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Abstract

We present a compact linearization for a broad class of bilinear 0-1 mixed-integer problems sub-
ject to assignment constraints. We apply the linearization to three classes of problems: quadratic
assignment, multiprocessor scheduling with communication delays, and graph partitioning, and show
that it yields faster solution times.

1 Introduction

Solving Bilinear Mixed-Integer Problems (BMIP)s of combinatorial nature is a very hard problem (al-
though polynomially solvable instance classes exist, see e.g. [AFLS01]), yet has a wealth of applications
[PR96, HR68]. Usually, 0-1 BMIPs can be reformulated exactly to MILPs with a large number of vari-
ables and constraints [For60, Bea98] as shown in Sect. 2. A complete treatment of linearizations for some
classes of BMIPs can be found in [PR96], where a very detailed polyhedral study of the problem polytope
is performed for some classes of BMIPs.

In this paper, we present a compact linearization (Sect. 3) for a class of BMIPs subject to various
subsets of assignment constraints. This linearization arose over twenty years ago as a reformulation for
the Quadratic Assignment Problem [FY83]. We show how to extend it to more general classes of BMIPs.
We show the usefulness of our linearization by applying it to three problems in the literature (quadratic
assignment, multiprocessor scheduling with communication delays and graph partitioning) in Sect. 4.

We remark that although Padberg et al. warn against blindly looking for compact formulations
([PR96], Sect. 3.1, p. 64) with no other merit than the small cardinality of their constraints set, we
have three common-sense reasons for considering our compact linearization worthwhile:

e its ease and extent of application;

e branch-and-bound algorithms require solving an LP relaxation at each step, and the speed of
solution of an LP depends largely on the number of constraints;

e computational experience shows that it often gives rise to tighter LP relaxations than the usual
linearization (most commonly this happens in branch-and-bound tree nodes deeper than the root
node — a detailed computational study of this phenomenon has not been performed yet).

Although we do not think that our result can in any way supplant a sound polyhedral analysis of the
problem polytope, we nonetheless believe that our method can be used to quickly derive compact lin-
earizations for BMIPs for which such an analysis is not yet available.
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2 Usual linearization

Let G = (V, E) be an undirected graph (|V| = n,|E| = m), possibly with self-loops but without isolated
vertices, where the nodes represent the problem variables and the edges represent the bilinear products
between variables (G encodes the bilinear structure of the problem). Let & € {0,1}"™ be the problem
variables, and w a set of non-negative linearization variables satisfying w;; = ;z; for all {i,j} € E. By
commutativity of product, the following also hold:

V{Z,]} ek (U)ij = wji). (1)
Let N ={1,...,n} and consider a subset of indices K C N. Let {I}, | k € K} be a covering of N, i.e.
N C U I
keK
We consider the following problem P:
minc'z + blw (2)
z,w
g(z,w) < 0 (3)
VEeK > @ = 1 (4)
i€l
V{’L,]} €EFE Wij = XiTj (5)
Vie N z; € {0,1} (6)
V{Z,]} e FE Wij > 0 (7)

where ¢ € R® and b € R™, and ¢ is a g-vector of functions of x,w.

The linearization below, which we call usual linearization, was proposed originally in [For60] and
discussed in [HR68], Sect. 7, Thm. 4. It is possibly the best known linearization for bilinear products of
binary variables. We reformulate problem P exactly to a MILP by introducing the following linearization
constraints:

Yi,j} e B (wiy < )
Y{i,jte E (wy < )
V{’L,]}EE’ (wij > $i+$j—1), (

8)
9)
0)

—_ o~ o~

and removing the bilinear constraints (5). If either z; or z; is zero, then by (8) or (9) we have w;; = 0.
If ; = 2; = 1 then by (10) w;; = 1. Hence this is an exact reformulation, which we indicate with
L (P). Notice that this linearization implies the addition of (3m) constraints to the model: in practice
constraints (1) can be removed from the formulation by substituting each wj; with w;;, so they do not
actually add to the number of constraints; rather, they decrease the number of variables in the problem.
Computationally, this is usually carried out automatically by the presolver code, present in most good
quality MILP solvers.

3 Compact linearization

Let {J, C N | k € K} be a cover of N. We assume that the following edge-covering condition holds:
EC | @ x Ji). (11)
keK
We multiply (4) by the z; variables (where j € J;) to form the following system:
Vke K,jeJy () wimj =),

i€l
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then substitute w;; = z;x; to get the following linear system:
VkeK,je Ty (D wi=ux;). (12)
i€l

Up to this point, the process is similar to that described in the Reformulation-Linearization Technique
[SA86]. We then form the problem Ly (P) by substituting constraints (8)-(10) in L (P) with (1) and (12).
We claim that Lo(P) is an exact linearization of P. This is shown in the following theorem by deriving
(8)-(10) from (1) and (12).

Note that condition (11) means in practice that we need a “large enough” set of assignment constraints
and multiplying variables.

