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On a closedness theorem

Miklés Ujvéri

Abstract

In [5] several conditions are described which imply the closedness of
linear images of convex sets. Here we combine two such theorems into a
common generalization. We give a proof of the general theorem which
is simpler than the proof obtained by combining the proofs of the two
theorems. The paper is almost self-contained as we give transparent
proofs of the separation theorems used. Also we present an application
of our general closedness theorem in the theory of duality in convex
programming.

Keywords: separation theorems, closedness theorems, duality in convex
programming

1 Introduction

It is well-known that the linear image of a closed convex set is not necessarily
closed. For example consider the following closed convex set:

Co = {(I1,I2) €ER*: a1 >0, 20 > 1/x1}-

Project Cy to the x1- or xs-axis, the resulting image set will not be closed.
However, if we project the convex set Cy to a line with positive slope, then
we get as the image set a closed half of the line. The reason for this is that in
the latter case a certain regularity condition is satisfied: the line (the image
space of the projection) contains at least one point with positive coordinates
(i.e. a point from the interior of the barrier cone of Cy), as is explained in
Theorem 1.1.

Thus generally for the linear image to be closed we need regularity con-
ditions, even if the set to be transformed is closed and convex. In [5] this
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problem is studied extensively, and several closedness theorems, among ot
ers Theorem 1.1 and Theorem 1.2, are derived. The former theorem descrik
regularity conditions which imply the closedness of the convex set

AC :={Ax:x € C},

where A is an m by n real matrix and C' is a closed convex set in R™. T
latter theorem deals with the closedness of the convex set

C+P:={zx+z:2€C, z€ P},

where C' is a closed convex set in R™ and P is a polyhedron in R™.

Though Theorem 1.1 and Theorem 1.2 are stated in terms of sets, the prc
in [5] for Theorem 1.2 uses deep results from the theory of convex functions.
this paper we consider a common generalization of Theorem 1.1 and Theore
1.2. Our main result, Theorem 1.3 describes regularity conditions which imy
the closedness of the set (AC) + P where A is an m by n real matrix, C
a closed convex set in R™ and P is a polyhedron in R™. Then the spec
cases when P = {0} resp. when A = E (E denotes the identity matri
give back Theorem 1.1 and Theorem 1.2. Moreover we present here proofs
Theorem 1.3 which “stay on the set level” and thus avoid the usage of t
deep function-theoretical results mentioned above.

In what remains from the introduction we state Theorems 1.1, 1.2 and 1
and examine the relations between them. First we fix some notations.

In what follows Im A resp. Ker A denotes the range space (i.e. the ima
space) and the null space (i.e. the kernel) of the m by n real matrix A.
is well-known that (Im A)* = Ker (AT) and (Ker A)* = Im (AT) where
denotes transpose and + denotes orthogonal complement ([8]).

For a K convex cone in R% let K* denote the dual cone of K, i.e. let

K*={aeR':a"z>0(z€ K)}.

Then K* is a closed convex cone. For example if C' is a nonempty convex s
in R% then the recession cone and the barrier cone of C, i.e.

recC:={zeR¥:z+Xz2e€C(xeC,A>0)},
barC:= {a € R :inf{a"2: 2 € C} > -0},

are convex cones. If K is a convex cone then rec K = K and bar K = K
Easy separation argument shows that if C' is a nonempty closed convex set
R? then (bar C)* =rec C. (Note that the latter equation implies that rec C
closed.) Specially the dual of the dual of a K convex cone is the closure of t]
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On a closedness theorem 5

cone, i.e. K** = cl K. This implies also that if C' is a nonempty closed convex
set then (recC)* = cl(barC). (The barrier cone is not closed generally, so
the closure sign can not be left out.)

For a C' C R? convex set ri C' denotes the relative interior of C. Properties
of the relative interior of convex sets are studied in [5]. We list some results
from [5] that will be important for us:

— The relative interior of a nonempty convex set is nonempty.

—If C is a convex set, 29 €riC and x; €clC, then zg + Az — zg) €riC
for every 0 < A < 1.

—If C is a convex set, then cl (riC) = clC and ri(clC) = riC.

— Let C be a convex set in R"™, and let A be an m by n real matrix. Then
ri (AC) = A(riC).

— Let A be an m by n real matrix. Let C' be a convex set in R" such that
A71(xiC) # 0. Then

1i(A71C) = A71(riC) and cl (A71C) = A7 (cl O). (1)

(Here A=1(C) := {x: Ax € C}.)
We will use these results without proof. Now we can state Theorems 1.1,
1.2 and 1.3.

The following theorem is known, see Theorem 9.1 and Lemma 16.2 in [5].
The proof in [5] uses consequences of the Bolzano-Weierstrass theorem, for
example Cantor’s intersection theorem.

