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ABsTRACT. We study the route-guidance system proposed by Jahn, Moéhring, Schulz, and Stier-
Moses (2004) from a theoretical perspective. This approach computes a traffic pattern that mini-
mizes the total travel time subject to user constraints, which ensure that routes suggested to users
are not much longer than shortest paths. We show that when distances are measured with respect

to travel times at equilibrium, the resulting traffic assignment is efficient and fair.

1. INTRODUCTION

Transportation authorities and users alike hope that route-guidance systems can help to mitigate
the congestion generated by the ever-increasing amount of vehicular traffic. In particular, in-car
navigation devices might be used not only to provide drivers with map information and current
traffic conditions, but also to optimize the entire network. With this application in mind, Jahn,
Mo6hring, Schulz, and Stier-Moses (2004) introduced a route-guidance system which computes a
traffic pattern that minimizes the total travel time subject to certain user constraints. These
constraints are designed to overcome an inherent problem of system-optimal guidance. Indeed, it is
well known that in a system-optimal flow, some users may be assigned to considerably longer routes
for the benefit of others. User constraints are intended to guarantee that no recommended route is
significantly longer than that suggested to any other user with the same origin and destination. For
the sake of algorithmic efficiency, Jahn et al. (2004) proposed to perform this comparison based on
normal path lengths instead of actual travel times. The normal length of a path is defined via some

a priori estimate of the real impedance. Based on extensive computational studies on real-world
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instances, Jahn et al. concluded that the resulting constrained system-optimal flow has two desirable
properties when the normal length is properly chosen: the total travel time in the network is close to
that of the unconstrained system optimum, and individual users do not experience a notably larger
travel time than others. While normal lengths have to be set in advance, it is important to point out
that users do not need to know the normal lengths; they are merely an artifact to select solutions
without detours and are controlled by the traffic authority. Jahn et al. considered three possible
definitions: geographic lengths, free-flow travel times (travel times in the uncongested network),
and user equilibrium travel times (travel times at user equilibrium). As geographic distances and
free-flow travel times are highly correlated, we confine our study to free-flow travel times and user
equilibrium travel times.

In this note, we provide a theoretical framework for the work of Jahn et al. For our analysis,
we rely on the price of anarchy concept, discussed in this context by Koutsoupias and Papadim-
itriou (1999), Roughgarden and Tardos (2002), Roughgarden (2003b), and Correa, Schulz, and
Stier-Moses (2004b), among others. While the price of anarchy is originally defined as the ratio
of the total travel time of a user equilibrium to that of an ordinary system optimum, we adopt
a more pragmatic perspective for the application considered here. Instead of comparing the user
equilibrium to a system-optimal traffic flow, which can realistically not be implemented because of
its unfairness, we measure the price of anarchy with respect to a traffic pattern that can potentially
be used in practice. In other words, we evaluate the efficiency of the route-guidance system with
the help of the worst-case ratio of the total travel time of an equilibrium to that of a constrained
system optimum. In addition, we compare the travel times experienced by different users between
the same origin-destination pair. A primary goal of any route-guidance system is to offer routes
with similar travel times; otherwise, route recommendations would most likely be dismissed. More-
over, as the system assigns users to routes randomly, it is desirable that routes offered under similar
circumstances (e.g., the same user performs a trip every day) have similar latencies to reduce the
variance of latencies experienced by individual users.

Section 2 formally introduces constrained system optima and the price of anarchy. In addition,
we study instances for which the corresponding equilibria have high total cost. In Section 3, we
concentrate on free-flow travel times and argue that, under these normal lenghts, user equilibria
might be preferable over constrained system optima. Section 4 analyzes the case in which normal

lengths are defined as user equilibrium travel times. In contrast to the previous case, constrained
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system optima turn out to be provably efficient and fair. Section 5 shows that the unfairness of
constrained system optima is bounded from above by a small constant. All results established here

corroborate the conclusions drawn by Jahn et al. (2004)

2. PRELIMINARIES

The road network is represented by a directed multigraph G = (N, A) with two attributes on
each arc a € A: the normal length 7, > 0 gives an a priori estimate of the actual traversal time in
the solution we seek; the latency function £, : Ryo — Ry maps the traffic flow z, on arc a to its
traversal time £, (z,). The normal arc lengths can be any metric that is fixed in advance. However,
their proper choice will allow us to compute solutions that users of the route-guidance device are
likely to accept. The latency functions are assumed to be continuous and nondecreasing. These
assumptions are naturally met by common latency functions (see, e.g., Sheffi 1985; Cohen 1991).
We only consider latencies that belong to a specified set £. In practice, latency functions take
a specific form, and the bounds one obtains without this restriction are unnecessarily pessimistic
(Roughgarden and Tardos 2002). For some results, we will additionally assume that latencies are
linear functions; i.e., they belong to Ly, := {£ : ¢(x) = qz + r for some ¢, > 0}. Although this
may appear restrictive at first, congestion effects and counterintuitive phenomena can already occur
(e.g., Braess 1968).

