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Abstract

We present a primal-dual interior-point algorithm for second-order conic optimization
problems based on a specific class of kernel functions. This class has been investigated earlier
for the case of linear optimization problems. In this paper we derive the complexity bounds
O(V/'N (log N) log %) for large- and O(v/N log %) for small- update methods, respectively.
Here N denotes the number of second order cones in the problem formulation.
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1 Introduction

Second-order conic optimization (SOCO) problems are convex optimization problems because
their objective is a linear function and their feasible set is the intersection of an affine space
with the Cartesian product of a finite number of second-order (also called Lorentz or ice—cream)
cones. Any second order cone in R™ has the form

n
K:{(xl,xg,...,:cn)eR":x%ZZx?,xlzo}, (1)
i=2
where n is some natural number. Thus a second-order conic optimization problem has a form
(P) min {c’z : Az =0b, v € K},
where I C R" is the Cartesian product of several second-order cones, i.e.,

K=K< K2.. x KN, (2)
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with 7 € R™ for each j, and n = Zjvzl n;. We partition the vector x accordingly:

= (z', 2% ..., ")

with 27 € KJ. Furthermore, A € R™*", ¢ € R® and b € R™.
The dual problem of (P) is given by

(D) max {bTy : ATy+s=c, sk},

Without loss of generality we assume that A has full rank: rank A = m. As a consequence, if
the pair (y, s) is dual feasible then y is uniquely determined by s. Therefore, we will feel free to
say that s is dual feasible, without mentioning y.

It is well-known that SOCO problems include linear and convex quadratic programs as special
cases. On the other hand, SOCO problems are special cases of semidefinite optimization (SDO)
problems, and hence can be solved by using an algorithm for SDO problems. Interior-point
methods (IPMs) that exploit the special structure of SOCO problems, however, have much
better complexity than when using an IPM for SDO for solving SOCO problems.

In the last few years the SOCO problem has received considerable attention from researchers
because of its wide range of applications (see, e.g., [8, 21]) and because of the existence of
efficient IPM algorithms (see, e.g., [2, 3, 17, 16, 18, 19]). Many researchers have studied SOCO
and achieved plentiful and beautiful results.

Several IPMs designed for LO (see e.g., [14]) have been successfully extended to SOCO. Im-
portant work in this direction was done by Nesterov and Todd [10, 11] who showed that the
primal-dual algorithm maintains its theoretical efficiency when the nonnegativity constrains in
LO are replaced by a convex cone, as long as the cone is homogeneous and self-dual. Adler
and Alizadeh [1] studied a unified primal-dual approach for SDO and SOCO, and proposed a
direction for SOCO analogous to the AHO-direction for SDO. Later, Schmieta and Alizadeh [15]
presented a way to transfer the Jordan algebra associated with the second-order cone into the
so-called Clifford algebra in the cone of matrices and then carried out a unified analysis of the
analysis for many IPMs in symmetric cones. Faybusovich [6], using Jordan algebraic techniques,
analyzed the Nesterov-Todd method for SOCO. Monteiro [9] and Tsuchiya [19] applied Jordan
algebra to the analysis of IPMs for SOCO with specialization to various search directions. Other
researchers have worked on IPMs for special cases of SOCO, such as convex quadratic program-
ming, minimizing a sum of norms, ...etc. For an overview of these results we refer to [21] and
its related references.

Recently, J. Peng et al. [12] designed primal-dual interior-point algorithms for LO, SDO and
SOCO based on so-called self-regular (SR) proximity functions. Moreover, they derived a
O(V'N log N) log % complexity bound for SOCO with large-update methods, the currently best
bound for such methods. Their work was extended in [4, 5] to other proximity functions based
on univariate so-called kernel functions.

Motivated by [12] and [4, 5], in this paper we present a primal-dual IPM for SOCO problems
based on kernel functions of the form

Pl -1 791
t) := +

 t>0, (3)

where p € [0,1] and ¢ > 0 are the parameters; p is called the growth degree and ¢ the barrier
degree of the kernel function.



One may easily verify that (1) = ¢'(1) = 0, limy_¢ () = limy_,o ¥ (t) = +00 and that ¥ (t) is
strictly convex. It is worth pointing out that only when p = 1 the function 9 (¢) is SR. Thus the
functions considered here do not belong to the class of functions studied in [12], except if p = 1.
The same class of kernel functions (3) has been studied for the LO case in [4], and for the SDO
[20] in case p = 0.

As discussed in [4], every kernel function () gives rise to an IPM. We will borrow several tools
for the analysis of the algorithm in this paper from [4], and some of them from [12]. These
analytic tools reveal that the iteration bound highly depends on the choice of 1 (t), especially on
the inverse functions of ¢ (¢) and its derivatives. Our aim will be to investigate the dependence
of the iteration bound on the parameters p and q. We will consider both large- and small-update
methods.

The outline of the paper is as follows. In Section 2, after briefly recalling some relevant properties
of the second-order cone and its associated Euclidean Jordan algebra, we review some basic
concepts for IPMs for solving the SOCO problem, such as central path, NT-search direction,
etc. We also present the primal-dual IPM for SOCO considered in this paper at the end of
Section 2. In Section 3, we study the properties of the kernel function () and its related
vector-valued barrier function and real-valued barrier function. The step size and the resulting
decrease of the barrier function are discussed in Section 4. In Section 5, we analyze the algorithm
to derive the complexity bound for large- and small-update methods. Finally, some concluding
remarks follow in Section 6.

Some notations used throughout the paper are as follows. R", R/} and R, denote the set of
all vectors (with n components), the set of nonnegative vectors and the set of positive vectors,
respectively. Asusual, || . || denotes the Frobenius norm for matrices, and the 2-norm for vectors.
The Lowner partial ordering ”>" of R™ defined by a second-order cone K is defined by = >k s
if x — s € K. The interior of K is denoted as K, and we write z > s if v —s € K. Finally,
E,, denotes the n x n identity matrix.

2 Preliminaries

2.1 Algebraic properties of second-order cones

In this section we briefly recall some algebraic properties of the second-order cone K as defined
by (1) and its associated Euclidean Jordan algebra. Our main sources for this section are
[1, 7,9, 12, 15, 18|.

If, for any two vectors x, s € R", the bilinear operator o is defined by'
e (T . .
ros:=(x s; X182+ S1T2; ... T1Sn + S1Tn),

then (R", o) is a commutative Jordan algebra. Note that the map s — xos is linear. The matrix
of this linear map is denoted as L(x), and one may easily verify that it is an arrow-shaped matrix:

o Tl a:gn
L(z) = : (4)

T2.p T1Ep_1

!We use here and elsewhere Matlab notation: (u;v) is the column vector obtained by concatenating the column
vectors u and v.



where x9.,, = (x2; ...; x,). We have the following five properties.
1. x € K if and only if L(x) is positive semidefinite;
2. xos=L(x)s=L(s)zr = sou;
3. x € K if and only if x = y o y for some y € K.
4. eox =z for all z € K, where e = (1; 0; ...; 0);
5. if z € K, then L(z) le=2"! ie, 20 L(z) le=ce.

