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Abstract. Inverse approaches and, in particular, intensity modulated radiotherapy (IMRT), in
combination with the development of new technologies such as multi-leaf collimators (MLCs), have
enabled new potentialities of radiotherapy for cancer treatment. The main mathematical tool needed
in this connection is numerical optimization. In this article, the variety of continuous optimization
approaches, which have been proposed for the computation of optimal beam and beamlet intensities
respectively, is surveyed and discussed. The discussion includes a nonlinear optimization model for
IMRT with biologically motivated goals, which has recently been presented in [9] and is accompanied
by a sensitivity analysis proposed in [4]. At last, new developments in intensity modulated proton
therapy (IMPT) are considered. It is shown by a clinical case example that the algorithm introduced
in [9] is also capable to solve, within a few minutes of computation times, the much larger problems
of treatment planning for the IMPT spot-scanning technique.
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1. Introduction. Radiation therapy is an essential medical tool for cancer treatment. About 500, 000 patients in the USA and 150, 000 patients in Germany are
treated yearly by radiation therapy, where about every second patient has undergone
surgery before. The hazard with radiotherapy, however, is that it does not only destroy tumor cells, but similarly also aﬀects healthy tissue. Therefore, based on the
images of computer tomography, for each patient a compromise has to be found between the two conﬂicting goals, to deposit a suﬃciently high dose into the planning
target volume(s) (PTVs), i.e. the tumor(s) and/or the possibly involved tissue, and to
simultaneously spare, as much as possible, the organs at risk (OARs) and the other
healthy tissue. As a consequence, radiotherapy treatment planning involves the selection of several suitable directions for the incident beams and the ﬁxation of beam
intensities or, if these are modulated, beamlet intensities so that, through superposition of the doses delivered by the single beams or beamlets respectively, a desired
dose is deposited in the PTVs and simultaneously no critical doses are administered
to the normal-tissue volumes lying on their paths of propagation. (Introductions into
the ﬁeld are found e.g. in [13], [21], [41], [49], [87], [101], [102].)
Conventionally in radiotherapy, the radiation is produced by beams of highly energetic photons delivered by a linear accelerator. The treatment itself is standardized
in most hospitals. Depending on the position and the type of the tumor(s), the number of radiation ﬁelds or beams respectively is prescribed (typically between 2 an 5),
the ﬁeld or beam angels are essentially predetermined, and the beam intensities are
homogenous or have a constant gradient. The radiation ﬁelds are rectangular, where
often custom-made apertures or a collimator like a multi-leaf collimator (MLC) are
used to cover parts of the ﬁelds and thereby protect portions of the patient’s body.
(A MLC consists of typically 25 − 60 tungsten slabs which can be shifted from each
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of two opposite sides by computer control.)
In case of such conventional approach, an individual treatment plan is normally
obtained by a trial-and-error procedure, where the radiation eﬀects of a few diﬀering
arrangements are considered with respect to their dose distributions. In contrast to
such forward approach, an inverse approach starts from the deﬁnition of treatment
goals, deﬁned by requirements on the doses for the PTVs and the OARs, and it results
in the problem of ﬁnding beam or beamlet intensities for a certain number of well
positioned radiation ﬁelds such that the delivered doses meet these requirements or are
close to them (e.g. [15], [16], [24]). Hence, at an inverse approach, restrictions on doses
are often established in form of inequalities or equalities, and goals described by one or,
as in case of a multicriteria approach, several objective functions are to be optimized.
Thus an inverse approach naturally is connected with numerical optimization.
A large number of articles over the last 20 years has dealt with the improvement
of conventional arrangements by inverse approaches and the work in this direction
still continues. Parallel and starting with the seminal works of Brahme ([20], [23]),
the ﬁeld of intensity modulated radiation therapy (IMRT) emerged and has attracted
a rapidly growing interest over the last ten years. This inverse approach, which for the
ﬁrst time was employed clinically around 1994, “is regarded by many in the ﬁeld as a
quantum leap forward in treatment delivery capability ([49])”. By splitting the beams
into thousands of beamlets or pencil beams, IMRT enables the creation of much more
sophisticated and precise dose distributions and, through that, renders possible the
treatment of cancer patients by radiation therapy who could not be treated adequately
before. Mathematically, IMRT leads to large-scale optimization problems.
For the optimization of an IMRT treatment plan a variety of parameters may be
considered. Besides the beamlet weights determining the beamlet intensities, the main
degrees of freedom are the number of beams used, the beam angles, and parameters
connected with the realization of an intensity proﬁle by a MLC. Ideally, all of these
parameters should enter an optimization model, and experiments in this direction also
have been performed. However, for the time being, such approaches set strong limits
in regard to the complexity of the resulting problem as well as the maximum number
of variables, where the latter typically does not suﬃce for clinical routine. Especially,
if integer variables are included in a model to ﬁnd, for example, an optimal set of r
from a given set of s ≥ r beams with prescribed angles (e.g. [34], [36], [63]), the size of
the resulting problems and the state-of-the-art of mixed-integer programming exclude
nonlinear functions in the model. Therefore, presently, the optimization of IMRT
treatment plans requires the a priori decision whether integer variables are allowed in
the model, in which case only linear functions should be used for the beamlet weight
optimization, or whether certain parameters as beam angles and beam directions are
ﬁxed so that also nonlinear constraints can be exploited.
The relevance of biological treatment goals for radiotherapy, leading to nonlinear
constraints as equivalent uniform dose (EUD) or partial volume (PV) constraints, has
been generally acknowledged during the last years (see Sect. 3.5). On the other hand,
nonlinear programming is associated with the risk that local minimizers are computed, having an objective function value far away from the global minimum value.
For this reason, some researchers have developed substitutes or approximations of
intrinsically nonlinear conditions by linear or convex constraints. For example, it has
been suggested to replace the nonlinear convex EUD function of [76] by an expression, which results in a large number of linear constraints ([99]), or to approximate a
convex objective function, deﬁned for each volume element of the irradiated volume,
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by a ﬁnite number of linear constraints ([82]), which likewise increases the size of the
problem enormously. Several authors have implemented dose-volume constraints (see
Sect. 3.5) by means of binary variables and have used mixed-integer linear programming (MILP) in order to take partial volume eﬀects, which are naturally described by
nonconvex functions, into account (e.g. [11], [60], [63], [80]). However, such treatment
of dose-volume eﬀects can lead to tens or hundreds of thousands of additional binary
variables, which increases the complexity of the problem and the computing time for
its solution enormously. Also, in case of an aforementioned optimal selection of, say,
r = 5 from s ≥ r prescribed beam angles, eventually the number s of preselected
angles needs to be relatively small in order
  to reasonably limit the total number of
choices given by the binomial coeﬃcient sr .
At this point it should be pointed out that the process of ﬁnding an optimal IMRT
treatment plan cannot be fully automated, but in any case requires the participation of
an expert, who has to set up the treatment goals, to evaluate the computed treatment
plan, and to modify, quite commonly, the original goals, assessing simultaneously the
related risks for the patient. By their experience, experts often have a good feeling for
reasonable beam numbers and beam directions in a particular case. Also the avoidance
of selecting beam angles in an optimal way and hence of binary variables, as described
above, may be compensated by the use of a slightly increased number of beams ([93]).
Therefore we prescribe the number of beams and beam angles (as this also needs to be
done for most clinical software packages) and give preference to the improvement of the
model for beamlet weights optimization in the framework of continuous optimization
by respecting biological considerations ([9]). Our model may be accompanied by some
heuristic procedure to ’optimize’ the beam angles ([68]). Also, in order to translate
an obtained intensity proﬁle into a sequence of MLC openings, an iterative procedure
can be executed which normally leads only to little loss concerning the optimality of
the goals ([7]). Other authors have recently suggested MILP procedures ([11], [35],
[45], [57], [61]) or the solution of a nonlinear global optimization problem ([95]) for
this purpose.
The problem of ﬁnding an IMRT treatment plan necessitates compromises between competing goals that may be rated diﬀerently. Accordingly, some authors
recently have investigated this problem in the framework of multi-criteria optimization, with the aim to produce a set of treatment plans which relate to a diﬀerent
weighting of the objectives ([19], [32], [44], [59], [83]). However, compared to ordinary
optimization, also multi-criteria optimization increases the complexity of the problem
considerably so that practicability forces the treatable number of objectives to be
relatively small and the number of beamlet weights to be not too large. In addition,
the large numerical eﬀort connected with a multi-objective approach suggests that
the constraints in such model should be linear and the objectives linear or convex
quadratic.
We therefore handle the IMRT treatment planning problem as an ordinary optimization problem and combine the solution of the problem with a sensitivity analysis,
to foretell the approximate change of the optimal objective function value and, at
least in some situations, of the EUD in the target which would be caused by a relaxation of optimization goals. In this way, if necessary, normally one or few constraints
of the problem have to be changed only and most constraints can be left unaltered.
The problems themselves, resulting from our approach, are convex or nonconvex optimization problems, which have the beamlet weights as variables and typically contain
only 10 − 25 constraints, apart from the simple bounds for the beamlet weights. This
3