Vehicles are grouped according to their origin-destination (OD) pairs K C N x N. For each
OD pair k = (sk,tx) € K, let Py, be the set of directed (simple) paths in G from s to tx, and let
d, > 0 be the demand rate associated with commodity k. Let P := (J,cx Pr be the set of paths
between all OD pairs. Because route-guidance systems eventually have to propose paths to the
drivers, our formulation is path-based: A feasible flow x assigns a nonnegative value zp to every
path P € P such that EPePk xp = di for all K € K. Note that flows are not required to be integral;
they describe average rates. Furthermore, we define the latency of a path P € P under a given
flow z as £p(z) := 3 ,cp la(Ta), where x4 1= 3 cocp T@. We refer to the maximum latency of a
flow-carrying path in Py as Li(z) := max{lp(z) : P € Py, xp > 0}, and to the shortest normal
path length for OD pair k& as T} := minpep, 7p. Here, 7p := ) _p 7, is the normal length of
path P.

There are two aspects that define the quality of a flow. The fairness of the route assignment

is of importance to the users while the total travel time in the system is of importance to the
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traffic authority. Without any control (but with perfect information), different users with the same
OD pair should experience the same travel time. If that was not the case, users would have an
incentive to switch routes. We say that a flow with this property is fair. In a seminal contribution,
Wardrop (1952) stated a principle that formalizes this notion: “The journey times on all the routes
actually used are equal, and less than those which would be experienced by a single vehicle on
any unused route.” Traffic patterns satisfying this principle are called user equilibria (Dafermos
and Sparrow 1969), and will be denoted by f. Although there may be multiple equilibria, the
travel time that users experience is invariant across different equilibria (Beckmann, McGuire, and
Winsten 1956). In particular, all equilibria share the same total cost. We define the unfairness of
a given flow z as the maximum ratio of the experienced travel times of two users sharing the same
OD pair, i.e., as max{lg(z)/lr(z) : Q,R € Py, xg,zpr >0, k € K}.

It is well known that user equilibria can be inefficient (Dupuit 1849) and that system optima can
be unfair (Ben-Akiva et al. 1997). The route-guidance system proposed by Jahn et al. (2004) is
designed to compute the most efficient traffic assignment among those that are not too unfair. As
it is difficult to control the unfairness directly, the authors introduced an upper bound on the ratio
of the normal length of different users traveling between the same OD pair. Let us describe this
approach in more detail. Let ¢ > 1 quantify the notional tolerance of users to suboptimal paths.
This factor is used to prevent users from being assigned to paths that are longer than ¢ times the
length of a shortest path between their OD pair. In other words, users of OD pair £ € K may
only be assigned to paths in P/ := {P € Py : 7p < ¢T}}. We call a path feasible when it belongs
to P? := Upex Py- Selecting the solution with minimum total travel time from all assignments
of users to paths in P¥ is equivalent to solving the following minimum cost multicommodity flow

problem with path constraints and a separable nonlinear objective function:

min  C(z) := Zéa(aca)xa

acA
s.t. rp=d for all k € K,
(CS0) 2 o=
PePf
Z Tp = g foralla € A,
P:acPeP?

zp =0 for all P € P¥.
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A constrained system optimum with tolerance factor ¢, denoted by f¥, is an optimal solution
to this problem. A system optimum is an optimal solution to a similar problem without path
constraints, i.e., with ¢ = co. We use f* to denote a system optimum. It is evident that the
larger is the factor ¢, the larger is the feasible region. Consequently, C'(f¥) is a nonincreasing
function of ¢ and C(f*) < C(f¥) for all ¢ > 1. When C(z) is convex, Beckmann, McGuire, and
Winsten (1956) proved that a flow f* is a system optimum with respect to latencies £,(z) if and
only if it is a user equilibrium with respect to the modified latencies £%(z) := ¢,(z) + xf.,(z). The
latency functions /; include an extra term that accounts for the service degradation caused to the
other users of arc a. As f* is at equilibrium with respect to £, we denote the common travel time

for OD pair k € K by Li(f").