Theorem 1.1. Let A be an m by n real matriz, and let C be a closed
convex set in R™. Then between the statements

a) Im (AT)N ri (bar C) # 0,
b) (Ker A) N (recC) C —recC,
¢) AC is closed, and rec (AC) = ArecC,

hold the following logical relations: a) is equivalent to b); a) or b) implies c).

Suppose that we have proved already that a) implies the closedness of
AC'. Substituting the closed convex set C' with the closed convex cone rec C
we get that a) implies the closedness of ArecC also. Hence to prove that
ArecC' = rec (AC) it is enough to show that the dual cones are equal, i.e.
A=T(clbarC) = clbar (AC). (Here A~T stands for (AT)~1.) By (1) a)
implies that A~T'(clbar C) = cl A= (bar C'), and trivially the latter set equals
clbar (AC) (even without taking closures). Thus we have proved that a)
implies Arec C' = rec (AC) if a) implies the closedness of AC.
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The following theorem also can be found in [5], see Theorem 20.3. T
proof in [5] uses deep results from the theory of convex functions concerni
conjugation, infimal convolution.

Theorem 1.2. Let P be a polyhedron in R™, and let C' be a closed cont
set in R™. Then between the statements

a) (bar P)N ri(bar C) # 0,
b) (—rec P) N (recC) C —recC,
¢) C + P is closed,

hold the following logical relations: a) is equivalent to b); a) or b) implies

In [5] the theorem is proved in the form above, the fact that a) or
implies not only the closedness of C'+ P but even the equation rec (C + P)
(rec C') + (rec P) is not mentioned there. This deficiency can be eliminated
the same way as we have proved that in the case of Theorem 1.1 a) impl
the equation ArecC' = rec (AC) provided that a) implies the closedness
AC.

Now suppose that we have proved already that in the case of Theore
1.2 a) implies the closedness of C + P. Then substituting P = Ker A -
can obtain the similar implication in the case of Theorem 1.1. This is
immediate consequence of Abrams’ theorem ([1]), which theorem states th
AC is closed if and only if C+ Ker A is closed (even if C' is not supposed to
closed and convex but is an arbitrary set). Thus the fact that in the case
Theorem 1.1 a) implies the closedness of AC' is exactly the P = Ker A spec
case of the similar fact in the case of Theorem 1.2.

Instead of Theorem 1.1 and Theorem 1.2 we will consider their comm
generalization,

Theorem 1.3. Let A be an m by n real matriz, let P be a polyhedron
R™, and let C' be a closed convex set in R™. Then between the statements

a) (ATbar P)N ri (bar C) # 0,

b) A=Y (—rec P) N (rec C) C —recC,

¢) (AC) + P is closed, and rec ((AC) + P) = (Arec C)+ rec P,

hold the following logical relations: a) is equivalent to b); a) or b) implies

Suppose that we have proved (for example in the way described in |
that in the case of Theorem 1.1 a) implies the closedness of AC' and in t
case of Theorem 1.2 a) implies the closedness of C' + P. Statement a)
Theorem 1.3 implies statement a) in Theorem 1.1, and thus the closedness
AC. Trivially ribar (AC) = ri A=T (bar C) (this equation holds even witha
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the ri sign). By (1) the latter set equals A~ (ribar C'). From this can be seen
easily that statement a) in Theorem 1.3 implies statement a) in Theorem 1.2
for the closed convex set AC' and the polyhedron P. Consequently (AC)+ P is
closed. We obtained a proof of the fact that the closedness of the set (AC)+ P
follows from statement a) in Theorem 1.3. Then the proof of the fact that in
the case of Theorem 1.3 a) implies c¢) can be finished in a similar way as in
the case of Theorem 1.1.

This way we have proved the larger part of Theorem 1.3, but the resulting
proof is unnecessarily complicated due to the fact that the proof of Theorem
1.2 uses deep results from the theory of convex functions. A proof of Theorem
1.3 can be given that is about as complex as the proof of Theorem 1.1 in [5]
based on the Bolzano-Weierstrass theorem.

This proof will be presented in §3 after we list (and in part prove) some
homogenization and separation lemmas in §2. §3 contains also the sketch of
a second proof for Theorem 1.3, and further closedness theorems. In §4 we
describe an application of these closedness theorems in the theory of duality
in convex programming.

2 Homogenization and separation

In this section we list the homogenization and separation lemmas which will
be used in the proof of the main theorem in §3.

For a K C R**! convex cone resp. for a C C R? convex set let us define
C(K) and K(C) as follows:

C(K):={zeR?:(1,z) e K}, K(C):= cone ({1} x O).

(Here cone denotes convex conical hull.) Then C(K) is a convex set in R
and K (C) is a convex cone in R¥*1. It can be easily seen that C = C(K(C))
and clC = C(cl K(C)) for any C convex set in R%. Thus all of the (closed)
convex sets in R? can be obtained if we apply the C(.) operation to the
(closed) convex cones in R9*1. This makes possible that to prove certain
statements about (closed) convex sets it is enough to prove the statement
for sets with more structure: (closed) convex cones. This method is called
homogenization.