is distinguished, for example, from linear models which include at least one inequality constraint and, by that, one additional slack variable for each volume element.
Moreover, it is shown in this paper that our optimization model and algorithm for its
solution, both presented in [9], can also be extended to the much larger problems of
intensity modulated proton therapy (IMPT) treatment planning and can yield optimal
solutions for these within a few minutes of computing times.
The general tools and our notations for the description of IMRT treatment planning problems are given in Sect. 2. In Sect. 3 we review the most prominent approaches
to continuous beamlet weights optimization for inverse treatment planning, where we
distinguish between linear, linear approximation type and multicriteria models and
models which include or attempt to simulate nonlinear conditions on the doses. In
particular the description of the latter models comprises that of our approach from
[9]. The sensitivity analysis used in combination with this is presented in Sect. 4.
Finally, in Sect. 5, we discuss treatment planning in connection with the 3D spot
scanning technique of IMPT. The paper concludes in Sect. 6 with a case example
for both IMRT and IMPT, where the optimization had been performed with the
barrier-penalty multiplier method from [9].
2. Preliminaries. Radiotherapy and IMRT in particular require the selection
of a number p of radiation ﬁelds, also called incident beams, and associated with that,
p beam angles where, for practical reasons, normally p is a number between 3 and
6 and is smaller than 12. As we have argued in the introduction, we assume here
that the ﬁelds and beam angles are predetermined in dependence on the kind and
position of the tumor, by experience or by trial-and-error. Clearly, given a number
of beams, the continuous optimization of both doses and beam directions would be
desirable, but this is impeded by the computationally expensive dependence of the
dose absorbed in the patient’s body on the orientation of the radiation ﬁelds and the
combinatorial nature of the problem.
Each of the p radiation ﬁelds is a 2D region with a polygonal boundary, normally
originating from a projection of the PTVs onto a plane at the position of the collimator. Each ﬁeld is partitioned into nj rectangular ﬁeld elements of equal size, also
denoted as bixels, where typically the number nj varies between 100 and 2, 000. Accordingly, each of the p beams is divided into nj beamlets or pencil beams
 respectively
so that the total number of beamlets over all ﬁelds amounts to n := pj=1 nj .
The portion of the human body to be irradiated is considered to be divided into
q not necessarily disjoint 3D volumes which represent the PTVs and the regions of
normal tissue, as e.g. OARs. Furthermore, each of these q volumes is partitioned
of
into m 3D cubic volume elements or ’voxels’ of equal size, having a side length
q
normally ≥ 2 mm. Typically q is smaller than 15, and the total number m := =1 m
of voxels is of order 105 or 106 . We number all volume elements consecutively from
1 to m and let V ( = 1, ..., q) be the index set of all elements belonging to the -th
volume, having a cardinality |V |. For convenience, we also identify V with the -th
volume itself.
Let now djk ≥ 0 be the dose deposited in the j-th volume element by the kth beamlet at unit beam intensity and let D := (djk ) be the resulting m × n dose
matrix. This matrix D needs to be determined for each individual patient, which can
be done by a Monte Carlo simulation of the radiation transport through the patient
(cf. [62]) or with suﬃcient accuracy by a method which adapts a dose distribution
computed for a homogeneous medium, so-called pencil beam kernels, to the geometry
and density distribution of the patient ([2]). The dose matrix D is sparse since the
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k-th beamlet predominantly aﬀects volume elements only in proximity of its line of
propagation. Typically, at a reasonable cut-oﬀ for the minimal dose, less than 3 − 8 %
of the coeﬃcients of D are nonzero so that D can be stored in a closed form.
For the optimization process the matrix D is assumed to be known. Then the
goal of IMRT is to ﬁnd, for each beamlet and according to the optimization goals
of the respective model, a suitable nonnegative beamlet weight deﬁning its radiation
intensity. The total dose absorbed by the j-th volume element is linearly dependent
on the vector φ ≥ 0 of beamlet weights, φ := (φ1 , ..., φn )T , and is given by
DjT φ =

n


djk φk ≥ 0,

(2.1)

k=1

where DjT contains the entries of the j-th line of the dose matrix D. The n beamlet
weights φk ≥ 0 are unknowns of an optimization model for IMRT treatment planning.
The technical realization of a beamlet weight or intensity proﬁle, which nowadays
is typically performed by a MLC, is a diﬃcult problem in itself which is not discussed
here. A MLC is part of the treatment machine and can expose a polygonal geometry
formed by automatically shifted tungsten leaves. Hence, following the dose optimization, an intensity pattern has to be found for each ﬁeld, which is close to the optimal
proﬁle determined by the optimization process and which can be generated by a relatively small number of MLC openings from the same position in space (typically
10 − 30). Clearly, the a priori inclusion of a comprehensive set of constraints into an
optimization model, which would guarantee that the optimal dose obtained by the
model is realizable by a MLC, would be desirable (see [30], [86], [94], [96] for ﬁrst
models in this direction). For the optimization model used by the authors and for its
objective function, however, the translation of an optimal intensity proﬁle into one
which can be realized by a MLC, can be performed with a negligible loss concerning
the optimality of the doses ([7]).
3. Optimization models for IMRT treatment planning.
3.1. Introduction. In this section we discuss the main continuous optimization
models related to inverse approaches for radiotherapy treatment planning. Considering the huge number of papers existing in this connection, we do not intend here to
provide a complete review on the topic, but rather to survey the most prevalent ideas
and problem types and point out their diﬀerences in terms of gains and drawbacks.
So in general we give only more recent references, in which also discussions of earlier
developments, including stochastic approaches, can be found.
In our review we do not distinguish between inverse radiotherapy treatment planning with and without intensity modulation, since the models used for intensity optimization of unmodulated beams have likewise or similarly been applied to IMRT or
could in principle be applied to that. Often, and naturally before IMRT had been
invented, the number of incident beams and hence continuous variables in the optimization problem were less than 12 and rarely more than 36. In contrast to that, the
number of beamlets and hence continuous variables for IMRT typically amounts to
3, −8, 000, while an optimization problem resulting from IMPT treatment planning,
having the same mathematical appearance as a model for IMRT, may possess 40, 000
variables and more (see Sect. 5). Also, for IMRT and IMPT, the resolution in regard
to volume elements has to be increased considerably so that the responses of tissues
to the inhomogeneous intensities caused by modulation of the beams can be traced
appropriately.
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Two special treatment techniques of radiotherapy are tomotherapy and radiosurgery (cf. [13], [87] and [38], [49] respectively for descriptions). While tomotherapy
refers to a particular way of delivering IMRT, radiosurgery is a quite specialized
treatment technique, which has been primarily designed to destroy malignancies in
the brain. The basic mathematical ideas used for treatment planning models in both
cases are similar to those for IMRT and are therefore included in our discussion (see
e.g. [37], [38], [64], [88] for some recent developments concerning these topics).
For x ∈ Rr , we employ the lp -norm
r

xp = (
|xi |p )1/p (1 ≤ p < ∞),

x∞ = max |xi | ,
i=1,...,r

i=1

where the dimension r of the space is assumed to be clear from the circumstances.
Especially e ∈ Rr is the vector with all elements being 1 and, for given x ∈ Rr , the
nonnegative vector [x]+ is deﬁned by
[x]+ := (max{0, xi })i=1,...,r .
The |V | × n matrix with lines DjT , j ∈ V , for some  is denoted by D() . Concerning
standard concepts and algorithms of optimization used in our presentation, we refer
to textbooks on optimization as e.g. [12], [39], and [78].
3.2. Linear programming models. Surveys on inverse approaches are found
e.g. in [41], [49], [87], [101], and [102]. In the early approaches, almost always one
treatment goal for each volume V was to not exceed an upper dose bound of Δu Gy,
i.e. to satisfy the linear constraints
DjT φ ≤ Δu , j ∈ V .