The first property implies that « — L(z) provides a natural embedding of K into the cone of
positive semidefinite matrices, which makes SOCO essentially a specific case of SDO. From the
third property we see that K is just the set of squares in the Jordan algebra. Due to the fourth
property, the vector e is the (unique) unit element of the Jordan algebra.

Let us point out that the cone K is not closed under the product ’o’ and that this product is
not associative.

The maximal and minimal eigenvalues of L(x) are denoted as Apax(x) and Apin (), respectively.
These are given by

Amax () = x1 + || T2:0|l,  Amin(z) := 21 — ||T2:0]|- (5)
It readily follows that
x € K < Apin(z) >0, x € Kt < Apin(z) > 0.
Lemma 2.1 If 2 € R", then |Amax(z)| < V2 ||z| and | A (z)] < V2 |2].
Proof: By (5), we have A2, (z) + A2 (z) = 2||z||?, which implies the lemma. O
The trace and the determinant of x € R" are defined by
Tr(z) = Mnax(2) + Amin(2) = 221,  det(z) := Amax (2) Amin (z) = 27 — ||29.0]%. (6)
From the above definition, for any z,s € K, it is obvious that
Tr(zos) =2zTs, Tr(zoxz)=2|z|*.
It is also straightforward to verify that?
Tr((xos)ot)=Tr(zo(sot)). (7)
Lemma 2.2 Let x, s € R". Then

)\min(w + 3) > )\min(x) - \/§HSH

2Recall that the Jordan product itself is not associative. But one may easily verify that the first coordinate of
(z 0 s) ot equals

r151t1 + Z (Ilsiti + s1xit; + t1$i8i) = (LETS + .TTt + STt) — 2x181t1,
i=2
which is invariant under permutations of z, s and ¢, and hence (7) follows.



Proof: By using the well-known triangle inequality we obtain
Amin (T + 8) = z1 4+ s1 = [[(@ + 8)2m || = 21 + 51 — [[20]| — [|52:0]] = Amin () + Amin(s).
By Lemma 2.1, we have |Amin(s)| < v/2|s||. This implies the lemma. O

Lemma 2.3 (Lemma 6.2.3 in [12]) Let z, s € R". Then
)\max(fE)Amin(S) + )\min(x))\max(s) < ’I‘I‘($ o S) < )\max(x)Amax(S) + )\min(x))\min(s)y
det (z 0 s) < det (z) det (s).

The last inequality holds with equality if and only if the vectors xs.,, and ss., are linearly depen-
dent.

Corollary 2.4 Let x € R"™ and s € K. Then
Amin(z) Tr(s) < Tr(x o s) < Apax(z) Tr(s).

Proof: Since s € K, we have A\pin(s) > 0, and hence also A\pax(s) > 0. Now Lemma 2.3
implies that

)\min(x) ()\max(s) + Amin(s)) < 'I‘I‘(:L‘ o 3) < Amax(x) ()\max(s) + )\min(s)) .
Since Amax(8) + Amin(s) = Tr(s), this implies the lemma. O

We conclude this section by introducing the so-called spectral decomposition of a vector x € R™.
This is given by
T = Amax (@) 25 + Amin () 22, (8)

Zl — 1 (1; T2:m ) 7 22 — 1 (1; —332:n> )
2 [ @2:n | 2 l[2:nl

Here by convention xa., /||z2.|| = 0 if z2., = 0. Note that the vectors z; and z3 belong to K (but
not to K). The importance of this decomposition is that it enables us to extend the definition
of any function ¢ : R4y — R4 to a function that maps the interior of K into K. In particular
this holds for our kernel function v(t), as given by (3).

where

Definition 2.5 Let ¢ : R — R and x € R". With z1 and zo as defined in (8), we define
P(@) = P(Amax(2)) 2' + 9 (Amin () 22.

In other words,

d}()\max(m)) + I;Z)()\mln(l‘)) w()\max(l‘)) - @ZJ()\mm(l‘)) T2:m if 2o
Y(x) = ( 2 , 2 H‘TZnH) f o2n 70
(V(Amax()); 0; ...; 0) if 9., = 0.

Obviously, ¢ () is a well-defined vector-valued function. In the sequel we use 9(-) both to denote
a vector function (if the argument is a vector) and a univariate function (if the argument is a
scalar). The above definition respects the Jordan product in the sense described by the following
lemma.



Lemma 2.6 (Lemma 6.2.5 in [12]) Let ¢ and 2 be two functions (t) = 1(t)2(t) for
t € R. Then one has

Y(z) =P1(x) oPe(x), =z € K.

The above lemma has important consequences. For example, for 1 (t) = t~1 then (z) = 271,

where 27! is the inverse of = in the Jordan algebra (if it exists); if ¢(t) = t? then ¥(z) = z o z,
etc.

Lemma 2.7 Let ¢ : Ry - Ry and x € K. Then ¢(z) € K.

Proof: Since z € K, its eigenvalues are positive. Hence ¢(Amax(z)) and ¢ (Amin(x)) are well-
defined and nonnegative. Since z; and 23 belong to K, also ¥ (Amax (7)) 28 + ¥ (Amin (7)) 2% € K.
O

If 4(t) is twice differentiable, like our kernel function, then the derivatives ¢'(t) and " (¢t) exist
for t > 0, and we also have vector-valued functions ¢'(x) and ¥”(z), namely:

wl(x) = zﬂ,()‘maX(aU)) 2+ wl()‘min(x)) 227
Y(@) = ¥ (Amax(2)) 21 + 0" Amain (2)) 2°.

If 9., # 0 then 21 and 29 satisfy ||z1] = ||22]] = 1/v2 and 2{ 23 = 0. From this one easily
deduces that

(@) = \}5\/¢(Amax(w))2 + ¥ (Amin())?. (9)

Note that (9) also holds if z2., = 0, because then Apax(z) = Amin(x) = @1, whence || (2)]| = |21
and Y (Amax(2))? + ¥ (Amin())? = 222.

From now we assume that ¢(¢) is the kernel function (3). We associate to 1(t) a real-valued
barrier function W(x) on K as follows.

V(z) := Tr((z)) = 2((2))1 = P(Amax(2)) + L (Amin(2)), = € Ky (10)

Obviously, since 1(t) > 0 for all t > 0, and Apmax(z) > Amin(z) > 0, we have ¥(z) > 0 for
all x € K,. Moreover, since ¥(t) = 0 if and only if ¢ = 1, we have ¥(z) = 0 if and only if
Amax(Z) = Amin(2) = 1, which occurs if and only if x = e. One may also verify that ¢(e) = 0
and that e is the only vector with this property.

