) Moreover, dr(e(n;�0))(v) = +1 if (80) is not satis�ed; other-wise, dr(e(n;�0))(v) = 1n jb1j :(ii) If �0 6= 0, then (v; �) 2 Tepi (r)(e(n;�0); j�0j) if and only if� � 1n j�0j �jb2j � Re ��0b1� ;(81) 0 = Re ��0p�b2; and(82) 0 = bk; k = 3; : : : ; n:(83) Moreover, dr(e(n;�0))(v) = +1 if (82) and (83) are not satis�ed;otherwise,dr(e(n;�0))(v) = 1n j�0j �jb2j � Re ��0b1� :



VARIATIONAL ANALYSIS OF FUNCTIONS OF POLYNOMIAL ROOTS 29Proof. The ase �0 = 0 follows from Theorem 2.9 and the represen-tation (12) sine B = � j�j (0) has non-empty interior, while the ase�0 6= 0 follows from Theorem 2.10 and the representation (77). �We have the following dual variational results for the regular subd-i�erential and normal one.Theorem 5.3. Let �0 2 C and let the linear transformation �� : Pn !C n+1 be as de�ned in (60). Set�r(�0) = 8<:0� �0...�n 1A ���� �0 = 0; �1 2 1nB9=; ;if �0 = 0; otherwise, set�r(�0) = 8<:0� �0...�n 1A ���� �0 = 0; �1 = ��0n j�0j ; 
�2 ; �02� � j�0jn 9=; :(i) If �0 = 0, thendr(e(n;�0))(v) = ��r(�0)(��0(v));�̂r(e(n;�0)) = � ��0�r(�0);andNepi (r)(e(n;�0); 0) = �(� ��0(w);��) ���� � � 0; w 2 C n+1 ;w0 = 0; jw1j � � � :(ii) If �0 6= 0, thendr(e(n;�0))(v) = ��r(�0)(��0(v));(84) �̂r(e(n;�0)) = � ��0�r(�0);(85) and(86)Nepi (r)(e(n;�0); �0) = �(� ��0(w);��) ���� � � 0; w0 = 0; w1 = ���0j�0j ;
w2 ; �02� � � j�0j � :Proof. Let us �rst suppose that �0 = 0. In this ase, the subdi�erentialB = � j�j (0) has non-empty interior and so the results of Theorems 2.9and (66) diretly apply to give the result.Next suppose that �0 6= 0. In this ase, Lemma 3.1 ombined withPart (2) of Theorem 5.2 gives (84). This in turn establishes (85) due tothe relation (51). The �nal relation (86) follows from the equivalene(50). �



30 J. V. BURKE, A. S. LEWIS, AND M. L. OVERTON6. Conluding RemarksWe have shown that the Gauss-Luas tehnique presented in [3℄ ex-tends niely to the lass (1) obtaining �rst-order neessary onditionfor inlusion in the tangent one Te(n;�0)(epi (�̂)) (Theorem 2.4). How-ever, substantial additional work was required to obtain the seond-order neessary and suÆient onditions given in Theorem 2.10. Itis gratifying that the seond-order result preserves the simpliity andgeometri appeal of Theorem 2.4. Simply stated the result says that�rst-order growth in �̂ is ontrolled not only by �0(�0) but also bythe seond-order behavior in diretions that are both perpendiular to�0(�0) and orrespond to a squareroot splitting of the roots. This isniely illustrated in the appliation to the radius mapping in Setion5. However, Theorem 2.10 is still inomplete in the ase where �00(�0)is inde�nite. We onjeture that the result ontinues to hold in thisase. This onjeture is losely related to the the muh deeper on-jeture that the funtions �̂ are prox-regular [14, De�nition 13.27℄ atpoints where � is twie di�erentiable. If true, this result would make anumber of results possible inluding the extension of Theorem 2.10 tothe inde�nite ase. Indeed, the prox-regularity question is at this timethe most important unresolved issue onerning this lass of funtions.The extension of the results in the previous setions to general poly-nomials onMn and the veri�ation of subdi�erential regularity remainto be established and will appear in a subsequent paper.Referenes[1℄ J.V. Burke, A.S. Lewis, and M.L. Overton. Optimizing matrix stability. Pro.of the Amerian Math. So., 129:1635{1642, 2000.[2℄ J.V. Burke, A.S. Lewis, and M.L. Overton. Optimal stability and eigenvaluemultipliity. Foundations of Computational Mathematis, 1:205{225, 2001.[3℄ J.V. Burke, A.S. Lewis, and M.L. Overton. Variational analysis of the absissamapping for polynomials via the Gauss-Luas theorem. Journal of Global Op-timization, 28:259{268, 2004.[4℄ J.V. Burke and M.L. Overton. Variational analysis of the absissa mapping forpolynomials. SIAM Journal on Control and Optimization, 39:1651{1676, 2000.[5℄ J.V. Burke and M.L. Overton. Variational analysis of non{Lipshitz spetralfuntions. Math. Programming, 90:317{351, 2001.[6℄ F.H. Clarke. Optimization and Nonsmooth Analysis. Wiley, New York 1983.Republished by SIAM, 1990.[7℄ F. H. Clarke, Yu. S. Ledyaev, R. J. Stern, and P. R. Wolenski. NonsmoothAnalysis and Control Theory. Springer, 1998.[8℄ L.V. Levantovskii. On singularities of the boundary of a stability region.Mosow Univ. Math. Bull., 35:19{22, 1980.
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