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Abstract. We propose two line search primal-dual interior-point methods that approximately
solve a sequence of equality constrained barrier subproblems. To solve each subproblem, our methods
apply a modified Newton method and use an `2 -exact penalty function to attain feasibility. Our
methods have strong global convergence properties under standard assumptions. Specifically, if the
penalty parameter remains bounded, any limit point of the iterate sequence is either a KKT point
of the barrier subproblem, or a Fritz-John (FJ) point of the original problem that fails to satisfy the
Mangasarian-Fromovitz constraint qualification (MFCQ); if the penalty parameter tends to infinity,
there is a limit point that is either an infeasible FJ point of the inequality constrained feasibility
problem (an infeasible stationary point of the infeasibility measure if slack variables are added) or a
FJ point of the original problem at which the MFCQ fails to hold. Numerical results are given that
illustrate these outcomes.
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1. Introduction. In this paper, we consider the general nonconvex nonlinear
programming problem:
(NP)

minimize
subject to

f (x)
ci (x) ≥ 0, i ∈ I, and gi (x) = 0, i ∈ E,

where x is a vector of dimension n, I = {1, ..., m}, E = {1, ..., p}, and the functions
f , c and g are real valued and twice continuously differentiable on a domain Ω ⊆ <n .
Ω will be specified in our standard assumptions.
To solve problem (NP), we propose two closely related barrier-sequential quadratic
programming (SQP) methods1 , a quasi-feasible method and an infeasible method.
Quasi-feasible methods require all iterates to be strictly feasible with respect to the
inequality constraints and at each iteration, they “approximately” solve an equality
constrained barrier subproblem for a fixed barrier parameter µ,
P
minimize ϕµ (x) = f (x) − µ i∈I ln ci (x)
(FPµ )
subject to ci (x) > 0, i ∈ I, and gi (x) = 0, i ∈ E.
Later we will explicitly define what we mean by an approximate solution. However,
we note that such a solution is not required to satisfy the equality constraints, gi (x) =
0 (i ∈ E), exactly. An optimal solution of problem (NP) is obtained by successively
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1 This nomenclature is from [23].
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solving problem (FPµ ) for decreasing values of the barrier parameter µ, µ → 0 (see,
e.g., [16]). In many physical and engineering applications, the inequality constraints
not only characterize the desired properties of the solution but also define a region
in which the problem statement is meaningful (for example, f (x) or some of the
constraint functions gi (x) may not be defined outside the feasible region). Hence,
quasi-feasible methods are well-suited to such problems.
Infeasible methods, on the other hand, first add slack variables to the inequality
constraints of problem (NP) transforming it to
(SP)

minimize
subject to

f (x)
wi ≥ 0, ci (x) − wi = 0, i ∈ I,
gi (x) = 0, i ∈ E.

These methods then solve a sequence of equality constrained barrier subproblems of
the form,
P
minimize ϕµ (x, w) = f (x) − µ i∈I ln wi
subject to wi > 0, ci (x) − wi = 0, i ∈ I,
(IPµ )
gi (x) = 0, i ∈ E,
obtaining a solution of problem (SP) (and hence, a solution of problem (NP)) as
µ → 0. Infeasible methods have recently attracted more attention than quasi-feasible
methods because: (i) they are closer in form to polynomial interior-point methods
(IPMs) for linear and quadratic programming; (ii) they allow arbitrary starting points,
since iterates are not required to satisfy ci (x) − wi = 0 (i ∈ I) and hence ci (x) need
not be positive; and (iii) they can easily compute the maximum line search step size.
Our quasi-feasible IPM is based on a line search exact `2 -penalty approach for
obtaining an approximate solution to problem (FPµ ). Specifically, we consider the
problem
(`2 FPµ )

minimize
subject to

Φµ,r (x) = ϕµ (x) + rkg(x)k
ci (x) > 0, i ∈ I,

where r is the penalty parameter and k · k denotes the Euclidean vector norm.
To approximately solve (IPµ ), our infeasible IPM considers the problem
(`2 IPµ )