(3.1)

Typically, for each PTV V , this was combined with the requirement to not fall short
of a lower dose bound of Δl Gy and hence, for Δl < Δu , to fulﬁll the constraints
DjT φ ≥ Δl , j ∈ V .

(3.2)

The purpose of such lower bound constraints is to guarantee a speciﬁed dose and, in
combination with upper bounds as in (3.1), a nearly homogeneous dose in the targets.
Sometimes, for the sake of a uniform description for all volumes, a lower dose bound
is added also for each normal-tissue volume, where this can be set identical zero (see
(2.1)). In this way, a large system of linear inequalities
A φ ≤ b ( = 1, ..., q),

φ ≥ 0,

(3.3)

is obtained, with A ∈ Rs ×n , b ∈ Rs , φ ∈ Rn , and s1 + . . . + sq ≥ m  n, where
diﬀerent actions described in the following have been taken to deal with such system.
Some authors have been of the opinion that each vector φ of the (often relatively
small) feasible set of the system in (3.3) would be of equal clinical value and have
proposed algorithms to ﬁnd such vector, where special measures have to be considered
in case the feasible set is empty (see e.g. [27] and, for a more recent development,
[107]). A feasible point of a linear system of inequalities can be computed especially
by phase 1 of the Simplex algorithm. Moreover, the inequalities satisﬁed with equality
or almost equality for a solution of phase 1 give information about the constraints
which should be relaxed in case of infeasibility.
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Most authors, however, proposed to determine a feasible vector for the system
in (3.3) which minimizes or maximizes some objective function, where diﬀerent views
have been taken concerning a suitable goal to be reached. If we let
fP (φ) :=


1  T
1 
D() φ ,
Dj φ =
1
Π
Π
∈P j∈V

(3.4)

∈P


with Π := ∈P |V | be the integral dose for some index set P of volumes and if we let
especially Q := {1, ..., q} be the index set of all volumes, N that of all normal-tissue
volumes including OARs, and T that of all PTVs, then typical goals have been the
minimization of fQ (φ) or fN (φ) and the maximization of fT (φ) or fT (φ) − fN (φ)
(see especially [84] for the latter). In these functions, the factor related to 1/Π can be
ignored for minimization and the sum of the doses for each volume may be weighted
diﬀerently, according to its presumed importance. In addition, maximization of the
minimal dose in the PTVs was suggested (e.g. [65], [69], [80]), which is equivalent to
maximization of the variable τ over all vectors (τ, φ) under the additional constraints
τ ≤ DjT φ (j ∈ V ,  ∈ T ). Finally, also the minimization of a linear combination of
some linear functions has been suggested, including the integral dose over all volumes
and the maximum beamlet weight ([46]). The latter goal can be expressed by a new
variable φmax and the inclusion of the additional constraints
φk ≤ φmax

(k = 1, ..., n).

(3.5)

Eventually, in [65], an objective function, including linear penalties on the nonpreferred beamlet weights, has been investigated.
The resulting linear programming (LP) problems include at least one inequality
constraint for each voxel. Therefore, in case of IMRT, these problems comprise tens
or hundreds of thousands of inequality constraints and as many slack variables in
addition to the n unknown beamlet weights, since most codes start from the standard
form of a LP problem which requires the introduction of such variables. In case, for
the doses, new variables dj with
dj = DjT φ

(j = 1, ..., m),

(3.6)

are introduced in the problem and the inequalities are written in terms of these dj ’s
as several authors do, the problem is even enlarged by m variables and equality constraints. Thus LP treatment planning problems typically are large-scale problems in
regard to the number of variables and constraints, even for conventional radiotherapy
with unmodulated beams. Such problems usually have been solved by the Simplex
algorithm and, more recently, also by software packages as CPLEX (e.g. [69], [82],
[87]), which includes a LP barrier interior-point method.
In clinical routine, initially set up treatment goals often turn out to be too restrictive. Consequently, a natural shortcoming of such LP and any other optimization
problem including both upper and lower dose bounds is that the related inequalities
may be inconsistent. For this reason, elastic constraints have been introduced, which
include parameters that allow some over- and underdosage of volume elements, and
thereby avoid the possible infeasibility of the inequality system. In the quite general
framework of [48], [49], a system A φ ≤ b can be replaced, for example, by
A φ ≤ b + θ u ,
7

(3.7)

with 
some given vector u > 0 from Rs and some parameter θ ≥ 0, where the related
sum  w θ with importance weights w > 0 deﬁnes the objective function. (More
generally u θ can be a matrix-vector product with an unknown vector θ ≥ 0.) In
this case, each vector (φ, θ ) ≥ 0 with a suﬃciently large θ satisﬁes the inequality
system. Elastic constraints have similarly been employed for a LP problem in [46]
and for a multicriteria
 weighted sum approach in [44], in which the weights w of the
objective function  w θ are varied (see Sect. 3.4).
Note that, for u := e in (3.7), the problem of minimizing the term w θ alone over
all vectors (φ, θ ) ≥ 0 under the constraints in (3.7) is equivalent with the problem of
minimizing, over all φ ≥ 0, the function


F (φ) := [A φ − b ]+ ∞ ,
(3.8)
i.e. the maximum violation of the system A φ ≤ b . Moreover, if V is a target volume
and the system in (3.7) stands for
Δ − θ ≤ DjT φ ≤ Δ + θ , j ∈ V ,
with some dose Δ > 0, it is equivalent with the linear Chebyshev approximation
problem of minimizing
F (φ) := A φ − b ∞

(3.9)

with respect to φ ≥ 0 ([31]). Thus, problems with elastic constraints are closely
related to minimum norm (type) problems discussed in Sect. 3.3.
An attempt to overcome some of its limitations and to still remain in the framework of LP is provided in [82], where it is suggested to approximate a convex voxelbased objective function, as given, for instance, in Sects. 3.3 and 3.5, by a piecewise
linear function. The price for such action is that, in this way, at least K · m inequality
constraints and hence slack variables are added to the problem, where, for the numerical results, K was a number between 2 and 4. Also several authors including those of
[82] suggest LP approaches to deal with partial-volume constraints, which either are
continuous nonlinear or include binary variables. The latter approaches are discussed
in Sect. 3.5.
3.3. Linear approximation type models. The possible inconsistency of the
constraints in a LP approach to the treatment planning problem has stimulated the
study of various constrained linear approximation problems, with the aim of ﬁnding
an intensity weight vector which is nearest to the desired goals in some sense. Some
authors have considered the (squared) simple-bound constrained linear least-squares
approximation problem
min
φ≥0

q

=1

w

1
2
A φ − b 2
|V |

(3.10)

(e.g. [50], [108], [109]). Alternatively the simple-bound constrained Chebyshev approximation problem


1
A φ − b ∞
min max w
(3.11)
φ≥0 1≤≤q
|V |
has been investigated ([47]). Both problems always have a solution (cf. Remark 3.1).
However, minimum norm problems of this type can be interpreted as an attempt
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to ﬁnd an approximate solution of an overdetermined system of equations and hence
force all normal tissue volumes to receive doses closely below or above the given upper
bounds, which usually is not desirable.
The latter drawback is remedied if, for all normal-tissue volumes, one approximates zero doses with respect to the (squared) weighted l2 -norms, under homogeneity
constraints on the targets. This corresponds to a constrained linear least-squares
approximation problem of the type
Minimize


∈N

w

s.t.


1 
D() φ2
2
|V |
A φ
φ

≤
≥

b
0,

( ∈ T ),

(3.12)

where the inequality system stands for lower and upper dose bounds ([54]). The
problem in (3.12) much resembles the aforementioned simpler LP problem for the
objective function (3.4) with P := N and additional importance weights, which is
obtained if the (squared) l2 -norm in (3.12) is exchanged for the l1 -norm.
Essentially interchange of the roles of T and N in (3.12) yields the alternative
problem
Minimize
s.t.