2.1. The Price of Anarchy. Koutsoupias and Papadimitriou (1999) proposed to measure the
inefficiency of equilibria by comparing the worst equilibrium to the system optimum. Roughgarden
and Tardos (2002), Roughgarden (2003b), and Correa, Schulz, and Stier-Moses (2004b) studied
the efficiency of user equilibria in traffic networks, under less and less restrictive assumptions. In
particular, the cost C(f) of a user equilibrium is bounded from above by «(L) times the cost C'(f*)
of a system optimum (Roughgarden 2003b). The constant «(L), defined in Section 2.2, depends
only on the set of allowed latency functions; for example, it is 4/3 for linear, 1.626 for quadratic,
and 1.896 for cubic functions, respectively. For polynomials of degree p, it grows like p/ In p.

To measure the potential benefits of the route-guidance system proposed by Jahn et al. (2004),
we compare the cost of user equilibria to that of constrained system optima. Although the orig-
inal definition of the price of anarchy relies on ordinary system optima, our notion is arguably
more realistic in our context because ordinary system optima cannot be implemented in practice
because of their unfairness. In the following definition, fz and f7 denote the user equilibrium
and constrained system optimum of an instance Z, respectively. To simplify notation, we drop the
subindex Z afterwards. The price of anarchy for a given tolerance factor ¢ and a given set £ of

allowed latency functions is defined as follows:

a?(L) := sup

T
. 2.1
Z€inst(L) O(fi'p) ( )

Here, inst(£) is the set of instances with latency functions drawn from L. It is immediately clear

that o' (£) > 1 and that o¥(£) is a nondecreasing function of (. In addition, the bounds previously
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mentioned imply that

C(f) <alL)C(f*) < alL) C(f7). (2.2)

Equivalently, a?(L£) < a(L) for all ¢ > 1. Moreover, for instances with positive minimum normal
length T}, for all OD pairs k € K, a constrained system optimum with large tolerance is optimal in

the unconstrained sense; i.e., C(f?) = C(f*) when ¢ is sufficiently large.

2.2. Tight Instances. For a specific instance, we refer to the ratio of the cost of a user equilibrium
to that of a constrained system optimum as the coordination ratio of the instance. Aiming at an
understanding of the cause of inefficiency, we now characterize instances with high coordination
ratio. While we work with ordinary system optima in this section, we will concentrate on arbitrary
tolerance factors later. We call an instance tight when its coordination ratio C'(f)/C(f*) matches
the upper bound «(L). Here, f and f* are a user equilibrium and a system optimum of the corre-
sponding instance, respectively. Roughgarden and Tardos (2002) presented an example, originally
suggested by Pigou (1920), that is tight for linear latency functions. Subsequently, Roughgar-
den (2003b) proved that the maximum coordination ratio among all instances with two parallel arcs
and latencies drawn from £ matches the price of anarchy. By a careful analysis of Correa, Schulz,
and Stier-Moses’ proof of that result, we can establish conditions that characterize instances that are
tight in the unconstrained case. For completeness, we include the proof below. Let us first define pa-
rameters that help us to express a(L) easily: setting B(v,€) := max {Z(1—£(z)/¢(v)) : 0 < z < v},
and B(L) := sup{B(v,£) : v > 0 and £ € L}, it can be proved that a(L) = (1 — B(L)) " *.

Before the proof, let us present the mentioned tight example, which will also be helpful for
subsequent results. Figure 1 illustrates the network, which consists of two nodes connected by
two parallel arcs and a demand rate equal to d. For a given function ¢ € L, the latency of the
top arc is constant at £(d), while the bottom arc has a flow-dependent latency of £(x). The user
equilibrium f assigns the entire demand d to the lower arc, whereas the system optimum f* routes
d — z* on the top arc. Here, z* := argmaxz({(d) — ¢(z)). The costs are C(f) = ¢(d)d and
C(f*) = £(d)(d — z*) + £(z*)x*, respectively. Taking the supremum of the ratio leads precisely to
a(l).