minimize
subject to

Φµ,r (x, w) = ϕµ (x, w) + rψ(x, w)
wi > 0, i ∈ I,

where
°·
¸°
° c(x) − w °
°,
ψ(x, w) = °
°
°
g(x)
and r is the penalty parameter. The merit functions Φµ,r (x) and Φµ,r (x, w) are
not differentiable. They are exact in the sense that if r is greater than a certain
threshold value, a KKT point of the barrier subproblem (FPµ ) or (IPµ ) is a stationary
point of the merit function, i.e., the directional derivative of Φµ,r in any direction is
nonnegative if it exists. Hence, r does not have to be increased to infinity.
Our methods apply a modified Newton method to the necessary conditions for
local optimal solutions for problems (`2 FPµ ) and (`2 IPµ ) subject to the additional
constraints that x and (x, w) lie in the open sets {x|kg(x)k > 0} and {(x, w)|ψ(x, w) >
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0}, respectively. Alternatively, each of these inner algorithms can be viewed as a
modified Newton method applied to perturbed KKT conditions for problems (FPµ )
and (IPµ ), respectively. We note that our infeasible IPM is essentially our quasifeasible IPM applied to the function (SP) in which advantage is taken of the special
structure associated with the slack variables.
Our algorithms achieve strong global convergence results by employing a novel
feasibility control strategy that forces kg(x)k (resp. ψ(x, w)) to zero when the steps
generated by the algorithms 4x (resp. (4x, 4w)) tend to zero, while keeping the
penalty parameter r bounded above.
1.1. Related work. Recently, there has been a growing interest in IPMs for
solving nonconvex nonlinear programming problems; e.g., see the the survey paper
by Forsgren, Gill and Wright [23]. Both line search and trust-region inner algorithms
have been proposed for solving subproblems (FPµ ) and (IPµ ). These methods generally use SQP methods or Newton-like methods to compute a step direction at each
iteration and employ either penalty-based merit functions or filter techniques to enforce convergence. Merit function based line search barrier methods include those
proposed by Argaez and Tapia [1], Gay, Overton and Wright [24], Moguerza and Prieto [36], Liu and Sun [33, 34], Bakhtiari and Tits [2], Conn, Gould and Toint [13],
El-Bakry, Tapia, Tsuchiya and Zhang [16], Yamashita [49], and the algorithm that is
the basis for the software package Loqo [38, 43, 31]. Merit function based trust region barrier-SQP methods are largely based on the Byrd-Omojokun algorithm [6, 37]
and include methods proposed by Byrd et al. [7, 8, 11], Waltz, Morales, Nocedal and
Orban [48], Dennis, Heinkenschloss and Vicente [14], Conn, Gould, Orban and Toint
[12], Tseng [41], and Yamashita, Yabe and Tanabe [51].
Barrier Newton-like and barrier-SQP methods that use a primal-dual framework
exhibit excellent performance in the neighborhood of a solution. In particular, under
the assumption of strict complementarity and a suitable constraint qualification, the
inner iterations can be terminated in such a way that the combined sequence of inner
iterates converges to an isolated solution at a Q-superlinear rate; see, e.g., [9, 28].
However, in spite of such desirable local behavior, the global convergence theory for
these methods, whether based on a line search or trust region framework, is not completely satisfactory. Some well-posed test examples illustrating the failure of several
line search IPMs are analyzed in Wächter and Biegler [44] and Byrd, Marazzi and Nocedal [10]. These failures occur at infeasible non-stationary points where the Jacobian
of the active constraints is rank deficient. To establish acceptable global convergence
for problems with general equality constraints, many barrier-SQP methods have to
resort to restrictive assumptions. For example, some methods require that linear independence of the equality constraint gradients or a MFCQ-like condition holds on
a closed infeasible region containing all iterates (e.g., [1, 16, 49, 8, 24, 41]). Some
rely on the assumption that the penalty parameter is bounded (e.g., [36]), while others assume that the multiplier approximation sequence is uniformly bounded or the
Newton (quasi-Newton) system matrix is uniformly nonsingular (e.g., [42, 15, 51]).
Others focus on practical implementational aspects and provide heuristic remedies for
possible rank deficiency (e.g., [38, 43, 11, 4]).
Instead of using a merit function to drive a method towards both optimality and
feasibility, one can use a filter. The first such method was proposed by Fletcher
and Leyffer [19] in the context of (non-interior-point) SQP methods. Other filter
methods have been proposed by Fletcher et at. [20, 18], Gonzaga, Karas and Vanti
[30], Benson, Shanno and Vanderbei [3], Wächter and Biegler [45, 46, 47], and M.
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Ulbrich, S. Ulbrich and Vicente [42]. The numerical results obtained by the filterSQP code [19] and Ipopt, a filter IPM code [47], show that filter methods enjoy
excellent robustness compared with penalty-based methods, especially in achieving
feasibility. Global convergence results have been established for variants of the filter
mechanism [20, 18, 45, 42], but this is still an ongoing area of research.
An interesting issue for barrier-SQP methods is how to ensure global convergence
when the problem to be solved is primal degenerate. In this case, a linear independence
constraint qualification (LICQ) may fail to hold at some feasible points in spite of the
presence of MFCQ. Most existing barrier-SQP methods cannot rule out convergence to
singular feasible non-critical points (e.g., [7, 33, 34, 42, 45]), unless strong conditions
can be guaranteed, such as boundedness of the multiplier approximation sequence.
We refer readers to Sporre and Forsgren [39] for the relation between convergence
failure and divergence of the multiplier approximation sequence.
In contrast to barrier-SQP methods, penalty-barrier methods2 treat equality constraints via unconstrained or inequality constrained minimization of a composite function that usually includes a quadratic or `1 penalty for violating such constraints; see,
e.g., [17, 29]. Penalty-barrier methods have been proposed by Forsgren and Gill [22],
Gertz and Gill [25], Goldfarb, Polyak, Scheinberg and Yuzefovich [26], Yamashita and
Yabe [50], Tits, Wächter, Bakhtiari, Urban and Lawrence [40], and Gould, Orban and
Toint [29] and global convergence results have been proved for these methods.
The paper is organized as follows. We first present some notation, definitions
and the motivation behind the development of our algorithms in the next section. In
Section 3 we present a detailed description of our feasibility control strategy, after
studying the continuity and directional differentiability of the `2 -exact penalty function Φµ,r . We then propose a quasi-feasible inner algorithm for solving the barrier
subproblem (FPµ ) and show that it is well defined. Its global convergence and that
of a quasi-feasible IPM based on it is also analyzed in this section. Section 4 is devoted to presenting an infeasible IPM with slack variables and analyzing its global
convergence. In section 5, we present numerical results that illustrate the convergence
behavior of our methods. In the last section, we give some concluding remarks.
2. Preliminaries. We will use the following notation. A superscript (subscript)
k will be used to denote the kth iterate of a vector or matrix (scalars). The superscript
> will denote transposition. For a vector y, diag(y) is the diagonal matrix whose ith
diagonal element is yi . The gradient of f (x) and the m × n and p × n Jacobians of
c(x) and g(x) will be denoted by ∇f (x), ∇c(x)> and ∇g(x)> , respectively. For a
symmetric matrix A its inertia will be denoted by In(A), where In(A) = (i+ , i− , i0 )
and i+ , i− , i0 are respectively the numbers of positive, negative and zero eigenvalues
of A. Given two vectors x and y of the same dimension l, we say x ≥ (>)y if and only
if xi ≥ (>)yi , ∀i = 1, ..., l, and min(x, y) is a vector whose ith element is min(xi , yi ).
For a symmetric matrix A, A Â (º)0 means A is positive definite (semi-definite). For
a positive integer q, e ∈ <q is the vector of all ones and I ∈ <q×q is the unit matrix.
<q+ denotes the set of nonnegative vectors in <q .
2.1. Definitions. Let X be the feasible set of problem (NP). Let F and F o be
the quasi-feasible set and strictly quasi-feasible set of problem (NP), respectively, i.e.,
F = {x ∈ <n |ci (x) ≥ 0, i ∈ I}, F o = {x ∈ <n |ci (x) > 0, i ∈ I};
2 This

nomenclature is from [23].
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and let
F̄ o = {x ∈ <n |ci (x) > 0, i ∈ I; kg(x)k > 0}.
The KKT conditions for problem (NP) give rise to the following system of nonlinear
p
equations in x ∈ X , λ ∈ <m
+ and y ∈ < ,