∈T

A φ − b 22
A φ
φ

≤
≥

b
0,

( ∈ N ),

(3.13)

which has been investigated e.g. in [65] (see also the references in [49]). The matrix
inequality constraints in (3.13) typically result from upper dose bounds for healthy
volumes so that φ := 0 is feasible for the problem. Instead of the squared l2 -norm in
(3.12) and (3.13) one may also exploit the maximum norm, which for problem (3.13)
was done in [25]. Other meaningful variations of linear minimum norm problems can
be found, for example, in [49] and [87]. Especially the linear least-squares problems
with linear constraints can be written as ordinary quadratic programming (QP) problems, while (linearly constrained) problems involving the l1 - or l∞ -norm typically can
be transformed straightforwardly into LP problems ([31]), where the latter is true for
all l∞ -problems given here. Thus the l2 -problems can be solved by an algorithm for
QP or some nonlinear programming (NLP) method like a penalty type method ([54]) or
a gradient projection method ([13], [16]), while linearly constrained linear Chebyshev
approximation problems can be solved by the Simplex algorithm or an interior-point
method.
A very popular modiﬁcation of the least-squares approach in (3.10), which avoids
its drawbacks and, in the same context, likewise does include only simple-bound
constraints, is to let merely those constraints of the system in (3.3) enter the linear
approximation problem, at least for the normal-tissue volumes, which are violated
for φ (e.g. [13], [14], [16], [36], [53], [92], [105]). The resulting convex simple-bound
constrained linear least-squares type problem has the form

min
φ≥0

q


w

=1

1
F (φ)
|V |

where F equals either the quadratic function
9

(3.14)

F (φ) := A φ − b 22

(3.15)

or the piecewise quadratic function

2

F (φ) := [A φ − b ]+ 2

(3.16)

and the importance weights w ≥ 0, not all being zero, may be normalized such that
w := (w1 , ..., w )T ,

w1 =

q


w = 1.

(3.17)

=1

In medical papers a function F of type (3.15) or (3.16) entering an objective function
often is denoted as a penalty (function) for the volume V (e.g. [16]), which may
irritate optimizers, who rather associate a penalty method with this term. Typically,
the quadratic function in (3.15) is used for a PTV, like in problem (3.13), and the
piecewise quadratic function in (3.16) for each other volume (e.g. [13], [16], [36], [53],
[92]). This approach has been realized in most clinical software, e.g. in the package
KonRad of the German Cancer Research Center in Heidelberg ([18], [79]).
The least-squares type problem in (3.14) has been solved, for example, by a
scaled gradient projection algorithm ([13]), a variant of a Newton projection method
([36]), and by an active set method ([53]). Some authors also heuristically adapt
gradient type methods for unconstrained problems, like conjugate gradient methods,
to problems with constraints. Others consider a least-squares type problem including
functions of type (3.16) as an ordinary QP problem, which, however, can lead to
errors. In particular note that the function in (3.16) possesses a ﬁrst continuous
derivative on Rn , but typically is not twice continuously diﬀerentiable everywhere. (If
existence of second derivatives
is required for an algorithm, it has to be replaced by
p
F (φ) := [A φ − b ]+ p with some p > 2.)

2
Note that, if F (φ) := [A φ − b ]+ 2 is used in (3.14) for all  ∈ {1, ..., q} as
in [13], each feasible point of the related linear inequality system is a minimizer of
(3.14) with objective function value zero. Hence, in this case, the least-squares type
approach in (3.14) is distinguished from the LP feasible-point approach mentioned in
Sect. 3.2 only insofar as the types of problems motivate the use of diﬀerent algorithms
and diﬀerent measures in case the system is inconsistent.
For the LP feasible-point approach, also in [107] an algorithm is discussed which
always ﬁnds the unique feasible point for which φ2 becomes minimal. This latter
approach may be viewed as an attempt to ﬁnd a feasible point which produces a
small integral dose over the irradiated volume. Evidently, the feasible point of a
linear system having minimal Euclidean norm could also be found by solution of a
2
linearly constrained QP problem with objective function φ2 ([26]). If the squared
2
Euclidean norm φ2 in this problem would be exchanged for the maximum norm
φmax := φ∞ , serving the same goal, the problem even could be solved as a LP
problem with the additional constraints from (3.5). Observe in this connection also
that, if F in (3.14) is alternatively deﬁned by (3.9) and (3.8) respectively, i.e. if the
the maximum norm is employed rather than the squared l2 -norm, then problem (3.14)
is equivalent to the LP problem
q
1
θ
Minimize
=1 w
|V |
s.t.
A φ ≤ b + θ e ( = 1, ..., q),
(φ, θ) ≥ 0,
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with θ := (θ1 , ..., θ )T , which just is a prominent case of the LP elastic-constraints
approach from [48], [49].
Our discussion reveals that the LP and quadratic (type) approaches to the IMRT
treatment planning problem discussed up to now are closely related to each other. By
their nature all of these problems are linear in some sense and, from the computational
point of view, it may also be desirable to achieve linearity for an approach. On the
other hand, it is well-known that the response of a complex organ to radiation does
depend on the absorbed dose in a nonlinear way and therefore cannot be modelled
by linear functions straightforwardly (see Sect. 3.5). Furthermore, the linearity of an
approach normally is paid by the presence of at least one constraint for each voxel
and it is by no means clear that a LP problem with a very large number of inequality
constraints has to be preferred, for example, to a nonlinear convex problem with no
or only a small number of inequality constraints, in addition to the simple bounds
for the beamlet weights. Especially large numbers of quite similar linear constraints,
as they are generated by some discretization process (concerning the volumes here),
typically lead to very ill-conditioned constraint matrices and hence may be liable to
numerical diﬃculties at solution of such problems.
A ﬁrst natural extension of especially the model in (3.14) - (3.17) would be to
consider, for each volume V , some constraint
G (φ) ≤ 0
with some suﬃciently smooth goal function G deﬁned on a proper subset of Rn ,
where for simplicity we assume here the presence of only one goal for each volume.
Then, in generalization of problem (3.14), we arrive at the problem
min

q


φ≥0

2

=1
2

w

1
2
[G (φ)](+) .
|V |
2

(3.18)

where [ · ](+) stands for either [ · ] or [ · ]+ . This is a convex optimization problem if,
for example, G is convex in each term [G (φ)]2+ and linear else.
Remark 3.1. There is some confusion in medical papers concerning local minimizers. Especially there are some inaccuracies, concerning the following, in the much
cited paper [33], which are repeated in other papers. (See also Remark 3.2). Note that
all minimization problems, studied up to this point and preceding (3.18), are convex
problems.
Consider a convex minimization problem ’(CP )’ in Rn with a nonempty feasible set. Then each local minimizer of (CP ) also is a global minimizer or, shortly,
a ’solution’ of the problem. However, (CP ) does not necessarily possess a solution.
(Confer the problem minx∈R ex .) But, for the LP and linearly constrained QP problems of this and the previous section, existence of a solution is guaranteed if the set
of feasible points is nonempty since their objective function is bounded below by zero
on the respective feasible set (e.g. [103, p. 130]). For problem (3.14) - (3.17), the existence of a solution can be proved along the lines of the proof given for the example
case of [9].
If the solution set of (CP ) is nonempty, this is a convex set and hence either
consists of a single point or is inﬁnite. A suﬃcient condition for the existence of only
one solution is that the objective function is strictly convex (e.g. [12], [39]). Especially
the objective function related to a linear least-squares problem is strictly convex if the
matrix A, associated with such problem, has full column rank or, equivalently, if AT A
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is nonsingular (e.g. [78]). In case a problem has more than one solution, algorithms
may converge to diﬀerent solutions from diﬀerent starting points.
3.4. Multi-criteria optimization models. The choice of the weights w in
(3.14) and (3.18) respectively is quite arbitrary. Especially for a prescribed selection of
these weights, the maximum amount of a possible constraint violation for a particular
volume at a solution of the problem is not predictable and may turn out to be not
acceptable clinically. In fact, it has been reported that computed doses are extremely
sensitive to the selection of weights (e.g. [44], [69]). Therefore, by trying diﬀerent
settings of weights, one may end up in a very time-consuming trial-and-error process.
From its nature, the problem of ﬁnding a radiotherapy treatment plan is a multicriteria optimization problem (e.g. [56]) with a ﬁnite number of well-deﬁned objective
functions. Such a problem is associated with a manifold of solutions, the (Edgeworth-)
Pareto minimal points, which refer to the diﬀering importance that may be given to
the single objectives. These Pareto minimizers are closely related to minimizers of the
scalar optimization problem in (3.14) which are obtained for diﬀerent weights w ≥ 0.
Especially, if the F ( = 1, ..., q) are any convex functions, a solution of problem (3.14)
for a given weight vector w ≥ 0 with w1 = 1 is a Pareto minimizer of the problem associated with the q objectives F , and, conversely, each properly (Edgeworth-)
Pareto minimal point of that problem solves problem (3.14) for some weights w > 0
with w1 = 1 ([56, p. 299]). The determination of Pareto minimizers via such scalar
optimization problem is known in the framework of multicriteria optimization as the
weighted sum approach. In practice, it requires the solution of a ﬁnite set of optimization problems as in (3.14), generated for a proper discrete set of weight vectors w ≥ 0
with w1 = 1. Typically either all solutions for a uniform grid of weights in [0, 1]q
are oﬀered to the decision maker or the solution of the scalar problems is accompanied
by some decision process, according to which irrelevant solutions are ignored and a
suitable solution is extracted for use.
Several authors have recently studied multicriteria weighted sum approaches for
radiotherapy treatment planning. In [110] the problem in (3.10) is studied in a multicriteria setting and the obtained plans are evaluated by a dose volume histogram
function. Another approach of this type is discussed in [59] for
 1 
 1 