Theorem 2.1 (Correa, Schulz, and Stier-Moses 2004b, Theorem 3.6). Consider an instance with

latency functions drawn from a set of continuous and nondecreasing latency functions L. Then,

C(f) <@ =pL)~Cf).
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(d

£(z)

FIiGUuRE 1. Simple tight instance

Proof. The claim follows from
C(f) <Y talfa) i <7 B(farba)la(fa) fa+ D Lalf3) fi < BILYC(f) + C(fF). (2.3)
acA acA a€A

The first inequality is valid because f routes flow along shortest paths with respect to £,(f,); the

other two follow directly from the definitions of 5. O

Observation 2.2. Let L be a family of continuous and nondecreasing latency functions. An un-
constrained instance with latency functions drawn from the set L is tight if and only if the following

three conditions are satisfied:

forallk € K and P € Py : fp>0=Lp(f)=L(f), (2.4a)
foralla€ A: fr=arg mg()](x(fa(fa) —ly(x)), (2.4b)
forallae A: Ly(fa)fa > 0= B(fa,la) =L(L). (2.4¢)

Proof. An instance is tight if and only if all inequalities in the proof of the previous theorem are
equalities. The conditions correspond to the three inequalities in (2.3), in the order in which they

appear. [l

Let us make a few remarks related to Observation 2.2:

(i) When latency functions are differentiable, setting the derivative of the right-hand side of
Condition (2.4b) to zero, we see that £ (fr) = £4(fs). This implies that £5,(f*) = £p(f) for
all P € P, and that Ly (f*) = Ly(f) for all £ € K. For example, when latencies are linear,
the user equilibrium and system optimum of a tight instance must satisfy f¥ = f,/2 for all
arcs a € A with the exception of those that have constant latency.

(ii) Under the additional assumptions in (i), Condition (2.4a) is implied by the optimality of f*

and the prior remark.
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(iii) For arcs with strictly increasing latency functions, Condition (2.4b) implies that either f < f,

or fo=fa=0.
(iv) Assume that S(L£) > 0 (otherwise the price of anarchy is 1 and all instances are tight). If an

arc a carries flow in the user equilibrium, it must satisfy £,(0) = 0.

Proof. Suppose £,(0) > 0. Let Z be the argument that maximizes z(¢,(f,) — £o(z)) in the
definition of 5(fq,4s). Because 0 < £,(0) < £4(fs), Condition (2.4c) implies that S(fq,4q) > 0

meaning that ¢,(2) < £,(f,). Therefore,

() <7 (- w=em)

This shows that 8(fq, ) < B(fas¥a —¥£4(0)), which is a contradiction to Condition (2.4c). O

The following lemma gives a necessary condition for an instance to be tight.

Lemma 2.3. Let L be a family of continuous and nondecreasing latency functions that are either

constant or strictly increasing. If £,(0) = 0 for all a € A, then the instance cannot be tight.

Proof. Given the assumption, there are two classes of arcs: those with latencies identically equal
to 0 (we refer to them as 0-latency arcs), and those with strictly increasing latencies. Consider a user
equilibrium, a system-optimal flow, and an OD pair k € K. Let us define a set Cy := {i € N : there
is a path from si to i using O-latency arcs }. If ¢, € Cy, both flows route the demand of OD pair k
along a O-latency path. If this happens for all OD pairs, the instance cannot be tight. Therefore,
consider an OD pair k € K for which ¢, ¢ Cj. Thus, C} defines an sj-t;-cut. By construction
of Cy, a forward arc in the cut cannot be a 0-latency arc, and a backward arc cannot carry (user
or system optimal) flow for OD pair k. The former is obvious; to see the latter, if a backward
arc a carried flow, a would be a 0O-latency arc because all flow reaching Cj; must use paths with
latency equal to zero. Thus, its tail would belong to Cj, too. Hence, there is no flow of OD pair k
entering Cf, and all flow exits C} along non 0-latency arcs. This is a contradiction to Remark (iii)

because the sum of the flow on forward arcs of the cut Cj must equal the demand dj,. [l

Under the assumptions of the previous lemma, if an instance is tight, it must have an arc
satisfying £,(0) > 0. As Remark (iv) prevents that arc from carrying flow in a user equilibrium,
either it carries flow in a system optimum or it is not used by either flow. (In the latter case, we

can remove it and get a smaller tight instance.)
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3. FREE-FLOwW TRAVEL TIMES AS NORMAL LENGTHS

In this section, we assume that normal lengths are defined as travel times in the uncongested
network; i.e., 7, = £4(0) for all @ € A. The theoretical results presented next help to explain the
conclusion derived from the computational study of real-world instances by Jahn et al. (2004): user
equilibria have improved performance guarantees when compared to constrained system optima
rather than system optima. In fact, for small values of ¢, constrained system optima can even be
worse than user equilibria.

