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Abstract

In this paper we present a restructuring of the computations in Lenstra’s methods for solv-
ing mixed integer linear programs. We show that the problem of finding a good branching
hyperplane can be formulated on an adjoint lattice of the Kernel lattice of the equality con-
straints without requiring any dimension reduction. As a consequence the short lattice vector
finding algorithms, such as Lenstra, Lenstra, Lovász (LLL) [15] or the generalized basis reduc-
tion algorithm of Lovász and Scarf [18] are described in the space of original variables. Based
on these results we give a new natural heuristic way of generating branching hyperplanes, and
discuss its relationship with recent reformulation techniques of Aardal and Lenstra [1]. We
show that the reduced basis available at the root node has useful information on the branching
hyperplanes for the generalized branch-and-bound tree. Based on these results algorithms are
also given for solving mixed convex integer programs.
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1. Introduction

Lenstra’s result that the linear mixed integer programming problem is solvable in polynomial
time in fixed number of variables is the most significant theoretical result for linear mixed integer
programs [16, 25]. In order to achieve this result Lenstra constructed a novel algorithm for finding
a feasible integer solution of a polyhedral set. The most important aspect of this algorithm is
that it branches on hyperplanes, instead of the standard approach of branching on variables. The
class of algorithms that are designed to allow branching on a general hyperplane (or half-space)
are called generalized branch and bound (GBB) algorithms.

Lenstra [16] showed that we can either generate a feasible integer solution of a polytope, or it
is possible to generate a direction (normal to the branching hyperplane) along which the width of
the polytope is bounded only as a function of the dimension of the polytope. This is important
because for the general integer programs when branching on a single variable the width of the
branch-and-bound tree can be exponential in the size of problem data [29]. Lenstra’s algorithm
as described in Schrijver [25] has four basic steps: (i) Ellipsoidal rounding of the set; (ii) a lattice
basis reduction in ellipsoidal norm; (iii) Feasibility check; (iv) dimension reduction of the set.
Lattice basis reduction is at the core of the overall construction, and the algorithm of Lenstra,
Lenstra, and Lovász (LLL algorithm) [15] (or other related algorithms, see Mehrotra and Li [19])
are used for this purpose. The iterations of LLL algorithm use matrix computations.

The algorithm by Lovász and Scarf for integer programming [18] (LS algorithm) is related to
Lenstra’s algorithm with the important difference that it does not require an ellipsoidal round-
ing of the feasible set. The lattice basis reduction is done using the generalized basis reduction
(GBR) method also given in Lovász and Scarf [18]. Each iteration of the GBR algorithm requires
solutions of mathematical programs to compute the generalized norm. Furthermore, the number
of iterations required in the algorithm are not polynomial. These two properties of the algorithm
make it potentially expensive.

Although Lenstra’s theoretical result is seminal, his algorithm has found limited value in prac-
tice. In our present understanding there are three major reasons for this. First, the LLL algorithm
or its variants are expensive to execute for two reasons: (i) during LLL we may generate large
numbers requiring high (or arbitrary) precision; (ii) during LLL execution it is difficult to exploit
sparsity of the original problem. Second, after a branching hyperplane is added in the algorithm
a dimension reduction step is performed in the algorithm. This step is theoretically convenient,
however, it destroys the sparsity structure of the original problem and the reduced problem may
involve numbers much larger in size than those in the original problem. A third reason is that
Lenstra’s algorithm solves a feasibility problem, and to solve an optimization problem a sequence
of feasibility problems are solved in a bisection method.

Historically there could also be a fourth reason for practical difficulty in implementing Lenstra’s
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original algorithm, namely the difficulty in finding an ellipsoidal rounding of the polyhedral set.
However, since the development of interior point methods, we now know that a good ellipsoidal
rounding or a polyhedral (or convex sets) can be computed efficiently.

This paper studies the mixed integer feasibility problems. It makes the following contributions:

• It shows that the problem of finding a good branching hyperplane can be formulated on
an adjoint lattice of the kernel lattice of the equality constraints without requiring any
dimension reduction. Adjoint lattices (at least in the context of integer programming) are
introduced later in this paper. The data in the hyperplanes generated from an adjoint lattice
is ‘better behaved’ compared to the data in problems obtained after dimension reduction or
projections.

• It allows the possibility of finding ellipsoidal rounding in the space of original variables
without a dimension reduction in the pure integer case, or a projection computation in the
mixed integer case. Consequently, all center finding computations may benefit from the
sparsity of original data. Furthermore, one may use practical log-barrier methods for the
purpose of finding a center.

• It gives a relationship between reduced kernel lattice basis and its adjoint, hence computation
of reduced kernel lattice basis is possible from the adjoint lattice basis and vice-versa. This
relationship allows the possibility of working with kernel lattice basis as well. Methods are
given that use the kernel lattice basis for rounding the center to a nearby integer solution.
Based on these relationships this paper also establishes a worst case complexity results when
working in the space of original variables.

• It describes the possibility of running LLL and GBR algorithms at selective nodes instead of
all the nodes of a generalized branch-and-bound tree. Consequently, the burden of running
LLL or GBR algorithms is significantly reduced. We discuss why a basis available at the root
node may provide ‘good’ information for generating branching hyperplanes at all children
nodes. In this context a relationship with the recent reformulation proposal of Aardal and
Lenstra [1] and Aardal, et. al. [2] is also established. The LLL and GBR algorithms at any
node have a natural description in the space of original variables.

• It gives a natural extension of branching hyperplane algorithms for pure and mixed convex
integer programs.

A companion paper (Mehrotra, et. al. [20]) gives the computational results using an imple-
mentation based on the proposed scheme for solving mixed integer optimization problem.

We now review previous research on this topic. Cook, et. al. [9] implemented LS algorithm
for solving mixed integer linear programming problems. Cook, et. al. [9] assumed full dimen-
sionality of problems, and they transformed data in the original constraint matrix in order to
record unimodular operations in GBR algorithm. Cook et. al. solved several difficult mixed
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integer problems and found that the number of nodes in the branch and bound tree were sig-
nificantly fewer than those present in the standard approach that branches on one variable at a
time. Moreover, the overall computational performance was better on several difficult problems in
comparison with the CPLEX mixed integer programming solver available at the time. Wang [29]
presented a refinement of the algorithm implemented by Cook et. al.. In particular, he replaced
the bisection search with a more refined approach, and solved several convex integer programs
using the generalized basis reduction algorithm.

Surprisingly, since the publication of Cook, et. al. [9] and the thesis of Wang [29] not much
is reported on these methods till very recently. Owen and Mehrotra [27] heuristically generated
the branching disjunctions (where at each node only two branches are generated) at the optimal
solution and reached conclusions very similar to those reported in the work of Cook et. al. [9].
The interesting aspect of the results in Owen and Mehrotra is that the hyperplanes are not gen-
erated from the minimum width hyperplane finding problem; instead they are generated from the
desire to improve the lower bound on the objective value as much as possible. Gao and Zhang
[10] reported their experience with implementing Lenstra’s algorithm where ellipsoidal rounding
was used for finding the branching hyperplane. They performed dimension reduction at root,
and possibly at other nodes in the branch and bound tree, to maintain full dimensionality of the
polyhedral set. The ellipsoidal rounding was obtained by computing a maximum volume ellipsoid
approximating the polyhedral set using an interior point method.

For hard knapsack problems Aardal and Lenstra [1] proposed a reformulation technique, and
showed that branching on single variables in the reformulated problem requires significantly fewer
branches than those required to solve the original problem using CPLEX version 6.5.3. Their
reformulation reduces the problem dimension. The LLL basis reduction method is used to obtain
such as basis and feasible solution. Our developments suggest that such reformulations are not
required. A similar reformulation technique was studied in Aardal, et. al. [2] while solving diffi-
cult market split problems.

This paper is organized as follows. In the next section we formally introduce the problem under
consideration. We give notations, definitions, and assumptions used through out this paper. In
Section 3 we review and critique Lenstra and Lovász-Scarf algorithms. In Appendix 10.1 we
describe LLL basis reduction algorithm in the original space. A similar description of GBR
algorithm is given in Appendix 10.2. The sections in the appendix are presented for completeness.
Sections 4 and 5 consider the pure integer feasibility problem. In Section 4 we describe our
modifications to Lenstra-type algorithms, and give a reformulation of the hyperplane finding
problem. Rounding to a feasible integer solution is discussed in Section 4.3. In Section 5 we
compare our approach on generating branching hyperplane with the work of Aardal and Lenstra
[1]. Section 6 discusses the properties of a reduced basis at the root node, and shows why such a
basis can already give a sequence of branching hyperplanes for generating a good quality branching
tree. A generalization of the proposed approach to the mixed integer linear programs is given in
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Section 7. Section 8 extends this development to mixed integer convex problems. Here we show
that ε-feasibility versions of these problems can be solved with a complexity similar to the linear
case. The discussion on feasibility mixed integer convex programs assumes that the constraints
are twice differentiable, and they admit a self-concordant barrier (see next section). Section 9
gives concluding remarks and future research.