∇x L(x, λ, y)
 = 0,
C(x)λ
(2.1)
R(x, λ, y) = 
g(x)
where L(x, λ, y) is the Lagrangian function for problem (NP)
X
X
L(x, λ, y) = f (x) −
λi ci (x) +
yi gi (x),
i∈I

i∈E

and λ and y are vectors of Lagrange multipliers associated with the inequality and
equality constraints, respectively. For a quasi-feasible point x ∈ F, denote by I o (x)
the active set with respect to inequality constraints, i.e., I o (x) = {i ∈ I|ci (x) = 0}.
For a feasible point x ∈ X , the active set is I o (x) ∪ E.
Definition 2.1. For a feasible point x ∈ X , we say that the LICQ holds at x if
the active constraint gradients are linearly independent.
Definition 2.2. For a feasible point x ∈ X , we say that the MFCQ holds at x
if the gradients ∇gi (x) for i ∈ E are linearly independent, and there exists a direction
d ∈ <n such that ∇ci (x)> d > 0, ∀i ∈ I o (x) and ∇gi (x)> d = 0, ∀i ∈ E.
Denote by mo (x) the number of indices in I o (x). By Farkas lemma it follows that
Definition 2.2 is equivalent to the following Definition 2.3.
Definition 2.3. For a feasible point x ∈ X , we say that the MFCQ is not
mo (x)
satisfied at x if there exist λ ∈ <+
and y ∈ <p with (λ, y) 6= 0 such that
(2.2)

X

λi ∇ci (x) +

X

yi ∇gi (x) = 0.

i∈E

i∈I o (x)

Definition 2.4. A feasible point x ∈ X is called a Fritz-John (FJ) point of
mo (x)
and y ∈ <p with (z, λ, y) 6= 0 such that
problem (NP) if there exist z ≥ 0, λ ∈ <+
(2.3)

z∇f (x) =

X

λi ∇ci (x) +

i∈I o (x)

X

yi ∇gi (x).

i∈E

A FJ point x is a KKT point of problem (NP) if the MFCQ holds at x. Since quasifeasible methods maintain strict feasibility of all iterates with respect to inequality
constraints (i.e., ci (x) > 0 (i ∈ I)), the following feasibility problem arises naturally
in these methods:
(FNP)

minimizex∈<n
subject to

kg(x)k2
ci (x) ≥ 0, i ∈ I.

Similarly, the following feasibility problem is associated with
°·
° min{c(x), 0}
(INP) minimizex∈<n °
°
g(x)

infeasible methods:
¸°2
°
° .
°
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A point x ∈ F and λ ∈ <m
+ \{0} satisfy the KKT conditions for problem (FNP) if
P
i∈I

(2.4)

λi ∇ci (x) =

P

i∈E gi (x)∇gi (x).
λi ci (x) = 0, i ∈ I.

Definition 2.5. We say that the MFCQ holds at a quasi-feasible point x ∈ F for
P
mo (x)
problem (FNP) if there exists no λ ∈ <+
\{0} such that i∈I o (x) λi ∇ci (x) = 0.
A quasi-feasible point x ∈ F is an infeasible FJ point of problem (FNP) if it is
mo (x)
infeasible for problem (NP) and there exist z ≥ 0 and λ ∈ <+
with (z, λ) 6= 0 such
that
X
X
(2.5)
gi (x)∇gi (x) =
λi ∇ci (x).
z
i∈E

i∈I o (x)

A point x ∈ <n is called an infeasible stationary point of the feasibility problem
(INP), if x is infeasible for problem (NP) and
(2.6)

X
i∈I

min{ci (x), 0}∇ci (x) +

X

gi (x)∇gi (x) = 0.

i∈E

When solving a general nonlinear programming problem, if a quasi-feasible method
is unable to obtain feasibility, it should at least be able to find a KKT point of problem
(FNP) or a FJ point of it if the MFCQ for problem (FNP) fails at some quasi-feasible
points, and an infeasible method should be able to find an infeasible stationary point
of problem (INP). Such information indicates that problem (NP) appears to be locally
infeasible. On the other hand, if problem (NP) is primal degenerate at some feasible
points, a robust IPM should at least be able to find a FJ point of problem (NP) that
fails to satisfy MFCQ, indicating that there may be no feasible KKT points.
2.2. Motivation and basic results. The focus of this paper is the development
of globally convergent IPMs that do not suffer from two important drawbacks of
many existing IPMs, especially barrier-SQP methods, for solving problem (NP): (i)
iterates may converge to singular infeasible non-stationary points at which the equality
constraint Jacobian is rank deficient; (ii) iterates may converge to singular feasible
non-critical points at which LICQ fails to hold. To this end, let us have a closer look
at barrier-SQP methods. To simplify the presentation, we only consider quasi-feasible
methods in the following discussion.
The first order optimality conditions for the barrier subproblem (FPµ ) with barrier parameter µ are


∇x L(x, u, v)
(2.7)
Rµ (x, u, v) =  C(x)u − µe  = 0,
g(x)
p
where x ∈ F o ∩ X , u ∈ <m
+ , v ∈ < and L(x, u, v) is the Lagrangian function of
problem (NP). Note that (2.7) is written in primal-dual form as it incorporates the
multiplier estimate u. For linear programming, IPMs apply a single iteration of
Newton’s method to (2.7) to determine the step direction and choose a step length
that keeps the next iterate strictly feasible. In the nonlinear case, quasi-Newton
or modified Newton methods are often used instead. Letting H be the Hessian of
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the Lagrangian ∇2xx L(x, u, v) or an approximation to it, each step of these methods
requires the solution of
 