Let us study the function a(L£) to understand how the price of anarchy depends on the users’
tolerance to unfairness. We start by proving a structural property that implies that the price of
anarchy is subadditive. For this purpose, we introduce a construction that enables us to modify
the tolerance factor of an instance without altering its coordination ratio too much. For a fixed

tolerance factor ¢, consider an instance Z with large coordination ratio; i.e., the instance satisfies

c(f)
o)~

a?(L) — ¢, (3.1)

for some ¢ > 0. We construct a new instance f, which is equal to Z except for the following
modifications. The origins in 7T are new vertices 3, for k € K (instead of si), which are connected
to s, with arcs of constant latency M}, specified below. The natural extension Z of a flow z to
the new instance is defined as 2 := zp for P € Py and k € K, where P starts at 3, and then
continues with the original path P. The extensions f and f* of a user equilibrium f and a system
optimum f* of Z are a user equilibrium and a system optimum for 7 , respectively. The next lemma

establishes a relation between the constrained system optima of the two instances.

Lemma 3.1. Consider a fized ¢ such that 1 < ¢ < @, and set My := %Tk. If f% is a @-
constrained system optimum of T, then its natural extension ]7“’ 18 a Q-constrained system optimum

off.

Proof. All paths in Pj that carry flow under f¥ have a normal length between T} and ¢Tj. After
adding M} to each of them, their lengths are between My + T and My + ¢Ty, = (M) + Tj). It

follows that f“’ is a ¢-constrained system optimum. O

Observe that extending a flow z of Z to a flow Z of 7 changes its cost by a fixed amount M;

that is, C(Z) = M + C(z) with M := }_, - Myd;, . Moreover, for this choice of normal lengths,



10 ANDREAS S. SCHULZ AND NICOLAS E. STIER-MOSES

T < Lp(z) for all P € Py, which implies that
M = £23° Tydy, < =% C(x). (3.2)

We can now prove that the price of anarchy cannot increase too fast.

Theorem 3.2. The function o¥(L)/(p — 1) is nonincreasing in ¢.

Proof. Consider the instance Z with large coordination ratio that we selected in (3.1), and let f
be a user equilibrium and f% be a (-constrained system optimum. Furthermore, their natural
extensions to Z are referred to as f and fv‘p, respectively. We bound the price of anarchy of the new

instance Z with that of the original instance Z:

s O MAOU) _ OU) ot o el
O G T Moy Elorn © 1 @079 Prallese.

The inequalities follow from (2.1), (3.2) and (3.1), respectively. As ¢ can be made arbitrarily small,

a?(L) > £51 a?(L) for all ¢ < o. O

The last theorem implies that the price of anarchy is subadditive as a function of 4, where § > 0

is a modified tolerance factor defined as ¢ — 1.

Corollary 3.3. The function a'*°(L) is subadditive in 6.

3.1. Bad Instances. In this section, we extend the results presented in Section 2.2. We call an
instance tight if C(f)/C(f%) matches the upper bound (L), where f and f¥ are a user equilib-
rium and a constrained system optimum of the corresponding instance, respectively. We will use
Observation 2.2 and Lemma 2.3 to show that, under mild assumptions, there cannot exist tight
instances for the constrained case. Note that this does not prevent ¥ (L) from being equal to « (L)

for some ¢.

Theorem 3.4. Consider an instance with latency functions drawn from a set L of continuous and

nondecreasing latency functions that are either strictly increasing or constant. Then, the coordina-

tion ratio C(f)/C(f?) < a(L) for all ¢ > 1.

Proof. Suppose that the coordination ratio equals «(L£). In this case, f¥ is a system optimum
because the cost of the system optimum is a lower bound for that of f¥, and the coordination ratio
cannot be larger than «(L£). From Remark (iv) in Section 2.2, we know that £,(0) = 0 for all arcs a

with f, > 0. Hence, there is a path joining each OD pair with free-flow travel time equal to zero.
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FIGURE 2. Modified instance used in the proof of Theorem 3.5

In other words, the normal length T} has to be 0 for all £ € K, which implies that a path belongs
to P; only if its normal length is zero. Therefore, £,(0) = 0 for all arcs a with flow in f or f¥,

contradicting Lemma 2.3. O

We turn our attention to characterizing instances with large coordination ratio for fixed . We

say that a path P € Py is longest if its normal length 7p equals the maximum possible value ¢Tj.

