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Abstract

We study analyticity, differentiability, and semismoothness of Léwner’s operator and
spectral functions under the framework of Euclidean Jordan algebras. In particular, we
show that many optimization-related classical results in the symmetric matrix space
can be generalized within this framework. For example, the metric projection operator
over any symmetric cone defined in a Euclidean Jordan algebra is shown to be strongly
semismooth. The research also raises several open questions, whose solution would be
of general interest for optimization.

1 Introduction

We are interested in functions (scalar valued or vector valued) associated with Euclidean
Jordan algebras. Details on Euclidean Jordan algebras can be found in Koecher’s 1962
lecture notes [23] and the monograph by Faraut and Korédnyi [14]. Here we briefly describe
the properties of Euclidean Jordan algebras that are necessary for defining our functions.
For research on interior point methods for optimization problems under the framework of
Euclidean Jordan algebras, we refer to [15, 45] and references therein, and for research on
P-properties of complementarity problems, see [19, 53].

Let F be the field R or C. Let V be a finite-dimensional vector space over F endowed
with a bilinear mapping (z,y) — x-y (product) from V x V into V. The pair A := (V,.) is
called an algebra. For a given x € V, let L(x) be the linear operator of V defined by

L(x)y:=x-y foreveryyeV.

An algebra A is said to be a Jordan algebra if, for all z,y € V:
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i) z-y=y-

2 2

(i) z- (2% -y) =22 (z - y), where 22 := x - x.

For a Jordan algebra A = (V,-), we call z -y the Jordan product of z and y.

A Jordan algebra A is not necessarily associative. That is, - (y - 2) = (x - y) - z may
not hold in general. However, it is power associative, i.e., for any x € V, 2" - 2% = 2"+ for
all integers r,s > 1 [14, Theorem 2]. If for some element e € V, z-e = e -z = zx for all
x €V, then e is called a unit element of A. The unit element, if exists, is unique. A Jordan
algebra A does not necessarily have a unit element. In this paper A = (V,.) is always
assumed to have a unit element e € V. Let F[X] denote the algebra over F of polynomials
in one variable with coefficients in F. For z € V, define F(z) := {p(x) : p € F[X]} and
J(x) :=={p € FX] : p(x) =0}. (F(z),-) is a subalgebra generated by = and e and J(x) is
an ideal. Since F[X] is a principal ring, the ideal J(x) is generated by a monic polynomial
which is called the minimal polynomial of = [23, p.28]. For an introduction on the concepts
of rings, ideals and others in algebra, see [29, 55].

For z € V, let {(z) be the degree of the minimal polynomial of z, which can be equiva-
lently defined as

C(z) :=min{k : {e,x,2% ..., 2"} are linearly dependent }.

This number is always bounded by dim(V), the dimension of V. Then the rank of A is well
defined by
r:=max{((z) : z€V}.

An element = € V is said to be reqular if ((z) = r. The set of regular elements is open
and dense in V and there exist polynomials aj,as,...,a, : V — F such that the minimal
polynomial of every regular element x is given by

t"—ay (@)t Fag() T 4+ (=1)"a, ().

The polynomials ai,as,...,a, are uniquely determined and a; is homogeneous of degree
j, ie., aj(ty) = tVa;(y) for every t € Fand y € V, j = 1,2,...,r [14, Proposition 11.2.1].
The polynomial t" — ay(z)t" ' + ag(z)t"2 + --- + (=1)"a,(z) is called the characteristic
polynomial of a regular x. For a regular x, the minimal polynomial and the characteristic
polynomial are the same. Since a; are homogeneous polynomials of x and the set of regular
elements is open and dense in V, the definition of a characteristic polynomial is extendable
to all x € V. We call tr(z) := a;(x) and det(x) := a,(z) the trace and the determinant of
x, respectively.

A Jordan algebra A = (V,-), with a unit element e € V, defined over the real field R is
called a Fuclidean Jordan algebra, or formally real Jordan algebra, if there exists a positive
definite symmetric bilinear form on V which is associative; in other words, there exists on
V an inner product denoted by (-, )y such that for all z,y,z € V:

(iii) (z-y,2)v = (y,z - 2)v.



A Euclidean Jordan algebra is called simple if it is not the direct sum of two Euclidean
Jordan algebras. Every Euclidean Jordan algebra is, in a unique way, a direct sum of
simple Euclidean Jordan algebras [14, Proposition I11.4.4].

Here is an example of (simple) Euclidean Jordan algebras. Let S™ be the space of m xm
real symmetric matrices. An inner product on this space is given by

(X,Y)gm = Tr(XY),

where for X, Y € S, XY is the usual matrix multiplication of X and Y and Tr(XY') is the
trace of matrix XY. Then, (S™,-) is a Euclidean Jordan algebra with the Jordan product
given by

X Y=-(XY+YX), X,Y eS™.

1
2
In this case, the unit element is the identity matrix I in S™.

Recall that an element ¢ € V is said to be idempotent if ¢> = c. Two idempotents ¢ and
q are said to be orthogonal if ¢ - ¢ = 0. One says that {c1,ca,...,c,} is a complete system
of orthogonal idempotents if

k

G=cj, ¢ei=0ifj#i,5i=12...,k and ) ¢ =e.
j=1

An idempotent is said to be primitive if it is nonzero and cannot be written as the sum of two

other nonzero idempotents. We call a complete system of orthogonal primitive idempotents

a Jordan frame. Then, we have the following important spectral decomposition theorem.

Theorem 1 ([14, Theorem II1.1.2]) Suppose that A = (V,-) is a Euclidean Jordan algebra
and the rank of A is r. Then for any x € V, there exists a Jordan frame {c1,ca,...,c }
and real numbers A1 (x), Aa(z), ..., \(z), arranged in the decreasing order A\i(x) > Ao(x) >
<o > A\p(x), such that

x = Z Aj(x)ej = M(x)er + Aa(x)ea + -+ + A (2)er
j=1

The numbers A\i(x), A2(x),..., \(x) (counting multiplicities), which are uniquely deter-
mined by x, are called the eigenvalues and Z;Zl Aj(x)c;j the spectral decomposition of x.
FPurthermore,

tr(z) =Y Aj(z) and det(z) = [] Aj(=).
j=1 i=1

In fact, the above theorem is called the second version of the spectral decomposition,
on which our analysis relies. It also follows readily that a Jordan frame has exactly r
elements. The arrangement that A\i(z) > Ao(x) > -+ > A.(x) allows us to consider the
function A : V. — R". Strictly speaking, the Jordan frame {ci,cs,...,c,} in the spectral



decomposition of x also depends on x. We do not write this dependence explicitly for the
sake of simplicity in notation. Let o(x) be the set consisting of all distinct eigenvalues of
. Then o(x) contains at least one element and at most r. For each u; € o(z), denote

Ji(w) = {j + (@) = i} and
bi(x) := Z cj.

Jj€Ji(x)

Obviously, {b;(z) : p; € o(x)} is a complete system of orthogonal idempotents. From

=Y pbi(z),

pi€o(z)

Theorem 1, we obtain

which is essentially the first version of the spectral decomposition stated in [14] as the
uniqueness of {b;(z) : u; € o(x)} is guaranteed by [14, Theorem III.1.1].

Since, by [14, Proposition I11.1.5], a Jordan algebra A = (V,-) over R with a unit element
e € V is Euclidean if and only if the symmetric bilinear form tr(z -y) is positive definite, we
may define another inner product on V by (z,y) := tr(z-y),z,y € V. By the associativity of
tr(-) [14, Proposition I1.4.3], we know that the inner product (-, -) is also associative, i.e., for
all z,y,z € V, it holds that (z-y,z) = (y,x - z). Thus, for each x € V, L(z) is a symmetric
operator with respect to this inner product in the sense that

(L(x)y,z) = (y,L(x)z), Vy,z€ V.

Let || - || be the norm on V induced by this inner product

ol i= V] = (3 2@) ", sev.

J=1

Let ¢ : R — R be a scalar valued function. Then, it is natural to define a vector valued
function associated with the Euclidean Jordan algebra A = (V,-) [3, 24] by

dv(x) = d(\(2)e; = dM(@))er + o(Na(@))ez + -+ + d(Ae(2))ey (1)
j=1

where x € V has the spectral decomposition z = Z;Zl Aj(x)cj. In a seminal paper [34],
Lowner initiated the study of ¢y for the case V.= S™. Koranyi [24] extended Lowner’s result
on the monotonicity of ¢sm to ¢y. For nonsmooth analysis of ¢y over the Euclidean Jordan
algebra associated with symmetric matrices, see [5, 6, 49] and over the Euclidean Jordan
algebra associated with the second order cone (SOC), see [4, 16]. In recognition of Lowner’s
contribution, we call ¢y Lowner’s operator (function). When ¢(t) = t4 := max(0,t), t € R,
Lowner’s operator becomes the metric projection operator

e = M@)ser + Qa(@)ser 4+ A(@)er

over the convex cone

K:={y*:yecV}



under the inner product (-,-). Actually, K is a symmetric cone [14, Theorem II1.2.1], i.e.,
K is a self-dual homogeneous closed convex cone.