We summarize some properties of the K (.) operation in the following useful
lemma. (For a proof see Corollary 6.8.1 and Theorem 8.2 in [5].)

Lemma 2.1. Let C be a nonempty convexr set in R*. Then

riK(C)={(\x): A>0,zeriC}.
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If C is closed also then

cdK(C)=K(C)U{(0,2):z recC}.

A set in R" is a polyhedron if a matrix A € R™*™ and a vector b € R™ ¢
be found such that P = {x : Az > b}. Then trivially recP = {z : Az > (
and

A K(P)={(\x): Az — b >0, >0}

is a polyhedron as well as a cone (in other words cl K (P) is a polyhedral con
This observation is used in the proof of Motzkin’s theorem in [6].

Motzkin’s theorem states that P is a polyhedron if and only if there ex
a polytope @ and a finitely generated cone R such that P = @Q + R.
set C C R? is said to be a polytope resp. a finitely generated cone if the
exists a set S C R? such that S has finite elements and C is the conv
hull resp. the convex conical hull of S.) Specially the polyhedral cones ¢
exactly the finitely generated cones. Note that if P = ) + R where @ is
polytope and R is a finitely generated cone then bar P = bar R = R*, a
thus rec P = R** = R.

To emphasize further the usefulness of the homogenization ideas we gi
transparent proofs of important separation theorems that are based on the
ideas.

The following theorem is well-known. A simple proof can be found in [3], s
Theorem 4.1.1 and Corollary 4.1.3. If S; and S5 are subsets of R then we w
use the S; < S5 notation to denote that x7 < x5 for every 1 € S1, z2 € &
Similarly in the case of the < and = relations.

Theorem 2.1.

a) Let C be a nonempty closed convexr set in RY. Let x € RY such
x & C. Then there exists a vector a € C+{—x} and a positive number £ su
that {aTz + ¢} < a”C.

b) Let C and C' be nonempty convex sets in R%. Suppose that C is clos:
C" is compact and C N C" = (. Then there exists a vector a € C+ (—C") a
a positive number ¢ such that aTC’ + {e} < a*C.

The following two theorems can be found in [5], see Theorem 11.3 a
Theorem 20.2. A convex set C' is said to be relatively open if C = riC.

Theorem 2.2.
a) Let L be a subspace in R, and let K be a convex cone in RY. Suppc
that LNri K = (. Then there exists a € R such that a” L =0 < a"ri K.
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b) Let C and C' be disjoint nonempty relatively open convex sets in RY.
Then there exists a € R? such that a¥C' < a7 C.

Proof. a) Let z €riK (k = 1,2,...) such that x, — 0 (k — o0). It
can be easily seen that (cl K) + (ri K) = ri K. Hence the closed convex sets
{z}+cl K are subsets of ri K and so are disjoint from L. Specially they are
disjoint from the compact convex set O := {x € L : ||z|| < 1}. By Theorem
2.1 there exist a, € K + L (k = 1,2,...) such that a1 O < af ({x)}+cl K).
We can suppose that ||ax|| = 1, and by the Bolzano-Weierstrass theorem
that ar — a (kK — o0) where a €cl(K + L), ||la|]| = 1. We will show that
al’L=0<dlriK.

If 0 # 2 € L then z/||z|]| € O, and trivially 0 €cl K. This implies that
al(z/||z||) < al(zk +0) (k =1,2,...). Taking limits we get a’x < 0. This
means that a € —L* = L*. The fact that a € K* can be proved similarly.
Now we can prove that 0 < a”ri K. Suppose indirectly that there exist 2 €ri K
such that a”z = 0. This together with a € K* would imply that a € K*.
But then @ € L+ N K+ C (L + K)*, a contradiction as a €cl (L + K) also
and a # 0.

b) Apply part a) to the subspace L := R x {0} C R%*! and the convex
cone K := K(C + (=C")) C R4 O

The proof which is described above relies on the Bolzano-Weierstrass the-
orem. A proof of Theorem 2.2 which does not use the Bolzano-Weierstrass
theorem can be found in [5]. Note that part a) of Theorem 2.1 is an immediate
consequence of Theorem 2.2. Really, for the vector z & C' an open ball O can
be found such that x is the centre of O and O does not intersect with C. By
Theorem 2.2 there exists a vector a such that a’ O < a”riC. From this the
conclusion of part a) of Theorem 2.1 follows easily.

We remark without proof that part b) of Theorem 2.1, in the special case
when C’ = @ is a polytope, also can be derived as a consequence of Theorem
2.2, and thus can be proved without using the Bolzano-Weierstrass theorem.
We only sketch a possible approach here:

1. Using homogenization we can suppose that C' = K is a closed convex
cone. (If not, consider {1} x @ and cl K(C) instead of @ and C!) Let S :=
{a:aTQ < 0}. We have to show that S meets K*.