Similarly, one easily verifies that ¢’(z) = 0 holds if and only if ©(Amax(2)) + % (Amin(z)) = 0 and
Y (Amax(z)) — ¥ (Amin(x)) = 0. This is equivalent to ¥(Amax(z)) = ¥(Amin(z)) = 0, which holds

if and only if Apax(z) = Amin(x) = 1, i.e., if and only if x = e. Summarizing, we have
U(x)=0 & YPx)=0 < P(r)=0 & xz=c (11)
We recall the following lemma without proof.

Lemma 2.8 (cf. Proposition 6.2.9 in [12]) Since 9(t) is strictly convex for t > 0, ¥(x) is
strictly convex for x € K.

In the analysis of our algorithm, that will be presented below, we need to consider deriva-
tives with respect to a real parameter ¢ of the functions ¢'(z(t)) and ¥(z(t)), where z(t) =



(z1(t); x2(t); ...; xn(t)). The usual concepts of continuity, differentiability and integrability
can be naturally extended to vectors of functions, by interpreting them entry-wise. Denoting

¥ (8) = (240 2h(0): ... (D)
we then have p
9 wlt) o (1)) = #'(1) 0 s(1) + (1) 0 (1), (12)
D rvata(e) = 27 — o (a(0)) o/ () = T (a() 0 2 (1). (13)

2.2 Re-scaling the cone

When defining the search direction in our algorithm, we need a re-scaling of the space in which
the cone lives. Given 20, s° € K, we use an automorphism W (z, s°) of the cone K such that

Wiz, s%) 2® = W(a?, s°)7Ls0.

The existence and uniqueness of such an automorphism is well-known. To make the paper self-
containing, a simple derivation of this result is given in the Appendix. In the sequel we denote
W (2°, s°) simply as W. Let us point out that the matrix W is symmetric and positive definite.

For any z, s € R™ we define

We call this Nesterov-Todd (NT)-scaling of R™, after the inventors. In the following lemma we
recall several properties of the NT-scaling scheme.

Lemma 2.9 (cf. Proposition 6.3.3 in [12]) For any x, s € R™ one has
(1) Tr(Zos) =Tr(zos);

(ii) det (%) = Adet (x), det (5) = A~'det (s), where \ = gg:((;z)) ;
(1)) © =5 0, (z =5 0) & & =x 0, (F = 0).
Proof: The proof of (i) is straightforward:
Tr(fo3)=Tr (WzoW 's) =2 (Wa)* (Wls) = 2T WIW=ts = 22Ts = Tr(z o s).
For the proof of (ii) we need the matrix

Q =diag (1, -1, ..., —1) € R™™, (14)

Obviously, Q? = E,, where E,, denotes the identity matrix of size n x n. Moreover, det (z) =
2T Qux, for any x. By Lemma A.2 and Lemma A.4 we have WQW = AW. Hence we may write

det () =#7Qi = Wa)T Q(Wa) = 2TWQWz = A2 Qz = Mdet ().

In a similar way we can prove det (5) = A~'det (s). Finally, since W is an automorphism of
K, we have x € K if and only & € K; since det () > 0 if and only det () > 0, by (i), also
x € K if and only 7 € K. O



2.3 The central path for SOCO

To simplify the presentation in this and the first part of the next section, for the moment we
assume that N =1 in (2). So K is itself a second-order cone, which we denote as K.

We assume that both (P) and (D) satisfy the interior-point condition (IPC), i.e., there exists
(29,40, s%) such that Az® = b, 2 € K, ATy? + % = ¢, s € K. Assuming the IPC, it is
well-known that the optimality conditions for the pair of problems (P) and (D) are
Ar=b, x€K,
ATy4+s=r¢, seK, (15)
L(x)s = 0.

The basic idea of primal-dual IPMs is to replace the third equation in (15) by the parameterized
equation L(x)s = pe with g > 0. Thus we consider the following system

Ar=b, xz€K,
ATy+s=¢, seK, (16)
L(x) s = pe.

For each p > 0 the parameterized system (16) has a unique solution (x(u),y(u), s(p)) and we
call z(p) the p-center of (P) and (y(u),s(p)) the p-center of (D). Note that at the p-center we
have

e(u)"s() = YT 0 5) = $Te(L(x) 5) = S Te(yue) = . (17)

The set of p-center gives a homotopy path, which is called the central path. If 4 — 0 then the
limit of the central path exists and since the limit points satisfy the complementarity condition
L(z) s =0, it naturally yields optimal solution for both (P) and (D) (see, e.g., [21]).

2.4 New search direction for SOCO

IPMs follow the central path approximately and find an approximate solution of the underlying
problems (P) and (D) as u goes to zero. The search directions is usually derived from a certain
Newton-type system. We first want to point out that a straightforward approach to obtain such
a system fails to define unique search directions.

For the moment we assume N = 1. By linearizing system (16) we obtain the following linear
system for the search directions.

AAzx =0,
AT Ay + As = 0, (18)
L(x)As + L(s)Ax = pe — L(x)s.

This system has a unique solution if and only if the matrix A L(s)"'L(z)A” is nonsingular as
one may easily verify. Unfortunately this might not be the case, even if A has full rank. This
is due to the fact that the matrix Z = L(s)~'L(x), which has positive eigenvalues, may not be
symmetric. As a consequence, the symmetrized matrix Z + Z7 may have negative eigenvalues.
For a discussion of this phenomenon and an example we refer to [12, page 143].

The above discussion makes clear that we need some symmetrizing scheme. There exist many
such schemes. See, e.g., [1, 13, 18]. In this paper we follow the approach taken in [12] and we



choose for the NT-scaling scheme, as introduced in Section 2.2. This choice can be justified
by recalling that until now large-update IMPs based on the NT search direction have the best
known theoretical iteration bound.

Thus, letting W denote the (unique) automorphism of K that satisfies Wz = W~1s we define

and

,  dg:= . (20)

Lemma 2.10 One has

p?det (v?) = det (z) det (s), pTr(v?) = Tr(z o s).

Proof: Defining 7 = Wz and § = W ls, Lemma 2.9 yields det () = y/det () det (s), which

implies pdet (v) = y/det (r)det (s). Since (det (v))? = det (vowv), by Lemma 2.3, the first
equality follows. The proof of the second equality goes in the same way. O

The system (18) can be rewritten as follows:
Ad, =0,
ATAy +dg =0,
LW 'v)Wds + LWu)Wld, = e — L(W ') Wo.

Since this system is equivalent to (18), it may not have a unique solution. To overcome this
difficulty we replace the last equation by

L(v)ds + L(v)d, = e — L(v) v,
which is equivalent to
dy+d, =Lv) le—v=0v"1—0.

Thus the system defining the scaled search directions becomes

Ad, =0,
ATAy +ds =0, (21)
ds + dg =v !l —0.

Since the matrix AT A is positive definite, this system has a unique solution.

We just outlined the approach to obtain the uniquely defined classical search direction for SOCO.
The approach in this paper differs only in one detail: we replace the right hand side in the last
equation by —1’(v), where 9 (t) is the kernel function given by (3). Thus we will use the following
system to define our search direction:

Ad, =0,
ATAy +ds =0, (22)
ds + dy = = (v).