Recall that a function f : R" — (—o0, +00] is said to be symmetric if for any permutation
matrix P in R", f(v) = f(Pv), i.e, the function value f(v) does not change by permuting
the coordinates of v € R". Then, the spectral function fo X :V — R is defined as

(foN)(@) = f(M(x), Ae(), ... Ar(2)) - (2)

See [32] for a survey and [40] for the latest development of the properties of f o\ associated
with (S™,-). In this paper, we shall study various differential properties of f o A and ¢v
associated with the Euclidean Jordan algebras in a unified way.

The organization of this paper is as follows. In Section 2, we present several basic
results needed for further discussion. In section 3, we study important properties of the
eigenvalues, Jordan frames and Lowner’s operator over simple Euclidean Jordan algebras.
We then investigate the differential properties of the spectral functions in Section 4 and
conclude the paper in Section 5.

2 The Building Blocks

Let V be the linear space C™ or R™. A function g : V — T is said to be analytic at Z € V
if there exists a neighborhood N(Z) of z such that g in N(Z) can be expanded into an
absolutely convergent power series in z — Zz:

o0
Z Ajyjgjn (21 — 21)" (22 — Z2)72 -+ (20 — Z0)""

J1,J25++2Jn=0

where all @;, ;,...;, € F. If g is analytic at Z € V = R", then g is also called real analytic at
z.

Let £(V) be the vector space of linear operators from V into itself. Denote by Z € £(V)
the identity operator, i.e., for all x € V, Zx = z. For any 7 € £(V) the spectrum o(7T) of
T is the set of complex numbers ¢ such that (Z — 7 is not one-to-one. By the definition
of o(T), for any u € o(7), there exists a vector 0 # v € V such that (7 — uZ)v = 0. The
number p is called an eigenvalue of 7, and any corresponding v is called an eigenvector.
Suppose that My, Mo, ..., M are s linear subspaces in V such that V.= My + My + - - - + M
and for all u; € Mj such that Z;:1 u; = 0 implies u; =0, j = 1,2,...,s. Then V is the
direct sum of My, My, ... My and is denoted by

V=M &My & & M;.

Each z € V can be expressed in a unique way of the form x = uy +ug + -+ + u,, uj € M,
j=1,2,...,s. Denote operators P; € £(V) by

ijzu]', j=1,2,...,8.



The P; is called the projection operator onto M; along My @ --- @ M;_1 ®M,11 D --- & M,
j=1,2,...,s. According to [22, p.21], we have

P ="P;, PiPi=0if i#j i,j=12...,5 » P=T. (3)

Conversely, let Py, Pa,...,Ps € £(V) be operators satisfying (3). If we write M; :=
P;(V), then V is an direct sum of M, j = 1,2,...,s. Here for any operator 7 € £(V),
7 (V) is the range space of 7.

If My, Mo, ..., My are mutually orthogonal with respect to an inner product (-,-), then
V=M &My ®- - &M, is called the orthogonal direct sum of My,Moy, ..., M and P;
is the orthogonal projection operator onto M; with respect to the inner product (-,-) ,
j=1,2,...,s. The orthogonal projection operators {P; : j =1,2,...,s} satisfy

Py =P;,P; =P, PiPi=0if i#j i,j=12...,5 » P=1I, (4)

where P is the adjoint (operator) of P;, j =1,2,...,s. For details, see [22, Chapter 1].

2.1 Functions of Symmetric Operators and Symmetric Matrices

Let {uy,ug,...,u,} be an orthonormal basis of R” with an inner product (-,-). Let &" C
£(R™) be the set consisting of all symmetric operators in £(R™). Let X be a fixed but
arbitrary symmetric operator in &™. The representation of the symmetric operator X with
respect to the basis {ui,ug,...,u,} is the matrix X € S™ defined by

[XYur Xug -+ Xup] = [ug ug -+ uy)X, (5)

where [uy ug -+ uy] is the matrix of columns uq,us,. .., and u,. Conversely, for any given
X € S™, the operator defined by (5) is a symmetric operator in &".

Let O™ be the set of n x n real orthogonal matrices. Then for any X € S”, there exist
an orthogonal matrix V' € O™ and n real values A\ (X), A2(X),..., Ay (X), arranged in the
decreasing order A\1(X) > Ao(X) > .-+ > A\, (X), such that X has the following spectral
decomposition

X = Vdiag \(X))VT = Zn: A (X)), (6)
j=1

where v; is the jth column of V, j = 1,2,...,n. Denote v; = [u1 uz --- uylv;, j =
1,2,...,n. Then {01, 09,...,0,} is another orthonormal basis of R". Let P; be the orthog-
onal projection operator onto the linear space spanned by v;, i.e.,

Pj$:<’[)j,$>1~}j, VaxeR"™.



For each j € {1,2,...,n}, P; is a symmetric operator in &(V) and its matrix is given by

P; = vjvJT. Hence, the symmetric operator X € &(V), with matrix X as its representation

with respect to the basis {u1,uo, ..., u,}, satisfies
n ~
X =2 X(X)P;, (7)
j=1

where 5\]-(/1’) := A\;(X) is the jth largest eigenvalue of X (i.e. & and X share the same set
of eigenvalues) with the corresponding eigenvector 9;, j = 1,2,...,n.

Let f: R™ — (—o00, 00| be a symmetric function. Then one can define the scalar valued
function foA:S™ — R by

(f o MX) = F(A(X), Ao (X)), .+, An(X)), (8)

where X € S™ has the spectral decomposition (6). The composite function f o A inher-
its many properties of f. See Lewis [32] for a survey. In [31], Lewis showed that f is
(continuously) differentiable at A(X) if and only f o A is differentiable at X and

V(f o N)(X) = Vdiag(V f(A(X))HVT, 9)

which agrees with the formula given in Tsing, Fan, and Verriest [54, Theorem 3.1] when f
is analytic at A(X).

Let ¢ : R — R be a scalar function. Then the matrix valued function ¢gn(X) at X is
defined by

950 (X) =D oV (X))vjv] = Vdiag(¢(M (X)), o(A2(X)),-.., (A (X))VE. (10)
j=1
Correspondingly, one may define ¢gn (X) by
den(X) =D 33 (X)P;, (11)

where X is the symmetric operator with its representation given by the matrix X. By (6)
and (7), we obtain

[Pen (X)ur den (X)ug -+ den(X)un] = [ur uz - un|dsn (X). (12)

The functions ¢s» and ¢gn have been well studied since Lowner [34]. See [2, 21].
Let ¢ be continuous in an open set containing o(X). Let ¢4 be any function such that
@4 is differentiable at each A\;(X) and

(06) (Xi(X)) = 6(X;(X)), G =1,2,....n.

Define f4 : R" — R by

n

folx) = Z 0p(zi), v € R"™. (13)

i=1



Then, fy is symmetric and differentiable at A(X), and by (9),

V(fp o A(X) = dsn (X Z¢ (14)

Let & > & > -+ > &; be all the n distinct values in o(X). For each k =1,2,...,7n, let
Je(X) :=={j : N\j(X) =&} Let Y € S” have the following spectral decomposition

Y = Wdiag(\ Z Aj( ,

with A1 (Y) > X(Y) > --- > A\ (Y) and W € O™. Define

Z ijjT. (15)

JEJR(X)

Then, X = 37 & Po(X) and ¢sn (X) = 35y ¢(&k) Pe(X).
For each & € o(X), by taking ¢ (¢) be identically equal to one in an open neighborhood
of &, and identically equal to zero in an open neighborhood of each §; with j # k, we know

that for all Y € S sufficiently close to X,

Bu(Y) = (¢n)sn(Y), k=1,2,....7. (16)

This equivalence and (14) allow us to state the analyticity of each operator P, at X,
k=1,2,...,n; and the analyticity of ¢s» at X when ¢ is analytic in an open set containing
o(X). First, we need the following theorem from [54, Theorem 3.1].

Theorem 2 Let X € S™. Suppose that f : R™ — (—o00, 00| is a symmetric function. If f
is real analytic at the point \(X), then the composite function f o X is analytic at X .

By (14), (15), (16), and Theorem 2, we have the following proposition, which does not
require a proof.

Proposition 3 Let ¢ : R — R be real analytic in an open set (may not be connected)
containing o(X). Then, ¢sn(-) is analytic at X and for all'Y € S™ sufficiently close to X,

Psn(Y) = V(f 0 N)(Y).

In particular, each pk() is analytic at X, k=1,2,...,7

2.2 Hyperbolic Polynomials

In order to study Lowner’s operator ¢y and the spectral function fo\, we need some results
under the framework of hyperbolic polynomials. Let V = R". Suppose that p: V — R is a
homogeneous polynomial of degree r on V and g € V with p(¢q) # 0. Then p is said to be



hyperbolic with respect to g, if the univariate polynomial ¢ — p(z + tq) has only real zeros,
for every x € V.