Theorem 3.5. Consider o family L of differentiable latency functions that is closed under multipli-
cation by constants. Furthermore, assume that L is closed under scaling, i.e., if ¢ € L, £ : x — {(px)
belongs to L for all p > 0. Let o > 1 and f¥ be a p-constrained system optimum of a given instance
with latencies drawn from L. If f% routes flow along a path that is not longest, then the instance

can be modified to increase the coordination ratio C(f)/C(f%).

Proof. Assume that for some k € K there is path @ € P/ that is not longest such that fg > 0.
We insert the network shown in Figure 1 at the source si, the origin of path Q. (This modification
is illustrated in Figure 2.) After the modification, two parallel arcs connect a new origin s; to
Sk. Furthermore, fg units of demand are reassigned from OD pair k to a new OD pair k& with
terminals s; and ¢;. We will now construct latency functions that will make the added network
tight. Let v > 0 and £ € £ be such that S(v,£) = B(L). Consider the latency function  defined as
Uz) = é(:z:v/fg)/M, where M > 0 is a constant to be specified later. Note that the assumptions
imply that £ € £. Tt can be seen that ﬁ(fg,g) = B(L) as well. We let the latencies of the new
arcs be the constant £( fg) and the function ¢(z). After the modification, there are two possible
extensions of @: the path Q4 (resp. @) starts with the constant (resp. nonconstant) arc just added

and continues along ). Denoting the set of paths in the new instance by P and setting M such
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that g(fg) + 1 < 9T < @1}, 17, and 7@, are bounded from above by ¢Tj. Thus, @+ and Q)
belong to 73,;.

The user equilibrium f of the new instance can be constructed as an extension of f. We reassign
(any) fg units of flow from OD pair k to OD pair k&, route them along the new nonconstant arc, and
let them follow their original paths. It is straightforward to see that f is feasible and at equilibrium.
Similarly, the constrained system optimum f“’ of the new instance can be obtained easily from f%.
Indeed, we distribute the flow originally in ) along the paths ) and @+ in a way that satisfies
Z’él(}@) = Z’g)T(fw). As f§ = f for the original arcs a, £},(f%) = £,(f¥) for all P € P¥ with j # k.
Therefore, this extension is a constrained system optimum. Computing the total travel times of
both flows and using that the subgraph is tight, the coordination ratio C'(f)/C(f¥) equals

C(f) + U8 f5
C(f9) + U5 F5/ L)

Note that the last expression is a convex combination of C(f)/C(f¥) and «a(L). As the former is

smaller than the latter, the new instance has worse performance. O

The previous theorem is still valid if latencies are not differentiable. To establish this result, we
cannot use the modified latencies £*, but the extension can be done using the system optimum of
the tight subinstance. The theorem also remains valid for user equilibrium normal lengths. We will

state this explicitly in Section 4.

3.2. Bounds for the Price of Anarchy. In this section, we present upper and lower bounds for

the function o (Ly,). We start with an upper bound that improves on a?(Ly,) < a(Lyin) = 4/3.

Theorem 3.6. The price of anarchy af(Ly,) < (2 — @) ! for all 1 < ¢ < 2. In particular,
o (Lii) = 1 and o (Li) < 4/3 for o < 5/4.

Proof. Consider a factor 1 < ¢ < 2, and let f¥ and f be a p-constrained system optimum and a user
equilibrium, respectively. We define the function A : [0,1] — R by h(z) := C(f+2(f?—f)). Due to
the convexity of C(+), h(1) > h(0)+h'(0). To prove the claim we verify that A(0)+Ah'(0) > (2—p)h(0)
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because then C(f%) = h(1) = (2 — @)h(0) = (2 — )C(f), as required. Now,
W(0) = Xajez(fa)(ff ~fa) = Z [20a(fa) = €a(0)] (£§ = fa)
> 2(;Lk(f)dk . ;Lk(f)dk) + ;dek . Q;dek
= (1-¢) zijkdk > (1=9)C(f) = (1 - @)h(0).
The first inequality follows from the fact that £p(f) = Li(f) for every P € Py such that fp > 0,

and £p(f) > Li(f) in general. Moreover, T7p < T} for every P such that f5 > 0, and T, < 7p in

general. 0

We now give lower bounds for a?(Ly;,) by providing corresponding instances. Although the tight
instance in Figure 1 can be used, a stronger bound can be given with a collection of instances based

on the Braess Paradox network (Braess 1968).

