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Abstract

In this paper we study the approximation algorithms for a class of discrete quadratic opti-
mization problems in the Hermitian complex form. A special case of the problem that we study
corresponds to the max-3-cut model used in a recent paper of Goemans and Williamson. We first
develop a closed-form formula to compute the probability of a complex-valued normally distributed
bivariate random vector to be in a given angular region. This formula allows us to compute the ex-
pected value of a randomized (with a specific rounding rule) solution based on the optimal solution
of the complex SDP relaxation problem. In particular, we study the limit of that model, in which
the problem remains NP-hard. We show that if the objective is to maximize a positive semidefinite
Hermitian form, then the randomization-rounding procedure guarantees a worst-case performance
ratio of w/4 & 0.7854, which is better than the ratio of 2/m & 0.6366 for its counter-part in the
real case due to Nesterov. Furthermore, if the objective matrix is real-valued positive semidefinite
with non-positive off-diagonal elements, then the performance ratio improves to 0.9349.
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1 Introduction

The pioneering work of Goemans and Williamson [5] has caused a great deal of excitement in the
field of optimization, as it used a new tool (SDP) in continuous optimization, through randomization
and probabilistic analysis, to yield an excellent approximation ratio for a classical combinatorial opti-
mization problem, known as the max-cut problem. This ground-breaking work has been extended in
various ways since its first appearance. Among others, Frieze and Jerrum [4] extended the method to
solve the general max-k-cut problem. Bertsimas and Ye [3] introduced another randomization scheme
using normal distributions, to achieve the same approximation result as in Goemans and Williamson’s
original paper [5]. The Bertsimas-Ye analysis makes use of an important result in statistics, which
states that the probability of a bivariate (2-dimensional) normally distributed random vector to be
in the first orthant can be expressed analytically using elementary functions. This is impossible how-
ever, for any dimension higher than three; see [1]. Recently, Goemans and Williamson [6] proposed
another novel approach to solve the max-3-cut problem, using the unit circle in the complex plane as
a key modelling ingredient. In this paper we show that it is possible to compute the probability of the
bivariate complez-valued normally distributed random vector to be in a specific angular region in C2.
Using this result, we are able to compute the expected quality of a particular randomized solution
for solving a general quadratic optimization model, where the variables take values from the roots of
2™ =1 (m > 2 is an integer parameter of the model). The model of Goemans and Williamson for
max-3-cut (m = 3) is a special case of this general model. It is interesting to study the limit of this
model; that is, the case where m — co. It turns out that the problem remains NP-hard. However, the
corresponding complex SDP relaxation yields an approximation ratio of w/4 & 0.7854, whereas for its
counter-part in the real case, the ratio is 2/7 ~ 0.6366 as shown by Nesterov [8]. If the off-diagonal
elements of the objective matrix are real-valued and non-positive, then the approximation ratio is
actually 0.9349.

This paper is organized as follows. In Section 2 we discuss the computation of the probability for
the complex-valued normal distributions. In Section 3 we apply the results developed in Section 2
to solve complex-valued quadratic optimization problems. In particular, Subsection 3.1 discusses
the Hermitian quadratic function minimization problem, where the complex decision variables take
discrete values. Subsection 3.2 considers the continuous version of the problem. Subsection 3.3

considers a special case where a sign restriction on the objective matrix is observed.

Notation. Throughout, we denote by a the conjugate of a complex number a, by C" the space of
n-dimensional complex vectors. For a given vector z € C", zH denotes the conjugate transpose of
z. The space of n x n real symmetric and complex Hermitian matrices are denoted by 8™ and H",
respectively. For a matrix Z € H™, we write Re Z and Im Z for the real and imaginary part of Z,

respectively. Matrix Z being Hermitian implies that Re Z is symmetric and Im Z is skew-symmetric.