Let p be hyperbolic with respect to ¢q of degree r. Then, for each z € R, ¢ — p(tq — )
has only real roots. Let Aj(x) > Ao(z) > -+ > A\ (x) (counting multiplicities) be the r roots
of p(tqg — z) = 0. We say that \j(x) is the jth largest eigenvalue of x (with respect to p and
q). Then for x €'V,

p(tg —x) = p(q) [ (¢ — Xi(2))

J=1

and
T

p(x +tq) = (—=1)"p(—tq — ) = p(q) [ [ (t + N (2)).
j=1
The univariate functional ¢ — p(tq — x) is the characteristic polynomial of = (with respect

?:1 Aj(x), 1 < k < r, be the sum of the k largest

to p, in direction ¢q). Let op(z) := >
eigenvalues of .
A fundamental theorem of Garding [17] shows that A,(-) is positively homogeneous and

concave on V. This implies that the (closed) hyperbolic cone

K(p,q) :=={z : \(z) >0},

associated with p in direction ¢, is convex. By exploring Garding’s theorem further,
Bauschke et al. [1] showed that for each 1 < k < r, oy(-) is positively homogeneous
and convex on V. This, by Rockafellar [43], implies that each A;(-) is locally Lipschitz
continuous and directionally differentiable. Actually, by following Rellich’s approach [42]
for Hermitian matrices, we can further show that for any fixed x € V and h € V, there
exist r functions vy, o, ...,1, : R — R, which are analytic at ¢ = 0, such that for all e € R
sufficiently small,

{v1(e),1(e),...,vp(e)} = {Mi(z +eh), Ao(x +ch),..., A\ (x +ch)}. (17)
The proof can be sketched as follows. For any € € R,
pltg — (z +eh)) = p(a)(t" +s1()" "+ + sp1(e)t + 5,(€))

where si, So,...,S, are polynomials of €. Since p is hyperbolic with respect to g, all the
roots of t" 4+ s1(e)t" L+ -+ + 5,_1(e)t + 5,(¢) = 0 are reals when ¢ € R. Then, by a similar
argument to the proof in Rellich [42, p.31], we can conclude that there exist r functions
Vi,V2,...,Vp : R — R, which are analytic at ¢ = 0, such that (17) holds for all ¢ € R
sufficiently small.

Let A = (V,:) be a Euclidean Jordan algebra of rank r introduced in Section 1. By
letting p(z) := det(z), z € V, we see from Theorem 1 that p is hyperbolic with respect to e
of degree r since p(e) = det(e) = 1 # 0. Therefore, by [1, Corollaries 3.3 and 5.7] and (17),
we have



Proposition 4 Let A = (V,) be a Euclidean Jordan algebra and f : R" — (—o0, 0] be a
symmetric convexr function. The following results hold.

(i) For each 1 < k <r, oi(-) is positively homogeneous and convex on V.

(ii) f o X is differentiable at x if and only if f is differentiable at A(z) and
{z €V :Az) = V(\(@)), (,2) = M2)"A(2) } = {V(f o N)(2)}.

(iii) For any x,h € V, the eigenvalues of  + ch, ¢ € R can be arranged to be analytic at
e=0.

2.3 Semismoothness

Let X and Y be two finite dimensional vector spaces over the field R. Let O be an open
set in X and @ : O C X — Y be a locally Lipschitz continuous function on the open set
O. By Rademacher’s theorem, ® is almost everywhere (in the sense of Lebesgue measure)
differentiable (in the sense of Fréchet) in O. Let Dg be the set of points in O where ® is
differentiable. Let ®'(z), which is a linear mapping from X to Y, denote the derivative of
¢ at x € O if ® is differentiable at x. Then, the B(ouligand)-subdifferential of ® at x € O,
denoted by dp®(x), is the set of V such that V = {limp_. ®'(xx)}, where {x;} € Do
is a sequence converging to x. Clarke’s generalized Jacobian of ® at z is the convex hull
of Op®(z) (see [9]), i.e., O0P(x) = conv{dp®(x)}. It follows from the work of Warga on
derivative containers [56, Theorem 4] that the set 9®(z) is actually “blind” to sets of
Lebesgue measure zero (see [9, Theorem 2.5.1] for the case that Y = R), i.e., if S is any set
of Lebesgue measure zero in X, then

00(x) = conv{klim O (zg) : 2, — 2, 2 € D, 11 ¢ S}. (18)

—00

Semismoothness was originally introduced by Mifflin [35] for functionals, and was used
to analyze the convergence of bundle type methods [30, 36, 47] for nondifferentiable op-
timization problems. In particular, it plays a key role in establishing the convergence of
the BT-trust region method for solving optimization problems with equilibrium constraints.
For studying the superlinear convergence of Newton’s method for solving nondifferentiable
equations, Qi and Sun [41] extended the definition of semismoothness to vector valued
functions. There are several equivalent ways for defining the semismoothness. We find the
following definition of semismoothness convenient.

Definition 5 Let & : O C X — Y be a locally Lipschitz continuous function on the open
set O. We say that ® is semismooth at a point x € O if

(i) ® is directionally differentiable at x; and
(ii) for any y — x and V € 0®(y),

P(y) — (z) = V(y —x) = olly — =[]) . (19)

10



In Definition 5, part (i) and part (ii) do not imply each other. Condition (19) in part (ii),
together with a nonsingularity assumption on 09 at a solution point, was used by Kummer
[25] before [41] to prove the superlinear convergence of Newton’s method for locally Lipschitz
equations. @ is said to be G-semismooth at x if condition (19) holds. A stronger notion
than semismoothness is v-order semismoothness with v > 0. For any v > 0, ® is said to
be «y-order G-semismooth (respectively, y-order semismooth) at z, if ® is G-semismooth
(respectively, semismooth) at z and for any y — = and V' € 0®(y),

®(y) — () = V(y —z) = O(|ly — «|I"*). (20)

In particular, ® is said to be strongly G-semismooth (respectively, strongly semismooth) at
x if ® is l-order G-semismooth (respectively, 1-order semismooth) at x, We say that ® is
G-semismooth (respectively, semismooth, p-order G-semismooth, p-order semismooth) on a
set Z C O if ® is G-semismooth (respectively, semismooth, y-order G-semismooth, y-order
semismooth) at every point of Z. G-semismoothness was used in [18] and [39] to obtain
inverse and implicit function theorems and stability analysis for nonsmooth equations.

Lemma 6 Let ®: O C X — Y be locally Lipschitz near x € O. Let v > 0 be a constant. If
S is a set of Lebesgue measure zero in X, then ® is G-semismooth (y-order G-semismooth)
at = if and only if for any y — x, y € Dy, and y ¢ S,

®(y) — 0(z) — @' (Y)(y —2) = o(lly —zll) (= O(ly —«[["*)). (21)

Proof. By examining the proof of [50, Theorem 3.7] and making use of (18), one can prove
the conclusion without difficulty. We omit the details. U

Lemma 6 is useful in proving the semismoothness of Lipschitz functions. It first appeared
in [50] for the case S = ) and has been used in [5, 7, 40]. Next, we shall use this lemma
to show that a continuous selection of fintely many G-semismooth (respectively, y-order
G-semismooth) functions is still G-semismooth (respectively, y-order G-semismooth). The
latter will be used to prove the strong semismoothness of eigenvalue functions over the
Euclidean Jordan algebras.

Let ®1,P5,--- ,P,, : O C X — Y be m continuous functions on the open set O. A
function ® : O C X — Y is called a continuous selection of {®1,®y,...,P,,} if ¢ is a
continuous function on O and for each y € O,

P(y) € {P1(y), P2(y), ..., Pm(y)}-

For x € O, define the active set of ® at x by
I@(:C) = {j : (bj(x) = (P(CC), j = 152)”’ ’m}

and the essentially active set of ® at x by
Ig(x) :={j : v e cl(int{y € O Q;(y) = ()}), j =1,2,...,m},

11



where “cl” and “int” denote the closure and interior operations, respectively. The functions
®;, j € Igp(x) are called active selection functions at x. An active selection function ®; is
called essentially active at x if j € Zg(z). In the proof of [46, Proposition 4.1.1], Scholtes
actually showed that for every x € O, there exists an open neighborhood N (z)(C O) of
such that

(y) €{Q;(y) : j € Ls(x)}, y e N(z). (22)

Proposition 7 Let ®1,P5,...,P,, : O C X — Y be m continuous functions on an open
set O and ® : O C X — Y be a continuous selection of {®1,Pa,...,P,,}. Let x € O and
v > 0 be a constant. If all the essentially active selective functions ®;, j € 1g(x), at x
are G-semismooth (respectively,semismooth, ~y-order G-semismooth, ~y-order semismooth)
at x, then ® is G-semismooth (respectively,semismooth, y-order G-semismooth, ~y-order
semismooth) at x.

