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Abstract. This paper presents a convergence rate for the sequence generated by
the Cauchy algorithm. The method is applied to a convex quadratic function with
exact line search. Instead of using the norm induced by the hessian matrix, the
g-linear convergence is shown for the Iy (or Euclidean) norm.
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1. Introduction

The Steepest Descent or Cauchy algorithm is one of the oldest and most
widely known methods for minimizing a function of several variables.

When the Armijo search is performed it is well known that the algorithm
is globally convergent, in the sense that all limit points of the generated
sequence are critical. This result is proved in many nonlinear programming
textbooks, see Ref. 2, 3, 14.

Under convexity, it has been shown Ref. 6, 11, 12 that the sequence
produced by the algorithm with Armijo line searches is actually convergent
whenever there are optimal solutions. This is not true if we use exact line
search. In Ref. 11 we have an example of a convex continuously differentiable
function for which the Cauchy algorithm generates four limit points.

Regarding speed of convergence, if exact line search is used, we have the
classical result that ensures, under usual hypotheses, ¢-linear convergence for
the sequence of objective values. The convergence rate is bounded above by
((k — 1)/(k + 1))?, where & is the condition number of the hessian at the
solution, Ref. 2, 3, 13. When the function is quadratic and convex, this
means that the sequence (z*) converges g-linearly, with the norm induced by
the hessian, at rate (x — 1)/(k + 1) (see Lemma 3.1 bellow). As we know,
g-linear convergence is a norm-dependent property, and it does not follow
from this that the sequence (z¥) converges g-linearly in I norm. In Section
2. we present a sequence for which the g¢-linear convergence is lost when we
change the norm.

We have also other choices for the stepsize. In the Barzilai-Borwein
method Ref. 1, it is taken as the standard exact line search stepsize, but
using the gradient vector of the preceding iteration, instead of the current
one. This choice has an unexpected result for the steepest descent method,
R-superlinear convergence for a quadratic and convex function in IR2, for



CONVERGENCE OF THE CAUCHY ALGORITHM 3

almost all the starting points. We can find further discussions about this
method in Ref. 4, 5, 7, 8, 9, 15.

In Ref. 3 we find a result that establishes the best convergence rate for a
constant stepsize: for a convex quadratic function it holds that

[#** — e _ A=A

o = 2*lla 7 An+ A

(1)

with the stepsize
2

D W W 2)
Here A\; and A, are the smallest and largest eigenvalues of the Hessian, re-
spectively.

Another interesting report on the Cauchy algorithm can be found in Ref.
10, where a new stepsize is proposed. This stepsize approaches the “optimal”
stepsize (2) as k — oo, so that (1) is achieved asymptotically.

By the way, as far as we could verify, there are few references that consider
the convergence rate of (z¥) in I, norm. This was one motivation for the
study presented here. The other motivation came from the classical picture
in Figure 1 that shows a decreasing sequence of Euclidean distances from the
iterates to the minimizer.

The inequality in (1) suggests a natural question. Does this bound hold
for the exact line search? The answer is no. We give in Section 4. an example
for which this bound does not hold. Nevertheless, we have shown that the
decrease of (||3U’c - :v*||2) has a linear bound when the Cauchy method is
applied to a convex quadratic function with exact line search. Furthermore
the convergence rate is bounded above by

where & is the condition number of the hessian. We prove this in Section 3..

This paper is organized as follows. In Section 2. we present an example
showing the norm dependence of ¢-linear convergence. In Section 3. we prove
the g-linear convergence of the Cauchy algorithm in the /s norm. Section
4. presents some discussions about the bound given in this paper and the
standard bound given in (1).
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Figure 1: The path of Cauchy algorithm.

2. The norm dependence of ¢-linear conver-
gence

We know that convergence of a sequence (z¥) in R" does not depend on norm,
because the norms in IR™ are equivalent. However, there exist sequences that
converge g¢-linearly in one norm but not in the other. Let us see such an
example.

First we introduce, for a given positive definite matrix @ in IR"*", the

induced norm
[zlle = /2" Q. (3)

Consider the sequence (z¥) in IR? given by

ll"""Ilg

l=*11% 1
seen that o = 5/8 and 791 = 1/5, for all ¥ € IN. Hence the sequence (z*)
converges ¢-linearly to zero, with the norm || - ||¢.

10

Define the ratio r, = , where Q = ( 0 1 ) It can be easily
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Now consider the ratio s, = ||z¥*1||2/||z*||2. In this case we have sop = 1
for all k¥ € IN. Therefore (z*) does not converge g-linearly in l,. Figure 2
shows the sequence and the contours of the norms considered here.

1.5

0.5

-2 -1 0 1 2

Figure 2: The norm dependence of g-linear convergence.

3. The g-linear convergence in the /s, norm

Consider the problem of unconstrained minimization of the quadratic func-
tion 1
f(z) = §xTQ:v + b7z +c, (4)

where @ is a positive definite matrix in IR™*". In this simple case, the unique
minimizer of f can be found directly. It is the point z* satisfying

Qz* +b=0. (5)

We consider the Cauchy algorithm with exact line search to obtain this
minimizer.
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Algorithm 3.1. Cauchy

Data: k=0, 2° € R", d° = -V f(x),
WHILE d* # 0
Compute the stepsize ay such that f(z* + agd*) = m>i{)1f(xk + adF)

Rl = 2F 4 qpd¥

k=k+1
d¥ = —V f(a*)
END.