3.1 Theorem
Provided condition (11) holds, Lo(P) is an exact reformulation of L, (P).

Proof. By (12), since the sum of the w variables is equal to one of the x variables, we infer that just one
of the w variables in the sum must be less than or equal to the z variable. Furthermore, by the covering
condition (11), all pairs {4, j} are considered. Hence,

i, j} € B (wi; < xj), (13)
which establishes (8). By (13) and (1), with a swap of 7 and j, we have:
i, jt € B (wi; <), (14)
which establishes (9). Now, any sum of (14) preserves the ordering relation, so:
VEeK,jedniel, (Y wp < Y o) (15)
Fen\{i} fen\{i}
We add and subtract w;; from LHS of (15):
VEEK,jETi€ly () wp—wy;< > xp) (16)
FED Fen\{i}
We substitute z; = >- .y wy; (which holds by (12)) in (16):
VEe K,jeJiel, (zj—w; < Z xf). (17)
fen\{s}
We add and subtract z; from from RHS of (17):
VkeK,jeTyicl, (xj—wy< Y zp— ) (18)
fEL
Finally, we substitute 1 =3, «; (which holds by 4) in (17):
VkEK,jEJk,iEIk (a:j—wijgl—a:i), (19)

which, by condition (11), establishes (10). O

The number of added constraints (12) is B = >, |[Jx|. The worst case is K = {1,...,n}, [} =
{k}, Jr ={1,...,n} forall k € K, yielding R = n?. Compared to 3m constraints in the usual linearization
described in Sect. 2, this does not amount to any significant reduction in problem size (indeed, if the
bilinear structure is sparse, this may increase the problem size!). However, in practice it is much more
common to find one assignment constraint ) ;- ; #; = 1 and to multiply it by each z; (j < n) in turn,
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yielding n linearization constraint and a reduction of one order of magnitude in the number of constraints.
This can also be seen from the case studies in Sect. 4.

It should appear clear that the greatest reduction is obtained by minimizing R subject to condition
(11). In may sometimes pay to solve the corresponding covering problem (at least heuristically) as a
pre-processing step. A similar issue when P is a nonconvex continuous optimization problem is discussed
in [Lib04].

4 Applications

In this section we shall present some applications of the compact linearization described in this paper.

4.1 Quadratic Assignment problem

The Quadratic Assignment Problem (QAP) can be formulated as the following bilinear integer problem
(BIP):

n

n
min Z aijbkla:ikmjl + Z Cij Tij
i,4.k,l i,j
n
Vi<n ry; = 1
= ]; " b (20)
n
V] S n Z Ti; = 1
i=1
Vi,j<n Tiyj € {0, 1}, )

where (z;;) is an n x n array of binary variables and A = (a;;), B = (bij),C = (c;5) are given n X n
matrices. This is known as the Koopmans-Beckmann formulation [KB57]. We multiply both sets of
assignment constraints by each problem variable z;; (i,j < n). We then linearize the resulting bilinear
products by imposing Vi, j, k,I < n(w;jr = ;j2r) and obtaining

Vi, k,l <n (Z Wijkl = Thi)

j=1

n
Vj;k,lﬁn(zwijkl = Tg).

i=1

By Thm. 3.1, we can use the above constraints to replace the usual linearizing constraints Vi, 7, k,1 <
n(wijk < Tij A Wikt < Tgg A Wik > Tij + Tk — 1). The resulting linearization is known as the Frieze-
Yadegar formulation [FY83], and is one of the most compact (and tight) linearizations of the QAP. In
this setting, Thm. 3.1 provides a new proof of the validity of the Frieze-Yadegar formulation.

4.2 Multi-processor Scheduling with Communication Delays

The Multi-processor Scheduling problem with Communication Delays (MSPCD) arises in parallel com-
puting. It consists of scheduling dependent tasks with communication delays (due to data transfer) onto
homogeneous, arbitrary connected multiprocessor architecture such that the total completion time is min-
imum. The model [DMMO3] is further complicated by the fact that communication delays between tasks
also depend on what processors the tasks are being executed on; namely, we assume that the connections
among the processors do not form a complete graph, so transferring data from a processor to an adjacent
processor requires less time than between non-adjacent processors. The MSPCD then can be formulated
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as follows:
. LT \
i malty + Ly}
. P L
Vji<n > 2y = 1
k=1 Sil
Vk<p Yy <1
Z TZ:IS 1
Vk < p,s>2 s — -l <
=p,sz J; Yik ]; Yk > (21)
: : : L& &L kl,s ,r
Vj < n,i € Pred(j) titLi+ 20 30 > X viyayn <t
k=1 s=11=1r=1
n
Vi,j<n,k<p,s<n-—1 ti+Li—a{2— ys + > y;"k>] < ot
r=s+1
Vi<n TL—L; <
V])SSn)kSp y;ke{o)l} y,

where p is the number of processors, n is the number of tasks, Pred () is the set of immediate predecessors
of task j, L; is the length of task j, vfjl is the communication delay between tasks i and j when they are
executed on processors k and [, a is a sufficiently large penalty coefficient, y7; is a binary variable set to
1 if task j is the s-th process to be executed on processor k and t; is the starting time of process j. T
is a lower bound on the total completion time calculatd either with Load Balancing or with a Critical
Path Method (CPM) applied to the task precedence graph where the arcs are weighted by the running
times L;. The linearization of this formulation is obtained by replacing each bilinear product YiYin by a

variable w7, and adding the usual linearization constraints (8)-(10) to the model.