2. Prove that S is nonempty. This can be done using (a version of) the
Farkas Lemma ([6]).

3. Deduce that c1 S = —R* where R is the finitely generated cone cone (Q).

4. If S would not meet K* then by Theorem 2.2 a vector x # 0 would exist
such that 275 < 2Tri (K*). This would imply 7S < 0 < 27 (K*). Then z
would be an element of R** = R and K** = K, a contradiction as @ and K
are disjoint sets.
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The proof of the following theorem is based on Theorem 2.2, and thus c
be proved also without using the Bolzano-Weierstrass theorem.

Theorem 2.3.

a) Let R be a polyhedral cone in RY, and let K be a convex cone in T
Suppose that RNri K = (. Then there ezists a € R* such that a™R < 0
a’ri K.

b) Let P be a nonempty polyhedron in R, and let C' be a nonempty 1
atively open convex set in R*. Suppose that PN C = (). Then there exi
a € RY such that a™ P < o™ C.

Proof. a) We prove this statement by induction on the dimension of RU.
By Theorem 2.2 b) there exists a; € R? such that af1i R < a¥1i K. Th
al’R<0<alK. Ifri K is not a subset of a;- then af R < 0 < a1i K and t
proof is finished. Thus we can suppose that al R < 0 = a7 K. Let P’ be t
intersection of R and the hyperplane —a; +ai. Then P’ is a polyhedron, a
it is not empty as afri R < 0. By Motzkin’s theorem there exist a polyto
Q' and a finitely generated cone R’ such that P’ = Q'+ R’. Then R’ = RN
is a subset of R and thus disjoint from ri K. As the dimension of R'UK is I
than the dimension of RUK, by the induction hypothesis there exists aa € 7
such that el R’ < 0 < al1i K. Choose A > 0 such that (a2 + Xa1)TQ’" <

holds (af' Q" = —||a1]|? < 0 so this can be done). Let a := as + Aai, th
aTR" < 0 holds also, thus a” P’ < 0. From this a”’R < 0 < a"T1i K follo
easily.

b) Apply part a) to the polyhedral cone R :=cl K(P) C R*! and t
convex cone K := K(C) C R4 O

Now an equivalent form of Theorem 2.3 a) can be derived easily. Lem1
2.2 is known in the special case when R = L is a subspace (see Lemma 1¢
in [5]).

Lemma 2.2. Let R be a polyhedral cone in R, and let K be a com
cone in RY. Then RNri K # 0 if and only if (—R*) N (K*) C —K*. O

In the next section Lemma 2.1 and Lemma 2.2 will be used in the proof
the main theorem.
3 Proof of the main theorem

In this section we describe two proofs of Theorem 1.3 and further closedne
theorems.
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The first proof of Theorem 1.3 consists of seven steps. In Step 1 we prove

the equivalence of statements a) and b).
1. For any K convex cone (specially for the convex cone bar P) (ATK)* =
A7L(K*) holds trivially. Also for a C' nonempty closed convex set the equation
(bar C)* =recC holds. Hence the equivalence of statements a) and b) is the
immediate consequence of Lemma 2.2.

In Steps 2-5 we prove that statement b) implies the closedness of the set

AC + P. We start with a special case, and generalize this special case step
by step until we obtain the implication in the general case as well.
2. First consider the special case when C' = K and P = R are convex cones,
and K is supposed to be pointed also, i.e. K N (—K) = {0} holds. Choose
a matrix B such that R = {2z : Bz < 0}. Then statement b) can be written
succinctly in the following form: {x € K : BAz > 0} = {0}. Let z, € K,
zr € R (k=1,2,...), and suppose that Azy + 2z — y (k — 00). We have to
prove that y € AK + R.

If the set {xy : k = 1,2,...} is bounded then by the Bolzano-Weierstrass
theorem we can suppose that the corresponding sequence converges to a point
from the set K, i.e. z —  (k — 00) where z € K. Then Az, — Az (k — o)
and thus z; — y — Az (k — o0). By the closedness of R, y — Az € R, and
y € AK + R follows.

We show that the set {z} : K =1,2,...} can not be unbounded. Otherwise
we can suppose that ||zx|| — 0o (k — 00). Let a}, := i /|zk]| (k=1,2,...),
then ||z} || = 1 (k = 1,2,...), and by the Bolzano-Weierstrass theorem we
can suppose that x;, — 2/ (k — o0) where 2’ € K, ||2/|| = 1. We reach
contradiction if we show that BAxz’ > 0 as then only 2’ = 0 would be possible
contradicting the fact that ||z’|| = 1. As

|2kl Az], + 26 — y (k — o0),

S0
||zk||BAz), + Bzr — By (k — o0).

Here ||zgx|| — o0, BAz), — BAz' (k — o0), and Bz, < 0 (k = 1,2,...).
Hence BAx' > 0 follows easily.