Proof. Let N(z)(C O) be an open set of x such that (22) holds. Suppose that all ®;,
J € Ig(x) are G-semismooth at z. By the definition of G-semismoothness, these functions
®;, j € I§(x) are locally Lipschitz continuous functions on N (z). Then, by Hager [20] or
[46, Proposition 4.12], ® is locally Lipschitz continuous on the open set N (z).

Let Sj := N(2)\Ds,, j € Ig(x) and

= J s
JETg ()

Since all {S; : j € Zg(x)} are sets of Lebesgue measure zero, S is also a set of Lebesgue
measure zero. By Lemma 6, in order to prove that @ is also G-semismooth at x, we only
need to show that for any y — z, y € D, and y ¢ S,

O(y) — ®(z) — ' (y)(y — x) = ollly — =I])- (23)

For the sake of contradiction, assume that (23) does not hold. Then there exist a constant
d > 0 and a sequence {yy} converging to x with yx € Dy NN (x) and yi ¢ S such that

12 () — () — @ (yw) (g — )| = 6llyx — =]
for all & sufficiently large. Since yi € Dy NN (z) and yx ¢ S, we have for all k that
' (yi) (g — #) € {(25) () (e — @) + j € Tg(x) } (24)
On the other hand, by the assumption that ®;, j € Z¢(z) are G-semismooth at z, we have
@j(yr) — () = (2;) () (yr — ) = o(llye — z|)) as k — 00, j € T(x),
which, together with (24) and the fact that ®(z) = ®;(x),

D(yr) — () — ' (yr)(yx — ) € {Pj(yw) — () — (@5) (vr)(yx — ) : j € Tg(x)}

=o(||ly* —z|]|) ask — co.

J € Ig(x) implies

12



So a contradiction is derived. This contradiction shows that (23) holds. Thus ® is G-
semismooth at z.

To prove that ® is semismooth at  when all ®;, j € Z§(x) are semismooth at z, we only
need to show that ® is directionally differentiable at x if all ®;, j € Zg(x) are directionally
differentiable at x. The latter can be derived from the proof of [26, Proposition 2.5].
In fact, Kuntz and Scholtes only proved that ® is directionally differentiable at x under
the assumption that all ®;, j € Zg(x) are continuously differentiable functions. A closer
examination reveals that their proof is still valid if one replaces the derivatives of ®;,
Jj € Ig(x) at = by their directional derivatives. Also see [38, Lemma 1] for this result.

Similarly, one can prove that ® is y-order G-semismooth (respectively, y-order semi-
smooth) z if all ®;, j € Z§(x), are y-order G-semismooth (respectively, y-order semismooth)
at x. O

3 Eigenvalues, Jordan Frames and Lowner’s Operator

Let A = (V,-) be a Jordan algebra (not necessarily Euclidean). An important part in the
theory of Jordan algebras is the Peirce decomposition. Let ¢ € V be a nonzero idempotent.
Then, by [14, Porposition I11.1.3], we know that c satisfies 2£3(c) — 3£2%(c) + L(c) = 0 and
the distinct eigenvalues of the symmetric operator L(c) are 0, % and 1. Let V(¢, 1), V(c, %),
and V(c,0) be the three corresponding eigenspaces, i.e.,

1
V(c,i) :={x eV : L(c)x=ix}, i= 1,5,0.
Then V is the orthogonal direct sum of V(c,1),V(c, 3), and V(c,0). The decomposition

V= V(e,1) @ Ve, %) ® V(c,0)

is called the Peirce decomposition of V with respect to the nonzero idempotent c.

In the sequel we assume that A = (V,.) is a simple Euclidean Jordan algebra of rank
r and dim(V) = n. Then, from the spectral decomposition theorem we know that an
idempotent ¢ is primitive if and only if dim(V' (¢, 1)) =1 [14, p.65].

Let {c1,c2,...,¢.} be a Jordan frame of A. From [14, Lemma IV.1.3], we know that
the operators £(c;),j = 1,2,...,r commute and admit a simultaneous diagonalization. For
i,7 € {1,2,...,r}, define the following spaces

Vz’z’ = V(CZ', 1) = RCZ'

and when i # j,
1

3)

Then, from [14, Theorem IV.2.1], we have the following proposition.

1
Vij = V(CZ', 5) OV(C]',

Proposition 8 The space V is the orthogonal direct sum of subspaces Vi; (1 <i<j<r),
i.e., V.=P,; Vij. Furthermore,
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Vij- Vi C Vi + V55,
Vij - Vip C Vi, if i £k,
Vij - Vig = {0}, if {i,j} N {k,1} = 0.
For any i #j € {1,2,...,r} and s #t € {1,2,...,r}, by [14, Corollary IV.2.6], we have
dim(Vi;) = dim(Vs) .
Let d denote this dimension. Then
n:T-f—gr(r—l). (25)

For x € V we define
Q(z) == 2L2(x) — L(x?).

The operator Q is called the quadratic representation of V. Let x € V have the spectral
decomposition x = >%_; Aj(z)cj, where Ai(z) > Ao(z) > -+ > A.(z) are the eigenvalues
of z and {c1,co,...,¢} (depending on z) the corresponding Jordan frame. Let &(z) be
the set consisting of all such Jordan frames at z. For i,j € {1,2,...,7}, let C;;(z) be the
orthogonal projection operator onto V;;. Then, by [14, Theorem IV.2.1],

ij(SC) == Q(Cj) and CU(IE) == 4,6(6@)[,(6]) == 4,6(6]),6(6@) == Cji(.’E), i,j == 1,2, e, T (26)

By Proposition 8 and (4), the orthogonal projection operators {C;;(z) : 4,5 = 1,2,...,7}
satisfy

Cij(x) = Cjj(x), Cfi(x) = Cij(x), Cij(x)Cr(x) = 0if {i,5} # {k,1},i,5,k,1=1,2,...r

and
Z Cij(x)=1T.

1<i<j<r

From (26), one can obtain easily that
Cjj(x)e =cjand Cij(x)e =4c;-c; =0if i # j, i, =1,2,...,7. (27)
From Y,_, ¢; = e and (26), we get for each j € {1,2,...,r} that
T 1 T
L(cj) = L(c))T = L(cj)L(e) = Y L(ej)L(er) = L2(¢;) + 1 > Culz),
=1 =1

1#]

which, together with the facts that Q(c;) = 2£%(¢;) — L(c;) and Cj;(x) = Q(c;), implies
1 T
L(cj) = Cjjlx) + 5 > Cilx).
=1
1#]

Therefore, we have the following spectral decomposition theorem for £(x), £(z?), and Q(x)
(cf. [23, Chapter V, §5 and Chapter VI, §4].)
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Theorem 9 Let v € V have the spectral decomposition x = Z§:1 Aj(x)cj. Then the sym-
metric operator L(x) has the spectral decomposition

L) = Y N@C@ + Y 50(@) + Ml@)Cal)
j=1 1<5<I<r

with the spectrum o(L(z)) consisting of all distinct numbers in {3(\;(z) + N(z)) : 4,1 =
1,2,...,7}, L(z?) has the spectral decomposition

L) = Y N@C @)+ Y 3@ + X))
=1 1<j<i<r

with the spectrum o(L(x?)) consisting of all distinct numbers in {%()\3(56) + A () @ 4l =
1,2,...,7r}, and Q(x) has the spectral decomposition

Qz) = N(@)Ci) + > N(@)h(z)Ci()
j=1 1<j<I<r
with the spectrum o(Q(x)) consisting of all distinct numbers in {\;(x)\(z) : j,l =1,2,...,r}.

Let {uy,ug,...,u,} be an orthonormal basis of V. For any y € V, let L(y), Q(y),
Cji(y), ... be the corresponding (matrix) representations of L(y), Q(y), Cj(y), ... with
respect to the basis {uj,ug,...,u,}. Let € denote the coefficients of e with respect to the
basis {u1,ua,...,uy}, i.e.,

e= Z(e,uj>uj =Ue,
j=1
where U = [ug ug -+ uy).

Let p1 > pg > -+ > p7 be all the 7 distinct values in o(x). Then there exist 0 = ry <
ry < rg < --- <ry=r such that

)\Ti—1+1(x) = )‘T’i—1+2(x) == )‘Tz(x) =pi, 1=1,2,...,7. (28)
Let & > & > -+ > &5 be all the i distinct values in o(£(x)) and
. 1 . _
Je(L(2)) ={(:1) « SA(@) +hl2)) =&, 1< j<lsr}, k=12...,7.
Then, by Theorem 9, there exist indices ni,na,...,nz € {1,2,...,7n} such that
223 :gnia 1= 152)"'577'

For each i € {1,2,...,7}, denote J;(z) := {j : A\j(x) = pus}. Let y € V have the spectral
decomposition y = > %, Aj(y)e;(y) with Ai(y) > Aa(y) > - > A (y) being its eigenvalues
and {c1(y),c2(y),-..,cr(y)} € €(y) the corresponding Jordan frame. Define

bily) == > ¢ly), i=12,...,F.