The sets Pred(j) define a digraph topology on the tasks. For each pair of tasks i,j < n, we define an
arc (4,7) if i € Pred(j), obtaining a digraph G = (V, A) where V is the set of tasks and an arc (4, j) is
in A if task ¢ has to be completed before task j. We then consider the graph G' = (V', E') associated to
G which describes the bilinear products present in the problem. The vertices in V' are triples (i, s, k),
where i,s < n and k < p. There is an edge in E' between (i, s, k) and (j,r,1) if and only if there is an
arc (i,7) or (j,i) in A. We define K = {1,...n}, Jo = {(4,l,r) |l <p,j,r <n}

VEe K (I = {(kh,s)|h<pAs<n})
Vke K (Ji = J),

and note that condition (11) is satisfied by the index sets I, J. Thus, by Thm. 3.1, on multiplying the
assignment constraints Vj <n Y p_; >0, Yjr = 1 by all problem variables yj;, we obtain a set of n*p

constraints
P n

Vi,j,s,r <ml<p (O win, =uh)

k=1 s=1

which reformulate the usual 3n*p? linearization constraints, which gives rise to a more compact formu-
lation. In practice, when solving the problem with a Branch-and-Bound approach, each LP relaxation is
solved much faster, thus yielding a significant decrease in solution time. See [DLMMO04] for computational
results, which indicate user CPU time improvements of up to two orders of magnitude.

4.3 Graph partitioning

This problem, also called MIN-k-CuUT, is a classic NP-hard problem that has many applications in
several fields, and in particular in the design of telecommunication networks, where we want to minimize
the amount of traffic between clusters of nodes. Many different formulations, of varying degrees of
compactness, have recently been proposed in [Bou04]. Given an undirected graph H = (U, F') and an
integer k < |U|, the problem counsists of finding the k-partition of U which minimizes the number of edges
{i,j} where 4,j are nodes in different sets of the partition (which are called clusters). To each vertex
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1 € U and for each cluster h < k, we associate a binary variable x;; which is 1 if vertex 7 is in cluster h
and 0 otherwise. We formulate the problem as follows:

min % Z E l'ihl'jk

z h#1<k {i,j}EF
k
VieU i, = 1
P (22)
ieU
VieUh<k xip € {0,1}.

The usual linearization of this BIP involves the addition of k|F| continuous variables 0 < w;jp; < 1 to the
formulation, as well as the introduction of 3|F |@ linearization constraints of the form (8)-(10) (one

for each bilinear product w;jn = xinxj, for all h #1,{i,j} € F — keeping in mind that w;jn = wjun).

We consider the graph G = (V, E) associated to H which encodes the bilinear structure of the problem.
The set V' consists of all pairs of indices (i,h) with ¢ € U,h < k. There is an edge in E between (i, h)
and (4,0) if h#1 <k and {i,j} € F. We define:

VieU(I; = {@h)|[h<Fk})
VieU(J; = {GDI[I<k},

and now apply Thm. 3.1 to obtain the following k|F'| linearization constraints:

k

V{i,j} € F1 <k (D wijn = zj0),
h=1

which replace the usual linearization constraints.

Table 1 reports computational results obtained over a few problem instances: mesh indicates a
VIU| % /|U] square grid graph; hypercube is a (log, |U|)-dimensional hypercubic graph; random-0.5 is
a randomly generated graph where each edge has % generation probability. These results were obtained
by solving the above formulations with CPLEX 8.1 [ILO02] on a 2.66GHz Pentium IV CPU with 1GB
RAM running Linux. |U| is the number of nodes and |F| the number of edges in the graph; & is the
number of subsets of the partition. The next two columns (labelled u) denote the number of linearization
constraints LC and user time of CPU required to reach the optimal solution. The last two columns

(labelled ¢) indicate comparative results on the same quantities for the compact linearization.

u: LC CPU c: LC CPU
36 0.1s 24 0.03s
360 34.22s 60 3.99s
1008 1498.2s 96 783.48s
96 0.38s 64 0.13s
288 4.68s 96 2.18s
960 2882.39s 160 125.79s
192 1.03s 128 0.23s
576 8.03s 192 2.91s
1920 1496.5s 320 218.2s

Instance U| | |F|
mesh 9 12

hypercube 16 | 32

random-0.5 | 15 | 64

CTU W Nt W N|0o Ot N &

Table 1: The effect of compact linearization on the MIN-k-CUT problem.

These computational results show the typical improvements of our compact linearization on the MIN-
k-CuUT problem.
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5 Conclusion

In this paper we derived a compact linearization which is applicable to mixed-integer problems involving
bilinear products of binary variables, subject to assignment constraints. Our result is readily applicable
to many classes of problems from the literature, and provides a definite improvement over the usual
linearization of 0-1 bilinear products. We showed its application to quadratic assignment problems,
multiprocessor scheduling problems with communication delays, and graph partitioning problems.
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