D() φ − Δ e2 + w2
D() φ2
2
2
|V |
|V |
∈T
∈N T
2

1 


+
w3,
 D() φ − Δ e +  ,
|V |
2

F (φ) : = w1

(3.19)

∈O

where the Δ are reference doses and T , O, and N T are the index sets of all volumes
representing PTVs, OARs, and the remaining normal tissues respectively. (It is not
clear to us whether, in [59], one common objective function is taken for all OARs or
whether one function is chosen for each single OAR.) Solutions are computed for all
weights w ≥ 0 on a uniform mesh in [0, 1]2+|O| so that the number of mesh points
determines the number of problems to be solved. Before, in [32], each OAR had
been weighted separately, but the computation time needed for more than 3 goals in
total had been found too large. Thus, if there exist signiﬁcantly more than 3 goals
in such type of approach, some of the goals for OARs have to be combined in one
objective function. The latter, however, has to be seen critical since, for example,
diﬀering distances of OARs from PTVs may require a more subtly diﬀerentiated
action. (Compare e.g. the example case of Sect. 6 and those in [9], which include up
12

to 25 goals for head-and-neck cancer cases).
The scalar problem of minimizing the convex function in (3.19) subject to the
simple bounds φ ≥ 0 could be solved, for example, by some gradient projection
method. In order to arrive at an unconstrained optimization problem, the authors
of [32] and [59] recommend instead, to replace the weights φk by weights ψk2 := φk .
However, this transformation may have consequences concerning the convergence of
the used algorithm ([39, p. 147]) and, what is not mentioned, transforms the convex
problem into a nonconvex one so that nonglobal local minimizers have to be discussed.
(The function f (x) := (x − a)2 with some a > 0 is convex, but g(y) := (y 2 − a)2 is
not.) Then the nonconvex problems are solved by a conjugate gradient method ([32])
and the limited memory BFGS method (e.g. [78]) respectively. Note at this point
that several authors use (quasi-) Newton type methods which directly or indirectly
need second derivatives, though these do not exist in all points, for example, when
2
functions including expressions of type [ · ]+ 2 are used. But such action is known
to possibly lead to very slow convergence ([91]), as the iteration numbers reported in
[59] also seem to indicate.
In [44] a linear multicriteria weighted sum approach is studied using elastic constraints (see Sect. 3.2), where the allowed maximum violations of the constraints for
the various structures form the objectives. The approach is combined with a strategy
to ﬁnd a certain representative subset of Pareto solutions rather than to compute
solutions for all weights vectors in a grid of [0, 1]q , and some numerical experiments
are presented.
A more sophisticated multicriteria optimization approach, which requires the solution of optimization problems including constraints on the various goals, is developed
in [19] and [97]. The aim again is to ﬁnd suitable representatives of the set of Pareto
minimizers, where the total number of problems to be solved does depend only on
the number q of goals (which, as is said, should not exceed about 6) and not on the
chosen ﬁneness of a mesh. This approach also makes use of the EUD model (see
Sect. 3.5) where, for the numerical realization, the lp -norm, 1 < p < ∞, on the dose
in the EUD function ([76]) is replaced by a suitable convex combination of the l1 - and
l∞ -norm ([99]). This replacement has the advantage of leading to LP problems, but
for the price that a single nonlinear convex constraint for a volume V is exchanged
by |V | linear constraints. Strategies to reduce the large number of linear constraints
are implemented and numerical experiences with the total approach are reported.
The authors of [83] discuss a unifying framework providing conditions under which
multicriteria optimization problems including well-known nonconvex treatment planning criteria can be transformed into problems with convex criteria, having the same
set of Pareto minimizers.
3.5. Nonlinear conditions. The LP and similarly the linear approximation
type models for IMRT considered up to this point are merely based on physical criteria, i.e. on measurable physical quantities as volumes and doses. It has been observed
by a number of authors that such approaches have serious limitations (see e.g. the
discussions and references in [21], [71], [104], [106]). They take the biology of radiation into account only insofar as they try to avoid critical structures, but they do
not adequately model the responses of healthy and tumorous tissues to radiation,
which behave neither linearly nor quadratically. The sensitivity of a healthy organ
to radiation does not simply depend on the maximum dose absorbed by some of its
volume elements, but rather on the total dose distribution in the organ. Moreover,
for example, a cold spot, i.e. a small underdosed volume, in a target may not much
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inﬂuence a quadratic objective formed by the diﬀerences of desired and actual doses,
but may signiﬁcantly reduce the tumor control probability.
Therefore the insertion of biological considerations for both dose prescriptions
and the rules for control of their violation has been proposed (e.g. [17], [22], [40], [71],
[72], [81]), and alternative biological optimization models, which respect the dose responses of the diﬀerent tissues and the response to inhomogeneous dose distributions,
have been developed (e.g. [3], [5], [8], [9], [42], [58], [100]). Biological conditions are inherently nonlinear so that their direct implementation necessarily leads to large-scale
nonlinear convex or nonconvex optimization problems. Naturally, these may have
multiple local minimizers, but almost always useful ones seem to have been found
(see [14], [33], and [85] for studies in this connection).
Several authors have studied objective functions in an optimization model, representing normal tissue control probability (NTCP) and tumor control probability
(TCP). The authors of [100] optimize, by some gradient technique, an objective function including both probabilities and dose-volume criteria in addition. In [41], which
integrates earlier results from [42], [43], [89], and [90], various formulations of optimization problems with biologically motivated linear constraints and a nonlinear
objective function have been studied, including the probability of uncomplicated tumor control P+ := PB − PB∩I as an objective function, where PB is the probability of
tumor control and PB∩I is the probability of simultaneous tumor control and severe
normal-tissue complications. For the solution of these (by today’s standards relatively
small) problems, several algorithms based on an augmented Lagrangian approach have
been compared with a Sequential Quadratic Programming (SQP) method, where it
was found that the augmented Lagrangian approach, combined with a limited memory BFGS method, was the most favorable method. In [53] a probability function
P− := 1 − P++ was minimized under the constraints φ ≥ 0 by an active set method,
where P++ is taken from [1] and similar to P+ (see the discussion in [41]). However,
it has been remarked that these types of probability functions “are simplistic, and the
data they rely on are sparse and of questionable quality ([100])”.
The authors themselves favor use of the logarithmic tumor control probability
(LTCP)
LTCP(φ; V, Δ, α) :=

1 
exp(−α (DjT φ − Δ))
|V |

(3.20)

j∈V

for each PTV V as objective function ([9]), where Δ > 0 is the total dose requested
for V and α > 0, related to cell survival, is the only biological constant needed .
Minimization of this convex function is equivalent to the maximization of the TCP
function (see [74])


1
T
exp −
exp(−α (Dj φ − Δ)) .
|V |
j∈V

Without suﬃcient prevention, e.g. adequate dose bounds on the normal tissue
volumes, minimization of the LTCP could result in a prohibitively high dose in the
targets (as is criticized in [49, p. 4-25]). Therefore, for each PTV V , the authors use
a quadratic overdosage penalty (QOP) constraint of the type
QOP(φ; V, Δ, δ) :=