We denote by ST (S, ) and H"} (H'}, ) the cones of real symmetric positive semidefinite (positive
definite) and complex Hermitian positive semidefinite (positive definite) matrices, respectively. The
notation Z > (> 0) means that Z is positive semidefinite (positive definite). For two complex matrices
Y and Z, their inner product Y e Z = Re (tr Y#Z) = tr [(Re Y)T(Re Z) + (Im Y)T(Im Z)], where

tr denotes the trace of a matrix and T denotes the transpose of a matrix.

2 Complex Bivariate Normal Distribution

It is well known that the density function of an n-dimensional real-valued multivariate normal dis-

tribution is given as follows

10 = g o (3wt e ).

where p € R” is the mean and €2 € 87, is the covariance matrix.

Let us consider a complex-valued normally distributed random variable in C, with the mean value
20 € C and variance 02 € ®,. (For more information on the complex-valued normal distributions,

we refer the reader to [2]). Similar as in the real-valued case, its density function can be written as

f(2)

1
exp (—2]2: - zo|2/0'2> , z € C.

2702

Denote by N.(zo, 02) the complex-valued normal distribution with mean 2y and variance o2.

Using Euler’s formula, i.e., letting z — zp = peia, we have

2
p p .
f(p,0) = 553 EXP (—202> , with (p,0) € [0, +00) X [0, 27),

where the variable transformation is

Re (z —z9) = pcosf
Im (2 —29) = psiné.

As a matter of terminology, p is usually called the modulus of z — z, also denoted as |z — z|; € is

called the argument of z — zp, denoted as Arg (z — zp).

The density of the joint (complex-valued) normal distribution z = (21, 22,...,2,), with z; € C,

k =1,...,n, has the following form

1) = e o (56— 0" - 0).

where z,p € C", and Q € ‘H'} ,; pu is the mean vector, and (2 is the covariance matrix.



Let us denote the above complex-valued normal distribution as N.(u, ).

The bivariate case is of particular interest to us. Consider a complex-valued, bivariate normal random

vector. Suppose that it has zero-mean. Furthermore, suppose that its covariance matrix is

Q—[l )\]>0
Al

where A\ € C denotes the conjugate of A € C. In particular, let A\ = 'yeio‘, and so A = ’ye‘io‘. Since
Q = 0, it follows that 1 —+2 > 0. Moreover,

O-1_ 1 1 ' —ye_io‘
1— ,72 _,.Ye’La 1 :

Then, by letting z; = plei(’1 and zp = p2€i92, we may rewrite the density function as

.9 H . .6

£ 01, 05) 1 1 pretf 1 —ye preth

) ) y — —— X _ . . i
P15 p2,01,02 Ar2(1 — ~2) p 2(1—2) | poett el 1 poett2
p1p2 pi + P53 — 2p1p2y cos(—a + by — 61)
2 2y ¢XP | — 2 ’
Ar*(1 =) 2(1-7?)

where the domain of the variables is given as

(p17p2;91792) S [O, +OO)2 X [0,27'(')2.

Now let us further introduce a variable transformation
p1 = posé
p2 = psing

with the domain (p, &) € [0,+00) x [0,7/2]. The density function can be further written as

3 : 2 2 .
p° cos € sin & _p° —2yp°cos{sin cos(—a + b2 — b1)
f(p7§7 91792) 4.7'('2(1 IR ,}/2) ex ( 2(1 I 72)
B p3 sin 2¢ ox _p2 — p?ysin 2€ cos(—a + O — 61)
I O 201 —%) |

and the domain is (p,€,01,02) € [0, +00) x [0, 7/2) [0, 2)2.

Let us note the following two simple facts.