In this particular case we can determine the stepsize «y explicitly. By
differentiating the function o € R — f(z* + ad¥) and setting its derivative
to zero, we obtain

(dk)Tdk 6
()T Qd* (6)

The next lemma shows that g-linear convergence for (f(z*)) implies the
g-linear convergence for (z*) with the induced norm ||-||g given by (3). (They
are, in fact, equivalent).

o =

Lemma 3.1. Let (z¥) be any sequence in IR". Suppose that the sequence
(f(x*)) satisfies f(zF™) — f(z*) < B(f(zF) — f(z*)), where 0 < 3 < 1 and
x* is given by (5). Then

o+~ a*llg < /8 lls* — 2" o
Proof. Using (5), for all x € R™ we have
He-o'ly = Yo -a)7Q —a7)
= L27Qz — 27Qz" + (2" Qu*
= 127Qr + bz + LT Q.
But, again using (5), f(z*) = —32*7Q2* + c. Thus

1
sllz —27l[g = /(@) = f(=").
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Therefore
le* —atllg = \2(f (@) = f(a))
< \28(f(a%) - £(2*))
= \/B ||xk - ‘r*“Qa
completing the proof. O

As we discuss in Section 2., despite the fact that two norms in IR™ are
equivalent, we cannot conclude from Lemma 3.1 that (z*) has g-linear con-
vergence with the Euclidean norm. However, this result is actually true and
we give now a direct proof.

We may assume without loss of generality that z* = 0 and f(z*) = 0,
that is

flz) = 5" Qx, (7

otherwise consider the function g(z) = f(z + z*) — f(z*) = 327 Qx.
Let us denote the eigenvalues of the hessian () by

D<M << <

Lemma 3.2. Given z € R", z # 0, set d = —Qx and a = (dTd)/(d* Qd).
Then 0
2T Qx

Proof. Since d = —Qx, we have 27 Qxz = d"'Q'd and 27 Q%*x = d”d. Hence

.ITQQCL' _ (de)Q
Qs (@Qd)dQd) ®)

Since @ is a positive definite matrix, we can write Q = GGT, for some
matrix G € IR™*". By making u = G*d and v = G~'d, we have uTv = d'd,
uwTu = d'Qd and vTv = d'Q'd. By the Cauchy-Schwarz inequality, we
conclude from (8) that a(z7Q?%z) < (2T Qx), completing the proof. 0
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Theorem 3.1. Consider the quadratic function given in (7) and the se-
quence (z*) generated by the Cauchy algorithm 3.1. Then, for all k¥ € IN,

12" 2 < Al 2,
where v = /1 — A1/ A,.
Proof. We have d* = —V f(z%) = —Qz*, so
[Zh 2 = (ah )Tt

= (2% + apd®)T (2% + apd”)
= (@h)Tak + 200 (M) + o2 (@)

= ||zF]]3 — 20 (z*)T Qz* + a2 (z*)T Q2 x*.
From Lemma 3.2,
J+13 < (12815 — 200(0*)7Qa* + an(s)T Qo = [l - ap(o* VT Q.

If 2% = 0 there is nothing to do. So, suppose that z* # 0. Using (6), we

obtain
=15 (d)Td* (2*)"Qa"

P ST eE @ ®)
From Ref. 3, Proposition A.18 we have
(dk)Tdk 1 (xk)Tka
@iedE =%, M T 2N
By substituing these inequalities in (9), it follows that
I3 A1
[E Y
completing the proof. 0

This theorem has an interesting geometrical interpretation. The level
curves of f are ellipsoids whose eccentricity depends on the distance between
the smallest and largest eigenvalues of the hessian Q. If \; = \,, then the
level curves are spheres and convergence occurs in one step. However, if
A1 < Ay, then the ellipsoids become very eccentric and the convergence rate
is slowed. Note that, even if all but one eigenvalues are equal and the other
is far away, the effectiveness of convergence is destroyed.
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4. Discussion

In this paper, we have proved that

|lz* T — 2*||, A
[ (PR Y SR 10
== V' (10)

when the Cauchy method is applied to a convex quadratic function with
exact line search. As we comment in Section 1., the bound given in (1) does
not hold in this case, otherwise our bound would be innocuous, since

Mo A — N

1——2> .
An T At A

Let us see an example.

Consider the quadratic function given in (7), with Q = < (1) g\ ), A>1

and the sequence (z*) generated by the Cauchy algorithm 3.1.
Let z¥ = (s )T be the current point. So, d* = -V f(z*) = —(s t\)7
and oy, = (52 + \%?) /(s> + A\3t?). Tt can be easily seen that

Bl gk o gh = A DSt (A%
2" =2 + apd” = 22\ s |- (11)
Therefore (we assume st # 0, since otherwise z¥+! = z*),
k+1 k
Zy 212
= —\"—. 12
=N (12

If we let m = 2%/29, we can verify by induction and relation (12) that for all
k €N,

z2k d 2kl 22
L —_m an ==
a3k Al m

Hence, the sequence (z*) alternates between the two straight lines x5 = z1/m
and x5 = —max;/)\?, as shown in Figure 3.

As we know that the Cauchy directions are orthogonal, that is, (d*)7d*** = 0,
we can conclude that the triangles Az**10x* and Ax*302%+? are similar.

Thus
[ P |

[y P P

(13)
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Xl

Figure 3: The path of (z*) along two lines.

for all £ € IN. Furthermore, we have from (11) that
25l (A —=1)|st| [s*+ X'
|zFlla s>+ X2 | s2+¢2
which will be greater than (A — 1)/(A 4+ 1). For example, if A = 50 and
% = (20 1)”, we have, using (13) and (14), that
2k+1||2

(14)

1
i _ el g gss (15)

(S PR ol P

for all £ € IN, whereas (A —1)/(A+ 1) < 0.9608. Note that /1 —1/\ =
0.9899.

There is still a question that remains open for us. Could the bound
v =1/1—= A1/, given in Theorem 3.1, be reached? If not, what is the best

bound? (Indeed, we have gotten strong evidences that there is a lower bound
than 7).
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