1  T
[Dj φ − Δ]2+ − δ 2 ≤ 0,
|V |
j∈V
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(3.21)
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Fig. 3.1. Cumulative DVH of a rectum in a prostate example case. Four DV constraints were
set for the optimzation: (40 Gy/50%), (60 Gy/30 %), (70 Gy/10 %), (75 Gy/ 5%). Each constraint
ensures that no more than y % of the organ volume receive more than x Gy dose. The treatment
dose of the prostate was 84 Gy.

where δ > 0 is a given bound. Such a constraint prevents an excessively high dose
in V and simultaneously allows a mild mean violation of the acceptable dose Δ in V
by some δ. A constraint of this type is also applied to permit a certain overdosing
of some volume V neighboring a PTV, since a sharp dose drop from the PTV to V
is not realizable physically. Note that the function QOP( · ; V, Δ, δ) is once but not
twice continuously diﬀerentiable everywhere so that the power 2 in QOP has to be
increased by at least one if second derivatives of functions are needed in an algorithm.
In this connection observe that an underdosage in some voxels of V for a solution
of some optimization problem, involving a term as in (3.20) in its objective function,
would lead to positive powers in the exponential function and hence tends to aﬀect
the objective function value considerably more than in case of a quadratic (type)
function. This observation implies intuitively, though not rigorously, that using an
additional minimum dose constraint for V as in (3.2) would not signiﬁcantly increase
the actual minimum dose attained in such a program. Therefore, like other authors,
we avoid the implementation of lower dose bounds since they may cause infeasibility
of the program and hence diﬃculties for algorithms. In either case, when cold spots
are detected in a target or if a system of constraints turns out to be inconsistent, the
original treatment goals need to be reconsidered and modiﬁed.
It has been generally accepted that, for each involved critical parallel organ (lung,
parotid gland, kidney, etc.), an optimization model should reﬂect the property that a
certain percentage of such organ can be sacriﬁced without too serious consequences for
the patient, if this is of advantage for the overall treatment. Thus, instead of merely
pursuing the goal for a particular parallel OAR to stay below an upper dose bound,
the model should provide a solution exhibiting an acceptable dose distribution for this
organ in regard to the dose versus the percentage-of-volume. Such a relationship can
be depicted in a cumulative dose-volume histogram (DVH) and is typically considered,
in combination with other criteria, to evaluate the quality of a treatment plan.
In this connection many authors start from an ideal clinical DVH curve and intend
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to produce dose distributions which match these inherently nonlinear curves at least
in one or multiple points. Constraints in a model which are designed for this purpose
are often denoted as dose-volume (DV) constraints (see Fig. 3.1 and e.g. [41, p. 32]
for a summary of the application of such constraints).
Some authors suggest the inclusion of certain linear DV constraints to remain
within a LP framework. In [73] it is proposed to form several ’collars’ around a target
and to ﬁx an upper dose-bound constraint of type (3.1) for each such neighborhood,
where the dose bound is decreasing with increasing distance from the target and
the thickness of the collars is determined by the percentage of volume elements which
shall be below the given bound. This procedure is modiﬁed for IMRT in [46] where, in
addition to the distance from the target, a heuristics concerning the expected number
of beamlets meeting a structure is utilized in order to select the voxels related to
a certain dose bound. A new type of linear constraints which is derived from a
technique used in ﬁnance and bounds the tail averages of DVHs is proposed in [82],
but entails a number of artiﬁcial variables proportional to the number of voxels of the
respective structures. While in these approaches the LP program remains unchanged
during the iteration process, the authors of [69] employ dose bounds as in (3.1) for
subvolumes of a particular structure and make use of sensitivity information to adapt
the respective voxel sets in each iteration, in case DVH requirements are not satisﬁed
for the current solution. A dynamic adaptation of such linear bounds is also applied
in [52] in combination with a least-squares objective function for the PTVs. However,
it is not clear whether these latter procedures always converge to a desired solution.
Another technique of respecting DV conditions, which is applied by some authors
and was developed in [18] in connection with the least-squares type problem (3.14) (3.17) discussed above, is to check at each iteration whether the current solution meets
a particular DVH speciﬁcation, and to else add a ’penalty’ w [DjT φ − Δ]2+ for certain
j ∈ V to the objective function, like, for example, for all or some of those voxels
which exceed a desired dose Δ, assuming that the number of these voxels is greater
than a permitted number (e.g. [88], [92]). Diﬀering from that, in [29], a continuous,
though not everywhere diﬀerentiable, linear-quadratic ’penalty’ function deﬁned on
the total respective volume is added to a least-squares function for the PTVs, where
this penalty is multiplied by a factor depending on the current fraction of the structure
surpassing a required dose. Similarly, in [28], a least-squares error function is adapted
properly in each iteration so that a sequence of least-squares approximation problems
is solved. Hence, in these approaches the objective functions of the optimization
models are redeﬁned during the iteration process, and it is not clear to what point
such process converges, in case it converges at all.
The authors of ([70]) extend the feasible-point idea (see Sect. 3.2) to include a
new type of (nonconvex) quasi-convex DV constraints and report satisfying results for
an algorithm, which has originally been designed for solution of the convex feasibility
problem only.
Though we intend to concentrate on continuous optimization models, we would
like to point out that a mathematically rigorous description of pointwise DV constraints is to assign a binary variable to each element of the respective volume, depending on its dose level, and to combine a dose-bound constraint, including these
new variables, with an additional constraint that only allows a desired percentage of
these binary variables to be 1 (e.g. [11], [60], [63], [69]). In this way, tens or hundreds
of thousands of binary variables are added to the continuous variables so that, by
the increased complexity, the total treatment model needs to remain linear and much
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energy has to be spent in regard to a suitable dealing with such very large-scale MILP
problems.
Objections to the discussed pointwise DV conditions are that it cannot be anticipated how many of such conditions are needed so that an obtained solution produces
a desired DVH curve. Also the prescription of an ideal DVH curve may entail a signiﬁcant loss of freedom in the search space, since usually several DVHs have to be
considered and curves with a modiﬁed shape may still lie inside the tolerance and
result in an overall improvement for the patient. On the other hand, trial-and-error
procedures in this respect are very time consuming. In addition, some of the approaches, at which deﬁnitions of objective functions or constraint sets are altered
during the performance of an algorithm, lack a rigorous mathematical convergence
analysis and are therefore uncertain concerning their outcomes.
The direct translation of a dose-versus-percentage constraint into a continuous
mathematical condition, however, is known to lead to a nonlinear constraint. We
apply especially the partial volume (PV) constraint
PV(φ; V, Δ, p, ζ) :=

1
1  ( Δ DjT φ)p
−ζ ≤0
1
|V |
1 + (Δ
DjT φ)p
j∈V

(3.22)

for a parallel OAR V with some constant ζ ∈ (0, 1) (for details see [3], [5], [55]).
For example, in relation to our example case in Sect. 6, the data Δ := 20, p := 3,
and ζ := 0.1 for the right parotid gland express that, at a dose of 20 Gy, a volume
element of this organ loses 50 % of its function (e.g. production of saliva) and that at
most 10 % of the total function of the organ may be lost. The constraint in (3.22) is
formed by the sigmoidal function σ(x) := xp /(1 + xp ), which has a relatively smoothly
increasing step and hence oﬀers some freedom concerning the dose distribution in
V . (Alternative experiments with the sigmoidal error function can be found in [81],
[87].) Note in this connection that constraints of type (3.22) can also be utilized to
obtain continuous pointwise DV constraints as discussed above, when the step of the
sigmoidal function is contracted and the function equals 0 left and 1 right from some
properly chosen small step interval ([100]).
In contrast to conventional radiation therapy, IMRT normally leads to nonuniform dose distributions in organs. Niemierko ([76]) has introduced the (generalized)
equivalent uniform dose (EUD)
⎫1/p
⎧
⎬
⎨ 1 
(DjT φ)p
⎭
⎩ |V |