2. Problems, Assumptions, Notations, and Definitions.

Feasibility Integer Programs
Below we give four problems that are of interest in this paper. The pure feasibility integer linear
programming problem (FILP) is to

Find {x ∈ Zn
+ | Ax = a}, (2.1)

where A ∈ Zm×n, a ∈ Zm, and A is assumed to have full row rank. If A does not have a full
row rank, then the linearly dependent rows of A are deleted. The feasibility mixed integer linear
problem (FMILP) is to

find
{

x =
[

xz

xc

]
, xz ∈ Zn

+, xc ∈ Rn̄
+ | Rx = r

}
, (2.2)

where R has the form R =
[

B : C
A : 0

]
, r =

[
b
a

]
, B ∈ Zm̄×n, and C ∈ Zm̄×n̄. The matrix A is

defined as before. The columns of A correspond to the integer variables, and the columns of C

correspond to the real variables. Without loss of generality we assume that C has full row rank.
If this is not the case, then we have a π such that πT C = 0, allowing us to delete a constraint
for which πi 6= 0, and replace it with the constraint πT B = πT b. Our developments in this paper
suggest that this transformation is needed only in the pre-processing stage while computing the
initial adjoint lattice. All subsequent computations can be performed using the original data.

The feasibility mixed integer convex program (FMICP) is to

find {xz ∈ Zn
+, xc ∈ Rn̄

+ | Rx = r, ci(x) ≤ 0, i = 1, . . . , l}. (2.3)

The structure and assumptions on R are same as in (FMILP). The functions ci(x) : Rn → R are
convex. An ε feasibility version of these problems satisfies constraints ci(x) ≤ 0 by relaxing them
to ci(x) ≤ ε, i = 1, . . . , l, for a given ε > 0. These problems are denoted by ε-FMICP.

Continuous Relaxation, Bounded and Non-empty Interior Assumption

Let x =
[

xz

xc

]
. The set obtained from relaxing the integrality requirements on xz in (FMILP)

and (FMICP) are represented by P and C respectively, i.e.,

P := {x | Rx = r, x ≥ 0},
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and
C := {x | Rx = r, ci(x) ≤ 0, i = 1, . . . , l}.

The continuous relaxation of (FILP) is also represented by P. We assume that the set P and
more generally the set C is bounded with non-empty relative interior, i.e., the set

C0 := {x | Rx = r, ci(x) < 0, i = 1, . . . , l},

has a feasible solution. For a polyhedral set P verification of non-empty relative interior can be
done in polynomial time. In fact, it is a by-product of an optimization problem that finds a feasi-
ble solution of P using interior point methods. This is because the entire set P is the optimal face
for the feasibility/optimization problem, and interior point methods converge to a point in the
interior of this face. All inequality constraints that are tight at this solution can be permanently
set to equality constraints (see for example, Mehrotra and Ye [22], Ye [30]). The assumption that
the feasible sets are bounded can be ensured by introducing an explicit constraint bounding all
the variables.

Polynomial time solutions of general convex programs are possible only within a specified
tolerance [24, 23]. This is our reason for introducing (ε-FMICP).

General Notation
The superscript T represents transpose of a vector or a matrix. For x ∈ Rn, ‖x‖ represents the l2
norm, and ‖x‖Q represents the ellipsoidal norm

√
xT Qx. In our developments Q may be a positive

semi-definite or definite matrix. ∇φ(x),∇2φ(x) represent the gradient and Hessian of a multivari-
ate function φ(·) at x. bαe represents an integer nearest to the real number α. bαc denotes the
integer number less or equal to α, and dαe the number greater or equal to α. bxc and dxe represent
integral vectors obtained by rounding each component of a real vector x as described above. I rep-
resents an Identity matrix of an appropriate size. ei represents i-th column of an Identity matrix.
We will use the symbol ⊕ to represent sum of sets, i.e., X ⊕ Y := {x + y |x ∈ X , y ∈ Y}. gcd(a)
is the greatest common divisor of the components of a, and a is called primitive if gcd(a) = 1.

Width of a Convex Set
The width of a convex set C along a vector u is defined to be

W(u, C) := max
u∈C

uT x−min
u∈C

uT x.

In our case the vector u is integral.

Range and Null Spaces, Lattice, Kernel Lattice and its Dual
The range space of a m × n matrix A, {x ∈ Rn | x =

∑m
i=1RAT ei}, is represented by R(A).

The null space of A is given by N (A) := {p ∈ Rn | Ap = 0}. Given B = [b1, . . . , bk], L(B) :=
{x ∈ Rn | x =

∑k
i=1 Zbi}, is the lattice generated by column vectors bi, i = 1, . . . , k. A lattice

is called integral if all vectors in L(B) are integer vectors. An integral lattice has an associated
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unique integral kernel lattice K(B) := {u ∈ Zn | uT b = 0 for all b ∈ L(B)}. The lattice K(AT ) is
represented by Λ. The existence of Λ is well known. The dual of Λ is defined as the set

Λ⊥ := {z ∈ Rn|Az = 0, zT x ∈ Z, for all x ∈ Λ}.

The set Λ⊥ is also a lattice, however, it may not be integral. If Z is a basis for Λ, then
Z⊥ := Z(ZT Z)−1 is a basis for Λ⊥. This is shown as follows. Clearly all vectors of the form
v = Z(ZT Z)−1p, where p is integral satisfy vT x ∈ Z for all x ∈ Λ. Now, take a v such that
Av = 0 and assume that vT x ∈ Z for all x ∈ Λ. Since Z is a basis of Λ, we have ZT v = u,
where u is an integral vector. Also, since Av = 0, there exists a unique y ∈ Zk such that v = Zy.
Therefore, ZT Zy = u, and y = (ZT Z)−1u, which gives v = Z(ZT Z)−1u. This also proves that
Λ⊥ is a lattice, and it is unique.

Adjoint Lattice
A lattice K∗(AT ) is called an adjoint lattice of A if for any basis Z of Λ there exist a basis Z∗ of
K∗(AT ) such that

ZT Z∗ = I. (2.4)

An adjoint lattice is integral if all its elements are integral. Integral adjoint lattices play a funda-
mental role in the developments of this paper. Henceforth the prefix “integral” is dropped when
considering integral adjoint lattices.

Obviously the dual lattice gives an adjoint lattice, however, it may not be integral. We now
show the existence of an integral adjoint lattice, and give a way of computing it. Let U be a
unimodular matrix such that AU = [H : 0], where H is the Hermite normal form of A (see
Schrijver [25]). The last k columns (k = n−m) of U give a basis of Λ. We denote these columns
of U by Z ∈ Zn×k. Let us represent the last k columns of U−T by Z∗. The matrix U−T is integral
because U is unimodular, hence Z∗ is integral, and ZT Z∗ = I. We just showed the existence of
an adjoint lattice corresponding to any basis of Λ generated in a HNF calculation. The following
proposition extends the existence result to any basis of Λ.

Proposition 2.1 Let Z̃ be a basis of the lattice Λ. Then there exists an integral matrix Z̃∗ such

that

Z̃∗T Z̃ = I. (2.5)

Proof: Assume that a basis Z of Λ is available from the HNF computations of A, and Z∗ is
constructed as above. Since Z and Z̃ are basis for Λ we have a unimodular matrix V such that
Z̃ = ZV . Now take Z̃∗ = Z∗V −T . Since V is unimodular, V −T is also unimodular. ¤

Note that an integral adjoint lattice associated with A is not unique. For example any matrix
in the set Z∗ ⊕ L(AT ) satisfies (2.4), and the lattices generated are different. We represent an
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instance of K∗(AT ) by Λ∗. Z∗ represents a basis of Λ∗ satisfying ZT Z∗ = I for a basis Z of Λ.

Lenstra, Lenstra, and Lovász Reduced Basis
We now define a LLL-reduced basis as used in this paper. This definition is adapted from [14, 15]
for the ellipsoidal norm. Let B̂ = [b̂1, . . . , b̂n] be the orthogonal basis vectors computed by using
the Gram-Schmidt orthogonalization procedure as follows:

b̂i = bi −
i−1∑

j=1

Γj,ib̂j , i = 1, . . . , n, (2.6)

where
Γj,i = bT

i Eb̂j/‖b̂j‖2
E , and b̂1 = b1. (2.7)

Definition 2.1 A basis b1, . . . , bn of a lattice L is called a LLL-reduced basis, for δ ∈ (1
4 , 1], if it

has the following two properties:

C1. (Size Reduced) |Γj,i| ≤ 1/2 for 1 ≤ j < i ≤ n.

C2. (2-Reduced) ‖b̂i+1‖2
E ≥ (δ − Γ2

i,i+1)‖b̂i‖2
E, |Γi,i+1| ≤ 1/2 for i = 1, . . . , n− 1.

It is assumed that ‖ · ‖E 6= 0 for vectors of interest. A basis is called 2-reduced if only C2 is
satisfied. It is called size-reduced if only C1 is satisfied. The upper triangular matrix Γ := [Γj,i]
satisfies ΓT DΓ = BT EB, where D is a diagonal matrix whose elements Dii are ‖b̂i‖2

E . Note that
Γ can be computed from the Cholesky factors of BT EB.

Size Reduction of B.
We now show that a size-reduced lattice basis is easily obtained from a 2−reduced lattice basis.
Let us obtain basis b̃1, . . . , b̃n from the basis b1, . . . , bn as b1, . . . , bk−1, bk − [Γj,k]bj , . . . , bn, j < k,
i.e., B̃ = BUj,k, where Uk,j = I − [Γj,k]eje

T
k is an elementary unimodular matrix. It is easy

to see that B̃ = B̂Γ̃, where Γ̃ = Γ − [Γj,k]eje
T
k . Note that B̂ is unchanged as a result of this

operation. This operation results in |Γ̃j,k| ≤ 1/2. This computation is called size reduction of
bk against bj , j < k. Note that Γ̃ is obtained from Γ (i.e., Γ is updated) in O(n) arithmetic
operations. After initial Γ is computed, we can size reduce the entire basis by recursively ap-
plying this step in the order (k, j) = (n, n − 1), (n, n − 2), . . . , (n, 1), (n − 1, n − 2), . . . , (2, 1).
This is summarized in the method SizeReduceBasis. Note that generating a size reduced basis
from a 2-reduced basis requires O(n3) arithmetic operations and only requires information from Γ.