Lemma 3.7. The price of anarchy o (Ly,) > 1+ (3 + L)fl.

Proof. Consider the network depicted in Figure 3, where z > 0 is a constant and the demand
between the single OD pair is d > 0. Maximizing the coordination ratio over z and d, we obtain

the claim. 0

Figure 4 summarizes the bounds for a¥(L};,). The main conclusion is that a¥(Ly,) is relatively
close to 1 when ¢ is close to 1. Therefore, we do not need to compute the exact value of the
price of anarchy to establish that user equilibria are almost as good as constrained system optima.
We conclude that, if free-flow travel times are used, central coordination is not beneficial: the

route-guidance system does not deliver solutions of significantly improved quality.

4. USER EQUILIBRIUM TRAVEL TIMES AS NORMAL LENGTHS

In this section, we assume that normal lengths are set equal to the travel times experienced in

a user equilibrium. Based on superior empirical performance compared to free-flow travel times,
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FIGURE 4. Bounds for a?(Lyy)

Jahn et al. (2004) concluded that these normal lengths are the “correct” choice. We now provide a
theoretical foundation for their findings. The improvement with respect to free-flow normal lengths
comes from the fact that user equilibrium normal lengths depend on the actual demand.

A user equilibrium f is a feasible solution to (CSO) because all paths used in f are feasible.

Therefore, the constrained system optimum f¥ satisfies
C(f?)<C(f) forallp>1. (4.1)

As in the previous section, we obtain a lower bound for the function a¥(L) by providing an appro-

priate instance. However, in this case, the lower bound matches the upper bound.

Lemma 4.1. The price of anarchy o (L) = (L) for all ¢ > 1.

Proof. In the equilibrium of the instance depicted in Figure 1, both paths have latency £(d). Hence,
regardless of the value of ¢, the system optimum is a (p-constrained system optimum. The claim

follows by taking the supremum over ¢ € L. O

The lemma implies that the price of anarchy is the same regardless of whether it is defined with
respect to the system optimum or the constrained system optimum. The two bounds presented
in (2.2) and (4.1) can be tight. For example, the proof of Lemma 4.1 describes an instance for
¢ = 1 satisfying C(f*) = C(f') = C(f)/a(L). On the other hand, if we add a small constant ¢ > 0
to the latency of the first arc, the constrained system optimum coincides with the user equilibrium.
Therefore, C(f) = C(f') = a(L)C(f*).

Finally, let us point out that Theorem 3.5, proved before for free-flow normal lengths, is also
valid when normal lengths are set to user equilibrium travel times. It is enough to note that at

equilibrium the lengths of the two new arcs equal Z( fg); therefore, Q) and ()1 belong to Y.
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Observation 4.2. Consider a family L of differentiable latency functions that is closed under
multiplication by constants. Furthermore, assume that L is closed under scaling. Let ¢ > 1 and f¥
be a p-constrained system optimum of a given instance with latencies drawn from L. If f¥ routes

flow along a path that is not longest, then the instance can be modified to increase the coordination

ratio C(f)/C(f%).

5. FAIRNESS

As we mentioned earlier, a common argument against using the system optimum in the design of
route-guidance devices for traffic assignment is that it generally assigns some drivers to unacceptably
long paths in order to use shorter paths for most other drivers. This section presents results related
to the unfairness of system optima and constrained system optima. In this section, we work with
arbitrary normal lengths, unless explicitly stated otherwise.

The following theorem quantifies the severity of this effect by characterizing the unfairness of
the system optimum. It turns out that there is a relation to earlier work by Roughgarden (2002),
who compared the maximum latency of a system optimum in a single-sink single-source network
to the latency of a user equilibrium. He showed that for a given class of latency functions L,
this ratio is bounded from above by v(L£). Here, v(£) is defined to be the smallest value that
satisfies £*(z) < y(L)¢(x) for all £ € £ and z > 0. For example, v({ polynomials of degree p with
positive coefficients }) = p+ 1. Roughgarden (2003a) and Correa, Schulz, and Stier-Moses (2004a)
independently proved that the unfairness of a system optimum is in fact bounded by the same
constant, even for general instances with multiple commodities. This bound implies Roughgarden’s
earlier result: for the single-source single-sink case, L(f*) < v(L)L(f).