Since (22) has the same matrix of coefficients as (21), also (22) has a unique solution.® Recall
from (11) that

Y(v)=0 & YP)=0 & Y(v)=0 & v=e

Since d, and ds are orthogonal, we will have d, = ds = 0 in (22) if and only if ¢/(v) = 0, i.e., if
and only if v = e. The latter implies x o s = pe, which means that x = z(u) and s = s(u). This
is the content of the next lemma.

Lemma 2.11 One has ' (v) = 0 if and only if x o s = pe.

Proof: We just established that ¢’(v) = 0 if and only if v = e. According to (19), v = e holds
if and only if x = \/EW_le and s = /it We. By Lemma A.4 the matrix W has the form

a1 al

W=V

_ __T
a En, 1+ 71(:(_21

where a = (a1;a) is a vector such that det (a) = 1 and A > 0. Using that W~ = % WQa, with

Q as defined in (14), so Qa == (a1;—a) (see Lemma A.3), it follows that v = e holds if and
only if

/0 a1
T = —F= I \/:E\/X
\A —a a
If x and s have this form then
[ a2 —ala det (a
O N R el
A | aia+ai(-a) 0

and conversely, if z o s = pe then there must exist a A > 0 and a vector a such that x and s are
of the above form. This proves the lemma. a

We conclude from Lemma 2.11 that if (z, y, s) # (x(p), y(r), s(u)) then ¢'(v) # 0 and hence
(Az, Ay, As) is nonzero.

We proceed by adapting the above definitions and those in the previous sections to the case where
N > 1, when the cone underlying the given problems (P) and (D) is the cartesian product of
N cones K7, as given in (2). First we partition any vector 2 € R™ according to the dimensions
of the successive cones K7, so

T = (:L‘l; e xN), 2/ € R,
and we define the algebra (R",¢) as a direct product of Jordan algebras:

oS = (xlosl; x2032; B xNosN).

31t may be worth mentioning that if we use the kernel function of the classical logarithmic barrier function,
ie, ¥(t) = 3(t*—1)—logt, then ¢'(t) =t —t ', whence —t)'(v) = v~ ' — v, and hence system (22) then coincides
with the classical system (21).

10



Obviously, if e/ € K7 is the unit element in the Jordan algebra for the j-th cone, then the vector

is the unit element in (R",¢).

The NT-scaling scheme in this general case is now obtained as follows. Let x,s € K, and for
each j, let W7 denote the (unique) automorphism of K7 that satisfies W7/ = (W )71 s and

. [det (s7)
N = \/ det (x7)’

W= diag(W?, ..., W¥).

Let us denote

Obviously, W = W7 and W is positive definite. The matrix W can be used to re-scale z and s
to the same vector v, as defined in (19). Note that we then may write

.. 1
N), o Wi _ Wi g |
Vit Vi

Modifying the definitions of ¢(z) and ¥(z) as follows,

v:(vl,...,v

N

Do) = (W) ;s M), (o) = (), (23)

J=1

and defining the matrix A as in (20) the scaled search directions are then defined by the system
(22), with

Y(v) = (@' ) (%) s ' (0Y)).
By transforming back to the z- and s-space, respectively, using (20), we obtain search directions
Az, Ay and As in the original spaces, with

Az = pWld,, As=[uWds.

By taking a step along the search direction, with a step size a defined by some line search rule,
that will be specified later on, we construct a new triple (x,y, s) according to

" =2+ aAx,
Yy =y+aly, (24)
sT = s+ aAs.

2.5 Primal-dual interior-point algorithm for SOCO

Before presenting our algorithm, we define a barrier function in terms of the original variables
x and s, and the barrier parameter u, according to

O(x,s,1) = V(v).

The algorithm now is as presented in Figure 1. It is clear from this description that closeness

11



Primal-Dual Algorithm for SOCO

Input:
A threshold parameter 7 > 1;
an accuracy parameter ¢ > 0;
a fixed barrier update parameter 6 € (0,1);
a strictly feasible pair (z°,s°) and x° > 0 such that
U(z0 8% ul) < 7.
begin
x:=xY; 5:=8% = pu°;
while Npuy > e do

begin
pi=(1—=0)u;
while ®(z,s,pu) > 7 do
begin
T :=x+ aAu;
s:= s+ als;
y =y +aly;
end
end
end

Figure 1: Algorithm

of (z,y,s) to (z(u),y(n),s(p)) is measured by the value of ¥(v), with 7 as a threshold value:
if U(v) < 7 then we start a new outer iteration by performing a p-update, otherwise we enter
an inner iteration by computing the search directions at the current iterates with respect to the
current value of p and apply (24) to get new iterates. The parameters 7,60 and the step size «
should be chosen in such a way that the algorithm is ’optimized’ in the sense that the number of
iterations required by the algorithm is as small as possible. The choice of the so-called barrier
update parameter 6 plays an important role both in theory and practice of IPMs. Usually, if 8 is
a constant independent of the dimension n of the problem, for instance 6 = %, then we call the
algorithm a large-update (or long-step) method. If § depends on the dimension of the problem,
such as 0 = ﬁ, then the algorithm is named a small-update (or short-step) method. The choice
of the step size a (0 < o < 1) is another crucial issue in the analysis of the algorithm. It has to
be taken such that the closeness of the iterates to the current p-center improves by a sufficient
amount. In the theoretical analysis the step size « is usually given a value that depends on the
closeness of the current iterates to the p-center. Note that at the u-center the duality gap equals
Nu, according to (17). The algorithm stops if the duality gap at the p-center is less than e.

For the analysis of this algorithm we need to derive some properties of our (scaled) barrier
function W(v). This is the subject of the next section.

12



3 Properties of the barrier function V(v)

3.1 Properties of the kernel function 1 (t)

First we derive some properties of 1 (t) as given by (3). The first three derivatives of ¥ (t) are
1

P(t) =" — PRE (25)
g =prt+ L s, (26)
w(1) = plp - =2 - CEIED (27)

As mentioned before 1)(t) is strictly convex and " (¢) is monotonically decreasing for ¢ € (0, 00).
The following lemmas list some properties of 1(t) that are needed for analysis of the algorithm.
When a proof is known in the literature we simply give a reference and omit the proof.

Lemma 3.1 Ift; >0, t3 > 0, then one has

Y(Viitz) < S (¥(t) + ¥(t2)).

N

Proof: By Lemma 2.1.2 in [12], we know that the property in the lemma holds if and only if
t" (t) +9'(t) > 0, whenever ¢ > 0. Using (25), one has

" I q+1 L q
(1) + ' (8) = pt? + o+t =y = (o D+ oy > 0,
This implies the lemma. g
Lemma 3.2 Ift > 1, then
1
vt < P -1

Proof: By using the Taylor expansion around ¢ = 1 and using ¢"'(t) < 0 we obtain the
inequality in the lemma, since (1) = ¢'(1) =0 and " (1) = p+q + 1. 0O

Lemma 3.3 If¢>1—p andt > 1 then
t <1+ /t(t).