J€Ji(z)
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Proposition 10 Let x € V have the spectral decomposition © = 25:1 Aj(x)cj. Then,

(i) €(x) is compact and &(-) is upper semi-continuous at x. Furthermore, for each i €
{1,2,...,7}, bi(+) is analytic at x.

(ii) For each m € {1,2,...,r}, on(-) is positively homogeneous and convex on V.
(i1i) For eachi € {1,2,...,7} and ri_y < m <y,
i—1 m
Opom(z) = bi(x)+4 > & :{a,c....0) € () (29)
Jj=1 I=r;—1+1

and the directional derivative of o (+) at z, for any 0 # h € V, is given by

i—1 m

(om) (i h) = _(bj(x), h) + max > (ah).

G1,G2,.\Cr }EC
{¢1,¢2,....¢r }€ lmr 41

7j=1
(iv) The function A(-) is strongly semismooth on V.

Proof. (i) The compactness of €(z) is a direct result of the definition of Jordan frame and
the upper semi-continuity of €(-) follows from the continuity of A(-) and Theorem 1.

Next, we consider the analyticity of b;(-) at x, i = 1,2,...,7. By the definitions of J;(z)
and Jp,,(L(x)), one can see that

J € Ji(z) if and only if (j,j) € J,, (L(x)),i =1,2,...,7T.

Hence, by (27), for each i € {1,2,...,7},

) = > g =( X wwle=( X ci))e
j€di(z) J€Ji(x) (D)€ Jn; (L(2))
(X aw)e. (30)

(D)€ In; (L(=))

which, together with (15), implies that for all y sufficiently close to x and for each i €
{1,2,...,7},
b =U( Y Caly)e=UP (L)
(D€ Tn; (L(x))

Then from Proposition 3 and the linearity of L(-) we know that for each i € {1,2,...,7},
bi(+) is analytic at x.

(ii) This is a special case of part (i) of Proposition 4.

(iii) From part (ii) of Proposition 4, the definition of dpo,,(x), and part (i) of this
proposition, we obtain

i—1 m
Opom(z) €Y bi(x)+4 > @ :{e,e...,6} € )
Jj=1 l=r;_1+1
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For any {c;,¢2,...,¢ } € €(x), by considering

i

vk = i)+ Y (i —1/k)e,
j,jél. l=ri1+1
FE]

we can see that yp — x and from (ii) of Proposition 4, for all k sufficiently large,

i—1 m
(@) ) =S b+ > a.
i=1 I=r;_1+1

Hence, (29) holds. The form of (0,,) (x; h) can be obtained by

(om) (z;h) = max (v, h).
vVEDom ()
(iv) Since convex functions are semismooth [35], from part (ii) we have already known
that A\(-) is semismooth on V. By Theorem 9, for each z € V and j € {1,2,...,r},

Aj(x) € {A(L(x)), Ao(L(x)), ..., An(L(2))},

where \;(L(x)) is the k-th largest eigenvalue of the symmetric matrix L(z) (note that L(z)
is the matrix representation of L(z)), k = 1,2,...,n. It is known [51, Theorem 4.7] that
for each k € {1,2,...,n}, \g(:) is strongly semismooth on S™. Hence, by the linearity of
L(-) and the continuity of A;(-), from Proposition 7 we derive the conclusion that A;(-) is

strongly semismooth on V, j = 1,2,...,r. Thus, A(-) is also strongly semismooth on V.
O

Remark 11 From part (iii) of Proposition 4, we know that for any given x,h € V, the
eigenvalues of x + ech, € € R can be arranged to be analytic at e = 0. If A is the Fuclidean
Jordan algebra of symmetric matrices, the eigenvectors of x + €h can also be chosen to be
analytic at € = 0 [42, Chapter 1]. It is not clear whether this is true for all Fuclidean
Jordan algebras.

Part (i) of Proposition 10 says that for each ¢ € {1,2,...,7}, b;(-) is analytic at . In
the sequel, we establish an explicit formula of the derivative of b}(x). Let ¢ : R — R be a
scalar valued function and ¢vy(-) be Lowner’s operator defined by (1). Let 7 € R". Suppose
that ¢ is differentiable at 7;, i = 1,2,...,r. Define the first divided difference ¢1'(1) of ¢
at 7 as the 7 x r symmetric matrix with its ijth entry (¢['l(7));; given by [, 7j]4, where

[Ti’Tj](b = Ty — T y Ly =120, (31)

&' (73) if 7 =1
By Proposition 8, the fact that dim(V'(¢j,1)) = 1, (¢j,¢;) = 1, and the definition of the
quadratic operator Q, for any vector h € V and each j € {1,2,...,r}, there exists a;;(h) € R

such that
aj(h)c; = Qcj)h = 2£2(cj)h — E(c?)h =2¢j-(¢j-h)—c¢j-h,
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which implies

aj(h) = 2(cj ¢j - (¢j - h)) = (¢ ¢j - h) = (¢j,¢5 - h) = {¢;, h)
and
QCj-(Cj-h) =Cj-h+<0j,h>0j. (32)
Therefore, any vector h € V can be written as

T

h= Zcﬂ Yot D Ca@h =) {ejhyei+ > dej-(a-h). (33)

1<j<i<r Jj=1 1<5<I<r

Koranyi [24, p.74] proved the following result, which generalized Léwner’s result [34] on sym-
metric matrices (see Donoghue [13, Chapter VIII] for a detailed proof on this) to Euclidean
Jordan algebras.

Lemma 12 Let z =377 Aj(%)c;. Let (a,b) be an open interval in R that contains Aj(z),
j=L12,...,r. If ¢ is continuously differentiable on (a,b), then ¢y is differentiable at x
and its derivative, for any h € V, is given by

z)h = qu[l Diglephyei+ > 48N OA@)ues - (a-h).  (34)

1<5<i<r

By (32), we can write (34) equivalently as

- QZZ iy L] ¢>b (bl( ) h‘) - Z¢/(Nz)bl(x) “h, (35)

i=1 =1 i=1
where the fact ¢; - (¢ - h) = L(¢j)L(c)h = L(c;)L(cj)h =¢;-(¢j-h), j #1=1,2,...,ris
used. Now, we can calculate b}(x), i € {1,2,...,7} is used. Pick an € > 0 such that
(j—epj+e)N(m—em+e)=0,1<j<I<r. (36)
For each i € {1,2,...,7}, let ¢; be a continuously differentiable function on (—o0, o)

such that ¢; is identically one on the interval (y; — €, p1; + ¢) and is identically zero on all
other intervals (u; —e,pu; +¢€), 4 # j = 1,2,...,7. Then for all y sufficiently close to z,
bi(y) = (¢:)v(y). Hence, by Lemma 12 and (35), the derivative of b;(-) at z, for any h € V,
is given by

T

Bah= > 46 @) (e k)=
1<<i<r E Hi —

4

bi(x) - (bu(x) - h). (37)

Based on the proof in [24, p.74], we shall show in the next proposition that ¢y is
(continuously) differentiable at « if and only if ¢(-) is (continuously) differentiable at \;(z),
j=1,2,...,r.
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Theorem 13 Let v = %, \j(w)c;. The function ¢y is (continuously) differentiable at x
if and only if for each j € {1,2,...,1}, ¢ is (continuously) differentiable at X;j(z). In this
case, the derivative of ¢y(-) at x, for any h € V, is given by (34), or equivalently by (35).

Proof. “ <= " Suppose that for each j € {1,2,...,7}, ¢ is differentiable at A\;(z). As in
[24, Lemmal, we first consider the special case that ¢p(\j(x)) = ¢'(\j(z)) =0, =1,2,...,r.
Then, by the Lipschitz continuity of A(-) and Proposition 10, for any h € V with h — 0
and o +h = 370 Aj(z + h)cj(x + h) with A (z +h) > Xa(z +h) > -+ > A\(2 + h) and
{ci(x +h),ca(x+h),...,cr(x +h)} € €z + h) we have

v(x + h) qu (x4 h))cj(x + h)

—Z j(x+h)) —o(Aj(@))) ¢j(z + h)
= 37 (F O+ 1) = X)) + ol \j(e + 1) = Ay(@)D) e+ )
j=1
=Y o(|Aj(x +h) = Aj(@))e;(x + k) = o(||h]) -
j=1
Hence, ¢v is differentiable at x and (¢v) (x)h = 0 for all h € V, which satisfies (34).

Next, we consider the general case. Let p(-) be a polynomial function such that p(\;(x)) =
#(Aj(x)) and p'(Nj(z)) = ¢'(Nj(x)), 7 = 1,2,...,7. The existence of such a polynomial is
guaranteed by the theory on Hermite interpolation (cf. [28, §5.2]). Hence, by the above
proof it follows that the function (¢ — p)v is differentiable at z. By noting from Lemma 12
that py is differentiable at x, we know that ¢v is differentiable at = and the derivative of
¢v(-) at x, for any h € V, is given by (34), which is equivalent to (35).