Lovász and Scarf [18] Reduced Basis
Lovász and Scarf [18] developed a generalized basis reduction (GBR) algorithm which gives a
reduced basis of the lattice Zn with respect to a generalized distance function F defined on C:
F (x, C) = inf{λ|λ ≥ 0, x ∈ λC}. Let C∗ be the dual of C defined as C := {p|pT x ≤ 1 for all x ∈ C}.
It can be shown that the generalized distance of a point y to the dual set C∗ is computed by
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Method: SizeReduceBasis (B (or U), Γ,n)

FOR k = n, . . . , 2

FOR j = k − 1, . . . , 1

ϑ = [Γk−1,j ];

bk = bk − ϑbj ;

FOR i = 1, . . . , j

Γi,k = Γi,k − ϑΓi,j ;

Figure 1: Size Reduction of a Basis

solving an optimization problem defined over C. In particular, F (y, C∗) = maxx∈C yT x [18]. Let
us define

Fi(x, C) = min
α1,...,αi−1∈R

F (x + α1b
1 + . . . + αi−1b

i−1, C). (2.8)

The function Fi(x, C) is a distance function associated with the projection of C (call it Ci) into
the subspace generated by {bi, . . . , bn} along {b1, . . . , bi−1}, i.e., x =

∑n
l=i αlb

l ∈ Xi iff there exist
αi, i = 1, . . . , i− 1 such that x +

∑i−1
l=1 αlb

l ∈ C. If the constraints defining C are explicitly given,
then the functions Fi(x, C) can either be computed directly from (2.8) or from the solution of

Fi(x, C) = max{xT z|z ∈ C∗, bT
i z = 0, . . . , bT

i−1z = 0}. (2.9)

Definition 2.2 A basis b1, . . . , bn is called Lovász-Scarf reduced basis (LS-reduced for short) for

a given 0 < ε < 1
2 if the following two conditions hold for i = 1, . . . , n− 1:

(G1) Fi(bi+1 + µbi, C) ≥ Fi(bi+1, C) for integral µ,

(G2) Fi(bi+1, C) ≥ (1− ε)Fi(bi, C).

These conditions reduce to conditions C1 and C2 when C is replaced with an ellipsoid.

Self-Concordant Convex Functions, Barriers, and Analytic Centers
Let f : Rn → R be a twice differentiable strictly convex function, and consider the set

Ĉ := {x | ci(x) ≤ 0, i = 1, . . . , l},

where ci(·) are convex functions as defined before. Let Ĉ0 be the interior of Ĉ. Following Renegar
[24] (see also Nesterov and Nemirovskii [23]) the function f is called self-concordant (SC) if for
all x ∈ Ĉ and y ∈ {y | ‖y − x‖∇2f(x) ≤ 1}, we have

1− ‖y − x‖∇2f(x) ≤
‖v‖∇2f(y)

‖v‖∇2f(x)
≤ 1

1− ‖y − x‖∇2f(x)
,
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for all v 6= 0. A self-concordant barrier associated with Ĉ is a SC function with the additional
property

θ := sup
x∈Ĉ0

‖∇f(x)‖∇2f(x) < ∞.

The parameter θ is called the complexity value of f . A restriction of a SC barrier with complexity
value θ on a subspace (or its translation) (see Renegar [24, Page 35]) is also a SC barrier with
complexity value θ. Hence, without loss of generality, we will refer to f as a barrier function over
C. The minimizer of a barrier function is called an analytic center associated with the barrier.
The most popular barrier function is the log-barrier. The log-barrier analytic center for (FMILP,
FILP) is given by the solution of

max{ρ(x,P) := −
n∑

i=1

ln xi | Rx = r}.

For (FMICP) under appropriate assumptions the analytic center is a solution of

max{ρ(x, C) := −
n∑

i=1

ln ci(x) | Rx = r}.

The log-barrier analytic center is well defined if the inequality constraints are given by convex
functions and it is bounded with non-empty relative interior. The gradient and Hessian of the
log-barrier at a point x are given by:

∇ρ(x,P) = − (1/xi) , ∇2ρ(x,P) =
[
diag(1/x2

i )
]
,

∇ρ(x, C) = −∑l
i=1

1
ci(x)∇ci(x), ∇2ρ(x,P) =

∑l
i=1

[
1

c2i (x)
∇ci(x)∇ci(x)T + 1

c∇2ci(x)
]
.

3. Branching on Hyperplane Algorithms

We now review Lenstra’s algorithm. Our description here follows Schrijver [25]. This descrip-
tion is different from the one given in Lenstra [16] in Step 2. Lenstra performs a transformation of
variables to apply LLL algorithm, while Schrijver [25] gives the basis reduction algorithm without
performing variable transformation.

Lenstra assumes that the feasible set of integer linear program is full dimensional. He gives a
method for achieving this. More recently Aardal and Lenstra [1] and Aardal et. al. [2] have given
a particular reformulation scheme that also achieves this for knapsack and market split problems.
In these schemes (FILP) is transformed to an equivalent feasibility problem:

Find {y ∈ Zk | y ∈ Y := ZT y ≥ v}, (3.1)

where Z ∈ Zn×k is any basis for K(AT ), and v ∈ Zn is any integral solution satisfying Ax = a.
Aardal and Lenstra [1] and Aardal et. al. [2] give a scheme for computing a suitable Z for knap-
sack and market split problem instances.
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Lenstra’s algorithm performs four basic steps at each node of the branch-and-bound tree it
generates. It suffices to describe the algorithm at any node (say the root node). The steps are:

Step 1 Ellipsoidal Rounding
Find a positive definite matrix Q ∈ Qk×k and a point w ∈ Y so that the ellipsoidal approx-
imation of Y: E(w, Q) := {‖y − w‖Q ≤ 1} satisfies,

E(w, Q) ⊆ Y ⊆ E(w, Q/γ).

This ellipsoidal approximation is called the γ-approximation of Y. The parameter γ > 1
represents the quality of approximation. A larger value means worse approximation quality.

Step 2 Basis Reduction
Given a Q describing the ellipsoidal rounding, find a reduced basis b1, . . . , bk of the lattice Zk

in ‖ · ‖Q norm. This is done by Lenstra, Lenstra, and Lovász [15] basis reduction algorithm.

Step 3 Feasibility Check and Branching Hyperplane Computations
Let b1, . . . , bk be the basis vectors given in Step 2. Write w =

∑k
i=1 βibi and compute ŷ =∑k

i=1bβiebi. If ŷ ∈ Y we have found a feasible integer solution at the current node. Lifting
ŷ to the space of the original problem will give the desired feasible solution. Otherwise, take
a primitive vector p satisfying pT bi = 0 for i = 1, . . . , k − 1.

Step 4 Branching and Dimension Reduction
Add hyperplanes pT y = α, α ∈ Z, αmin ≤ α ≤ αmax, αmin = dminy∈Y pT ye, and αmax =
bmaxy∈Y pT yc. The number of variables in the resulting problems is reduced by one or more
to maintain full dimensionality. Reconstruct the feasibility problems in the lower dimension
and add these nodes to the branch-and-bound tree. Return to Step 1, with an unexplored
node of the branch-and-bound tree.

The existence of a k−approximation ellipsoid for Y (in fact a full dimensional convex set) is
known since John [11]. John [11] showed that a minimum volume circumscribing ellipsoid gives a
k−approximation of a convex set. However, to our knowledge no algorithm is known to find the
minimum volume circumscribing ellipsoid. It is now known that the maximum volume inscribed
ellipsoid can also provide a k−approximation of Y. Polynomial time algorithms are known for
finding a maximum volume inscribed ellipsoid (Tarasov, et al. [26], Nesterov and Nemirovskii [23],
Khachiyan and Todd [13], Anstreicher [5]). We refer the reader to Anstreicher [5] for a discussion
and further references on these methods and their computational complexity. Lenstra [16] also
gave an algorithm for finding a k−approximation of a polyhedral set.

Two alternative notions of centers have also emerged with the development of interior point
methods. These are the log-barrier center mentioned in Section 2, and the Vaidya-volumetric
center introduced by Vaidya [28]. Suitable approximations of both centers are computable in
polynomial time. However, the log-barrier center is more practical and it is a fundamental ele-
ment of log-barrier interior point methods in optimization [23, 24]. The Vaidya center is more
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suitable for non-differentiable convex functions or situations where log-barrier center can not pro-
duce a provably good quality approximation of the convex set. In this paper we will emphasize
the use of log-barrier center. A companion paper [21] uses the Vaidya center for non-differentiable
integer programming convex programming problems.

For the choice of p constructed in Steps 2 and 3, Lenstra showed that W(p,Y) is bounded
by 2n(n + 1)2n(n−1)/4. This bound was improved by Babai [6] (see also Lovász [17]) to 2(n +
1)
√

n(3/
√

2)n. This bound shows that the number of hyperplanes added in Step 4 are constant
when n is fixed, and they are independent of the size of the problem data. The branching in
Lenstra’s algorithm is called branching on hyperplanes. This branching is different from standard
branching, which branches on one variable (p is ei) at a time.