It is not difficult to extend the bound on the unfairness of system optima to constrained system
optima. Notice that the following theorem does not assume any particular definition of normal

lengths.

Theorem 5.1. Let f¥ be a constrained system optimum in & multicommodity flow network with
latency functions drawn from a family L of differentiable and nondecreasing latency functions.

Then, the unfairness of f¥ is bounded from above by vy(L).

Proof. Using the definitions of £* and (L), it is clear that ¢, (z) < £} (z) < v(L£)la(x) for all z > 0.
The first-order optimality conditions of (CSO) imply that for a constant Lj(f¥), £p(f?) = L;(f%)
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for all P € P,f such that f7 > 0. Therefore, for all paths P € P,f carrying flow,

Li(f%)
v(£)

Consequently, o (f?)/Cr(f¥?) < y(L) for all Q, R € P}’ with positive flow. O

< Ep(f?) < Li(f%).

Correa, Schulz, and Stier-Moses (2004a) presented an instance that can be used to show that
the bound given in the last theorem is tight. Consider the instance shown in Figure 1 with d =1
and £(z) := z. User equilibrium normal lengths are equal to 1 for both arcs; therefore, both
paths are feasible regardless of the value of . This means that any constrained system optimum
is an unconstrained system optimum and its unfairness is y(Ly,) = 2. Nevertheless, in practice
these bounds are loose, as the extensive experiments performed by Jahn et al. (2004) show. Note
that Theorem 5.1 does not imply that the unfairness of constrained system optima with factor ¢ is
nondecreasing as a function of . We now present two examples corresponding to the two definitions
of normal lengths that we studied. The example using free-flow travel times is depicted in Figure 5.
The instance has unit demand, and two nodes are connected by three arcs with latencies 1 + ¢,
1+ z and 1 + 22, respectively. A constrained system optimum with ¢ = 1 can only route flow in
the last two arcs and therefore has an unfairness strictly larger than 1. For ¢ > 1 + ¢, all arcs can

be used, and it is easy to see that the value of unfairness approaches 1 when ¢ — 0.

1+e¢

1 %1+w @=> 1

1422

FIGURE 5. The unfairness may decrease when ¢ increases (normal length = free-
flow travel time)

For the case when normal lengths are user equilibrium travel times, consider the instance shown
in Figure 6. There are five arcs a, b, ¢, d, and e with latencies z + 2¢, 1, 2¢, 1 + 5¢, and z,
respectively. The user equilibrium routes flow only along paths ab and ace; at equilibrium the path
de is too long to carry flow. Therefore, the constrained system optimum f' can only use paths ab

: ; i Adde 243¢ : : )
and ace, and its unfairness is 355=. If ¢ > 5752, the constrained system optimum f¥ can use all

6+17¢

64 Tie- For small

three paths. In that case, it routes the flow along ab and cd, and its unfairness is
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enough values of €, the unfairness of the constrained system optimum with ¢ = 1 is arbitrarily

close to 4/3 while the unfairness for a large enough tolerance factor ¢ is arbitrarily close to 1.

T+ 2 1
1 = 1

1+ 5¢ x

FIGURE 6. The unfairness may decrease when ¢ increases (normal length = user
equilibrium travel times)

Finally, we show that if a system-optimal solution uses paths that are short with respect to free-
flow normal lengths, they must also be short with respect to experienced travel times. We let the

average latency of a flow z between OD pair k € K be defined as Cy(z) := > pep, tr(T)zp/dE .

Theorem 5.2. Consider an instance with linear latencies. Let P € Py, be a path satisfying f5 >0
and £p(0) < e Cr(f*) for some ¢ > 0. Then, the experienced travel time £p(f*) is bounded from

above by (1 +¢/2)Cr(f*).

Proof. As latencies are linear functions and a system optimum is an equilibrium with respect to

latencies £*, we have

*e* *
) = 00— Y aufs = | 3 129D ) o)

d
acEP QEPy k

folo(f* —
< 22%() —Lp(f*) + eCr(f).

QEPy

Therefore, 20p(f*) < (2 +¢)Cr(f). O
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