3. The case, when as in the previous step C' = K and P = R are convex
cones, but K is not supposed to be pointed, can be easily reduced to the the
case already dealt with. Let L := K N (—K) then K = L + (L*+ N K). Here
L+ N K is already pointed. Moreover the sum of finitely generated cones is
also a finitely generated cone, thus by Motzkin’s theorem the set (AL) + R is
a polyhedral cone. By the result obtained in the previous step, the set

AK +R=A(L* NK) + (AL + R)

Operations Research Reports No. 2005-01
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is closed if

Az € —(AL+ R), z € L* N K implies z = 0.

But this latter implication can be seen easily to be a consequence of sta
ment b). Thus statement b) implies the closedness of AK + R.

4. In this step let P = R be a convex cone as in the previous step, but t
set C' is not restricted to be a convex cone. This case can be reduced to t
result in the previous step using homogenization. By Lemma 2.1

AC+R_C<(3 z>dey+<g>)

This set (as we have proved in Step 3) is closed if

<é g)(%>e<g), mm%<i>e_de>

i)edK@)

Again by Lemma 2.1 the latter implication is exactly statement b) in t
special case when P = R. Thus statement b) implies the closedness of AC'+
in this special case also.

5. In the general case by Motzkin’s theorem we can choose a polytope @ anc
polyhedral cone R such that P = Q+ R. Then R =rec P. By the compactne
of @ the set

AC+P=Q+ (AC + R)

is closed if the set AC + R is closed. On the other hand, as we have prov
in Step 4, the closedness of the set AC + R follows from statement b). Th
statement b) implies the closedness of the set AC' + P in the general case
well.

Finally in Steps 6-7 we prove that statement b) implies that rec (AC+ P)
(Arec C)+rec P.
6. Consider again the special case when P = R is a convex cone. As we ha
seen in Step 4, statement b) implies the closedness of the set

(o &)ax©+( )
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On the other hand it can be easily verified that

1 0 0

cl<(0 A)clK(C)+(R
- 1 0 0 (C B
=cl 0 A E cl( R )—
_af(1 0o K(C) B
¢ 0 A E R -

1 0 O C

=dllo 4 & K(R =
=clK(AC + R).

e A K(AC + R) = ( b )C1K(0)+ ( - )

Intersecting the set on the left hand side resp. the set on the right hand side
of this equation with the hyperplane {0} x R™, by Lemma 2.1 we get the set
{0} xrec (AC + R) resp. the set {0} x ((ArecC) + R). Thus statement b)
implies rec (AC + R) = (Arec C') + R in the special case when P = R.

7. In the general case we can apply Motzkin’s theorem again. Let @) and R be
the same sets as in Step 5. Then by the result obtained in the previous step

rec (AC + P) =rec(Q+ AC+ R) =
=rec (AC + R) = (ArecC) + R = (Arec C) + rec P.

(Here we used also that adding a compact convex set to a closed convex set
does not change the barrier cones and thus dually the recession cones.) Thus
statement b) implies the equation rec (AC + P) = (ArecC)+rec P in the
general case as well. [

Thus we have concluded the first proof of the main theorem. Note that the
proof could not have been applied in the case of Theorem 1.1. Really, in Step
3 above we needed the stronger version of Step 2, where the polyhedral cone
R is added to the convex cone AK. Thus the first proof is an example of the
following principle: Sometimes proving the more general form of a theorem
makes possible new proofs which can not be applied in the case of the weaker
form of the theorem. (We heard this principle from Andras Frank.)

We scetch yet another approach here, a second proof of Theorem 1.3.

We prove the equivalence of statements a) and b) the same way as in Step 1
above. Then we verify that statement a) implies statement ¢). Due to the
remarks made in the introduction we have to prove the similar implication
only in the case of Theorem 1.2. This can be done in four steps as follows:

Operations Research Reports No. 2005-01
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1. First we can prove that if R is a polyhedral cone in R¢ and K is a conv
cone in R? then RNri K # () implies that (RN K)* = R* + (K*). The spec
case of this result when R = L is a subspace is Krein’s theorem. A proof
this special case based on part a) of Theorem 2.2 can be found in [4]. Th
using part a) of Theorem 2.3 instead of part a) of Theorem 2.2 we can eas
generalize the proof of Krein’s theorem and obtain a proof of the genes
case. Given a vector ¢ € (RN K)* the proof first deals with the case wh
ct N RNriK # (). In this case we can easily derive that ¢ € R* + (K-
On the other hand, in the case when the polyhedral cone ¢ N R does 1
intersect with ri K, we can use part a) of Theorem 2.3 and conclude tk
¢ € R* 4+ (K*). This way we have proved the nontrivial inclusion in t
equation (RN K)* = R* + (K™).
2. For a convex set C' let C° denote the dual set of C, i.e. let C° := C(K(C)
Then C° is a closed convex set containing the origin. For a K convex co
K° = K* holds. Applying the result obtained in Step 1 to the polyhed:
cone R x R C R4 and the convex cone K (C) C R+ we can easily deri
the following more general result: If R is a polyhedral cone in R¢ and C' i
convex set in R¢ then RNriC' # () implies the equation (RN C)° = R* + (C
(and specially the closedness of the set R* + (C°)).
3. A simple separation argument based on part a) of Theorem 2.1 shows tk
for a C C RY closed convex set 0 € C implies that (C°)° = C. Thus applyi
the result described in the previous step to the dual sets R* and C° inste
of R and C we obtain the following result: Let R be a polyhedral cone in T
Let C be a closed convex set in R? such that 0 € C. If R* intersects with t
relative interior of C° then the set R+ C'is closed. Due to the fact that R*
a convex cone, we can substitute C° with the convex cone cone (C°) =bar
This way we obtain the following result: Let R be a polyhedral cone in 7
and let C be a closed convex set in R%. Then R*Nri(barC) # § impl
the closedness of the set R+ C. (We do not need the 0 € C assumption
translation does not change the barrier cone and the closedness of a set.)
4. Now we are ready to prove that statement a) implies statement c) in t
case of Theorem 1.2. By Motzkin’s theorem there exist a polytope @ and
polyhedral cone R such that P = @Q + R. Then bar P = R*. By the res
obtained in the previous step statement a) implies the closedness of the s
R+C which in turn (by compactness of the polytope Q) implies the closedne
of the set P+ C.

We concluded the (sketch of the) proof of Theorem 1.2 and thus the seco
proof of Theorem 1.3 as well. To fill in the gaps in the second proof is left
the reader.

The main difference between the two proofs described above is that wh
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the first proof is based on the Bolzano-Weierstrass theorem, the second proof
can be carried through without using this theorem. To see this we have to
prove without using the Bolzano-Weierstrass theorem (!) for example that
the convex set @ + C' is closed if ) is a polytope and C'is a closed convex set.

This can be done in the following way: By part a) of Theorem 2.1 the
closed convex set C' C RY is the intersection of all the special closed convex
sets of the form {x : ¥z < 3} where a € R%, 8 € R and aTC < {3}. The
set @ is a polytope so there exists a finite set .S such that @ is the convex
hull of S. Then (using part b) of Theorem 2.1 in the special case when C’ is
a polytope) it can be easily seen that the set @) + C' is the intersection of all
the special closed convex sets of the form

{z: alz <3+ max(aTS)}

where a € RY, 3 € R and a7 C < {8}. Consequently the set Q + C is closed.

Due to the remarks made in §2, this proof (and thus the second proof of
Theorem 1.3) can be carried through without using the Bolzano-Weierstrass
theorem.

Now we describe further closedness theorems, consequences of Theorem 1.3
(also consequences of Theorem 1.1 and Theorem 1.2 respectively).

Theorem 3.1. Let A be an m by n real matriz. Let C; and Cy be closed
convex sets in R™ and R™ respectively. Then between the statements

a) (ATri (bar C2))N 1i (bar Cy) # 0,
b) A= (—recCa) N (rec C1) C A= (rec Cy) N (—rec Cy),
¢) (ACy) + Cy is closed, and rec ((AC1) + C3) = (Arec C)+ rec Cy,

hold the following logical relations: a) is equivalent to b); a) or b) implies c).

Proof. Apply Theorem 1.3 to the matrix (A, E), the closed convex set
Cy x C3 and the polyhedron {0}! O

Theorem 3.2. Let A be an m by n real matriz, let P be a polyhedron in
R"™, and let C be a closed conver set in R™. Then between the statements

a) (AT (bar P))N ri(bar C) # 0,

b) A(—rec P) N (recC) C —recC,

¢) (AP) + C is closed, and rec ((AP) + C) = (Arec P)+ rec C,

hold the following logical relations: a) is equivalent to b); a) or b) implies c).
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Proof. Apply Theorem 1.3 to the matrix F, the closed convex set C a
the polyhedron AP! O

In the next section we present an application of Theorems 1.3, 3.1 and
in the theory of duality in convex programming.

4 Duality theorems

In this section we describe a duality theorem similar to Rockafellar’s duali
theorem in [7]. We will see also that the two theorems have important comm
special cases.

We will use the terminology and notations of [7] here. Let f : R™
R U {+0o0} be a convex function, and let g : R™ — R U {—o0} be a conca
function. Let A € R™*™ b€ R™, ¢ € R"™. We will consider the followi
pair of programs from [7]:

(P): inf f(z) — g(Az — b) + Tz, x € R™,
(D) sup g°(y) — f(ATy —c) + b1y, y € R™.