(3.23)

j∈V

as a model for a biologically permissible nonuniform dose distribution in a volume V
which, in regard to the irradiation response, is comparable to an uniform distribution
of dose Δ. In this function, p ∈ Z is some tissue-speciﬁc power, which is negative for
PTVs and positive for OARs. Note that for p = 1 the function in (3.23) becomes
the mean dose and for p = ∞ the maximum dose for V , both used above. The EUD
concept has by now been widely accepted, especially for serial organs, i.e. the spinal
cord, nerves, and all other structures that can be seriously damaged by a high dose in
a small spot. It has been observed that the use of the EUD model can lead to greater
normal tissue sparing, compared to merely dose-based optimization ([106]). “Inverse
planning based on the probabilities of tumor control and normal tissue complication
remains the ultimate goal, and the uniform dose is a step in this direction ([98])”.
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The EUD concept has been applied for optimization especially in [9], [19], [99],
[82], [97], [98], [104], and [106]. Especially the authors of [106] investigate an objective
function which makes use of the EUD model for tumors as well as normal tissues. The
resulting nonconvex function is minimized by an (unspeciﬁed) gradient technique. In
[104], the EUD based model is combined with a dose-volume approach to further
improve the treatment plans. The recent convex approach from [97], [98] employs
an upper bound on the EUD as an optimization constraint for all OARs and PTVs
and a lower bound on the EUD of the PTVs. In this way some convex constraint
set is obtained and a quadratic least-squares error function, which is adapted in each
iteration similarly as it has been suggested in [18] for DV constraints (see above), is
minimized over this set by a componentwise Newton method which is combined with
a projection technique.
We ourselves employ an EUD constraint of the type
EUD(φ; V, Δ, p, ε) :=

1  1 T p
( Dj φ) − εp ≤ 0
|V |
Δ

(3.24)

j∈V

for each serial OAR V only, where Δ > 0 is some given dose, ε > 0 a given constant,
and p ≥ 1 some tissue-dependent power ([9]). For instance, in the optimization
problem of the example case in Sect. 6, we include an EUD constraint for the spinal
cord with the settings Δ := 28, p := 12, and ε := 1. This constraint eﬀects that
only a tiny excess of 28 Gy is allowed for fractions of this organ, with the extent of
overdosage depending sensitively on the size of the volume in which it occurs. Note
that a single convex constraint as in (3.24) normally replaces the |V | constraints which
enter a program if an upper dose bound as in (3.1) is set for V .
The functions LT CP , QOP , and EU D are nonquadratic convex and the function
P V is nonconvex. Moreover, in this ideal description concerning the beamlet weights
(see [9] for this), the zero vector is feasible for the respective constraints. Therefore use
of these functions leads to a feasible convex or, if the irradiation of e.g. parotid glands
and lungs is to be controlled, nonconvex optimization problem with suﬃciently smooth
functions in n variables. Technical limitations of a MLC may enforce additional
constraints on the weights which have to be included in the program (see [6], [7] for
examples). However, in contrast to, for example, LP models, the total model involves
rarely more than 15 − 20 constraints. Finally, in view of the possible nonconvexity of
a problem, we would like to mention that we have never found useless ’solutions’.
The resulting nonlinear optimization problems are solved by a modiﬁcation of
a recent barrier-penalty multiplier method ([9]) and combined with a suitable sensitivity analysis (see [4] and the following section). Our algorithm has shown to need
relatively small execution times also for high dimensional problems in, by now, several
hundred clinical examples. Both, the algorithm and the sensitivity analysis, are also
implemented in the software package HYPERION, which has been developed at the
University Hospital in Tübingen and is already used in daily clinical routine in several
hospitals in Germany and the USA.
Remark 3.2. In medical papers, it is sometimes not recognized that an optimization problem is convex and that, for a convex problem, each local minimizer also is
a global minimizer. Instead, the existence of nonglobal local minimizers seems sometimes to be regarded as a property of certain algorithms like gradient type methods, and
local solutions with diﬀering objective values, which have been obtained by diﬀerent algorithms or by the same algorithm but for diﬀerent starting points, are debated also
for convex problems. The observation of multiple ’solutions’ with distinct objective
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values, however, seems to be rather caused by the heuristic nature of the respective
algorithm(s) so that convergence to a global minimizer is not guaranteed, and/or by
the fact that the initial optimization problem is altered during the iteration process,
since an objective function or the constraint set is adapted at each iteration.
It is also often not recognized that, for standard descent algorithms, convergence
is proven, under suitable assumptions, only to a point which satisﬁes the ﬁrst-order
necessary optimality conditions of the problem. Thus in the worst case, applied to a
nonconvex problem, a descent algorithm may get trapped in a point that is not a local
minimizer, e.g. in a saddle point in case of an unconstrained problem. This argument
especially applies to a strongly quasiconvex objective function, as discussed in [33]. If
such function possesses a local minimizer, this also is the unique global minimizer,
but a strongly quasiconvex function can also have saddle points ([10, p. 113]) and no
local minimizer at all, which both is not respected in [33]. Consider, for example, the
strongly quasiconvex functions f (x) := x3 and f (x) := x3 (x + 1).
4. Sensitivity analysis. In clinical routine, the initially provided dose distribution framework, which is needed for the development of a treatment plan, often is too
optimistic so that an obtained solution may turn out to be inacceptable. The relaxation of bounds on the other hand can result in serious consequences for the patient
and therefore has to include the considerations of physicians. For that, as we show in
this section, the physicians can be supported by a standard sensitivity analysis for a
solution of our optimization model for IMRT treatment planning.
Let f : Rn → R be the objective function and gi (φ) ≤ δc be some constraint of
the problem. Furthermore let φ∗ (0) be the solution of the problem for δc = 0 and let
λ∗i ≥ 0 be the related Lagrange multiplier. Next consider f as a function depending on
δc, i.e. as f (φ(δc)). Then, under suitable assumptions and for |δc| suﬃciently small,
the optimization problem has a local minimizer φ∗ (δc) and
∂f ∗
(φ (δc))δc=0 = −λ∗i
∂c
(see [12, p. 315]). Thus, for some small perturbations δc one arrives at
f (φ∗ (δc)) − f (φ∗ (0))
≈ −λ∗i ,
δc

(4.1)

saying that a relaxation of the inequality constraints with the largest multipliers cause
the largest local changes of the optimal objective function value.
In case the objective function f equals the LTCP of a single target V , i.e. if
f (φ) :=LTCP(φ; V, Δ, α) for some prescribed dose Δ, the change in the optimal value
of the problem by a small relaxation of an inequality constraint can also be translated
into a change of the EUD in V , which is a more signiﬁcant number for the physicians.
The EUD for the dose distribution in V , diﬀering from the function in (3.23) which
sometimes is denoted as the generalized EUD, is deﬁned by
⎧
⎫
⎨
⎬

1
1
E(φ; V, α) := − log
exp(−α DjT φ)
⎩ |V |
⎭
α
j∈V

([75]) and, in the assumed case, can be written as
E(φ; V, α) = −

1
log {f (φ) exp(−αΔ)} .
α
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Thus, in this case, the change of the EUD in the target
δEUD := E(φ∗ (δc); V, α) − E(φ∗ (0); V, α)
aﬀected by a constraint perturbation δc is given, with (4.1), approximately by
1
[log {f (φ∗ (0)) − λ∗i δc} − log {f (φ∗ (0))}]
α


1
λ∗i δc
= − log 1 −
.
α
f (φ∗ (0))

δEUD ≈ −

Note in this connection that, ideally, f (φ∗ (0)) would equal 1.
The advantage of the application of a sensitivity analysis as described is that
it guides the decision making on the part of the expert in regard to the bounds
which need to be relaxed to achieve the desired target dose. This leads to both an
elimination of a fruitless trial-and-error process and, typically, to the relaxation of
only one or few bounds in a program, while all others can be kept. Also, for the
treatment planning model of the authors, the biological interpretation of such change
of bounds is immediate, for example, if the percentage of a volume to be sacriﬁced
in the worst case is raised from 30 % to 40 %. This is quite diﬀerent for least-squares
type or multicriteria approaches where the eﬀect of a change of desired dose bounds,
percentages of a volume, or importance weights for one volume cannot be foreseen
and may eﬀect the outcomes for all volumes.
5. Intensity modulated proton therapy. It has been proposed about 60
years ago, that irradiation with beams of protons or heavy ions, would often be a better
tool for cancer treatment than conventional irradiation with photons. In contrast to
photons, which deposit the maximum dose at the beginning of their path through the
body, protons deliver the maximum dose brieﬂy before they stop and only relatively
little before and almost none behind this point (see Fig. 5.1).
The depth of the Bragg peak, i.e. the position of maximum dose deposition, is
directly correlated to the energy of the incident particles and can be tuned precisely.
Hence, by modulating the kinetic energy of the particles and the beam intensities,
i.e. the exposure times of the beams, one can generate a nearly homogeneous SpreadOut Bragg Peak (SOBP) in the direction of the beam. This can be performed with
passive scattering techniques, where the proton beam passes through rotating devices
of angularly variable thickness which reduce the particle energy for an appropriate,
ﬁxed fraction of the rotation time. In contrast, in intensity modulated proton therapy
(IMPT), the exposure time of the proton beam for every scanning position and every
beam energy is a free variable. This technique is also called spot-scanning (SC) which
highlights the fact that the irradiated volume is covered by Bragg peaks of narrow
beams that are scanned in 3 dimensions (two lateral deﬂections and the depth via the
particle energy).
Experience and small-scale case studies show that, compared to conventional
photon radiotherapy, proton therapy normally leads to similar results in terms of the
targets, but may yield some or much improvement concerning the OARs. Considerable
improvement, however, may be reached in regard to the total dose administered to
the patient. (In the case study of [77] it has been reduced with the spot scanning
technique by about 46 %.) The latter fact is relevant especially when children have
to be irradiated.
For a long time, however, the technical problems and costs to perform irradiation
with protons and other heavy charged particles have been prohibitive, at least for
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Dose