Hence, using the fact that the dimensionality of (3.1) is reduced by one after a hyperplane is
added, and the data of the reduced problem remains polynomially bounded in the size of orig-
inal data, ellipsoidal approximation is achieved in polynomial time, and LLL algorithm runs in
polynomial time, Lenstra showed that (FILP) is solved in polynomial time for a fixed number
of variables. Lenstra extended his algorithm for (FMILP) by doing a variable projection that
projects out continuous variables from the problem and converts it into (FILP).

The algorithm of Lovász and Scarf [18] combines Steps 1 and 2 in Lenstra’s algorithm. A vector
from a LS-reduced basis is used to describe the branching hyperplane while full dimensionality
of the original set is assumed. Our goal is to work in the space of original variables without
performing an explicit dimension reduction or data transformation.

4. The Branching Hyperplane Problem in the Original Space

In this section we reformulate the branching hyperplane finding problem in generalized branch-
ing algorithms as a shortest lattice vector problem in the original space. For simplicity we first
describe our ideas for the linear case with pure integer variables. The extension to general mixed
integer problems is addressed in Section 7.

4.1 Ellipsoidal Approximation

Let E(w,Q) := {x | (x− w)T Q(x− w) ≤ 1, Ax = a}. If w is taken as the log-barrier analytic
center, then it is well known that E(w,Q) gives a n-approximation of P [24]. In particular,

E(w,∇2ρ(w,P)) ⊆ P ⊆ E(w,∇2ρ(w,P)/n).

Note that this is worse than the k-approximation possible if the problem dimension is reduced
and the methods of Lenstra [16], Vaidya [28], and Anstriecher [3, 4] are used. It is not necessary
to compute the log-barrier analytic center exactly to obtain a good rounding. This is discussed
in Section 8 in the context of mixed integer convex feasibility problems.
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4.2 The Branching Hyperplane Problem

Let us consider (FILP) available at a node of the branch-and-bound tree. Without loss of
generality assume that A ∈ Zm×n includes all the hyperplanes added thus far in the branching
process. The following theorem shows that the width of projected set P along an integral vector
is equal to the width of P along a vector in an adjoint lattice of A. The opposite is also true.

Theorem 4.1 Let u ∈ Λ∗, and u 6= 0, then there exists a p ∈ Zk (p 6= 0) such that

W(u,P) = W(p,Y). (4.1)

Furthermore, for p ∈ Zk there exists a u ∈ Λ∗ such that (4.1) also holds. In particular, u = Z∗p,

where Z∗ is a basis of Λ∗ satisfying ZT Z∗ = I.

Proof: Since u ∈ Λ∗, we have a p such that u = Z∗p. We show that p is the desired vector. As-
sume that maxx∈P uT x is attained at xmax. Similarly, let minx∈P uT x be attained at xmin. Clearly
we have a ŷ ∈ Y, such that xmax = Zŷ + v, since A(xmax − v) = 0 for an integral v satisfying
Av = a, and Z is a basis for N (A). Now uT xmax = pT Z∗T (Zŷ + v) = pT ŷ + pT Z∗T v. Similarly,
we have a ȳ ∈ Y such that uT xmin = pT ȳ + pT Z∗T v. Hence, W(u,P) ≤ W(p,Y). Now as-
sume that maxy∈Y pT y (miny∈Y pT y) is attained at ymax (ymin), and construct x̂ = Zymax + v

(x̄ = Zymin + v). Clearly, x̂, x̄ ∈ P, and uT x̂ = (Z∗p)T x̂ = pT Z∗T ymax + pT Z∗T v, and
uT x̄ = (Z∗p)T x̄ = pT Z∗T ymin + pT Z∗T v. Hence, we have W(u,P) ≥ W(p,Y). This completes
the proof. ¤

This immediately results in the following corollary.

Corollary 4.1 minu∈Λ∗\0W(u,P) = minp∈Zk\0W(p,Y).

Note that Theorem 4.1 and Corollary 4.1 hold for any adjoint lattice, however integral adjoint
lattices are of importance because they allow us to add constraints defined using integral vectors
to an integral matrix A. Corollary 4.1 formulates the branching hyperplane finding problem over
Λ∗. We now formulate the branching hyperplane problem when P is approximated with an ellip-
soid.

The branching hyperplane finding problem for the ellipsoid E(w, Q) is to solve the minimization
problem:

min
u∈Λ∗\0

W(u, E(w,Q)), or equivalently, min
u∈Λ∗\0

W(u, E(0, Q)), (4.2)

where E(0, Q) = {x ∈ Rn | ‖x‖Q ≤ 1, Ax = 0}. Since for any u ∈ Rn, minx∈E(0,Q) uT x =
−maxx∈E(0,Q) uT x, we have the following result.

13



Proposition 4.1 The width of the ellipsoid E(0, Q) along u ∈ Zn is

W(u, E(0, Q)) = 2‖Q−1/2u‖P
AQ−1/2

, (4.3)

where PAQ−1/2 = I −Q−1/2AT (AQ−1AT )−1AQ−1/2, or PAQ−1/2 = Q1/2Z(ZT QZ)−1ZT Q1/2

is an orthogonal projection matrix. In particular, if u ∈ Λ∗, then

1
2

min
u∈Λ∗\0

W(u, E(0, Q)) = min
p∈Zk\0

‖Q−1/2Z∗p‖P
AQ−1/2

(4.4)

= min
p∈Zk\0

√
pT (ZT QZ)−1p (4.5)

= min
p∈Zk\0

‖Q1/2Z(ZT QZ)−1p‖. (4.6)

A proof of Proposition 4.1 is easily constructed under the variable transformation x̂ := Q−1/2x.
The matrix PAQ−1/2 is an orthogonal projection matrix, and (4.3) computes the l2 norm of vector
Q−1/2u projected orthogonally on N (AQ−1/2). Equations (4.4–4.6) give us three related ways of
computing the minimum width direction. The equality (4.4) allows us to formulate the problem of
finding the branching hyperplane in the original space using an adjoint lattice basis Z∗. Equality
(4.5) gives a formulation of the same problem using a basis Z of Λ. Equality (4.6) gives a formu-
lation of the problem over the dual lattice Λ⊥. Equality (4.6) also shows (by taking p = ei) that
a basis of Λ⊥ is obtained from a basis of an adjoint lattice via an orthogonal projection. Recall
that the dual lattice is unique, where as we can have many different integral adjoint lattices.

Adjoint lattice is the most natural lattice to generate branching hyperplanes in the original
space. For a given Λ∗, since Λ∗ ⊕ L(AT ) is also an adjoint lattice, they allow one to reduce the
elements of Λ∗ prior to performing any computation. This is numerically beneficial particularly
when we add branching hyperplanes to existing constraints. Lenstra [16] generates a branching
hyperplane as a byproduct of a rounding calculation after finding the ellipsoidal rounding and an
LLL-reduced basis. The above discussion has formulated this problem directly. It is possible that
one finds a branching hyperplane with ‘large’ width after solving this problem. In the following
discussion we develop the rounding procedure in our setting. We also show that if the width of
P along the first vector of an appropriately reduced Z∗ exceeds a threshold, then we should be
able to round the currently available center to a feasible integer solution.

4.3 Rounding to a Feasible Solution

We now recast the problem of rounding the computed center in Lenstra’s algorithm in the
space of original variables. Let w be a center of P (or more generally C). Let v be any integral
solution satisfying Av = a. Now consider the closest lattice vector (CLV) problem:

min
q∈Λ\0

‖w − v − q‖Q (4.7)
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If the solution of (4.7) is feasible, we are done; otherwise, (as shown below) we must have a u ∈ Λ∗

along which the ellipsoid E(w,Q) (and by extension the set P or C) is thin. Although Lenstra
does not directly consider (4.7) his main result uses information from an approximate solution of
(4.7). We show this below in our context, where we also establish the connection between reduced
bases of Λ and Λ∗.

Let Z1, . . . , Zk be a LLL-reduced basis of Λ under the ellipsoidal norm ‖·‖Q, i.e., Q1/2Z is LLL-
reduced under l2-norm. Since w−v ∈ N (A) and Z is a basis forN (A), we have ζi ∈ R, i = 1, . . . , k,
such that w − v =

∑k
i=1 ζiZi. Now generate a vector ṽ =

∑k
i=1bζieZi, and take v̄ = v + ṽ as

a candidate solution. Clearly, Av̄ = a. If v̄ ≥ 0, then we have a feasible solution; Otherwise,
(w − v̄)T Q(w− v̄) > 1. Obviously ṽ is an approximate solution to the closest lattice vector prob-
lem, however, it is polynomially computable.

The next theorem is an analogue of the result of Babai [6] for our current setting. It shows
that if the above discussed rounding procedure does not generate a feasible solution, then the
ellipsoid E(0, Q) is thin along an element of Λ∗.

Theorem 4.2 Let Q1/2Z be LLL-reduced under l2-norm. Let v̄ constructed as above satisfy

(w − v̄)T Q(w − v̄) > 1. Then there exists a branching direction u ∈ Λ∗ such that

W(u,P) ≤ 2γ(3/
√

2)k, (4.8)

where γ satisfies E(w, Q) ⊆ P ⊆ E(w, Q/γ). In particular, one such u is given by Z∗ej, where

ZT Z∗ = I is a basis of Λ∗, and j = argmin{‖Q−1/2Z∗j ‖P
AQ−1/2

}.