Here f¢ resp. g¢ denotes the convex conjugate function of f resp. the conce
conjugate function of g, i.e. let

f¢(a) :==sup {aTx —f(z): 2 €R"}, ¢°(y) :=inf {yTz —g(z):z€eR™}

Let F(f) resp. F(g) denote the domain of finiteness of the function f a
g respectively, i.e. let

F(f)={z eR": f(zx) < +o0}, F(g) :={2z € R™ : g(z) > —o0}.
The points of the set
P=F(f)n{z: Az —be F(g)}

are called the feasible solutions of program (P). We denote by vp the optin
value of program (P), i.e. let

vp ::inf{f(x)—g(Ax—b)+ch:x€P}.

For the program (D) the set D and the value vp can be defined similarly.
Specially, let K1 C R™, Ko C R™ be convex cones, and define f and g
follows:

0, ifz e Ko, 0, ifze K,
f<x>:={ : g<z>:={ :

400 otherwise, —oo otherwise.
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Then (P) and (D) form the following pair of cone-linear programs:
inf "z, Az >k, b, v >k, 0, supby, ATy < ¢, y >k 0,

where z; >k 2o denotes that z; — 25 € K.

Weak duality (i.e. the inequality vp > vp) follows from the definitions.
To obtain equality here (i.e. for strong duality theorems) generally we have
to assume certain regularity conditions. An example of such theorems is
Rockafellar’s duality theorem in [7], where strong duality is the consequence
of stability conditions.

Here we present a duality theorem which is similar to Rockafellar’s duality
theorem, only the stability conditions are replaced with closedness conditions.
Though the significance of closedness conditions was realized early in the
history of cone-linear programs (see [2]), in the generality of programs (P)
and (D), to the best of the author’s knowledge, the following three theorems
are new. For the strong duality theorem to hold we will need the following

Primal closedness assumption: Suppose that the set

cri= (] ) U1+ (-l

is closed.

Here [f] resp. [g] denotes the epigraph of f, resp. the hypograph of g, i.e.

[f]:={(z,n) € R": f(2) < u}, [g]:={(z,v) € R™" T 1 g(2) 2 v}

We will deduce our strong duality theorem from the following convex Farkas
theorem, similarly as in the theory of linear programming.

Theorem 4.1. Suppose that the primal closedness assumption is satisfied,
and PUD # (). Then for every § € R the following statements are equivalent:
a) there exists a vector x € R™ such that f(x) — g(Az — b) + cTx < § holds;
b) for every y € R™ the inequality g¢(y) — f¢(ATy —¢) + b7y < § holds.

Proof. First, statement a) implies statement b), this can be proved simi-
larly as the weak duality theorem.

On the other hand we show that statement b) implies statement a). Sup-
pose indirectly that b) holds while a) does not.

It can be proved easily that the vector (b,¢) is an element of the set Cp if
and only if there exists a vector x € P such that f(x) — g(Azx —b) +cTx < 6.
As a) does not hold, (b,d) ¢ Cp. By part a) of Theorem 2.1, there exist a
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vector a € R™ and a number o € R such that with the @ := (a, @) notati
a’(b,6) < infa’Cp, i.e.

a’b+ ad < inf((a’ A+ ac”, a)[f]) — sup((a”, @)[g]). (

It can be seen easily that here o > 0.
If o = 0 then by (2)

a’b < inf(a” AF(f)) — sup(a’ F(g)).

Consider first the case when P # (), and let 2o € P. Then 29 € F(f), a
Azo — b € F(g), so we obtain the inequality

a’b < a’ Az — a” (Azo — b),

a contradiction. Suppose now that D # @, and let o € D. Let & denc
the positive number that we get subtracting the left hand side of (2) frc
the right hand side. Let A be a large enough positive number such that t
inequality

§ < g°(yo) — (AT yo — ) + b yo + Ae

holds. As the right hand side of this inequality is at most g¢(y) — f¢(ATy
¢) + by where y := yo — Aa, we reached contradiction with b).

If @ > 0, then we can suppose that « = 1. Then (2) implies the followi
inequality:

§ < g°(=a) = f4(AT (=a) — ) + b (~a),

contradicting b) again. O

If the functions f and g are closed also, then f° = f and ¢g*° = g. Th
the following theorem is an immediate consequence of Theorem 4.1.

Dual closedness assumption: Suppose that the set
AT 0 ¢ c
coi=( 4 1 )1+ 1)

is closed.

Theorem 4.2. Suppose that f,g are closed, the dual closedness assum
tion is satisfied, and PUD # (). Then for every § € R the following statemer
are equivalent:

a) there exists a vector y € R™ such that g¢(y) — f¢(ATy —c)+bTy > § holy
b) for every x € R™ the inequality f(z) — g(Az —b) + Tz > § holds. O
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Now the strong duality theorem described below follows from Theorems
4.1 and 4.2 the same way as in the theory of linear programming.