Now, we show that ¢y is continuously differentiable at z if for each j € {1,2,...,r}, ¢
is continuously differentiable at A;(z). It has already been proved that ¢v is differentiable
in an open neighborhood of z. By (34), for any y sufficiently close to x the derivative of ¢y
at y, for any h € V, can be written by

y)h = Z S AW (es (W), 1) ¢j(y) + Z; UM AW))ei W) - (aly) - h),
1<5<i<r

where y has the spectral decomposition y = 3% _; Aj(y)cj(y) with Mi(y) > Aa(y) > -+ >
Ar(y) and {c1(y),c2(y), ..., (y)} € €(y). From the continuity of A(-) and the assumption
we know that for any 1 < j <1 <7 and y — z, if \;(x) # A\i(x), then

(@A)t — (M A@));

and if \j(z) = A\j(z), then from the mean value theorem,
(GO = ¢ () = &' ().
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where 7;;(y) € [Mi(y), Aj(y)]. Therefore, any accumulation point of (¢v)’(y)h for y — x can
be written as

r

> O@le e+ 30 AT @) - @ h)

j=1 1<5<I<r

for some {¢,¢a,...,¢ } € €(x). This, together with (34), implies that for any h € V,

(ov) (W)h — (ov)' (x)h.

The continuity of (¢y)’ at z is then proved.
“ =" To prove that for each ¢ € {1,2,...,7}, ¢ is (continuously) differentiable at p;,
we consider the composite function of ¢y and w;(t) := = + tb;(x), t € R. For any t € R,

Gy (wa(8)) = D 6(0y)by () + 6 + D).
i
which implies
Gk + 1)(bi(@), bi()) = (bi(@), v (ui(t)) = (bi(2), v (@ + thi(x))) -

Since (b;i(z),b;(x)) > 0 and ¢y is (continuously) differentiable at x, ¢ is (continuously)
differentiable at u; with

¢ (1) = (bi(@), (¢v)' ()i (@) /[1bi ()| -

The proof is completed. O

Remark 14 Theorem 13 extends the results on the differentiability of Lowner’s function
over the symmetric matrices in [5, 33, 49] and over SOCs [4] to all Euclidean Jordan
algebras. The approach adopted here follows the works of [34] and [24] and will be used to
study the twice differentiability of the spectral function over Euclidean Jordan algebras.

Next, we consider the (strong) semismoothness of ¢y at © € V. We achieve this by
establishing the connection between ¢v(z) and ¢sn(L(x)). According to Theorem 9 and
the definition of ¢gn,

b5 (L) = 3 o (@)Cis) + Y2 9(50(0) + M) ) Cal)

1<j<I<r

Thus, by (27), we obtain
gbw(x) = Uqbgn (L(.%'))é . (38)
In particular, by taking ¢(t) = t; = max(0,¢), t € R, we get

zy =U(L(z)) €. (39)

Hence, we have the following result.
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Proposition 15 The metric projection operator (-)4 is strongly semismooth on V.

Proof. It is proved in [50] that the metric projection operator (-)4 is strongly semismooth
on S™. Since L(-) is a linear operator, from (39) we know that () is strongly semismooth
on V. ]

Let us consider another special, yet important, case. For any ¢ € R, define ¢* : R — R

by
() :=Vi2+e2, teR.

Then the corresponding Lowner’s operator ¢5 takes the following form

o5 (z) = 21/)\?(56) +e2¢j = Va2 + €2,
j=1

which can be treated as the smoothed approximation to the “absolute value” function
|z| := V22, 2 € V. On the other hand,

T

L(2?) + %1 = Z(A?(m) +e2)Cj;(w) + Z %(A?(x) + A (%) + 26%)Cji(z),

j=1 1<j<i<r

which implies
U\/L(2?) + €2 ¢
- U(Z \V )\j2(x) +e2 Cjj(z) + Z %\/)\3(56) + A2 (z) 4 2¢2 le(:c))é
j=1

1<j<i<r
=UY /A2(x)+e2Cj;(x)e = /A2 () +e2¢c; = Va2 + e2e
jzl ] 27 jzl J 7

= ¢y(x). (40)

Fore e Rand z €V, let
P(e,x) = ¢ (x) = Va2 +e?e.

Then, by [52] and (40), we obtain the following result directly.

Proposition 16 The function (-, -) is continuously differentiable at (g,x) if € # 0 and is
strongly semismooth at (0,z), z € V.

Proposition 15 extends the strong semismoothness of (-); on symmetric matrices in [50]
to Euclidean Jordan algebras. To study the strong semismoothness of Lowner’s operator,
we need to introduce another scalar valued function ¢ : R — R. Let ¢ > 0 be such that

G —e&+e)nN(G—e§+e)=0,1<j<l<n.
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Then define ¢ : R — R by

T

3(t) = o(t) ifte|J —ep+e)

j=1
0 otherwise .

Then, by using the fact that Cj;(y)e = 0 for j # [, for all y sufficiently close to « we have

ov(y) = Udsn(L(y))é.

=U[ Y600 + Y a(50) + M) )¢
j=1 1<j<i<r

— Udsn(L(y))e. (41)

Theorem 17 Let v € (0,1] be a constant and x = 3771 \j()c;. ¢v(:) is (y-order) semi-
smooth at x if and only if for each j € {1,2,...,7}, ¢(-) is (y-order) semismooth at \j(x).

Proof. We only need to consider the semismoothness as the proof for the ~-order semi-
smoothness is similar.

“ &= " The definition of ¢(-) and the assumption that for each j € {1,2,...,7}, ¢(-) is
semismooth at \;(x) imply that ¢(-) is semismooth at each 2 (\;(z)+ N (2)), 1 <j <1<
Then by [5, Proposition 4.7] we know that ¢g»(-) is semismooth at L(z). This, together
with (41), shows that ¢y(-) is semismooth at z.

“ =" To prove that for each j € {1,2,...,7}, ¢(-) is semismooth at \;(x) is equivalent
to prove that for i € {1,2,...,7}, ¢(-) is semismooth at u;. For each ¢ € {1,2,...,7}, let
u;(t) ==z + tb(z), t € R. For any t € R,

Gr(ui(t)) = 3 (13 )b () + 0o + bi(a).
T2
which implies
Gk + 1)(bi(@), bi(2)) = (bi(@), v (ui(t)) = (bi(2), v (@ + thi(x))) -

Since ¢y is semismooth at z, (b;(x), ¢y (z + tb;(x)) is semismooth at ¢ = 0. Therefore, ¢ is
semismooth at ;. O

Remark 18 The proof of Theorem 17 uses the semismoothness result of Lowner’s function
over symmetric matrices in [5]. It also provides a new proof on Lowner’s function over

SOCs considered in [4].
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4 Differential Properties of Spectral Functions

Let A = (V,-) be a simple Euclidean Jordan algebra of rank r and dim(V) =n. Let z € V
have the spectral decomposition z = Z;Zl Nj(x)cj. Let py > po > -+ > py be all the 7
distinct values in o(z) and 0 =79 <11 <719 < --- <77 =1 be such that (28) holds.

For two vectors a and 3 in R", we say that 3 block-refines o if a; = oy whenever 3; =
[31].

Lemma 19 If A(x) block-refines o in R”, then the function oTX(-) is differentiable at
with V(o™ \)(z) = Z] 1 0GCj.
Proof. Since A(x) block-refines «,

Oéri_1+1 == ari_1+2 == aria 1= 1727"' 7F'

Let y € V have the spectral decomposition y = Z§:1 Aj(y)e;(y) with Adi(y) > Xo(y) > -+ >
Ar(y). Let 09 = 0. Then,

i) y) = Zl ;A Z Qr; Z Aj( Z o, (0r,(y) — 07,1 (y)) -

Jj=ri—1+1 =1

By (ii) of Proposition 4, o,,(+) is differentiable at = and

Ty

Vari(x):ch, 1=1,2,...,

j=1

=3

Hence, a?'\(+) is differentiable at = and

r
E (67 E ': E ajcj.
j=1

Jj=ri—1+1

This completes the proof. O

Let f : R" — (—o0,00| be a symmetric function. The properties on the symmetric
function f in the following lemma are needed in our analysis. Parts (i) and (ii) can be
checked directly (cf. [33, Lemma 2.1]). Part (iii) is implied by the proof of Case III in [33,
Lemma 4.1]. By replacing the classical mean value theorem employed in the proof of Case
IIT in [33, Lemma 4.1] with Lebourg’s mean value theorem for locally Lipschitz functions
[9, Theorem 2.3.7], we can obtain part (iv) without difficulty.

Lemma 20 Let f : R” — (—o0,00| be a symmetric function and v := \(x). Let P be a
permutation matrix such that Pv = v.