The motivation for the particular choice of u can be seen from the following Lemma. This
Lemma establishes a connection between a 2-reduced basis of Λ and a 2-reduced basis of Λ∗.
This Lemma shows that a 2-reduced ‘projected’ Z∗ is obtained from a 2−reduced Z, and vice
versa. If a LLL-reduced Z∗ (or Z) is needed, then a ‘size reduction step’ is performed to convert
a 2−reduced basis to a LLL-reduced basis. We can perform this size reduction inductively as
discussed in Section 2.

Lemma 4.1 Let Z,Z∗ be bases of Λ and Λ∗ respectively satisfying ZT Z∗ = I. Let Z̄ := Q1/2Z

be 2-reduced (or Z is LLL-reduced under ‖.‖Q norm). Then, the column vectors of Z̄∗ :=

PAQ−1/2Q−1/2Z∗ are 2-reduced in the reverse order. Also, if PAQ−1/2Q−1/2Z∗ are 2-reduced, and

Z is constructed such that ZT Z∗ = I, then Q1/2Z is 2-reduced in the reverse order.

Proof: Let Z̄ = ẐΓ, where Ẑ is an orthogonal matrix obtained from the Gram-schmidt or-
thogonalization of Q1/2Z, and Γ be an upper triangular matrix, whose diagonal elements are 1.
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Then,

Z̄∗T Z̄∗ = Z∗T Q−1/2[Q1/2Z(ZT QZ)−1ZT Q1/2]Q−1/2Z∗ = (ZT QZ)−1 = (ΓT DΓ)−1,

where D = diag{‖Ẑ1‖2, . . . , ‖Ẑk‖2} is a diagonal matrix. Hence, Z̄∗ΓT = Ẑ∗ is the Gram-Schmidt
orthogonal basis of Z̄∗ calculated in the reverse order. Clearly,

ẐT Ẑ∗ = Γ−T ZT Q1/2[Q1/2Z(ZT QZ)−1ZT Q1/2]Q−1/2Z∗ΓT = I,

and ‖Ẑi‖ ‖Ẑ∗i ‖ = 1 for i = 1, . . . , k. Since Z̄ is LLL-reduced, by the definition of LLL-reduced ba-
sis, we have ‖Ẑi+1‖ ≥ (δ − Γ2

i,i+1)‖Ẑi‖2. Hence, ‖Ẑ∗i ‖2 ≥ (δ − Γ2
i,i+1)‖Ẑ∗i+1‖2. Also |(Γ−T )i+1,i| ≤

1/2, i = 1, . . . k− 1 because (Γ−T )i+1,i = −Γi,i+1. The proof for the second part of the statement
is similar. ¤

Proof of Theorem 4.2. We follow the notations in the proof of Lemma 4.1. Let ζi − bζie = νi

and ν be a vector whose i-th component is νi, then w − v̄ = Zν. Now,

1 ≤ ‖Zν‖2
Q = ‖Z̄ν‖2 ≤

k∑

i=1

|νi|‖Z̄i‖ ≤ 1
2mini ‖Z̄∗i ‖

k∑

i=1

‖Z̄∗i ‖ ‖Z̄i‖.

Hence, in order to prove the theorem it is sufficient to bound
∑k

i=1 ‖Z̄∗i ‖ ‖Z̄i‖. From Z̄∗ = Ẑ∗Γ−T ,
we have Z̄∗i =

∑k
j=i Γ

−1
ij Ẑ∗j , hence

‖Z̄∗i ‖2 ≤
k∑

j=i

(Γ−1
ij )2‖Ẑ∗j ‖2 =

k∑

j=i

(Γ−1
ij )2

1
‖Ẑj‖2

where the last equality follows from using ‖Ẑi‖ ‖Ẑ∗i ‖ = 1. Now for a LLL reduced basis barZ we
have (see Lenstra, Lenstra, and Lováz [15])

‖Ẑi‖
‖Ẑj‖

≤ 2(j−i)/2, and ‖Z̄i‖ ≤ 2(i−1)/2‖Ẑi‖, (4.9)

hence

‖Z̄∗i ‖2 ‖Ẑi‖2 ≤
k∑

j=i

(Γ−T )2ij‖Ẑi‖2/‖Ẑj‖2 ≤
k∑

j=i

2(j−i)(Γ−1
ij )2 ≤ 2k−i

k∑

j=i

(Γ−1
ij )2.

It follows from (4.9) that

k∑

i=1

‖Z̄∗i ‖ ‖Z̄i‖ ≤
k∑

i=1

2
i−1
2 ‖Z̄∗i ‖ ‖Ẑi‖ ≤

k∑

i=1

2
i−1
2




k∑

j=i

2(j−i)(Γ−1
ij )2




1/2

≤ 2
k−1
2 (

3
2
)k ≤ (

3√
2
)k,

where we have used that
∑k

i=1

∑k
j=i(Γ

−1
ij )2 ≤ (3/2)2k. This completes the proof. ¤

The following corollary is an immediate consequence of Lemma 4.1 and Theorem 4.2.
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Corollary 4.2 If the column vectors of PAQ−1/2Q−1/2Z∗ are 2-reduced (an LLL-reduced basis is

obviously 2-reduced) and a vector of Z∗ does not satisfy (4.8), then we can use the kernel lattice

basis Z corresponding to LLL-reduced Z∗ to generate a feasible integer solution of (FILP).

Using (4.6) Lemma 4.1 also shows that a LLL-reduced Z gives a 2-reduced Z⊥. The branching
direction u ∈ Zn can also be constructed from the dual lattice Λ⊥ with the width properties similar
to those for the branching direction for the projected problem. In particular, it can be shown that

min
u∈Λ⊥\0

‖Q−1/2u‖P
AQ−1/2

= min
u∈Λ∗\0

‖Q−1/2u‖P
AQ−1/2

,

and uT x = Z+ α for all x ∈ Zn, and Ax = a. Here α = uT (ZT QZ)−1ZT v is a constant, and v is
any solution satisfying Av = a.

The worst case value of γ in Theorem 4.2 depends on the choice of method for rounding
P and computing the center. As discussed earlier the value of γ = n when analytic center is
used. Hence, for this more practical choice of center and working in the original space we pay a
slight penalty by achieving an inferior bound on the worst case number of branching hyperplanes.
We note that although LLL-reduced basis (either for Z or Z∗) provides a convenient tool for
establishing the theoretical bound on the number of branching hyperplanes, they are not essential
to the implementation of the algorithm. Both the branching hyperplane finding problem and the
CLV problem can be considered independently, and alternative algorithms can be used to solve
them exactly or approximately.

5. Aardal and Lenstra’s Reformulation

Recently Aardal and Lenstra [1] proposed the following method to solve some difficult instances
of integer knapsack problems. First they compute a reduced kernel basis Z of Λ by using a variant
of Lenstra, Lenstra, and Lovász basis reduction algorithm with l2 norm and reduce the problem
(2.1) to the full dimensional problem (3.1). Subsequently they branch on the coordinate ek, . . . , e1.
In the following we show that such a problem reformulation is not required. We now show that the
Aardal-Lenstra branching directions are available in the original space by considering the adjoint
lattice Λ∗.

Corollary 5.1 Consider the polyhedra Y = {y |ZT y ≥ v}, where Z is a basis for Λ, and v ∈ Zn

satisfies Av = a. Then,

W(ek,Y) = W(Z∗k ,P),

where Z∗k = Z∗ek is the k−th column of Z∗.

Proof: The proof follows immediately from Theorem 4.1 by taking p = ek. ¤
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If Z is LLL-reduced in l2 norm, then from Proposition 4.1 the last vector of PAZ∗ for the
corresponding adjoint lattice is the first vector of a 2-reduced basis, where PA = I−AT (AAT )−1A.
Since the size reduction step does not change the order of a 2-reduced basis, the last vector of Z∗

corresponding to a LLL-reduced basis Z gives a good approximation for the problem

min
u∈Λ∗\0

‖u‖PA
.

We reach the following conclusion.

Lemma 5.1 At the root node the method in Aardal and Lenstra [1] finds a thin direction for an

ellipsoid defined by taking Q = I in the ellipsoidal approximation step of Lenstra’s algorithm.

Note that Aardal and Lenstra [1] also include a solution v in there LLL-reduction procedure.
Consequently, their final basis may not be the LLL-reduced basis mentioned above, however, one
would get the same basis if the solution is removed from their LLL procedure. We have ignored
this while writing Lemma 5.1. A comparison of our computational results in Mehrotra et. al. [20]
with those reported by Aardal and Lenstra [1] shows similar number of nodes while solving the
knapsack or market split problems [2]. In view of our discussion in the previous sections, we can
work with the problem defined using Z∗ instead of working with the reformulated problem. The
next proposition shows that the kernel lattice basis and its adjoint are trivially available after a
branching hyperplane is added.

Proposition 5.1 Let Z,Z∗ be bases of Λ and Λ∗ satisfying ZT Z∗ = I. Let us consider the

problem obtained by adding a constraint uT x = α to the set Ax = b, where u = Z∗k . Then

Z̃ = [Z1, . . . , Zk−1] is an integral basis for K(Ã) where Ã :=


 A

uT


. Furthermore, Z̃∗ =

[
Z∗1 , . . . , Z∗k−1

]
satisfies Z̃T Z̃∗ = I.

Proof: Consider the Hermite normal form of A, i.e., AÛ = [H : 0]. Let Û = [UA : Ẑ], where
AUA = H, and AẐ = 0. Since Ẑ is basis of Λ, Z = ẐÛ . Let U = [UA : Z]. Clearly,

A[UA : Z] = [H : 0]. Now,
[

A
uT

]
U =

[
H : 0 : 0

uT UA : 1 : 0

]
, where in U we have permuted the

columns of Z, to make Zk its first column. Hence, the matrix U also puts Ã into its Hermite
normal form, therefore Z̃ is a basis for K(Ã). Clearly, Z̃T Z̃∗ = I. ¤

From Proposition 5.1 and Corollary 5.1 we conclude the following result.