Lemma 2.1 Suppose that a > 0 is a given real number. Then, it holds that

1

[o.¢]
3 2
/O p”exp(—ap”)dp = o3



Lemma 2.2 Suppose that —1 < b < 1 is a given real number. Then, with respect to the variable 6,
it holds that

/ sin @ do — — cos 0 n 2b arctan tan(6/2) — b LC
(1—bsin®)2"  (1-0b2)(1—bsind) (1 —0b2)3/2 VI—b2 '

Consider 0 < 051’ <0y <2mand 0 < 03 < 05 < 2m. Below we shall compute the probability that
(91792) € [911)’9;,} X [012]795]'

Let us denote

P: = Prob{6° <6, <6%605<6, <05}

05 05 /2 00 3sin 2 2 _ »2~¢in?2 _ —
B p° sin 2€ _p° = pPysin2 cos(—a + O — 61)
AT At 21 —7) o) dsdiadt
1 05 05 /2 2(1 _ 72) 2

e in 2 0

1672(1 —~2) /911; /gg [/0 sin 2¢ <1 — ysin 2¢ cos(—a + 62 — 91)> dc| db2db,
B 1— ,)/2 /Gf 05 /7r/2 sin 2‘5 d£
C 4n2 o0 Jor |Jo (1 —7cos(—a+ 62 —6)sin2¢)?

1—~2 [0 0 1
- 4n? /9117 /gg 1—fy2(:osz(—04—|—<92—01)+

v cos(—a + b2 — 1) arccos (—y cos(—a + 02 — 61))
(1 — 42 cos?(—a + 0 — 0;))3/2

df>db,

] dfadb,
where in the third equality we used Lemma 2.1 and in the last equality we used Lemma 2.2.

To further compute the above integration, we note the following two more facts:

Lemma 2.3 With respect to the variable 0, it holds that

1 7y cos B arccos(— cos 6) 1 ~y sin 6 arccos(—y cos 0)
df = 6 C.
/ [1 —7?cos?() (1 —92cos?(6))3/? = "7 1 —~2cos?(0) !

Lemma 2.4 With respect to the variable 0, it holds that

/ [’y sin(8 — 0) arccos(—y cos(f — ﬂ))] do —

arccos(—y cos(f — 210
N T (avccos(—ycos(6 — 3)))° +

N | —

Using Lemma 2.3 we obtain

91 ~sin(05 — o — 61) arccos(—y cos(85 — o — «91))d9
1

1 € €
P = [(01—0?><02—03>+/

ot V1 —72cos?(05 —a — 6y)
/95 ysin(#y — o — 0;) arccos(—y cos(#y — o — 61))d0
- 11>
07 \/1—72c082(93—a—91)

)



and further using Lemma 2.4, we have

05 —0)5—05) 1
472 872

2 2
+ (arccos(—’y cos(6° — 65 + a))) — <arccos(—’y cos(6S — 65 + a))) ] .

2
P =

[(arccos(—'y cos(bS — 05+ a)))? — <arccos(—7 cos(#2 — 05 + oz)))

Summarizing, we have proven the following result by a limiting argument.

Theorem 2.5 For the complex-value bivariate normal random vector [ “ ] € N, (p, ) with
22
- and Q = T len2,
0 ye e 1

it holds that

Prob {8} < Arg 2z < 65; 05 < Arg 2 < 65}

e _nb e _pnb
= (01 011)75292 %) + # [(arccos(—*y cos(05 — 05 + )))? — (arccos(—'y cos(6° — 65 + a)))

2

2 2
+ (arccos(—7 cos(#? — 05 + a))) - (arccos(—7 cos(65 — 65 + a))) } .

3 Quadratic Programs and Complex SDP Formulations

3.1 Discrete Complex Quadratic Optimization

Suppose that @) is a Hermitian matrix. Consider the following quadratic programming problem with

discrete decision variables,

(P) max 2MQz
st. zpe{lw,..., w1} k=1,...,n,

where m > 2 and w = ¥ = cos 2T 1 §sin 27, Denote the optimal value of (P) to be v(P). Consider

the following complex-valued mapping F,

-1 w) m—1

_8C7dr2 Z w’ (arccos(—Re (w™72)))%

=

m(2

Fo.(z):=

For a Hermitian matrix Z with |Zy;| < 1 for all k, [, define the componentwise matrix function

Fin(Z) = (Fin(Zk)), g, € H™.

It is easy to verify that F,,,(z) = F,,(z). Therefore, if Z is Hermitian, then so is F},,(Z).