H
−∇c(x) ∇g(x)
4x
∇c(x)u − ∇g(x)v − ∇f (x)
  4u  = 

−C(x)u + µe
C(x)
0
(2.8) U∇c(x)>
4v
−g(x)
∇g(x)>
0
0
where U = diag(u). Since quasi-feasible methods keep C(x) Â 0, the second block of
equations in (2.8) can be solved for 4u = µC(x)−1 e − u − C(x)−1 U∇c(x)> 4x, and
(2.8) reduced to the smaller and denser symmetric linear system
¸
·
¸·
¸ ·
4x
µ∇c(x)> C(x)−1 e − ∇g(x)v − ∇f (x)
Ĥ
∇g(x)
(2.9)
=
4v
−g(x)
∇g(x)>
0
where Ĥ = H + ∇c(x)C(x)−1 U∇c(x)> . The coefficient matrices of the linear systems
(2.8) and (2.9) are nonsingular if Ĥ is positive definite on the null space of the Jacobian ∇g(x)> and ∇g(x) has full column rank. For general nonconvex nonlinear
programming, Ĥ is usually indefinite especially when the iterate is far from a solution. Consequently, (2.8) may have no solution or it may have a solution that is
not a descent direction for a given merit function. There are two popular ways for
overcoming this difficulty. One approach is to modify Ĥ to be positive definite (at
least on the null space of the equality constraint Jacobian) either by adding a multiple
of the identity matrix to the Hessian estimate [4] or by using an inertia controlling
symmetric indefinite factorization [22, 25] of the matrix in (2.8). The other approach
resorts to trust region techniques, which allows the use of the exact Hessian (e.g., see
[7, 8]).
Now suppose that the linear system (2.8) is nonsingular and has a unique solution
(4x, 4u, 4v). It is known that 4x is a descent direction of the merit function Φµ,r (x)
if the penalty parameter r is large enough. Generally, r is required to be of at least
the order of magnitude of kvk to ensure descent. Consequently, if a singular infeasible
point is approached, (2.8) becomes increasingly ill-conditioned and kvk may become
arbitrarily large. To ensure descent, r has to be increased to catch up with the growth
of kvk. This leads to the phenomenon illustrated in [44] in which the search direction
does not tend to zero while the line search step size shrinks to zero. Eventually, the
merit function loses its ability to penalize infeasibility and the singular infeasible point
is accepted. We refer the reader to [10] for a detailed discussion of such failures.
A common remedy for the above type of failure is to ensure uniform non-singularity
of the coefficient matrix of (2.8) by perturbing its diagonal elements as follows,


H
−∇c(x)
∇g(x)
 U∇c(x)> C(x) + %I I
,
0
∇g(x)>
0
−%E I
where %I ≥ 0 and %E ≥ 0. This remedy has been effective in practice for preventing
convergence to singular infeasible non-stationary points and some heuristics have been
suggested for choosing %I and %E (e.g., see [4, 47]). However, there are instances
indicating that barrier-SQP methods with such diagonal perturbations may cycle
back to a neighborhood of the difficult point infinitely often [4]. Griva, Shanno and
Vanderbei [31] suggest choosing %I = 0 and %E to be the reciprocal of the penalty
parameter, which ensures a descent direction for an augmented Lagrangian quadraticpenalty-barrier function. For each %E , their method which is an infeasible method,
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approximately solves a penalty subproblem, eventually attaining global convergence
for the barrier subproblem when the penalty parameter tends to infinity.
We also choose %I = 0, but %E is determined from the optimality conditions for
the `2 -exact penalty function Φµ,r (·). We prove that if this choice is accompanied by a
certain feasibility control strategy, we obtain globally convergent algorithms. Specifically, we propose two line search primal-dual IPMs, one of the quasi-feasible type and
the other of the infeasible type, that use a barrier method as an outer framework. To
enforce convergence for the inner algorithm, we use `2 -exact penalty functions, whose
exactness eliminates the need to drive the corresponding penalty parameters to infinity when finite multipliers exist. The proposed methods enjoy theoretical robustness
in the sense that they do not converge to singular infeasible or singular feasible noncritical points. In particular, we show that under standard assumptions, if the penalty
parameter tends to infinity when solving a barrier subproblem, there is a limit point
of the generated iterate sequence that is either an infeasible first order critical point
of the feasibility problem (FNP) or (INP) or a FJ point of problem (NP) at which
the MFCQ fails to hold; if the penalty parameter is bounded, any limit point of the
iterate sequence is a FJ point of problem (NP) that fails to satisfy MFCQ, or a KKT
point of the barrier subproblem.
3. A quasi-feasible IPM. We now present a quasi-feasible IPM for solving
problem (NP), whose basic iteration consists of an inner algorithm for solving barrier
subproblem (FPµ ). The following standard assumptions are needed throughout the
section.
A1. F o is nonempty.
A2. Functions f, c, g are real valued and twice continuously differentiable on F.
3.1. Solving (FPµ ). The necessary conditions for a point x to be a local optimal
solution of problem (`2 FPµ ) can be written as
P
P
∇f (x) − i∈I ui ∇ci (x) + i∈E vi ∇gi (x) = 0,
µ − ui ci (x) = 0, i ∈ I,
(3.1)
gi (x) − vi δx = 0, i ∈ E,
where δx = kg(x)k/r. If δx = 0, the conditions (3.1) become the KKT conditions
(2.7) for problem (FPµ ); hence, (3.1) can be viewed as perturbed KKT conditions for
problem (FPµ ). We take this approach here and treat δx as a constant. Applying
Newton’s method to (3.1) with δx constant yields the following linear system,


 

H
−∇c(x) ∇g(x)
4x
−∇f (x) + ∇c(x)u − ∇g(x)v
 U∇c(x)>
  4u  = 
.
C(x)
0
−C(x)u + µe
>
4v
δx v − g(x)
∇g(x)
0
−δx I
Furthermore, letting λ = u + 4u, y = v + 4v in the above system and adding a super
script to denote the iterate yields
 k
−∇c(xk )λk +∇g(xk )y k = −∇f (xk ),
 H 4xk
U k ∇c(xk )> 4xk +C(xk )λk
= µe,
(3.2)

∇g(xk )> 4xk
−δxk y k
= −g(xk ),
where δxk = kg(xk )k/rk and rk is the current penalty parameter. The system (3.2)
forms the basis of our inner iteration. Note that v k is now implicitly replaced by y k−1
and y k will serve as our equality multiplier estimate. Both uk and λk will serve as our
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inequality multiplier estimates. The difference between them is that at each iteration
we keep uk strictly dual feasible, i.e., uk > 0, while we simply compute λk from the
solution of (3.2) without requiring positivity.
Since C(xk ) Â 0, we can eliminate λk in (3.2) to obtain the perturbed KKT
system
·
¸ ·
¸
4xk
−∇f (xk ) + µ∇c(xk )> C(xk )−1 e
k
(3.3)
M
,
=
yk
−g(xk )
where
·
k

M =

(3.4)

Ĥk
∇g(xk )>

∇g(xk )
−δxk I

¸

and
Ĥk = Hk + ∇c(xk )C(xk )−1 U k ∇c(xk )> .