Theorem 5.1 Branching on the coordinates ek, . . . , e1 of the problem Zy ≥ v, is equivalent to

branching on the vectors Z∗k , . . . , Z∗1 of the adjoint lattice basis satisfying ZT Z∗ = I. ¤
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The discussion of this section suggests the possibility of using the LLL-reduced basis for an
ellipsoidal approximation (use of l2-norm is a further approximation) or the GBR-reduced basis
available at the root node to generate branching hyperplanes at all nodes of the generalized
branch-and-bound tree. We formalize the properties of using the basis from the root node for the
entire branch-and-bound tree in the next section.

6. Reduced Basis at the Root Node

In this section we study the GBR and LLL basis reduction algorithms at the root node. In
particular, we show that the basis available at the root node approximately minimizes the total
number of nodes generated in the generalized branch-and-bound algorithm suggesting that the
root node basis is a good quality basis. This discussion also opens the possibility of general
implementations where the reduced basis is computed at the root node and only selectively at
subsequent nodes of the branch-and-bound tree. This may significantly reduce the burden of
running these algorithms in a practical implementation.

Proposition 6.1 Let Z∗ = [b1, . . . , bk] be an adjoint lattice basis, and assume that the branch-

and-bound tree is generated by branching in the order b1, . . . , bk. The total number of nodes in the

generalized branch-and-bound tree is bounded by

∆̃ := b(F1(b1) + 1)c+ b(F1(b1) + 1)cb(F2(b2) + 1)c+ . . . +
k∏

i=1

b(Fi(bi) + 1)c. (6.1)

Proof: It is sufficient to show that the number of nodes at i-th level of the generalized branch-
and-bound tree is bounded by

∏i
j=1(bFj(bj)c+1) for i = 1, . . . , k. First, it is easy to see that the

number of nodes at root node is bounded by bF1(b1)c+ 1. We prove that the number of nodes at
its each children node is bounded by (bF1(b1)c+1)(bF2(b2)c+1). The children nodes are generated
by adding constraints bT

1 x = µ for all feasible values of µ. For example, one subproblem is written
as {min cT x | x ∈ C, bT

1 x = µ} for some value of µ. The number of nodes for this subproblem if
branching on b2 is bounded by bG(b2)c+ 1, where

G(b2) = {max bT
2 (x− y) | x ∈ C, y ∈ C, bT

1 x = µ, bT
1 y = µ} (6.2)

is the difference of maximum and minimum over the set obtained after adding constraint bT
i x = µ

to C. Now G(b2) ≤ F2(b2) because the feasible solution in (2.9) for F2(b2) are contained in the
feasible set of (6.2). Therefore, the number of nodes at second level of the tree is bounded by
(bF1(b1)c+1)(bF2(b2)c+1). A similar argument is true for any node at any level of the generalized
branch-and-bound tree, hence the result follows. ¤

The progress of GBR-algorithm is measured by the function ∆ :=
∏k

i=1 Fi(bi)k+1−i (or∏k
i=1 ‖bi‖k+1−i

E in LLL algorithm with ellipsoidal approximation).

19



Proposition 6.2 Let Fj(bj) ≥ 1 for j = 1, . . . , k. ∆ and ∆̃ satisfy the following inequalities

∆
1
k ≤ ∆̃ ≤ k2k∆.

Proof: The first inequality follows from the arithmetic mean and geometric mean for positive
numbers. Since Fj(bj) ≥ 1, 2Fj(bj) ≥ bFj(bj)c+ 1 ≥ Fj(bj). ¤

The quantity ∆ is decreased by a factor of 1 − ε (or δ in LLL-algorithm), each time GBR-
algorithm swap two successive vectors. This is the only time ∆ (or a bound on ∆ in LLL)
improves in these algorithms. In view of Propositions 6.1 and 6.2 the swap step has an impact
on improving the worst case bound on the total size of generalized branch-and-bound tree. In
this sense each swap step in these algorithms is attempting to do a “global” reduction in the size
of the branch-and-bound tree. Our computational experience in Mehrotra, et. al. [20] suggests
that overall improvement in solvability of integer linear programs is directly correlated with the
number of swaps performed by the LLL algorithm. One may monitor ∆ or ∆̃ directly in the
implementation of GBR or LLL algorithm to decide an early termination of these algorithms.

7. Mixed Integer Linear Programming Problems

For (FMILP) let
P̄ := {x ∈ Rn+n̄ |x ≥ 0, Rx = r},

P̂ := {x ∈ Rn+n̄ |x ≥ 0, Bxz + Cxc = d}.
Clearly, P̄ = P̂ ∩ {xz ∈ Rn|Axz = a}. For a set C in Rn+n̄, let

Projxz(C) := {xz ∈ Rn | there exists a xc ∈ Rn̄ such that (xz, xc) ∈ X}.

The problem of finding a feasible solution of P̄ is equivalent to finding a feasible solution in
Projxz(P̄). The following proposition shows that the equality constraints Axz = a are retained
in the computation of the projection set.

Proposition 7.1

Projxz(P̄) = Projxz(P̂) ∩ {xz ∈ Rn|Axz = a}.
An explicit computation of Projxz(P̄) as proposed by Lenstra [16] is not practical, and it may
generate exponential number of constraints [7, Section 2.8]. In this case, the standard log-barrier
methods may no longer produce a polynomial γ−approximation of Projxz(P̄). In this section we
develop a methodology for computing branching hyperplanes and rounding the center without
requiring a projection of the original set.

7.1 Finding Branching Hyperplane for Mixed Integer Case

The following lemma gives a way to compute the width of a polyhedral set along a direction
of interest without computing the projection of P̄.
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Lemma 7.1 Let Z,Z∗ satisfying ZT Z∗ = I be bases for Λ and Λ∗ respectively, where Λ is the

kernel lattice of A and Λ∗ is an adjoint lattice of A. For any u ∈ Zn,

max
x∈P̄

uT xz −min
x∈P̄

uT xz = W(u, Projxz(P̄)).

Furthermore, for every u ∈ Zn, there exists a u∗ ∈ Λ∗ such that

max
x∈P̄

u∗T xz −min
x∈P̄

u∗T xz = W(u, Projxz(P̄)).

Proof: The first part of this Lemma follows immediately by recalling (x̂z, x̂c) ∈ P̄, if and only if
x̂z ∈ Projxz(P̄), and the objective values in P̄ and Projxz(P̄) are the same.

Let U = [UA : Z] be a unimodular matrix that satisfies AU = [H : 0], where H is the Hermite
normal form of A. Let U−T = [U∗

A : Z∗]. Obviously, UT U−T = I, hence ZT U∗
A = 0. Since U

is a unimodular matrix, U−T is also a unimodular matrix, hence it is a basis for Zn. Hence, for
any u ∈ Zn, we have integer vectors p∗ ∈ Zk and q∗ ∈ Zn−k such that u = Z∗p∗ + U∗

Aq∗. Now
for any x ∈ P̄, we write xz = v + Zy for some y ∈ Rk, and v satisfying Av = a. Hence,
xT

z u = xT
z (Z∗p∗ + U∗

Aq∗) = (v + Zy)T (Z∗p∗ + U∗
Aq∗) = xT

z Z∗p∗ + vT U∗
Aq∗. If xmax (xmin)

is the maximizer (minimizer) of maxx∈P̄ uT xz (minx∈P̄ uT xz), then uT ((xmax)z − (xmin)z) =
(Z∗p∗)T ((xmax)z − (xmin)z), hence u∗ = Z∗p∗ is the desired vector. ¤

As a consequence of Lemma 7.1 we can formulate the problem of finding a thin direction over
the lattice Λ∗. Let E(w, Q) = {x ∈ Rn+n̄ | ‖x − w‖Q ≤ 1, Rx = r} be an ellipsoid inscribed
in P̄ and E(w, Q) ⊆ P̄ ⊆ E(w, Q/γ), where γ is the approximation parameter. The branching
hyperplane finding problem for the ellipsoid E(w,Q) is

min
u∈Λ∗\0

∥∥∥∥Q−1/2

[
u
0

]∥∥∥∥
P

RQ−1/2

. (7.1)

7.2 Rounding the Center

The center of the ellipsoid w is rounded to a solution as follows. Let wz be the components for
the integer variables, and wc be the components of the continuous variables. Let v be a solution

such that Rv = r, where v =
[

vz

vc

]
, vz ∈ Zn and vc ∈ Rn̄. Clearly vz statisfies Avz = a. Since

wz − vz ∈ N (A), wz − vz = Zζz for some ζz ∈ Rk. Then v̄z = vz + Zbζze is a rounded integer
solution satisfying Axz = a. We construct a solution v̄ = (v̄z, v̄c) of Rv = r by letting v̄c be a
solution to the problem:

min
xc

([
v̄z

xc

]
− w

)T

Q

([
v̄z

xc

]
− w

)
(7.2)

s.t. Bv̄z + Cxc = b.
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If v̄ satisfies ‖w− v̄‖Q ≤ 1, then a feasible solution is found; Otherwise, we show that there exists
a thin direction in an adjoint lattice Λ∗. The following proposition shows that an ellipsoid in the
original space is projected to an ellipsoid in the pure integer space.