(i) If f is differentiable at v, then Vf(v) = PTVf(v).
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(ii) Let l; = riyq — 1, i = 1,2,...,7. If f is twice differentiable at v, then V?f(v) =
PTV2f(v)P. In particular,

[ nu B+ Bey Ly sy maEnr2 mrE1r
n21F21 neaFos + Bry iy, < n2r Eor
V3 f(v) = ,
nr1Er N2 B o B+ By
where for i,j = 1,2,...,7, E;j is the l; X l; matriz with all entries equal to one,
(nij);ijzl is a real symmetric matriz, B := (B1, B2, ...,5:)T is a vector which is block

refined by v, and for each i = 1,2,...,7, I}, «, s the l; X l; identity matriz. If l; =1
for some i € {1,2,...,7}, then we take n; = 0.

(iii) Suppose that f is twice continuously differentiable atv and j #1 € {1,2,...,r} satisfy
vj = . Then for any ¢ € R" with ¢1 > ¢ > -+ > G, Z¢, and ¢ — v,

(VA — (VFN

S — Sl

(V2f ()i — (V2 F(0)j-

(iv) Suppose that YV f is locally Lipschitz continuous near v with the Lipschitz constant
k>0andj#1e{l,2,...,r} satisfy v; = v;. Then for any ¢ € R" with ¢ > ¢ >
S 2>Gr, S5 # G, and s sufficiently close to v,

(Vf(s)j = (Vf(h

Sj— Sl

<3k

Theorem 21 Let f : R" — (—o00, 00| be a symmetric function. Then f o X is differentiable
at x = Z;Zl Nj(x)cj if and only if f is differentiable at X(x), and in this case

T

V(foN (@) =Y (VF(A@)));es-

J=1

Proof. “ <=7 Let v := A(z). Since A(-) is Lipschitz continuous, there exist constants
7> 0 and &g > 0 such that
IAMy) = A@) < 7lly — 2|

for all y € V satisfying ||y — z|| < dp. For any given £ > 0, since f is differentiable at
v = A(x), there exists a positive number (< dp7) such that for all ¢ € R" satisfying
lv —v|| < ¢ it holds that

() = f(0) = (V) (s = v)| <ellc =]l

Hence, for all y € V satistying ||y — z|| < /T,
[FA®) = f(v) = (V)T (M) —v) <elMy) = vll < 7elly — =]
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On the other hand, by part (i) of Lemma 20, v block-refines V f(v). Then, by Lemma
19, we have

(%)W) — (T1@) 0~ ( STF@ery - 2)| < cly

J=1
for all y sufficiently close to x. By adding the two previous inequalities we obtain
FOW) = £0) = (Y (VF@)jep — )| < (7 + Delly - 2
7=1

for all y sufficiently close to x. This shows that f o A is differentiable at x with

T

V(foN (@) =Y (VF(A2)))je5.

J=1

“ =" Suppose that f o X is differentiable at . Then it is easy to see that f must be
differentiable at A(z) because one may write

6) = (fo A)(icjcj)

for all ¢ € R". O

Remark 22 Theorem 21 is a direct extension of the first derivative result in [31] on the
spectral function over symmetric matrices.

Let the symmetric function f : R" — (—o00,00] be twice differentiable at v := A(z).
Then by Lemma 20, V2f(A(z)) has the form as in part (ii) of Lemma 20. Let ¢ > 0 be such
that (36) holds. Define ¢ : R — R by

~ Bj(&?)t iftE(Uj—ﬁ,Uj—f—e),j:l’Q’.”’T
3(t) = ,
0 otherwise,

where (3(x) is the vector 8 defined in part (i) of Lemma 20, i.e., for r;_1 +1 < j <7y,

5oy — 4 (V2F)y ifr; — g =1
= { (V2 — (V2 ())is i ria+1<1#s<r, (42)

where ¢ = 1,2,...,7. Then, by Theorem 13, qEV(-) is continuously differentiable at z and
its derivative, for any h € V, is given by

Goan =233 Al Ol ) )
‘ : ok (43)
+> B (@)[20i(x) - (bi(x) - B) — bi(x) - A



Define the symmetric matrix A(z) as follows. Let a;;(z) be the jith entry of A(z). Then
for j,l=1,2,...,r,

0 if j=1

ay(x) = Bi(x) i +1<jAl<r
10 =9 (wra@; - ( (44)

otherwise,

where i =1,2,...,7.

Theorem 23 Let f : R — (—00,00| be a symmetric function and x = 37", N\j(x)cj. Then
f o\ is twice differentiable at x if and only if f is twice differentiable at \(x). In that case,
the second derivative of ¢y(-) at x, for any h € V, is given by

V2(fo M(@)h =D Raj(@)e; - (ar-h) + (V2F(A@))jeler k) ¢j] - (45)
j=11=1
Proof. “<="7" By Theorem 21, for any 0 # h € V and h sufficiently small we have

r

V(foX)(+h) =Y (VA +h)jc(x+h),

Jj=1

where x +h = Y7%_) Aj(z +h)cj(x +h) and {c1(z + h),ca(z +h),...,cr(xz+h)} €z +h).
Hence, by [48] and the directional differentiability and the Lipschitz continuity of A(-),

V(foX)(z+h) =V(foA)(z)

=;(Vf( (@) + X(@;h) + o([[hl))jej (2 + h) — ;

_ :(Vf( (2) + N B)))yes(a + ) — ZT;(Vf(A(:C)))jCj +o(lAl)

- :(Vf()\(x))) (cj(z +h) —¢;) + Z (V2 (w; h))jci(z + h) +o(||h]])

= Zrl(Vf()\(x))) (bi(z + ) — by )+Z (V2f( (z;h))jci(z + h) +o([[Al])
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which, together with the analyticity of b;(-), part (ii) of Lemma 20, and Proposition 10 gives
V(foM(@+h)=V(foX) () =Y (VI(A@)rbi(x)h = (¢v) (x)h

i=1

= Z (V2F @)X (5 h)j¢5(x + h) = [¢v (@ + ) — dy(@)] + o |]])

= ZZW bi(z), h) b;j(x + h) —i—ZBn(x) ZZ N (z; h)ey(z + h)

i=1 1=1 i i=1 I=r; 141
—[ov(z + ) — dv(@)] +o([|R])

T T

=> > nulbi(x), +Zﬁr Z (@ + h) — N(@)]a(z + h)

i=1 I=1 l=r;_1+1

~[¢v(@ +h) — dv(2)] + O(HhH)

=323 mlula). o) = 3o (o Z N(@)eu(x + h) + du(@) + o [A])

i=1 [=1 l=ri—1+1

=33 nalbi(a), Zﬁr Yibi(x + h) +Zﬁr pibi(x) + o([|hl|)
i=1 I=1
i=1 [=1

where (7;1); ;,—; is the symmetric matrix defined in part (ii) of Lemma 20. Therefore, f o A
is twice differentiable at x and for any h € V,
VA(foN(@h =Y (V@) bi(@)h + (dv) (z)h

1= 1

+ Z Z il bl Z ﬁr Mzb/

i=1 [=1
By using (37) and (43) we obtain for any h € V,

VA(f o A)(z)h

222 LN = T ) o) )+ () )0
+2:§;mz<bz(x _22;& i — &l( 2y bi(x) - () - h)
_221; (T Llwu)lf;mb() +2Eﬁr o) - (o) 1)
+i1%mz<bz<x> ) b) — : Br(@hi@) - b



This, together with (32), (44), and part (ii) of Lemma 20, implies

V2(f oA)(x)h
=23 Y au(x)e; - (- h) +225n-($) Z cj-(¢j-h)
j= 1 I= 1 = 1+1 i
—i—ZZ V F(A(@)))jiler, h Zﬁ” Z (cj,h>cj—25~ri(x)bi(x)-h
Jj=11=1 J=ri—1+1 i=1
=3 aa(x)e; - (e - h) + (VEF(A(@)))j{ew b ¢;]
j=1 I=1 | )
—i—ZBn(x) Z cj-h—ZB”(x)b T
i=1 j=ri_1+1 i=1

Thus (45) holds.
“ =" For any ¢ € R", define

y—x—i—Zg]c] Z (@) + )¢

7j=1
Then, by Theorem 21, for all ¢ € R" sufficiently small, f is differentiable at y and

r

V(foNy) =Y (VF(A@) +9))j¢5,
j=1
which implies that

(VI AM2) +¢); = (V(fe M) ¢), =1,2,...,r

Thus f is twice differentiable at A(z). O
The next theorem is about the continuity of V2(f o A\)(x). It is a direct consequence of
Theorem 23 and parts (ii) and (iii) of Lemma 20.

Theorem 24 Let f : R — (—00,00] be a symmetric function and x = 377 Aj(2)c;.
Then f o X is twice continuously differentiable at x if and only if f is twice continuously
differentiable at \(x).

Remark 25 Theorems 23 and 24 extend the twice differentiability results in [33] on the
spectral function over symmetric matrices to Euclidean Jordan algebras. This extension
builds on known results of the symmetric function and the differentiability of Lowner’s
operator discussed in Section 3.