Lemma 3.1 We have

m(2—w™ e PR
1= w? (arccos(—Re (w™)))2
7=0
Moreover, for any z € {1,w,...,w™ 1} it follows that F,,(z) = 2.
Proof. We observe that
—1 ,
m2—-w'!-w)'s j J 9
5 w’ (arccos(— cos(=—2)))
8w = m
B m(2—w ! —w) & i 20 27 .o
B 872 Wi (1= E>
j=0
9 _ u)_1 —w m—1 m—1
= < 4 72wl —4m Z Jjw’
m =0 5=0

Moreover, we have

m—1 w 1)
2,0 — _ J —
E jrw! = (w —1y “ and E Jjw

j=0

Substituting the above equations into (1) yields the intended result.

Suppose z = w’® for some jo € {1,...,n}. Then,

—_

3

—wl . i
m(2 ) ™ i (arccos(—Re (w772)))’

2
8 =
9 _ -1 m—1 ' A
_m( 8w2 w) Z w’ (arccos(— COS(M2W)))2
T = m
m2—-w!-w)'s ; J—Jo 2
— w’ (arccos(— cos(———=27)))
2
8 20 m
o m(2 —w” i (arccos(— 005(1277)))2
~ m
= ij =z

This completes the proof for Lemma 3.1.

Hence we can rewrite (P) as

max Q e F,(zz')
st. ze{lw,...,w™ 1} k=1,...,n.



Consider the following nonlinear complex semidefinite programming problem

(SP) max Qe F,(2)
st. Zpy=1k=1,...,n,
Z = 0.

Let v(SP) denote the optimal value of (SP).

Theorem 3.2 [t holds that v(P) = v(SP).
Proof. Let 2 is optimal to (P), then, by Lemma 3.1, Z = 2% is a feasible solution to (SP) and
F(Z) = Z. Therefore, v(SP) > Q e F,, (Z) = Q ® Z = v(P).

On the other hand, for every feasible solution Z of (SP), we randomly generate a complex vector &
such that & € N.(0,Z), and assign

1, if Arg &, € [0, )
w, if Arg &, € [22, Z27)
_ ) - 2
vk = (%) w’, if Arg &, € [L2m, %277) 2)
\ w™lif Arg &, € [21or, 2m)

and finally let zx = g,k = 1,...,n. Suppose that Zy; = veio‘. Then by Theorem 2.5, we have

Prob {y, = yw’, y = "}
= Prob{y; = wj+r,yl =w'}
; ) 1
= Prob{Arg &, € [‘] tr 7r,J trt 27)
m m
1 1
m2 = 8r?

r+1
m

2

2m)}

— 21 + a)))?

,Arg & € [—2r,
m

(2(arccos(—vy cos(i27r + )))? — (arccos(—y cos(]
m
Jj+1
m

—(arccos(— cos( 21 + a)))?)

for any j,r € {0,1,...,m — 1}. Therefore, for any given k and [ we have

Prob {yx5; = w}

m—1

= ) Prob{y =y’ y = w'}
r=0
1

= + 8m?(2(arccos(—’y COS(%QW + «)))? — (arccos(—y cos(‘] —

21 + a)))?

—(arccos(—y cos(j :;L ! 21 + a)))?). (3)



It follows that

Elyr 1]
m—1 ) .
= Z w!Prob {yxy; = v’ }
=0
m m—1 ] j 1
872 JZ—(:) v <2(arccoS( ’YCOs(m27r +a)))” — (arccos(—y cos( m 2+ a)))
i+ 1
— (arccos(—y COS(] . 2m + a)))2>
m
m—1 ]
= 53 (2w — W - i (arccos(—y cos(L 27 + )))?
872 = m
1 .
m2-w ! —w) = J ?
_ w’ (arccos(—y cos(~—27 + «)))
2
8w =0 m
9wl )™t -
_ m( 8“)2 w) w’ (arccos(—Re (w]Zkl)))2~ )
s e
Consequently,
E[Zkil] = EW]
1 .
m2-w ' —w) = — J 2
_ J (arccos(—vy cos(—2m + a)))
2
8 =0 m
9_wl_ ) m=l : ‘
_ 8‘“2 <) Z W™ (arccos(—7y COS(LQW +a)))?
™ = m
9wl )™l —J
_ m( 8w2 w) Z w’ (arccos(— cos(m L on +)))?
™ o
9wl _yml ;
_ m( 8“’2 w) w (arccos(—Re (w7 Zy)))%
T

[e=]

.