Proposition 7.2 Let Q =


 Qz Qzc

QT
zc Qc


. Then Projxz(E(w, Q)) = Ẽ(wz, Q̃), where Ẽ(wz, Q̃) :=

{xz ∈ Rn|‖xz−wz‖Q̃ ≤ 1, Axz = a} and Q̃ = Qz−QzcQ
−1
c QT

zc+(B−CQ−1
c QT

zc)
T (CQ−1

c CT )−1(B−
CQ−1

c QT
zc).

Proof: Without loss of generality let w = 0, hence wz = 0. Since a line in the original set
projects to a line, it suffices to show that the boundary of Projxz(E(0, Q)) is an ellipse defined
by Q̃. For any given xz (not necessarily integral), satisfying Axz = 0, consider the following
optimization problem:

max
ρ≥0, xc

ρ (7.3)

s.t.

[
ρxz

xc

]T [
Qz Qzc

QT
zc Qc

] [
ρxz

xc

]
≤ 1, (7.4)

ρBxz + Cxc = 0. (7.5)

For a solution ρ∗, x∗c of (7.3-7.4), the point (ρ∗xz, x
∗
c) is on the boundary of E(0, Q). Below we

show that ρ∗xz is on the boundary of Ẽ(0, Q̃). An optimal solution (x∗c , ρ∗, λ∗, µ∗) of (7.3-7.4)
satisfies the KKT optimality conditions:

λ∗(2ρ∗QT
zcxz + 2Qcx

∗
c) + CT µ∗ = 0,

−1 + λ∗(2ρ∗(xT
z Qzxz) + 2xT

z Qzcx
∗
c) + µ∗T Bxz = 0,

(ρ∗xz)T Qz(ρ∗xz) + 2ρ∗xT
z QT

zcx
∗
c + x∗Tc Qcx

∗
c = 1,

ρ∗Bxz + Cx∗c = 0,

where λ∗ and µ∗ are the Lagrangian multipliers corresponding to the constraints (7.4) and (7.5),
respectively. It is an exercise in algebra to show that ρ∗xz satisfying the KKT conditions satisfies

(ρ∗xz)T Q̃(ρ∗xz) = 1, Axz = 0.

This completes the proof. ¤

Since wz is the projection of w, and since a line in the original space projects to a line, Ẽ(wz, Q̃)
and Ẽ(wz, Q̃/γ) are inscribed and circumscribing ellipsoids of Projxz(P̄), i.e.,

Ẽ(wz, Q̃) ⊆ Projxz(P̄) ⊆ Ẽ(wz, Q̃/γ).

Hence, a γ-approximation of Projxz(P̄) is available. Note that for the log-barrier analytic center
and associated Hessian, in the worst case γ = n + n̄. This is worse than γ = n possible when
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Projxz(P̄) is computed explicitly, and γ = n−m possible if the full dimensional set is considered
by eliminating the equality constraints.

From Proposition 7.2 we can easily show the following corollary, which states that checking
the feasibility of v̄ in E(w,Q) can be done by checking if vz is in Ẽ(wz, Q̃) and vice versa.

Corollary 7.1 If ‖wz − vz‖Q̃ ≤ 1, then v̄ obtained by solving (7.2) statisfies ‖w − v̄‖Q ≤ 1.

Futhermore, if ‖w − v̄‖Q > 1, then ‖wz − v̄z‖Q̃ > 1. ¤

Using Proposition 7.2 and following the arguments in Lemma 7.1 we can show that

W(u, Ẽ(wz, Q̃)) = W
([

u
0

]
, E(w,Q)

)

for any u ∈ Zn. Hence, the branching hyperplane finding problem (7.1) is equivalent to solving

min
u∈Λ∗\0

‖Q̃−1/2u‖P
AQ̃−1/2

. (7.6)

Now we are ready to show that if v̄ constructed in (7.2) is not a feasible solution then a good
branching hyperplane can be obtained by solving (7.1).

Theorem 7.1 Let Q̃1/2Z be LLL-reduced. If v̄ satisfies ‖w − v̄‖Q > 1. Then there exists a

branching direction u ∈ K∗(AT ) such that

W




 u

0


 , P̄


 ≤ γ(3/

√
2)k

In particular, one such u is given by Z∗ej, where j = argmin{‖Z̄∗j ‖} and Z̄∗ := PAQ̃−1/2Q̃−1/2Z∗.

Proof: From Corollary 7.1 and ‖w− v̄‖Q > 1, we have ‖wz−vz‖Q̃ > 1. Theorem 4.2 shows that
W(u, Projxz(P̄)) ≤ γ(3/

√
2)k for u = Z∗ej , where j = argmin{‖Z̄∗j ‖}. Using Proposition 7.1 we

have W
([

u
0

]
, P̄

)
= W(u, Projxz(P̄)). This completes the proof. ¤

Theorem 7.1 and the construction of the rounding procedure may give the impression that we
need to compute Q̃, and a separate LLL-reduced Q̃1/2Z needs to be computed. In the following
proposition we show that such a basis is available from Z∗ generated for the minimum width
problem (7.1).

Proposition 7.3 Let Z be a basis of Λ, and Z∗ be a basis of an adjoint lattice of A satisfying

ZT Z∗ = I. Assume that the vectors of PRQ−1/2Q−1/2


 Z∗

0


 are 2-reduced. Then, the vectors

Q̃1/2Z are 2-reduced in the reverse order.
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Proof: Because of Lemma 7.1 part (2) we have

W(u, Ẽ(wz, Q̃)) = W
([

u
0

]
, E(w, Q)

)
,

hence the norm
∥∥∥∥Q−1/2

[
Z∗i
0

]∥∥∥∥
P

RQ−1/2

= ‖Q̃−1/2Z∗i ‖P
AQ̃−1/2

. Hence, 2-reduced PRQ−1/2Q−1/2

[
Z∗

0

]

gives a 2-reduced PAQ̃−1/2Q̃−1/2Z∗. The proof is complete by using Proposition 4.1. ¤
Once a 2-reduced Z is computed, in order to compute a size-reduced Q̃1/2Z we can form ZT Q̃Z,

and work with its Cholesky factors. Computation of ZT Q̃Z requires working with inverses of Qc or
CQ−1

c C. In the linear case Qc is a diagonal matrix, and computations with CQ−1
c C are standard

interior point computations.

8. Mixed Integer Convex Feasibility Problems with Self-Concordant Barrier

The method for finding a feasible solution of a mixed integer convex set with self-concordant
barrier is similar to the method for the linear case. First note that all the results of the previous
sections hold for general convex sets. While implementing LS-algorithms (which do not necessarily
involve rounding of a center solution) we simply need to replace P with C in the development of
previous sections. Also, our development of Lenstra’s algorithm remains unchanged provided that
an ellipsoidal approximation of the convex set is available at each node. We discuss this below.
Let us consider (FMICP) and assume that the set Ĉ := {x | ci(x) ≤ 0, i = 1, . . . , l} is bounded
with a non-empty interior. An approach to handle non-empty interior assumption is described
later in the section. Let f(x) be a self-concordant barrier associated with Ĉ with complexity value
θ. Then, according to Renegar [24, Corollary 2.3.5] we have

E(w,∇2f(w)) ⊆ C ⊆ E(w,
1

4θ + 1
∇2f(w)). (8.1)

In fact, we don’t need exact computations of w. It is sufficient to find an approximate w. Let
w̃ ∈ C be such that ‖p‖∇2f(x) ≤ 1/4, where

p := −∇2f(w̃)−1f(w̃)

is the Newton direction of f at w̃. Then, using Renegar [24, Theorem 2.2.5] we have ‖w −
w̃‖∇2f(w̃) ≤ 1/2. Now using the definition of self-concordance function we can see that

E(w, 2∇2f(w)) ⊆ C ⊆ E(w,
1

4(2θ + 1)
∇2f(w)).

The log-barrier function ρ(x) := −∑l
i=1 ln ci(x) is a self concordant barrier in many impor-

tant situations. In particular, for the n dimensional non-negative orthant, the second-order cone∥∥∥∥∥∥∥




x2
...

xn




∥∥∥∥∥∥∥

2

2

≤ x2
1 defined using n variables, and semidefinite cones over n×n semidefinite matrices
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(using determinants), this barrier has complexity values n, 2, and n respectively.

Computation of Analytic Center
We may compute the log-barrier analytic center with a two phase approach. In the first phase
we compute a feasible interior solution using an interior point algorithm of choice, and in the
second phase we use this interior solution as a starting point to get a suitable approximation of
the analytic center. The feasibility problem is given by

min{xa | Rx = r, ci(x)− (ci(x0) + κ)xa ≤ 0, i = 1, . . . , l}, (8.2)

where xa is an artificial variable, x0 is any point satisfying Rx0 = r, and κ is a suitably large
constant that ensures appropriate initial condition ((x0, 1) being close to the central path for
the path following primal interior point methods). A point (x∗, x∗a) is found via an interior
point algorithm (for example, the path following algorithms in Nesterov and Nemirovskii [23] or
Renegar [24]) applied to (8.2) satisfying one of the three criteria: (i) a point (x∗, 0) satisfying
Rx∗ = r, ci(x∗) < 0, i = 1, . . . , l, (ii) a proof that the optimum objective value of (8.2), x∗a, is
greater than ε̂ > 0, or (iii) x∗a ≤ ε̂. In case (i) we use x∗ as a starting point and apply damped
Newton iterations to obtain w̃. In case (ii) we have an infeasible node. In case (iii) within
tolerance at the current node we are unable to verify if the problem is infeasible or it has a
non-empty interior. In this case we work with the approximate set

C̃ := {x | Rx = r, ci(x)− 2(ci(x0) + κ)ε̂ ≤ 0, i = 1, . . . , l}

for which x∗ is a feasible interior solution, and find an approximate analytic center w̃ of the set
C̃. If ε ≤ 2(ci(x0)+K)ε̂, we are now working with ε−FMICP. We use this analytic center and the
associated barrier Hessian to generate the branching hyperplanes and a nearby rounded solution.
Note that if a feasible solution to C̃ is found, then it is within a small perturbation (given with the
choice of ε) of set C; otherwise, the number of branching hyperplanes is bounded by Theorem 4.2.
Using the fact that the analytic center for problems with self-concordant log-barrier can be found
in arithmetic operations polynomial in n + nc, l, θ, ln(1/ε), and the cost of computing gradient
and Hessian matrices (see Renegar [24, Theorem 2.4.1]), we have the following result.