Proof: Defining f(t) := t3(t) — (t — 1)%, one has f(1) = 0 and f'(t) = (t) +t'(t) — 2(t — 1).
Hence f'(1) =0 and

q—1 qg—1 1
F(8) =20 (0) +17(1) =2 = (p+2) "+ o =22 pt" + Sorg 2p<tp—tq+1> >0

Thus we obtain

() > (t—1)° (28)

13



Since t — 1 > 0, this implies the lemma. O

In the sequel p : [0,00) — [1,00) will denote the inverse function of ¢ (t) for ¢ > 1 and p :
[0,00) — (0, 1] the inverse function of —34'(¢) for ¢ € (0,1]. Thus we have

o(s)=t < Yt) =s, s>0,t>1,

(29)
p(s)=t & —Y(t)=2s, s>0,0<t<1.
Lemma 3.4 For each ¢ > 0 one has
1 1
((p+1)s+1)p+1§g(s)§<( +1) +p+g+ > 5> 0, (30)
Moreover, if ¢ > 1 — p then
1
1\ 20+
ofs) <1+s %(<p+1> p“’*) " axo (31)
q
Proof: Let o(s) =t,t> 1. Then s =1 (t). Hence, using t > 1,
-1 1 At Tt TP et
—— ——<s5 + <
p+1 q p+1 q p+1
The left inequality gives
1\ 71 +q+ 1\
p+1 p+1
g(s):t§<1+(1+p)<s+q>> =<(p+1)s—i—pz> (32)

and the right inequality

1
o(s) =t =1+ (1+p)s)rt
proving (28).
Now we turn to the case that ¢ > 1 — p. By Lemma 3.3 we have t < 1+ \/t(t) = 1 + /ts.
Substituting the upper bound for ¢ given by (32) we obtain (31). The proof of the lemma is now
completed. a

Remark 3.5 Note that at s = 0 the upper bound (31) for o(s) is tighter than in (28). This
will be important later on when we deal with the complexity of small-update methods.

Lemma 3.6 (Theorem 4.9 in [4]) For any positive vector z € R™ one has

S (e (L))

Equality holds if and only if z; # 1 for at most 1 coordinate i and z; > 1.

14



Lemma 3.7 (Theorem 3.2 in [4]) For any positive vector z € R™ and any 3 > 1 we have

S 0(82) < m (ﬁg (i szz«))) |
i=1 i=1

Equality holds if and only if there exists a scalar z > 1 such that z; = z for all i.

Lemma 3.8 One has 1
p(s) > ————, s>0.

(25 + 1)arT’

Proof: Let p(s) = t, for some s > 0. Then s = —1¢/(t), with ¢ € (0,1]. Using (25) we may
write

1 1
-~ > =
2s = ta+1 "= ta+1 1,
which implies
1
p(S) =t2> 1o
(25 + 1)a+1
proving the lemma. O

3.2 Properties of the barrier function V(v)

The following lemma is a consequence of Lemma 3.1.

Lemma 3.9 (Proposition 6.2.9 in [12]) Ifz,s, and v € K4 satisfy
det (v*) = det (z) det (s), Tr(v®) = Tr(zos),

then

D Il w2, (33)

i=1

The following lemma gives a lower bound for §(v) in terms of ¥ (v).

Lemma 3.10 Ifv € K4, then

15



Proof: Due to (33) and (9) we have

6(v) = % D (@ Amax(©9)))? + (¥ (Ain (19))))2)
=1
and, due to (23) and (10),
N . .
U(v) = Z (@Z)()‘maX(Uj)) + @D()‘min(vj))) .
j=1

This makes clear that §(v) and ¥(v) depend only on the eigenvalues Amax(v?) and Apin(v7) of
the vectors v/, for j = 1 : N. This observation makes it possible to apply Lemma 3.6, with z
being the vector in R2Y consisting of all the eigenvalues. This gives

5(0) > S0/ (0 (W(w))).

Since '(t) is monotonically increasing for ¢ > 1, we may replace ¢ (¥(v)) by a smaller value.
Thus, by using the left hand side inequality in 30 in Lemma 3.4 we find

5(v) > =0/ ((p+ 1) W(v) +1)7+1),

N | =

Finally, using (25) and ¢ > 0, we obtain

5(v) > % (((p+ 1)U (v) 4+ 1)71 — 1 q+1>
((p+1)T(0) +1)5+1
> % (((p+ 1) (v) 4 1)p+1 — 1 1) _ % (p+1)¥(v) .
((p+1)¥(v) +1)7 ((p+1)T(v) + 1)+
This proves the lemma. 0

Lemma 3.11 Ifve K and > 1, then

w0 <2 (10 (4)).

Proof: Due to (10), and (5), we have

N

V(Bv) = Z (¢(/3)‘maX(vj)) + w(ﬁAmin(vj))) .

j=1

As in the previous lemma, the variables are essentially only the eigenvalues Apax(v7) and Apin (v7)
of the vectors v/, for j = 1 : N. Applying Lemma 3.7, with z being the vector in R?>" consisting
of all the eigenvalues, the inequality in the lemma immediately follows. O
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Corollary 3.12 If U(v) <7 and vy =

U(vy) < 2N (3%) :

, with 0 < 6 <1, then one has

—
W@
>

Proof: By taking = 1/v/1 — 6 in Lemma 3.11, and using that o(s) is monotonically increas-
ing, this immediately follows. g

As we will show in the next section, each subsequent inner iteration will give rise to a decrease
of the value of ¥(v). Hence during the course of the algorithm the largest values of ¥(v) occur
after the p-updates. Therefore, Corollary 3.12 provides a uniform upper bound for ¥(v) during
the execution of the algorithm. As a consequence, by using the upper bounds for o(s) in (28)
and (31) we find that the numbers L; and Lo introduced below are upper bounds for ¥(v)
during the course of the algorithm.

1
+q+1 ) p+1
(@+15%+ﬂ%—)
1-6

Ly := 2N . q>0, (34)

1
1) 2(+1)
1+ V3 (1) () + 252 )™
1-6 ’

Lo :=2Nv) qg>1—np. (35)

4 Analysis of complexity bound for SOCO

4.1 Estimate of decrease of ¥(v) during an inner iteration

In each iteration we start with a primal-dual pair (z, s) and then get the new iterates 2™ =
z + aAz and sT = s+ aAs from (24). The step size « is strictly feasible if and only if
r+alAz € Ky and s+ aAs € K4, ie., if and only if 27 + aAz? € K and s + aAs? € K for
each j.

Let W7 denote the automorphism of K/ that satisfies Wiz/ = W7 “'sJ and v = Wiad /1
Then we have

Wi(a? 4+ ala?) = /i (Uj + ozd?&)
Wjil(sj +alAs’) = /u (v + adl).