(3.5)

The following lemma, which is easy to prove using Sylvester’s law of inertia and is an
immediate consequence of Proposition 2 in [21], gives conditions for (3.3) (and hence
(3.2)) to both have unique solutions.
Lemma 3.1. Let δ ≥ 0 and
·
¸
G
J
M=
,
J > −δI
where G ∈ <n×n is symmetric, J ∈ <n×p and I is the p × p identity matrix. Then
In(M) = (n, p, 0) if , and only if, either (i) δ = 0, J has rank p and v > Gv > 0 for
all v 6= 0 such that J > v = 0; or (ii) δ > 0 and G + 1δ J J > Â 0.
We now show that 4xk is a descent direction of the merit function Φµ,rk (x)
provided the inertia of Mk defined by (3.4) is (n, p, 0). To this end, let us first study
the continuity and directional differentiability of Φµ,r (x).
Lemma 3.2. For any given µ > 0, r > 0 and direction 4x ∈ <n , the directional
derivative Φ0µ,r (x; 4x) of function Φµ,r (x) along 4x exists on F o , and
Φ0µ,r (x; 4x) ≤ ∇ϕµ (x)> 4x + r(kg(x) + ∇g(x)> 4xk − kg(x)k).

(3.6)

Proof. First, for any x ∈ F o , function ϕµ (x) is continuously differentiable and
= ∇ϕµ (x)> 4x. Let ψ(x) = kg(x)k. By using the triangle inequality, the
convexity of the Euclidean norm and the continuous differentiability of g, we can
derive as follows,
ϕ0µ (x; 4x)

=
=
=
≤
≤
=

ψ 0 (x; 4x)
limt↓0 [ψ(x + t4x) − ψ(x)]/t
limt↓0 [kg(x + t4x)k − kg(x)k]/t
limt↓0 [kg(x) + t∇g(x)> 4x + o(t)k − kg(x)k]/t
limt↓0 [kg(x) + t∇g(x)> 4xk − kg(x)k + ko(t)k]/t
limt↓0 [(1 − t)kg(x)k + tkg(x) + ∇g(x)> 4xk − kg(x)k + ko(t)k]/t
kg(x) + ∇g(x)> 4xk − kg(x)k.

The result follows immediately.
The next lemma trivially follows from the continuous differentiability of ln ci (x), i ∈
I and kg(x)k at points x ∈ F̄ 0 .
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Lemma 3.3. For any given µ > 0, r > 0 and x ∈ F̄ o , the merit function Φµ,r is
continuously differentiable at x with derivative
∇Φµ,r (x) = ∇f (x) − µ∇c(x)C(x)−1 e + rkg(x)k−1 ∇g(x)g(x).

(3.7)

Thus, for any direction 4x ∈ <n , Φ0µ,r (x; 4x) = ∇Φµ,r (x)> 4x.
The next lemma together with Lemma 3.1 show that 4xk is a descent direction
if In(Mk ) = (n, p, 0).
Lemma 3.4. Suppose xk ∈ F o , uki > 0 (i = 1, ..., m) and the linear system (3.3)
has a solution (4xk , y k ). Then
Φ0µ,rk (xk ; 4xk ) ≤ −(4xk )> H̃k 4xk ,

(3.8)
where
½
H̃k =

(3.9)

Ĥk ,
k
k >
Ĥk + δx−1
k ∇g(x )∇g(x ) ,

if kg(xk )k = 0,
if kg(xk )k > 0.

Proof. First suppose kg(xk )k > 0. From (3.3) and (3.9) we have that
(3.10)

k
k
∇f (xk ) = −H̃k 4xk + µ∇c(xk )C(xk )−1 e − δx−1
k ∇g(x )g(x ),

and hence from Lemma 3.3 and (3.10) it follows that
Φ0µ,rk (xk ; 4xk ) = (4xk )> ∇Φµ,rk (xk )
k >
k
k
= (4xk )> ∇f (xk ) − µ(4xk )> ∇c(xk )C(xk )−1 e + δx−1
k (4x ) ∇g(x )g(x )
k
k > k
= −(4x ) H̃ 4x .
Now we consider the case kg(xk )k = 0. From the second equation of (3.3) we have
that ∇g(xk )> 4xk = 0. Hence, it follows from the first equation of (3.3) that
(3.11)

(4xk )> ∇f (xk ) = −(4xk )> Ĥk 4xk + µ(4xk )> ∇c(xk )C(xk )−1 e.

From Lemma 3.2, (3.11) and (3.9) we obtain
≤
=
=
=
=

Φ0µ,rk (xk ; 4xk )
∇ϕµ (xk )> 4xk + rk (kg(xk ) + ∇g(xk )> 4xk k − kg(xk )k)
∇ϕµ (xk )> 4xk
(4xk )> ∇f (xk ) − µ(4xk )> ∇c(xk )C(xk )−1 e
−(4xk )> Ĥk 4xk
−(4xk )> H̃k 4xk ,

where the relation ∇g(xk )> 4xk = 0 is used explicitly.
Now suppose kg(xk )k > 0 and Hk has been modified, if necessary, so that H̃k Â 0.
Then from the second equation of (3.3), we have
(3.12)

kg(xk )k$ik = rk ∇gi (xk )> 4xk , i ∈ E,

where
(3.13)

$ik = yik − rk

gi (xk )
, i ∈ E,
kg(xk )k
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which suggests that
if {k$k k} can be kept bounded away from zero and {rk } remains bounded above,
then {kg(xk )k} will be driven to zero when {4xk } tends to zero.
This statement embodies the spirit of our feasibility control strategy; and, hence,
our algorithm monitors $k . Three immediate questions come to mind.
♦ How can we detect if {4xk } is tending to zero?
♦ How can we keep {k$k k} bounded away from zero?
♦ What may happen if {rk } is not bounded?
In our algorithm we check the following conditions at each iteration,

(3.14)