Depth [cm]
Fig. 5.1. Schematic depth dependence of 6MV photons (solid line), a proton beam at ﬁxed
energy (solid ﬁlled curve), and a superposition of proton beams of various energies (thin lines)
yielding a SOBP, where the dose is represented in arbitrary units.

an application on a large scale. During the last 10 years, however, especially the
Paul Scherrer Institute (PSI) in Villigen, Switzerland, has reached much progress
in this respect and developed the SC technique to clinical applicability ([66], [67]).
The recent success with proton therapy also has led to the development of cyclotrons
exclusively for proton therapy, while, in the past, the cyclotrons needed for the proton
acceleration had been constructed primarily for research in atomic physics and not
for medical applications. Several dedicated proton sites will go into operation in the
near future.
Treatment planning tools for proton therapy are not that far developed yet as
in case of conventional therapy with photons. However, the optimization models discussed earlier in this paper can be straightforwardly transferred to the SC technique.
In contrast to IMRT, where the intensities of beamlets that depend on two parameters (the position in the ﬁelds) are optimized, for IMPT with the SC technique the
intensities of beamlets that depend on 3 parameters (position in the ﬁelds and particle
energy) need to be determined. On the other hand, due to the favorable properties
of protons, irradiation of a patient is performed normally only from 2 or 3 directions.
In total, the optimization model has the same appearance as for IMRT. Merely the
dose matrix D := (djk ) is computed diﬀerently and, has a considerably larger number
of columns because of the third dimension of beamlet variability. In this context it is
remarkable that an obtained proton beam intensity proﬁle can be realized directly up
to some negligible deviations so that, in contrast to IMRT, no translation into MLC
openings is needed.
Optimization problems for IMPT with the SC technique can have 40, 000 variables
and more. This fact and the newness of the method explain why only very few
references can be found commenting on an optimization model and algorithms for
IMPT treatment planning. In [66] application of a least-squares approach is reported,
which is said to be similar to the one used in [51] and [16] (which is not purely leastsquares, see Sect. 3.3) and is known as a method for image reconstruction e.g. in
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computer tomography. The authors of [77] employ the least-squares type approach
from [14] and [79] which has also been implemented in the software package KonRad
(see Sect. 3.3). In the following we show that our approach and algorithm from [9]
can also be successfully applied to IMPT.
6. Example case. The patient of our example case was an 11 years old boy
having a rhabdomyosarcoma, which reached from the interior of the lower jaw to
the base of the skull. Irradiation of the patient by conventional radiotherapy was
impossible since the tumor had inﬁltrated the second vertebra and because of the
proximity of the tumor to the optic chiasm, optical nerves, and the brain stem. The
decision was made to irradiate the vertebra with 36 Gy to avoid unilateral growth
inhibition and simultaneously spare the spinal cord. The volume of gross tumor was
treated to 57.6 Gy, the volume of suspected microscopic expansion to 48.6 Gy. The
organs at risk (chiasm, optical nerves, eyes, spinal cord, brain stem) were deﬁned with
a 3 mm margin for setup errors, and a dose reduction in the overlap of the optical
chiasm and the PTV was accepted.
The constraints of the optimization model are of the type introduced and explained in Sect. 3.5. In total, constraints for 12 volumes, denoted together with them,
entered the optimization model. Especially V1 is the gross tumor volume (GTV),
i.e. the solid tumor, V2 ⊇ V1 is the clinical target volume (CTV), which is the GTV
together with a margin in which tumor cells are suspected, and V3 ⊇ V2 is the planning target volume (PTV) which adds a safety margin to the CTV, in order to respect
small movements of the patient and other inaccuracies. The optimization model had
the following form, where “V ± 5 mm” means that an area of 5 mm width was added
or subtracted respectively from V . In particular, the remaining volume “V12 − 5 mm”
consists of the entire head and neck not otherwise classiﬁed as organ at risk or target
volume, with an additional margin of 5 mm around all targets.

Min. LTCP(φ; V1 , 57.6, 0.25) + LTCP(φ; V2, 48.6, 0.25)
s.t.

+ LTCP(φ; V3 , 36, 0.25)
QOP(φ; V1 , 57.6, 1)

≤0

(GTV),

QOP(φ; V2 \V1 , 57.6, 0.2)
QOP(φ; V2 \(V1 +5 mm), 48.6, 1)

≤0
≤0

(CTV),
(CTV),

QOP(φ; V3 \V2 , 48.6, 0.3)
QOP(φ; V3 \(V2 +5 mm), 36, 1)

≤0
≤0

(PTV),
(PTV),

EUD(φ; V4 , 8, 12, 1)
EUD(φ; V5 , 14, 12, 1)

≤0
≤0

(right eye),
(left eye),

EUD(φ; V6 , 40, 12, 1)
EUD(φ; V7 , 28, 12, 1)

≤0
≤0

(optic chiasm),
(r. optical nerve),

EUD(φ; V8 , 40, 12, 1)

≤0

(l. optical nerve),

EUD(φ; V9 , 28, 12, 1)
EUD(φ; V10 , 28, 12, 1)

≤0
≤0

(spinal cord),
(brain stem),

PV(φ; V11 , 3, 20, 0.1) ≤ 0
QOP(φ; V12 −5 mm, 30, 0.1) ≤ 0
φ
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≥ 0.

(right parotid),
(remaining vol.),

Fig. 6.1. Transversal section close to the base of skull of the example case. Left, IMRT; right,
IMPT. The isodoselines correspond to 25%, 50%, 60%, 70%, 95%, 112.5% of the prescription dose
to the CTV of 48.6 Gy.

For the image processing, 112 computer tomographic slices with 3 mm spacing
had been generated. A 18 × 21 × 33 cm3 box was irradiated and the size of a volume
element was 2 × 2 × 2 mm3 so that the total number of volume elements amounted
to about m = 1, 600, 000, of which about 50 % belonged to the patients body. For
the application of IMRT, 7 radiation ﬁelds were used, partitioned in ﬁeld elements
of 10 × 2 mm2 size. The number of ﬁeld elements and beamlets respectively totalled
to n = 3, 727 so that each ﬁeld had about 532 elements on average. In contrast to
that, for IMPT, only 2 beam directions were chosen. The beams were scanned over
a 3 × 3 × 2.4 mm3 grid (x × y × energy), resulting in n = 47, 043 proton spots, where
the number of the spots equals the product of the number of beam directions and
of those grid points of the scanning grid which belong to the PTV. The maximum
proton energy needed to cover the PTV was 138 MeV.
Results
# outer iterations:
# inner iterations:
average # inner iterations per outer iteration:
# obj. function evaluations for step size:
average # obj. function evaluations:
CPU time (minutes:seconds):
Table 1

IMRT
3
148
49
1, 413
10
5 : 41

IMPT
6
274
46
2, 595
9
10 : 51

The optimization problem was solved with the algorithm introduced in [9]. Some
characteristic numbers for its performance are listed in Table 1. The CPU times
refer to a XEON 2.66 processor. The given results show the typical behavior of the
algorithm. The average sizes of a set of 127 clinical problems and the average iteration
numbers for their solution in case of IMRT can be found in [9].
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