Since W7 is an automorphism of 7, we conclude that step size « is strictly feasible if and only
if v/ + ad), € K7 and v/ + ad} € K7, for each j. Using Lemma 2.9, with & = /&t (Uj + ad&) and

s=\/u (Uj + adﬁ), we obtain
1? det (vj + adi) det (vj + adg) = det (xj + ozij) det (sj + OéASj)

pTr (v +adl) o (v + adl)) = Tr ((27 + aAz?) o (s7 + aAs’)).
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On the other hand, if W is the automorphism that satisfies W]zt = Wi s and v} =
Wiat / /i, then, by Lemma 2.10 we have

p? det ((v)?) = det (a7 + aAz!) det (s + als)
e ((04)?) = Te((a/ + adad) o (57 + als’)).
We conclude from this that, for each j,
det ((01)2) = det (v/ + ad’) det (v/ + ad?)
Tr ((v})?) = Tr ((v7 + ad) o (7 + ad)) .
By Lemma 3.9 this implies that, for each j,

W(vl) < - (U +adl) + (v + adl)).

1
2
Taking the sum over all j, 1 < j < N, we get
1
U(vg) < 3 (¥(v+ ady) + ¥(v + ady)) -
Hence, denoting the decrease in W(v) during an inner iteration as

f(a) == T(vy) — (o).

we have

fla) < file) := 5 ((v + ady) + V(v + ads)) — ¥(v).

One can easily verify that f(0) = f1(0) = 0.

In the sequel we derive an upper bound for the function fi(«) in stead of f(«), thereby taking
advantage of the fact that fi(«) is convex (f(a) may be not convex!). We start by considering
the first and second derivatives of fi1(«). Using (13), (12) and (7), one can easily verify that

| =

@) = ST/ (v + ads) o dy + /(v + ady) 0 ) (39)
and 1
V(o) = §Tr((dm ody) oY (v+ ady) + (ds o ds) 0" (v + ady)) (37)

Using (36), the third equality in system (22), and (33), we find

1 1
f1(0) = STe(¥'(v) © (de + ds)) = =5 Tr(Y (v) 09/ (v)) = —28(v)?. (38)
To facilitate the analysis below, we define
Amax (V) = max{)\max(vj) 1< < N}, and Apin(v) = min{)\min(vj) 1 1<5< N}.

Furthermore, we denote §(v) simply as 4.

18



Lemma 4.1 One has
() < 262" (Amin(v) — 209).

Proof: Since d, and ds are orthogonal, and d, + ds = —'(v), we have
e + dsl|* = 1 |* + [1ds* = 202,
whence ||d|| < dv/2 and ||ds| < /2. Hence, by Lemma 2.2, we have
Amax (U + @dg) = Amin(V + ady) > Amin(v) — 204,
Amax(V + ads) > Amin (v + ads) > Amin(v) — 200.
By (26) and (27), ¥ (v) is positive and monotonically decreasing, respectively. We thus obtain
0 < 6" a0 + dz)) < " Oin(0) — 206),
0 < " Amax(v + ads)) < " (Amin(v) — 2a96).
Applying Corollary 2.4, and using that Tr(z o z) = 227z = 2|2/, for any z, we obtain
Tr ((dy 0 dy) 0 9(0 + ady)) < 8" Ouin(0) — 206) Tr(dy 0 dy) = 26" Ovpin(v) — 206) a2,
Tr ((d; o dy) ©0"(0 + ady)) < ¥ Ain(v) — 208) Tr(ds © dy) = 20" (min(v) — 208) [

Substitution into (37) yields that
" " 2 2\ _ 2 1
(0) < 4" Ounin(0) — 208) (e + 1,]12) = 262" (in(v) — 208).
This prove the lemma. O

Our aim is to find the step size a for which fi(«) is minimal. The last lemma is exactly the same
as Lemma 4.1 in [4] (with v1 := Apin(v)), where we dealt with the case of linear optimization.
As a consequence, as we use below the same arguments as in [4], we present several lemmas
without repeating their proofs, and simply refer the reader to the corresponding result in [4].

4.2 Selection of step size o

In this section we find a suitable default step size for the algorithm. Recall that « should be
chosen such that z; and sy are strictly feasible and such that ¥ (v )—W¥(v) decreases sufficiently.
Let us also recall that fi(«) is strictly convex, and f1(0) < 0 (due to (38), assuming that § > 0)
whereas f1(a) approaches infinity if the new iterates approach the boundary of the feasible
region. Hence, the new iterates will certainly be strictly feasible if fi(a) < 0. Ideally we should
find the unique « that minimizes fi(«). Our default step size will be an approximation for this
ideal step size.

Lemma 4.2 (Lemma 4.2 in [4]) f{(«a) <0 certainly holds if the step size o satisfies

—' Amin (V) — 2a8) + ¥ (Amin (v)) < 26.
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Lemma 4.3 (Lemma 4.3 in [4]) The largest possible the step size a satisfying the inequality
in Lemma 4.2 is given by
_._ p(8) — p(20)

Qi=——"—"

26
with p as defined in (29).

Lemma 4.4 (Lemma 4.4 in [4]) With p and & as in Lemma 4.3, one has

1
a>—.
P (p(20))
Since ¢ (t) is monotonically decreasing, Lemma 4.4 implies, when using also Lemma 3.8,
_ 1 < 1
« — - — .
P (p(20)) Ty ((1 n 45)?11)
Using (26) we obtain
_ 1 1
a > >

p(1+40)7 + (g + 1)1 +40)71  (p+q+1)(1 +48)in

We define our default step size as & by the last expression:
1

Q= oy (39)
(p+q+1)(1+46)at

Lemma 4.5 (Lemma 4.5 in [4]) If the step size « is such that o < &, then
fla) < —ad?.
The last lemma implies that
52
(p+q+1)(1+49)

fla) < - (40)

q+2
q+1

According to the algorithm, at the start of each inner iteration we have W(v) > 7. So, assuming

7 > 1, and using Lemma 3.10, we conclude that

1 1 LG

s> L PR
2(1+ 1+ p)¥() ™

(v)
(14 2W(v)) T

20) s Ly,

3w(v)s O

>

1
>
_2(

N | =

Since the right hand side expression in (40) is monotonically decreasing in ¢ we obtain
=7 22 ___pa
fla) < v < e L YEe
e & NI )
Pl atl +q+1
6pq+1) (14 3055) T gp g 1) (Juste) 00O

where we omitted the argument v in ¥(v).
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5 Iteration bounds

5.1 Complexity of large-update methods

We need to count how many inner iterations are required to return to the situation where
U(v) < 7. We denote the value of ¥(v) after the pu-update as ¥y and the subsequent values
in the same outer iteration as ¥;, ¢ = 1,2,...,7, where T" denotes the total number of inner
iterations in the outer iteration.
Recall that Wy < L;, with Ly as given by (34). Since v(t) < t**1/(p+1) for t > 1 and
0 < p <1, we obtain