By the linearity of mathematical expectation, we get
E[2MQz2] = Q ¢ Fu(2).
Since the solution z so generated is feasible to (P), we have

v(P) > E[z"Qz]
= QeZ,

for every feasible solution Z of (SP). This combining with v(SP) > v(P) yields the desired result. [



In particular, if m = 2 then one can verify that problem (P) reduces to

max z'Qux
st.  ape{£l}, k=1,...,n,

and problem (SP) reduces to
max %Q e arcsin(X)
st. Xip=1, k=1,...,n,
X =0,
where arcsin(X) := [arcsin(Xg;)|nxn. In that case, Theorem 3.2 specializes to Theorem 2.9 in [5] or
Theorem 1 in [11]. If m = 3, then (P) is

max 2HQz
st.  zre{lw,w?}, k=1,...,n,

with w = €% . In fact, Goemans and Williamson [6] model the max-3-cut problem as

(M3C) max Y cprcp wiilzr — 20" (26 — 21)
st z={lLww?}, k=1,...,n

and they consider the following complex SDP relaxation

max Zl§k<l§n wii (2 — 2Re Zyy)

st. Zy=1L,k=1,....n
Re Zy > —1/2, Re wZy; > —1/2, Re w?Zyy > —1/2, 1 <k <l<n
Z = 0.

Let the optimal solution of the SDP relaxation be Z*. Then, Theorem 3.2 asserts that the expected

value of the randomized solution based on Z* is

> ww(2 - 2Re F5(Z5))
1<k<i<n

where Fs(2) = g2 [(arccos(—Re 2))? 4 w(arccos(—Re (w?z)))? 4 w?(arccos(—Re (wz)))?].

Since (arccos(z))? is a convex function, it follows that

9 [ 1
Re F3(Zf;) = 5.2 (arccos(—Re Z};))? — 5 ( (arccos(—Re (w2Z},)))? + (arccos(—Re (WZ}SZ)))2)}
0 | 2
< 322 (arccos(—Re Zj;))? <arccos ( e (wZp + w2le:l)>> ]
9 T o .
= 32 (arccos(—Re Z7;))” — (arccos(iRe Z7 -

10



Further noticing that

2+ % [(arccos(%))2 — (arccos(—x))?
min = 0.8360...
—i<z<1 2-2x

the approximation ratio of Goemans and Williamson [6] thus follows from the fact that

Z wkl(Z — 2Re F3(Zl>ckl)>

1<k<i<n
9 " 1 "
> Z Wiy {2 —2 X ) [(arccos(—Re Zkl))2 — (arccos(iRe Zkl))ﬂ }
1<k<iI<n
> 0836x Y wp(2-2Re Zj)
1<k<i<n
> 0.836 x v*(M30).

3.2 Continuous Complex Quadratic Optimization

By taking the limit, i.e. m — oo, the quadratic optimization model (P) becomes

(CP) max 2MQz
st. Jz|l=1,k=1,...,n,

where @ € H'. In that case, the problem is equivalent to

(SCP) max Qe F(Z)
s.t. Zkkzl,k:L...,'l”L,
Z =0

with

= — et (arccos(—7 cos(f — )))? df
47 0

where v = |z] <1 and a = Arg 2.

The applications of Hermitian quadratic optimization models such as (CP) can be found, e.g. in [7],

although in [7] the minimization version of the problem was considered.

Proposition 3.3 Problem (CP) is strongly NP-hard in general.