Let y € V have the spectral decomposition y = >7_; A;(y)e;(y) with Ai(y) > Aa(y) >
- 2> A(y) and {c1(y),c2(y), -, cr(y)} € €(y). For any 1 < j < I < r, there exist d
mutually orthonormal vectors {vﬁ? (y)}%, in V such that

d

Caly) =3 (05 W), )05 ),

i=1
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where d satisfies (25). Then

{er@, ), e) o) @), 0 )P ), 1< < <)

is an orthonormal basis of V. Let U(y) be the matrix formed by this basis, i.e., the first r
columns of U(y) are ¢1(y),c2(y), ..., cr-(y) and the rest are v( )( ), 1<j<i<r1<i<d.
Let i be the coefficients of h := y — x with respect to the ba81s

{cl(y),Cz(y),---,cr(y),vj(»l”(y),vﬁ)(y), oy, 1<i<1< r} :

Then there exist numbers ﬁj, ﬁg? eR, 1<j<l<r1<17<dsuch that

y)fz = Ziljcj‘ Z Zh’gl) ](l) (46)
j=1

1<j<l<r i=1

Let Dy be the set of points in V where A(-) is differentiable.

Lemma 26 Let z = "

i1 Aj(@)ej. Then for any 1 < j <1 <1 such that \j(z) = N(z)

and y — x with y € Dy,

R —

YU (HhH))/L:l,Q,,d

Proof. By Proposition 10 and Lemma 6, for any y — = with y € D) we have
0 =y—z—h= ZAJ'(?J)CJ(?/) - Z)\j(x)cy -
_Z ) + Ni(y Z)\ ¢; —h+O(|h]?)

=Z>\m($)(bi( +Z ¢j(y —h+O(In]*)
i=1
which, together with the analyticity of b;, (37), and (33), implies
=D A @bih— Y Culy)h+O(In]?)
i=1 1<_]<l<7‘
=4) M(a ZA — > Calh+O(Inl)
i=1 1<5<i<r
B B s;éz
=23 > bily) - 0s(y)-h) = D Culy)h+O(|n]?)
i=1 s=1 1<j<i<r
s;éz
—222%163 (aly — > Culyh+O(|n]?),
j=1l1=1 1<5<i<r
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where for j,l =1,2,...,r,

oy — 0 ifry 1 +1<41<r
T otherwise,

t=1,2,...,7. Therefore, for y — x with y € D,

0 = > wiCuwh— > Culy)h+O(IR]?)

1<<i<r 1<j<i<r
= 2 Zwﬂ_l R0 () + O(In)1?).
1<j<i<r i=1

which implies that for 1 <j <l <rand 1<7<d,

0 = (wji = DAY @) (), 05 @) + OIA)1?) = (wii = DAY + O(|IR]?).

By observing that for any 1 < j <1 < r, wj; = 0 if \j(z) = A\j(x), we then complete the
proof. O

Theorem 27 Let f : R — (—o0,00] be a symmetric function. Let x = % 1 A\j(z)c; and
€ (0,1). Then V(f o A) is (y-order) G-semismooth at x if and only if V f is (y-order)

G-semismooth at \(z).

Proof. “ <="” We only prove the case for the y-order G-semismoothness. The case for the
G-semismoothness can be obtained similarly. Suppose that V f is v-order G-semismooth
at v := A(z). By considering the convolution regularization of f (cf. [44, Chapter 9.K]),
we can adapt the proof of [40, Proposition 4.3] for the case of symmetric matrices and use
Lemma 20 and Theorems 23 and 24 to show that there exists an open set O(x) containing
x such that V(f o A) is Lipschitz continuous on O. For brevity, we omit the details here.
By Theorem 23, y € Dy(foy), the set of differentiable points of V(foA) in O, if and only

otherwise .

if V£ is differentiable at A(y). Since A(-) is Lipschitz continuous on O, the set S := J;_; S;
is a set of Lebesgue measure zero, where S; := O\D,;, j = 1,2,...,7. Then for any
Y € Dy(sor and y ¢ S, V?(f o \)(y) exists and for any h € V,
V2(fo NWh =D [2auy)e;(y) - (aly) - h) + (VEFA@))alal), h) ¢;y)],
j=11=1
where for j,l =1,2,...,r,
0 if j=1
aj(y) =9 (ViAW) = (ViAW) (47)
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Let h :=y — x. By Theorem 21 and Lemma 6, for any y — = with y € Dy (foy) and y ¢ S,

V(foX(y) = V(foM)(x)

=D (ViAW) ) (VI (A@)))je;
j=1 j=1

=D (V@) + VI @) AW) = A@))jei () = Y (VA @)je5 + O(hlI*)
j=1 j=1

=D (V@) i@ + h) = bi(@)) + D (VEFA@)N (9)h)je;(y) + O] 7)
i=1 j=1

which, together with (37) and part (iii) of Proposition 10, implies

V(foX(y) = V(feoM)(z)
=D (Vi Wh+ Y > (V2 FA@)alaly), h) ejly) + O([hlI™).

i=1 j=11=1

Therefore, for any y — = with y € Dy (o)) and y ¢S,

V(foN(y) = V(foX)(x) = VZ(f o M) (y)h

—ayy IO fff Ao 4) - bty 1)
i=1 5‘_1 s
—222% a(y) - h) + O(||h] )
j= 1l 1
= QZZ [@i(z) — aj(y)le; () - (a(y) - h) + O(||r]**7),
7j=11=1

where for 1 < 5,1 <7,

{0 ifrii+1<5,1<mr

wj(r) == q (Vf(A); = (VFA@) : (48)
J ¥ (xj) S Wo otherwise,

i=1,2,...,7. Let (h) := 222 Oji(x) —aji(y)lej(y) - (a(y) - h). Then, by the definition

Jj=11=1
of Cji(y) and (46), for y € Dy (sor) With y & S,

6(h) = Z [@ji(x) = az(y)Caly)h

1<j<I<r

= E w]l — a,]l E U

1< <iI<r i=1

U
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We consider the following cases about 5](;)(h) = [w(x) — &jl(y)]ﬁgé), 1<j<i<r,
1< <d:
Case 1): \j(xz) = N(z). In this case, by (48), Lemma 26, and part (iv) of Lemma 20,

5 () = [op(@) — an)lhy = ~a(w) = O([h]?).
Case 2): \j(x) # N(z). In this case, by the Lipschitz continuity of V f(-) and A(-),

5Oy = (VI(A@)); = (V@) (VA = (VAW 70
it Aj(x) = Ni() Aj(y) — Mi(y) it
_ O(|[Al1) 10
(V) = Mi(@) (N (y) = Nly)) 7
= O([|A/llIR]]) -

Therefore, for any y — z with y € Dy (o)) and y & S,
V(f oM (y) = V(f o A)(x) = V2(f o X)(y)h = O(|[a]*7).

This, by Lemma 6, shows that V(f o ) is y-order G-semismooth at z.
“ = ” This direction can be done easily by following the proof in the second part of
Theorem 23. U

Remark 28 Theorem 27 is about the G-semismoothness of V(f o ) rather than the semi-
smoothness of V(f o \) as the directional derivative of V(f o X) is not involved. For the
spectral function over symmetric matrices, the latter has been done in [40]. It is not clear
to us whether the result in [40] holds in general for Euclidean Jordan algebras.

5 Conclusions

We have studied differential properties of Lowner’s operator and spectral functions in
Fuclidean Jordan algebras. The approach consists of adaptations of known arguments for
symmetric matrices and developments of new technical results. Compared to our knowledge
of symmetric matrices, more research is needed for functions in Euclidean Jordan algebras.
We conclude the discussion of this paper by listing below a few interesting questions, which
we would like to know the answers in the near future.

Question 1. The eigenvalue function \(-) defined over Euclidean Jordan algebras is
directionally differentiable. Can we derive formulas on the directional derivative of A(-) as
was done in [27, Theorem 7] for the symmetric matrix case?

Question 2. Is that true as for the symmetric matrix case that for any given x,h € V,
the eigenvectors of = + ¢h can be chosen to be analytic at ¢ = 0 (cf. Remark 11)?

Question 3. For the symmetric matrix case, it is proved that €(-) is upper Lipschitz
continuous at x [6, 50, 51]. Can we extend this to Euclidean Jordan algebras? Lemma 26
presents a partial solution.
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Question 4. Can we use the results in [10, 11, 12] for the symmetric matrix case to
get explicit formulas for the higher-order derivatives of Lowner’s operator over Euclidean
Jordan algebras under sufficient differentiability of ¢?

Question 5. The first- and second-order derivatives of the spectral function are estab-
lished. What can we say about the higher-order derivatives?

Question 6. Under what conditions about V f, V(f o A) is directionally differentiable?
This question is related to Question 2.

Question 7. The metric projection operator over symmetric cones are proved to be
strongly semismooth. What kind of differential properties can we say about the metric
projection operator over the closed hyperbolic cone (cf. Section 2.2)7 Or less ambitiously,
over the closed homogeneous cone (cf. [8])?
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