1

%—l—%)ﬁ 2(7’—1—%]\7

Vit ) S prna-o®

Yoy <2N9y (

According to the expression for f(&), we have

‘lji-i-l < \I]’L _ﬁ(qli)l_’y) { :0717“'7T_ ]-a (41)
_ 1 _ _ptgtl
where § = qo55 5y and 7 = G-
Lemma 5.1 (Proposition 2.2 in [12]) Iftg,t1,---,t7 is a sequence of positive numbers and

tign <ti— Bt 7, i=0,1,---,T—1,
Y
with >0 and 0 <~y <1, then T < %
Hence, due to this lemma we obtain

__ptg+l
__ptgtl 2 (T 4 q+2N> (a+D)(p+1)

T <100(p + 1)(g + )TV < 100(p + 1) (g + 1) “
(p+1)(1-0)

(42)

p+1
2

The number of outer iterations is bounded above by %log %, as one easily may verify. By
multiplying the number of outer iterations and the upper bound for the number 7' of inner
iterations, we obtain an upper bound for the total number of iterations, namely,

ptg+1
(g+1)(p+1)

42
1000+ (g +1) (2(7+ %N N
pratl log —. (43)
0 (1 — 0)2a+D p+1 €

Large-update methods have § = ©(1), and 7 = O(N). Note that our bound behaves bad for
small values of ¢, i.e. if ¢ approaches 0. Assuming g > 1, the iteration bound becomes

@) (qN(qflr)q(Zil) ) log E
€

It is interesting to consider the special case where 7 = %. Then, when omitting expressions
that are ©(1) and the factor log %, the bound becomes
p+g+1
(p+1)(g+1) (4N) DG+ (44)
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Given ¢, the value for p that minimizes the above expression turns out to be

_ qlog(4N)
= ,

which in the cases of interest lies outside the interval [0,1]. Thus, let us take p = 1. Then the
best value of ¢ is given by
q =logVv4N — 1,

and this value of ¢ reduces (44) to

1+log V4

2log VAN (AN) 20 viy — VAN (log (4N)) (AN) T — exp(1)vVAN (log (4N)).

Thus we may conclude that for a suitable choice of the parameters p and ¢ the iteration bound
for large-update methods is

0] (wm (log (4N)) log f) .

Note that this bound closely resembles the bound obtained in [4] for the kernel functions 3(t)
and 17 (t) in that paper.

5.2 Complexity of small-update methods

Small-update methods are characterized by § = ©(1/v/N) and 7 = O(1). The exponent of
the expression between brackets in the iteration bound (43) is always larger than % Hence, if

6 = ©(1/v/N), the exponent of N in the bound will be at least 1. For small-update methods we
can do better, however. For this we need the upper bound Ls for ¥(v), as given by (35). Recall
that this bound is valid only if ¢ > 1 —p

Thus, using also Lemma 3.2, we find

(p+1)T p+g+1 2(;D+1)
1+ /7 (B + et

1-6

-1

Uog<(p+qg+1)N

Since 1 — /(1 — @) < 6, this can be simplified to

1 2
p+qg+1 T ((p+1)7  p+qg+1)\20D
Pog<—N |0 —
0=y <+\/2N< oN T g

which, using p > 0, can be further simplified to

\Il0<p+q+1<0\/—+\/ <(p+1)7'+p+q—i—1))2

2(1-90) 2N q

By using the first inequality in (42) we find that the total number of iterations per outer iteration
is bounded above by

et o1 D) o 2\ @D
100(p + 1)(g + 1) M<0\/2N+%<p A )) .

2(1 - 6) 2N q
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ptg+1

Hence, using 0 < 1, we find that the total number of iterations is bounded above by

q+1)(p+1)
2
50p+1)(g+1)(p+q+1) (p+1)71 p+q+1 N
) OV2IN + 4| T 5N + . loge.

Taking, e.g.,p=0,¢=1,7=1and § = 1/V2N, this yields the iteration bound

2
200y o) g N 1838 NV
91— 9) 2N e =h1—0) e

which is O (\/Nlog g) .

6 Conclusions and remarks

We presented a primal-dual interior-point algorithm for SOCO based on a specific kernel function
and derived the complexity analysis for the corresponding algorithm, both with large- and small-
update methods. Besides, we developed some new analysis tools for SOCO. Our analysis is a
relatively simple and straightforward extension of analogous results for LO.

Some interesting topics for further research remain. First, the search directions used in this paper
are based on the NT-symmetrization scheme. It may be possible to design similar algorithms
using other symmetrization schemes and still obtain polynomial-time iteration bounds. Finally,
numerical tests should be performed to investigate the computational behavior of the algorithms
in comparison with other existing approaches.
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A Some technical lemmas

Lemma A.1 For any vector a € R™ one has

T

1+vV1+ala

N

(En + aaT) =E, +

Proof: Let A=E,+aa’. The eigenvalues of A are 1+a”a (multiplicity 1) and 1 (multiplicity
n —1). Hence, if e, ..., e, is any orthonormal basis of the orthocomplement of a, then

Therefore,
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Multiplication of the numerator and denominator in the last term with 1+ v/1 + aZ'a yields the
lemma. a

Obviously, we have for every z € K that Qr € K, and Q(K) = K. This means that @ is an
automorphism of K. Without repeating the proof we recall the following lemma.

Lemma A.2 (Proposition 3 in [9]) The automorphism group of the cone K consists of all
positive definite matrices W such that WQW = AQ for some A > 0.

To any nonzero a = (a;1;a) € K we associate the matrix

—_— al _ 0+ (e+a)(e+a)T
a = . = — .
C_l Enfl —'I_ 101,?;1 1 + al

Note that W, = E,, and W,e = a. Moreover, the matrix W, is positive definite. The latter can
be made clear as follows. By Schur’s lemma W, is positive definite if and only if

This is equivalent to
a1(1 + al)En,1 —aa’ >0,

which certainly holds if a?E,,_1 —aa’ = 0. This holds if and only if for every z € R"~! one has
a? ||z||* > (a”z)2. By the Cauchy-Schwartz inequality the latter is true since a; > |al|.

Lemma A.3 Let the matric W = 0 be such that WQW = AQ for some A\ > 0. Then there

exists a = (a1;a) € K with det(a) = 1 such that W = V/AW,. Moreover, W' = % Woa.