Theorem 8.1 There exists an algorithm for finding a solution (xz, xc) in ε-FMICP in time that

is polynomial in fixed n+nc, (l, θ, ln(1/ε), and cost of computing gradient and Hessian) or proving

that no such solution exists.

9. Conclusion

In this paper, we have fundamentally restructured Lenstra’s algorithm for solving mixed inte-
ger programming problems. Special attention is paid to the branching hyperplane finding problem,
the crucial step of Lenstra’s algorithm. We have introduced the concept of adjoint lattice and
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showed that this lattice can be used to generate branching hyperplanes in the original space. Al-
ternative methods for finding general branching directions are developed. This work has opened
a host of possibilities for how branching on hyperplane algorithms can be implemented.

In this paper we also developed a method for solving mixed integer convex programs admitting
self-concordant barriers. The main algorithmic steps of this method can also be used to develop
a method for solving mixed integer convex programs where the convex functions are not differ-
entiable. However, this development requires use of Vaidya center [28]. In particular, we need
to extend the method of Anstreicher [4] for a more general setting involving equality constraints.
The details of such a method are presented in [21].

This paper focused on the feasibility problem because the essential features of Lenstra’s algo-
rithm can be described easily in this setting. In a forth coming computational work [20] we will
describe an implementation for optimization problems based on the work presented here.
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10. Appendix

10.1 LLL Basis Reduction Algorithm For Ellipsoidal Norms

Once the problem of finding the reduced basis of a given lattice is appropriately formulated,
the generalization of Lenstra, Lenstra, and Lovász [15] basis reduction algorithm and its rela-
tives is straight forward. We describe this below. We assume that the lattice is given by a basis
B = [b1, . . . , bn] (either Z or Z∗) and norms and inner products of the vectors are computed under
the matrix operator E. The matrix E can be a symmetric positive definite matrix, the orthogonal
projection matrix PA, or scaled orthogonal projection matrix P = Q−1/2PAQ−1/2Q−1/2 in the pure
integer case, or P = Q−1/2PRQ−1/2Q−1/2 in the mixed integer case.

The LLL algorithm with respect to the ellipsoidal norm is presented in Figure 2. The quanti-
ties b̂i and Γij are defined in (2.6 - 2.7). The LLL basis reduction algorithm performs two types of
computations: Basis vector size reduction (Size Reduction for short) and basis vector swap (Swap
for short).

Size Reduction of a Basis Vector
The size reduction of a full basis was discussed it Section 2. Starting from a size reduced basis
in LLL algorithm at each iteration only the size reduction of a basis vector is necessary. While
considering the i-th basis vector, the algorithm first ensures that |Γi−1,i| < 1/2. If needed, an
integer multiple bΓi−1,ie of bi−1 is subtracted from bi to ensure this. This is called size reduction
of bi using bi−1. We can ensure |Γj,i| < 1/2 for j = 1, . . . , i − 2 by inductively size reducing bi

against bi−1, . . . , b1. This is called size reduction of basis vector bi.
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Swap of Two Successive Basis Vectors
The work in LLL algorithm results from the swap of two successive basis vectors. Basis vectors
bi−1 and bi are swapped if ‖b̂i‖2

E < (δ − Γ2
i−1,i)‖b̂i−1‖2

E . The index counter i is reduced to i − 1
in the algorithm; otherwise the counter is increased to i + 1. When two successive vectors are
swapped ‖b̂i−1‖2

E , ‖b̂i‖2
E and the coefficients of column/row i − 1 and i of Γ are updated to

restore the size reduced property. This is done by the following recurrence using µ := Γi−1,i, b :=
‖b̂i‖2

E + µ2‖b̂i−1‖2
E :

Γi−1,i = µ‖b̂i−1‖2
E/b, ‖b̂i‖2

E = ‖b̂i−1‖2
E‖b̂i‖2

E/b, ‖b̂i−1‖2
E = b, (10.1)[

Γj,i−1

Γj,i

]
=

[
Γj,i

Γj,i−1

]
for j = 1, . . . , i− 2, (10.2)

[
Γi−1,j

Γi,j

]
=

[
1 Γi−1,i

0 1

] [
0 1
1 −µ

] [
Γi−1,j

Γi,j

]
, for j = i + 1, . . . , n. (10.3)

The absolute value of the coefficients Γj,i of Γ obtained after the swap can become larger than
1/2, so a size reduction step is performed to ensure that these coefficients are less than 1/2.

Algorithm: LLL Basis Reduction Algorithm w.r.t. Ellipsoidal Norm

{
INPUT: A basis b1, b2, . . . , bk;

OUTPUT: A LLL reduced basis;

Initialize δ and compute Gram-Schmidt orthogonal basis b̂1, . . . , b̂k;

WHILE i ≤ k DO

IF ‖b̂i‖2E < (δ − Γ2
i−1,i)‖b̂i−1‖2E THEN

SWAP bi and bi−1, and update Γ;

[Size Reduction] Size reduce vectors bk, . . . , bi;

IF i > 2 THEN i ← max{i− 1, 1};
ELSE

i ← i + 1;

}

Figure 2: LLL Basis Reduction Algorithm

We refer the reader to Mehrotra and Li [19] for a more detailed review of the developments
on LLL algorithm since it was originally proposed.

10.2 Generalized Basis Reduction Algorithm

The GBR algorithm of Lovász and Scarf [18] is described in Figure 3. At each iteration
it requires several computations of Fi(·), which require solutions of corresponding optimization
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problems. In the worst case, the number of (convex) minimization problems solved by GBR-
algorithm can grow exponentially in n (although ‘polynomial’ for a fixed n) [18, Equation (6),
Theorem 6].

Algorithm: Generalized Basis Reduction Algorithm

{
INPUT: A basis b1, . . . , bk;

OUTPUT: A LS-reduced basis;

WHILE i ≤ k DO

Replace bi+1 by bi+1 + µbi with µ, the integer that minimizes Fi(bi+1 + µbi, C).
IF Fi(bi+1, C) < (1− ε)Fi(bi, C), THEN

swap bi and bi−1;

IF i > 2 THEN i ← max{i− 1, 1};
ELSE

i ← i + 1;

}

Figure 3: Generalized Basis Reduction Algorithm

The quantity µ in the GBR-algorithm is calculated as follows [18]. The function Fi(bi+1 +
µbi, C) is convex in µ, and after relaxing the integrality requirement on µ, we can solve it
via the minimization problem (2.8). Denote the optimal solution by µ∗ and then evaluate
Fi(bi+1 + bµ∗cbi, C) and Fi(bi+1 + dµ∗ebi, C). If C is a polyhedral set, then the problems solved in
(2.8) are linear programs.

Let us now consider the minimum width problem in the context of convex integer problems.
For any u ∈ Rn it can be shown that [29, Theorem 4.10, Corollary 4.14]

W(u,P) = max{uT z|z ∈ C − C} = F1(u, (C − C)∗),

and
Fi(u, (C − C)∗i ) = max{uT (x− y)|x ∈ C, y ∈ C, BT

i (x− y) = 0},
where Bi = [b1, . . . , bi]. The GBR-algorithm is now run by taking C := (C − C)∗. It can be shown
[29] that the value of µ that solves minµ∈R Fi(bi+1 + µbi, (C − C)∗) equals the Lagrange multiplier
corresponding to the constraint bT

i (x− y) = 0 in the optimal solution of:

max{bT
i+1(x− y)|x ∈ C, y ∈ C, bT

j (x− y) = 0, j = 1, . . . , i}, (10.4)

i.e., it is available during the computation of Fi(bi+1, (C−C)∗). Note also that if C is approximated
with an ellipsoid E(w,Q), then the GBR-algorithm is run with the set C = (E(0, Q/2))∗, because
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in this case E(w, Q)− E(w,Q) = E(0, Q/2). The computation for Fi(bi+1, E(0, Q/2)∗) becomes

max{bT
i+1x|x ∈ E(0, Q/2), Ax = 0, BT

i x = 0}. (10.5)

We state the following proposition without proof.

Proposition 10.1 The optimal objective value of (10.5) equals 2‖b̂i+1‖E, where E = PA or P

depending on the choice of Q. ¤

Proposition 10.1 provides an alternative way of performing computations in the LLL-algorithm.
In such an implementation instead of maintaining Γj,i and updating ‖b̂i‖, one would compute
these quantities from the solution of the optimization problem (10.5). Such an implementation
approach may be more useful in some special situations.

The major difference in our use of GBR-algorithm and the one presented in Cook et. al. [9]
and Wang [29] is that in our case we can work with the adjoint lattice given by Z∗, while Cook
et. al. and Wang [29] consider the problem in full dimensional space and work with the lattice
Zn.
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