11



Proof. The optimization problem in the form of
max |27 Az|
st. 2z, e€C, |z <1, k=1,...,n

is called complex programming, and was shown in [9] to be NP-hard in general. (We thank André
Tits for drawing our attention to complex programming.) Problem (CP) is related to complex
programming, but they are not the same: the objective in (CP) takes the Hermitian form, and is
assumed to be positive semidefinite. The proof for Proposition 3.3 to be presented below is due to

Tom Luo of Minnesota University, who sketched this proof to us in a private communication.
As a first step we shall prove that the following problem

min 2HQz

st. Jzl=1,k=1,...,n,
is NP-hard in general, where ) € H}.

To this end, we consider a reduction from the following strongly NP-complete matrix partition prob-
lem; i.e., given a matrix G = [Gy,...,Gn] € RM*N | decide whether or not a subset of {1,..., N}

exists, say I, such that

N
> G = %ZG;C.
k=1

kel

Let the decision vector be

_ T IN+1
2= (20,21, " ,ZN, ZN+1, - ,22n) € C .

Let n =2N + 1, and

e —exy Iy In e RM+N)xn.
—%GGN G 0%

where eny € RY is the vector of all ones. Let Q := AT A.

Next we show that a matrix partition exists is equivalent to the fact that there is z € C™ with |z;| =1
for all k, such that z7Qz = 0. Clearly, 2" Qz = 0 is equivalent to Az = 0; that is,

0 = —20+2r+2N4k, k=1,...,N (5)

1 N N
0 = 3 <;Gk) ZO+k§_:1Gk;Zk. (6)

Let z/2z0 = ¥k for k = 1,...,2N. Using (5) we have

cosby +cosOnyip = 1 (7)

sinfy +sinfyyr = 0 (8)

12



where k = 1,..., N. Equations (7) and (8) imply that 8, € {—=n/3,7/3}. This in particular means

that cosf = cosOnix = 1/2 for k =1,...,N. Since

1 N N 1 N N
e <—2 (%Gk> +;Gk2k/zo> _—2;Gk+;GkC059k_o

is always satisfied, (6) is true if and only if
A N N
m (—2 (; Gk> + ;szk/Z()) = ;Gk sinf, = 0,

which amounts to the existence of a matrix partition.
Let Amax be the maximum eigenvalue of (). By observing that

min 2HQz

st. Jz|l=1,k=1,...,n
is equivalent to

max  zH(Apax] — Q)2

st. |zl=1Lk=1,...,n

where Apax! — @ € ‘H'}, the desired result follows.

For a given z € C with z = ’yeia and |z| =y < 1, we have

2,
F(z) = % ; e® (arccos(—v cos(d — a)))* do
_ i to /27r ie( r (_ 0))2 do
= 3¢ ; e’ (arccos(—~ cos
1 . T . ™ .
= 1 et [/ e (arccos(—~ cos 0))2 do — / e (arccos(y cos 9))2 d9]
us 0 0

g [T 40 (T

¢ /0 e (2 arccos(ycos@)) do

1 . T .

—eto / e arcsin(vy cos 0)df

2 0

Lia [T (2k)! 2k-+1

5¢ /0 <7C059+Z4k (1)2(2k & )('ycosﬁ) db

((2k)! ;
_ ’La 2k+1 1«
= Ty Z oAk (kv) k: o
)!)

_ ((2k)!)? 2%
— —z+ 224k+1 k')4/~c+1)|Z’ Z,

13



where the second last step follows from the fact that

2% +1)(2k —1)---1

k=0,1,..
Gkt 2@k -2 =0l

/ sin f(cos 0)*T1d = 0 and / (cos 0)* 249 = (
0 0

Clearly, if Z € H'} then Z' € H't. Furthermore, observe that the Hadamard product of any two

positive semidefinite Hermitian matrices remains Hermitian positive semidefinite. Denote A o B to
k

—_—~~—
be the Hadamard product of A and B, and denote A®) to be Ao A--- o0 A. It thus follows from (9)
that

F(Z) = T4 i ((2k)1)? (270 2)® o 7 »

Z.
e S CORUESY

T
4

Therefore, if @@ = 0, then we have
QeF(Z)> ngZ.