(C-1):
(C-2):
(C-3):
(C-4):

kg(xk )k > 0;
k4xk k ≤ πµ ;
κ1 µe ≤ C(xk )λk ≤ κ2 µe;
k$k k < πµ ;

where πµ > 0, κ1 ∈ (0, 1), κ2 > 1. Clearly, violation of condition (C-1) means that
there is no need to employ feasibility control. (C-2) is a necessary condition for {4xk }
to tend to zero and under certain boundedness assumptions, so is (C-3). If these three
conditions hold, it is probable that “{4xk } is tending to zero” and according to the
“outlined” statement below (3.13), k$k k should be kept at a sufficiently positive level.
Therefore, we further check condition (C-4). If it is met, we increase the value of the
penalty parameter rk to increase k$k k and force the iterates toward feasibility.
The remaining question and perhaps, the most important one, is whether {rk }
can tend to infinity and if it does, what happens. In section 3.3 below we will prove
that under standard assumptions, {rk } → ∞ in only two cases. In the first case,
the algorithm encounters difficulties in improving feasibility and has an accumulation
point that is a FJ point of the inequality constrained feasibility problem (FNP). In
the second case, the algorithm fails to achieve optimality and has an accumulation
point that is a FJ point of problem (NP) failing to satisfy the MFCQ.
Finally, rather than solving the barrier subproblem (FPµ ) accurately, we will be
content with an approximate solution (xk , λk , y k ) satisfying
(3.15)

kRµ (xk , λk , y k )k ≤ ²µ and λk ≥ −²µ e,

where ²µ is a µ-related tolerance parameter.
3.2. Inner algorithm. In this section, we describe a modified Newton method
for solving the barrier subproblem (FPµ ) with a fixed parameter µ. In order to achieve
robustness, our IPM must successfully address:
♦ how to obtain acceptable search directions when In(Mk ) 6= (n, p, 0);
♦ how do this so that rapid convergence of Newton’s method is not interfered
with once the iterates get close to a local solution.
Moreover, to ensure global convergence we need the following condition to hold at
each iterate
½ > k
d H̃ d ≥ νkdk2 , ∀d ∈ <n \{0},
if kg(xk )k > 0,
(C-5):
> k
2
k >
d H̃ d ≥ νkdk , ∀d 6= 0 such that ∇g(x ) d = 0, if kg(xk )k = 0,
where ν is a small positive parameter and the matrices H̃k are defined by (3.9) and
(3.5). It follows from Lemma 3.1 that if (C-5) holds, then In(Mk ) = (n, p, 0). Also,
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(C-5) holds in a neighborhood of a local minimizer of problem (FPµ ) that satisfies the
second-order sufficient conditions. However, outside of such a neighborhood, it may
be necessary to modify Hk so that (C-5) holds. One approach for doing this is based
on solving the system (3.3) by computing the LBL> factorization of the symmetric
indefinite matrix Mk (e.g., see [27]). This gives P Mk P > = LBL> , where L is a
unit lower triangular matrix, P is a permutation matrix, and B is a symmetric block
diagonal matrix whose diagonal blocks are either 1×1 or 2×2. Since In(B) = In(Mk ),
one can use the inertia-controlling pivot strategy derived in [21] to determine if the
matrix Hk needs to be modified, and if so, by how much. If In(Mk ) = (n, p, 0), no
modification is required. If In(Mk ) 6= (n, p, 0), this strategy determines a positive
quantity ρ > 0 and those diagonal elements of Hk to which ρ should be added so that
the resulting matrix M̄k has inertia (n, p, 0). Since this only ensures that d> H̃k d > 0
for any d ∈ <n \{0} if kg(xk )k > 0 or for any d 6= 0 such that ∇g(xk )> d = 0 if
kg(xk )k = 0, it may be necessary to add νI to Hk so that (C-5) holds.
After the search direction 4xk is computed, a step size tk ∈ (0, 1] and the next
primal iterate xk+1 = xk + tk 4xk are determined by using a backtracking line search
procedure; i.e., a decreasing sequence of step sizes tk,j = β j (j = 0, 1, ...) with β ∈
(0, 1) are considered until the following criteria are satisfied:
(3.16)

T-1: ci (xk + tk,j 4xk ) > 0, ∀i ∈ I;
T-2: Φµ,rk (xk + tk,j 4xk ) − Φµ,rk (xk ) ≤ −σtk,j (4xk )> H̃k 4xk .

Condition T-1 ensures quasi-feasibility. Condition T-2 guarantees a sufficient reduction in the merit function in view of condition (C-5). Note that T-2 is a modification of
the standard Armijo rule applied to the merit function Φµ,r (x) in that Φ0µ,rk (xk , 4xk )
is replaced by −(4xk )> H̃k 4xk . For the dual iterates, we set for i ∈ I
 k
if µγmin /ci (xk ) ≤ λki ≤ µγmax /ci (xk ),
 λi ,
k+1
k
µγmin /ci (x ), if λki < µγmin /ci (xk ),
(3.17) ui =

µγmax /ci (xk ), if λki > µγmax /ci (xk ),
where the parameters γmin and γmax satisfy 0 < γmin < 1 < γmax . We require uk+1
to
i
be less than µγmax /ci (xk ) to avoid ill-conditioned growth of uk when the problem is
well posed, i.e., {c(xk )} is uniformly bounded away from zero. The truncation value
µγmin /ci (xk ) guarantees the strict dual feasibility of uk+1
.
i
We now describe our algorithm for solving the barrier subproblem (FPµ ). The
main computational effort comes from solving the linear system (3.2) and modifying
Hk , if necessary, at each iteration.
Algorithm I. Inner Algorithm for Solving Problem (FPµ ).
STEP 0:

STEP 1:

INITIALIZATION.
Parameters: ²µ > 0, σ ∈ (0, 12 ), β ∈ (0, 1), χ > 1, κ1 ∈ (0, 1), κ2 > 1,
πµ = max{µ, 0.1}, ν > 0, 0 < γmin < 1 < γmax .
Data: x0 ∈ F o , u0 > 0, r0 > 0, H0 ∈ <n×n .
Set k ← 0.
REPEAT
SEARCH DIRECTION.
Modify Hk , if necessary, so that (C-5) holds.
Compute (4xk , λk , y k ), the solution of the linear system (3.2).
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STEP 2:

STEP 3:

STEP 4:
STEP 5:
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IF no solution is found THEN STOP with MFCQ FAILURE;
ELSE
TERMINATION.
IF (3.15) holds THEN STOP with SUCCESS;
ELSE
PENALTY PARAMETER UPDATE.
IF all conditions (C-1)∼(C-4) hold THEN set rk+1 ← χrk ,
(xk+1 , uk+1 , Hk+1 ) ← (xk , uk , Hk ), k ← k + 1;
ELSE
LINE SEARCH.
Compute the line search step size tk according to (3.16).
UPDATE.
Set uk+1 as in (3.17), xk+1 ← xk + tk 4xk , rk+1 ← rk .
Compute the new Hessian or its estimate Hk+1 .
Set k ← k + 1.
END IF
END IF
END IF
END

Remark 3.1. Algorithm I can terminate at Step 1 only if the coefficient matrix
of the linear system (3.2) is singular. Since condition (C-5) holds, we must have that
δxk = 0, (i.e., kg(xk )k = 0) and that the equality constraint gradients {∇gi (xk ), i ∈ E}
are linearly dependent according to Lemma 3.1. This implies that xk is a FJ point of
problem (NP) that does not satisfy the MFCQ.
Remark 3.2. Algorithm I gives a very general framework for what to do at least
on the theoretic level, but it does not consider many practical matters. For example,
choices of δx other than kg(xk )k/rk might lead to better performance. Also, it might
not be good to directly return to Step 1 if the penalty parameter rk is increased in
Step 3. Instead, since the satisfaction of conditions (C-1)∼(C-4) implies the need
to improve feasibility, one might invoke a feasibility restoration phase as in filter
methods in addition to increasing rk . Such issues will be discussed in a future paper
about implementation.
We now show that Algorithm I is well defined. First, assumption A1 guarantees
the existence of a strict quasi-feasible starting point x0 ∈ F o . By Remark 3.1, condition (C-5) ensures that a unique solution (4xk , λk , y k ) of the linear system (3.2) exists
unless a FJ point that fails to satisfy the MFCQ is encountered and then Algorithm
I terminates at Step 1. The following two lemmas establish that the line search step
is well-defined.
Lemma 3.5. Suppose Algorithm I is at Step 4 of the kth iteration. Then we have
4xk 6= 0.
Proof. The proof is by contradiction. Assume to the contrary that 4xk = 0.
It follows from (3.2) that C(xk )λk = µe and ∇x L(xk , λk , y k ) = 0; hence, from (2.7)
kRµ (xk , λk , y k )k = kg(xk )k. Since in the kth iteration Algorithm I hasn’t terminated
at Step 2 and is now at Step 4, we must have kg(xk )k > 0 in view of (3.15). Furthermore, having successfully passed through Step 3 means that at least one condition
among (C-1)∼(C-4) is violated. Since conditions (C-1)∼(C-3) are clearly satisfied by
the above analysis, it follows that (C-4) is violated, i.e., k$k k ≥ πµ . Hence it follows
from (3.12) that kg(xk )k = 0, a contradiction.
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Lemma 3.6. Suppose Algorithm I is at Step 4 of the kth iteration. Then there
exists a t̄k ∈ (0, 1] such that for all tk,j ∈ (0, t̄k ], (3.16) holds.
Proof. Since ci (xk ) > 0 and ci (x) is continuously differentiable for each i ∈ I, we
know there exists a t̃k ∈ (0, 1] such that for all tk,j ∈ (0, t̃k ], condition T-1 of (3.16)
holds. By Lemma 3.5 we have 4xk 6= 0, which implies that Φ0µ,rk (xk ; 4xk ) < 0 in
view of (3.8) and (C-5). Hence from Lemma 3.4, we can conclude that there exists a
t̂k ∈ (0, t̃k ] such that for all tk,j ∈ (0, t̂k ],
Φµ,rk (xk + tk,j 4xk ) − Φµ,rk (xk )
≤ σtk,j Φ0µ,rk (xk ; 4xk )
≤ −σtk,j (4xk )> Ĥk 4xk ,
where the first inequality follows from the fact that σ ∈ (0, 21 ).
Lemma 3.6 indicates that the line search step is well defined. Consequently, at
any iteration k Algorithm I either terminates at Step 1 with a FJ point of problem
(NP) or Step 2 with an approximate KKT point of problem (FPµ ) or readily generates
the next iterate at Step 3 or Step 5. Therefore we have proved:
Proposition 3.7. Under assumptions A1 and A2, Algorithm I is well defined.
3.3. Global convergence of Algorithm I. To establish the global convergence
of Algorithm I when applied to the barrier subproblem (FPµ ) for a fixed µ, we make
the following additional assumptions.
A3. The primal iterate sequence {xk } lies in a bounded set.
A4. The Hessian estimate sequence {Hk } is bounded.
Assumption A3 can be ensured by adding simple bound constraints to the problem. This assumption and A2 guarantee that the merit function is bounded below.
Assumptions A3 and A4 are standard; i.e., these assumptions or similar ones are
required to prove convergence of other IPMs.
Let us assume for the present that Algorithm I generates an infinite sequence of
iterates, i.e., it does not stop at Step 1 or Step 2 even if the termination criteria (3.15)
are met. The next result analyzes the possible outcomes when the penalty parameter
rk tends to infinity.
Theorem 3.8. Under assumptions A1∼A4, if rk is increased infinitely often
then there exists a limit point x∗ that is either an infeasible FJ point of the inequality
constrained feasibility problem (FNP) or a FJ point of problem (NP) that fails to
satisfy the MFCQ.
Proof. Since rk is increased infinitely many times, there exists an infinite index
set K such that rk+1 = χrk for k ∈ K. The fact χ > 1 implies that {rk } → ∞
as k → ∞. Define αk = max{rk , kλk k∞ } and r̄k = αk−1 rk , λ̄ki = αk−1 λki , i ∈ I.
By construction max{r̄k , kλ̄k k∞ } = 1 for all k ∈ K. Moreover, by assumption A3,
{xk } lies in a bounded set. Hence, there exists an infinite subset K0 ⊆ K such that
{(r̄k , λ̄k )}K0 → (r̄, λ̄) 6= 0 and {xk }K0 → x∗ with x∗ ∈ F. The criteria that trigger
increasing of rk must be satisfied, i.e., conditions (C-1)∼(C-4) must hold for all k ∈ K0 .
Since αk → ∞ for k ∈ K → ∞ and hence for k ∈ K0 → ∞, condition (C-3) gives that
λ̄ ≥ 0 and C(x∗ )λ̄ = 0. Hence, we have λ̄i = 0, i ∈ I\I o (x∗ ). Furthermore, it follows
from (3.2) and (3.13) that
(3.18) −Hk 4xk +