Proof: First assume A\ = 1. Since Q? = E,,, WQW = Q implies QWQ = W~!. Without loss

of generality we may assume that W has the form

ar a
W = ,
a C

where C' denotes a symmetric matrix. Thus we obtain

_1 al —al
—a C
This holds if and only if
a?—ala=1, aa—-Ca=0, C*—aa’ =E, 1. (45)
By Lemma A.1, the last equation implies
aa’ aal
C=E, 1+——F———=E, 1+ —,
Tl  Virata T 1ta
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where the last equality follows from the first equation in (45); here we used that W > 0, which
implies a; > 0. One may easily verify that this C also satisfies the second equation in (45), i.e.,
Ca = aja. Note that det(a) = a? —a’a = 1. This completes the proof if A = 1. If A # 1, then
multiplication of W, by v/ yields the desired expression. O

Lemma A.4 Let x,s € K. Then there exists a unique automorphism W of K such that
Wz = W—1ts. Using the notation of Lemma A.3, this automorphism is given by W = v AWy,

where
s+ AQx )= det (s)

V2\/zTs + y/det (z) det (s) det (z)
Proof: By Lemma A.3 every automorphism of K has the form W = v AW,, with A > 0 and

a = (a1;a) € K with det(a) = 1. Since Wz = W~!s holds if and only if W2z = s, we need to
find A and a such that W2z = s. Some straightforward calculations yield

a

W 2af -1 2aa’
2aia E,_; + 2aa’

So, denoting x = (x1; Z) and s = (s1; §), we need to find A and a such that

2a% -1 2a1at | | st
2010 E,_1 +2aa’ T 5
This is equivalent to
2 _T- _ 51
(2af —1)x1 +2a1a" T = oY
Qarria+ T +2a’z)a= ;

Using a121 + @' & = a” x, this can be written as

2(a’z)a; = 8—;4-561
Q(GTQS)EL:;—QE.
Thus we find
ay 1 T +m 54+ AQx
prm— pr— :7. 46
“ a 2aTx §—§c 2 aTx (46)

Now observe that what we have shown so far is that if W = v AW, and W2z = s then a satisfies

(46). Hence, since W~! = % Wga and W~2s = z, we conclude that Qa can be expressed as

follows.
x + %Qs Az + Qs
Qa= -5 T. T :
21 (Qa)l's  2a"Qs
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Multiplying both sides with @, while using that Q? = E,,, we obtain

A
a= ‘;J;Tg (47)

Comparing this with the expression for a in (46) we conclude that

Nale =a’Qs. (48)
Taking the inner product of both sides in (47) with = and @s, respectively, we get
T T T T
Tr 5+ Az Qx7 aTQs:S Qs+ Ax's
2a7Qs 2aTQs

Since Aa’z = a” Qs, this implies
A (zTs + AT Qx) = sTQs + MaTs,
which gives
Na2TQr = sTQs.
Observing that 27 Qx = det (z) (and s7Qs = det (s)), and A > 0, we obtain

det (s)
det (z)°

(49)

Now using that det(a) = a’Qa = 1 we derive from (47) that

(s +AQx)" Q (s + \Qx) _
4(a”Qs)’

This implies
AT Qz + 57 Qs + 22a”s = 4 (a7 Qs)?,
or, equivalently,
Mdet (z) + det (s) + 2 zTs = 4 (aTQs)2 .

Note that the expression at the left is positive, because x € Ky and s € K. Because a € K|
and Qs € K, also a’ Qs > 0. Substituting the value of A we obtain

det (s)
det ()

2det (s) + 2 zls =4 (CLTQS)2 ,

whence

2a7Qs = V24| det (s) + :2: E;; 2Ts = \@14/ ((ii:l: ((i)) \/sz + +/det (x) det (s).

Hence, with A as defined in (49), the vector a is given by

. s+ AQx
V2M/xTs + \/det (x) det (s)
This proves the lemma. g
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Lemma A.5 Letz, s € Ky and let W be unique automorphism W of K such that Wx = W~ 1s.
Then

We=Wls= @ !
- 9 (uz+u=15)+2a" H(x15+512) |’

a+u—lsi+uzy

u=vV\ —a=+v2\/2Ts+/det (z)det (s).

Proof: By Lemma A.4,

where

=T T

a a T a'x
Wz = VAW,z = VA ! . R - (aT3)a )
_ aa _ _ _ ala’z)a
L a En—l + ﬁ:—lal <L ria+ T+ atuzi+u—lsy
i T T
1 1 ay —a 51 a* Qs
Wls = —Wges = — =yt
_ aal _ _ aTs)a )
\/X \/X | —a E, 1+ ﬁgal S —s1a+s+ o¢+zgi+szzglsl
with ] 1
a=— (s +AQx) - (u's+uQx) (50)
and hence 1
1 _
1+a1:1+—(u_181+ua:1):a+uxl+u 51.
« «
Since Wax = W~1ls we get
1 a’x a’'Qs
Wer=—-1|u I +U_l Tz =
2 L1347+ a(a* z)a —sa+ 5+ a(a’s)a

atuxi+u—1lsy atuzi+u—lsy

u(aTz) +ut(a?Qs)

T — 1=\ =
-1 _ _ 1= aa (ux—l—u s)a
| (wrr—uTs)a+ur +uT S+ e

Due to (48) one has
u(aTz) +u(a? Qs) = u(a’z) + v (Nalz) = 2ualz.

Moreover, using (50),

1 1 1
ua'z = a’ (uzx) = = (u~'s + uQaz)T (ur) = — (sTz + A2"Qz) = — (s' + Adet (z))
a a «
1/ 7 1?2 «
Using (48) once more we obtain

1

al (uz + u_1§) —wa'z+uta's =u (aTw —a1z1) + u ! (a1s1 — aTQs)

=u(a’z) —u "t (aTQs) + u(—a1x1) + vt (a151)
=u(alz) —ut(Nalz) —ay (uz1 — u_lsl)

= a (u_lsl — uml) .
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From (50) we derive that a; = (u"'s; +ux1)/a. Thus we find that

) ulsy +ury  u?s? —ula?

al (u;ﬁ + u_1§) = (u_lsl —ur]

« (07

Substitution of these results in the above expression for W gives,

1 «
Wx =~

—24,2 2.2
u s]—u"xy

o —le VA 4 a—lg
(uzy —u " s1)a+ul +u 5+ ot s

The rest of the proof consists of simplifying the lower part of the above vector. We may write

(uxy —u ts1)a + ut +uls +

—2.2 2.2

a+ulsy +um

—2.2 2.2

= uwl—uflsri- T a+uz+u's
at+u sy Fux
-1
_oz(uxlfu 81)7 _ 1
= T a+ur—+u S
a+u sy +ux
-1
ur, —uU 81 1 _ _ 1=
= T (u 15—um)+ua:+u g
a+u"'sy +ux

_ <1 N uxl_: utsy > w154 (1 B um1_: utsy >ui‘
a+uTrs+uxy a+u"rs1F+ux
(o +2uzq) u s+ (a+2uts)) uz
a+ulsy +um
o (ua‘c + u*1§) + 2215+ 281
a+ulsy +uw '

Substitution of the last expression gives

1 o 1
92 | e(uztu=ts)+2ms+2siz | 9 | (uztuls)+2a M(aist+siz) |
atu—lsi+ux atu—lsi+uzy

|2

Wax =

which completes the proof. O
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