Theorem 4.3.
a) Under the assumptions of Theorem 4.1, the optimal values of programs (P)
and (D) are equal. Furthermore, the primal optimal value vp is attained if it
is finite.
b) Under the assumptions of Theorem 4.2, the optimal values of programs (P)
and (D) are equal. Furthermore, the dual optimal value vp is attained if it is

finite. O

Theorem 4.3 is similar to Rockafellar’s duality theorem in [7], only the
stability conditions in the latter theorem are replaced with closedness condi-
tions. Using our closedness theorems (Theorems 1.3, 3.1 and 3.2) we show
that Rockafellar’s duality theorem and Theorem 4.3 have important common
special cases. We will need the following lemma, a consequence of Corollary
13.5.1 in [5].

Lemma 4.1. Let f be a convex function. Then the barrier cone of the
epigraph of this function and the relative interior of this cone can be described
as follows:

a) bar [f] = Ky U Ky where

Ky = (bar F(f)) x {0}, Ky = cone (F(f¢) x {1});
b) ri (bar[f]) = ri Ky = {(Aa, \) : A > 0, a € 1i F(f°)}.

Proof. We omit the simple calculation that proves part a). To prove part
b), note that
Ii(Kl UKQ) C Ky C KiUK,.

Thus the convex cones K T U Kz and f(g has the same closure and therefore
the same relative interior. The remaining equality in b) is proved by Lemma
2.1 then. O

Similar statement can be derived in the case of the hypograph of g as
well. Using Lemma 4.1 and the closedness theorems 1.3, 3.1 and 3.2, we can
deduce sufficient conditions for the primal resp. the dual closedness assump-
tion to hold. These sufficient conditions are described in the following two
propositions.

Proposition 4.1. The primal closedness assumption is satisfied if any of
the following statements holds:
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a) f, —g are closed convex functions, and there exists a vector yo € R™ su
that yo €ri F(g°), ATyo — c eri F(f°).

b) f is a closed conver function, —g is a polyhedral convex function, and the
exists a vector yo € R™ such that yo € F(g¢), ATyo — ¢ €ri F(f€).

¢) [ is a polyhedral convex function, —g is a closed convex function, and the
exists a vector yo € R™ such that yo €ri F(g¢), ATyg —c € F(f€).

d) f, —g are polyhedral convex functions, and D # ().

Proof. First we prove that statement a) implies the closedness of the s
CP. Let

A= V) a1 =l

Then, as f, —g are closed convex functions, C; and C5 are closed conv
sets. By Theorem 3.1 Cp = AC, + Cy is closed if there exists a vect
y €ribar Cy such that ATQ eribar C. Let yo be a vector with the propert
described in statement a). Using Lemma 4.1 it can be easily seen that t
vector § := (—yo, 1) then meets the requirements. Thus Cp is closed, and t
primal closedness assumption is satisfied.

The statement that b) resp. ¢) implies the closedness of the set Cp ¢
be dealt similarly, only now using Theorem 3.2 and Theorem 1.3 instead
Theorem 3.1.

Finally, if statement d) holds then [f], [g] are polyhedrons, therefore (
is also a polyhedron (a consequence of Motzkin’s theorem). Specially Cp
closed, and the primal closedness assumption is satisfied. [

As in the case of Theorem 4.1, Proposition 4.1 can also be dualized. Tl
way we obtain the following result:

Proposition 4.2. The dual closedness assumption is satisfied if any
the following statements holds:
a) f, —g are closed convex functions, and there exists a vector xg € R™ su
that xg €ri F(f), Axg — b €riF(g).
b) f is a closed conver function, —g is a polyhedral convex function, and the
exists a vector xg € R™ such that xo €ri F(f), Axg — b € F(g).
¢) [ is a polyhedral convex function, —g is a closed convex function, and the
exists a vector xg € R™ such that xo € F(f), Axzg — b €ri F(g).
d) f, —g are polyhedral convex functions, and P # (. O

Combining Theorem 4.3 with Propositions 4.1 and 4.2, we arrive at t
following well-known theorem, a common special case of Rockafellar’s dual;
theorem and Theorem 4.3.
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Theorem 4.4.
a) Suppose that from Proposition 4.1 statement a), b), ¢) or d) holds. Then the
optimal values of programs (P) and (D) are equal. Furthermore, the primal
optimal value vp is attained if it is finite.
b) Suppose that from Proposition 4.2 statement a), b), ¢) or d) holds. Then
the optimal values of programs (P) and (D) are equal. Furthermore, the dual
optimal value vp s attained if it is finite. O

Finally we mention an open problem: It would be interesting to see further
connections (if any) between the stability conditions in Rockafellar’s duality
theorem in [7] and the closedness conditions in Theorem 4.3.

Conclusion. In this paper we described a common generalization of sev-
eral closedness theorems from [5]. We presented two proofs for the main
theorem; the first is based on the Bolzano-Weierstrass theorem, the second
can be carried through without using this theorem. We give proofs of the
separation lemmas as well, therefore the paper is almost self-contained. Also
we presented a duality theorem for convex programs which is similar to Rock-
afellar’s duality theorem in [7]. As a consequence of our general closedness
theorem we showed that these duality theorems have important common spe-
cial cases.
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