Consider the following complex SDP relaxation for (CP)

(CSDP) max QeZ
st. Zy=1 k=1,...,n,

Let the optimal value of (CP) be v*(CP), and the optimal value of (CSDP) be v*(CSDP). Let the
expected value of the randomized solutions based on the optimal solution of (CSDP) be v(H (C)).
Then

W(H(C)) > %v*(CSDP) > g

v*(CP) = 0.7854 - v*(CP).
It is interesting to compare this ratio with that of its real counterpart:
(RP) max z'Qux
s.t. xzzl,k‘zl,...,n.

Nesterov [8] showed that the randomization solution based on the SDP relaxation

(RSDP) max QeX
s.t. ka:Lk:l,...,n,

X =0,
has the following approximation ratio
2 2
v(H(R)) > ;v*(RSDP) > }v*(RP) ~ 0.6366 - v*(RP).

14



Therefore, the complex SDP relaxation for the complex quadratic optimization problem is more
effective than the real SDP relaxation for its real counter-part, in the sense that the former has a

slightly better approximation ratio.

Remark that similar as the analysis in Nesterov [8], Ye [10], and Zhang [11] for the real case, we can

extend all the approximation results to the following more general setting

max 21Qz
st. (Jz1)? |z2h L )T € F

where F is a closed convex set in R™. The corresponding complex and convex SDP relaxation is

max (QeZ
s.t. diag Z e F
Z = 0.

It is also interesting to remark that if we regard (CP) as an equivalent real quadratic problem
R I
max (u',v7) ¢@ mQ “
—Im @ Re@ v
s.t. ui —1—11,3 =1 k=1,..,n,

then the approximation ratio obtained that way would be 2/7, instead of 7/4. This shows that the

complex SDP relaxation does have an advantage in this particular case.

3.3 Structured Continuous Complex Quadratic Optimization

In this subsection, we study a special case of (CP) with a sign structure on the object matrix, which

is parallel to the original (real) max-cut model studied in [5]:

(CPS) max 2MQz
st. Jz|l=1k=1,...,n

where we assume that @ = [gji]nxn € ST and g;; <0 for all 1 < j <1 < n. Using (9) we know that

the expected value of the randomized solution based on the complex SDP relaxation is

o(H(C)) = 23 giRe F(Z} +qu

g<l
" . n
* |2 *
= 2) a4 Jr Z 24k+1 k +1) Z3* | Re Z5+ ) ajs (10)
i<l j=1
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where Z* is the optimal solution of the complex SDP relaxation. Define the following real function

T ((2k)!) 2%
9(y) = 4+2;2 Rk + 1)
on y € [0,1]. We have 0 < g(y) <1 for all y € [0,1]. Suppose that x is real, and |z| <y < 1. Then,
19z 1-9()\ _1+9®y
HE e A S ey A
One computes that
L9y 9349 = .

min
0<y<1t 14y
Therefore,

for all y € [0,1] and |x| < y, or equivalently,

g(y)x <1 -0+ pz (11)

for all y € [0,1] and |z| < y. Using (11), we have

( +3 224k+1

Now we apply (12) in a componentwise fashion to (10), and obtain, thanks to the sign restriction,

l

k+1)| l]2k>Re 5 <1—p3+pRe Zj. (12)

the following inequalities

v(H(C)) = 22%( +35 ZQ4k+1

g<li

* 12k
k:+1)’ il )ReZl+Zq]J

> 23 qu(l— B+ BRe Z5) + quj
g<l 7j=1
= (1-P)c'Qe+ Qe 2"
> Bu*(CSDP)
> [ (CPS). (13)

This yields an approximation ratio of 0.9349 for (CPS).

Acknowledgement: We would like to thank Tom Luo, Anthony So, Yinyu Ye, and Jiawei Zhang
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