X
i∈I

λki ∇ci (xk ) −

Xµ
i∈E

rk

¶
gi (xk )
+
$
∇gi (xk ) = ∇f (xk )
i
kg(xk )k
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since kg(xk )k > 0 for all k ∈ K in view of the satisfaction of condition (C-1). Note
that {k4xk k}K and {k$k k}K are bounded as conditions (C-2) and (C-4) hold on K.
{∇g(xk )}, {∇c(xk )} and {∇f (xk )} are bounded by assumptions A2 and A3. {Hk }
is bounded by assumption A4. There are two cases to analyze.
Case 1. kg(x∗ )k > 0. Dividing both sides of (3.18) by αk and letting k ∈ K0 → ∞
yields
X

λ̄i ∇ci (x∗ ) −

X
r̄
gi (x∗ )∇gi (x∗ ) = 0.
kg(x∗ )k
i∈E

i∈I o (x∗ )

Since (r̄, λ̄) ≥ 0 but (r̄, λ̄) 6= 0 and x ∈ F , we conclude from (2.5) that x∗ is a FJ
point of problem (FNP).
Case 2. kg(x∗ )k = 0. Then we have x∗ ∈ X . For all k ∈ K we have
1
√ ≤ max
p

½

|gi (xk )|
, i∈E
kg(xk )k

¾
≤ 1.

Thus, there exists an infinite subset K0 ⊆ K and a vector ȳ 6= 0 such that
½
¾
gi (xk )
→ ȳi , i ∈ E.
kg(xk )k K0
Dividing both sides of (3.18) by αk and letting k ∈ K0 → ∞ yields
X
i∈I o (x∗ )

λ̄i ∇ci (x∗ ) −

X

r̄ȳi ∇gi (x∗ ) = 0.

i∈E

Since (r̄, λ̄) 6= 0 and ȳ 6= 0, we must have (r̄ȳ, λ̄) 6= 0. Hence, since λ̄ ≥ 0, it follows
from Definitions 2.3 and 2.4 that x∗ is a FJ point of problem (NP) that fails to satisfy
the MFCQ.
The following results analyze the convergence behavior of Algorithm I when the
penalty parameter is increased only finitely many times.
Lemma 3.9. Suppose there exist k̄ > 0 and r̄ > 0 such that rk = r̄ for all
k ≥ k̄. Then {c(xk )} and {uk } are componentwise bounded away from zero and {uk }
is bounded above.
Proof. The proof is by contradiction. Assume to the contrary that there exists
an infinite subset K and an index j ∈ I such that {cj (xk )}K ↓ 0. We know from the
line search step that for all k ≥ k̄,
(3.19)

Φµ,rk (xk ) = Φµ,r̄ (xk ) ≤ Φµ,r̄ (xk̄ ).

Since f, c, g are continuous real valued functions on F, assumption A3 implies that
{f (xk )}, {c(xk )} and {g(xk )} are all bounded both above and below. Thus, we have
that {Φµ,r̄ (xk )}K → ∞, which contradicts (3.19). Hence {c(xk )} is componentwise
bounded away from zero. Thus, (3.17) implies that {uk } is componentwise bounded
away from zero and bounded above.
Lemma 3.10. Suppose there exist k̄ > 0 and r̄ > 0 such that rk = r̄ for all k ≥ k̄.
If there exists an infinite subset K such that the whole sequence {k(4xk , λk , y k )k}K
tends to infinity, any limit point of the sequence {xk }K is a FJ point of problem (NP)
that fails to satisfy the MFCQ.
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Proof. By assumptions A3, A4 and Lemma 3.9, there exists an infinite subset
K0 ⊆ K such that {xk }K0 → x∗ , {uk }K0 → u∗ > 0, {Hk }K0 → H∗ and C(x∗ ) Â 0 by
Lemma 3.9. Thus, as k ∈ K0 → ∞,
·
¸
Ĥ∗
∇g(x∗ )
Mk → M∗ =
,
∇g(x∗ )> −δx∗ I
∗

where Ĥ∗ = H∗ + ∇c(x∗ )C(x∗ )−1 U ∗ ∇c(x∗ )> , U ∗ = diag(u∗ ) and δx∗ = kg(xr̄ )k .
Since the right hand side of (3.2) is bounded and continuous, the unboundedness of
{4xk , λk , y k }K0 implies that the limit of the coefficient matrices of (3.2) and, hence,
M∗ are singular. If kg(x∗ )k > 0, we can choose K0 so that kg(xk )k > 0 for all k ∈ K0 .
Therefore, by continuity and condition (C-5), H̃∗ = Ĥ∗ + δx1∗ ∇g(x∗ )∇g(x∗ )> Â 0.
But then by Lemma 3.1, M∗ must be nonsingular, a contradiction. Hence, it follows
that kg(x∗ )k = 0.
Now we show that ∇g(x∗ ) is rank deficient. Suppose ∇g(x∗ ) has rank p. Then it
follows that ∇g(xk ) has rank p for all sufficiently large k ∈ K0 . Hence, for any d 6= 0
such that ∇g(x∗ )> d = 0 and large enough k ∈ K0 , we can define
dk = (I − ∇g(xk )(∇g(xk )> ∇g(xk ))−1 ∇g(xk )> )d.
For such k, ∇g(xk )> dk = 0 and hence it follows from condition (C-5) that (dk )> H̃k dk =
(dk )> Ĥk dk ≥ νkdk k2 . Since clearly, {dk }K0 → d, letting k ∈ K0 → ∞ yields that
d> Ĥ∗ d ≥ νkdk2 . Thus, we again know from Lemma 3.1 that M∗ is nonsingular, a
contradiction. Therefore, x∗ is a FJ point of problem (NP) that fails to satisfy the
MFCQ.
Lemma 3.10 implies that provided the penalty parameter is bounded, the multiplier sequence remains uniformly bounded if the MFCQ holds on the feasible region
X.
Lemma 3.11. Suppose there exist k̄ > 0 and r̄ > 0 such that rk = r̄ for all k ≥ k̄.
If {4xk , λk , y k }K is a bounded subsequence then {4xk }K → 0.
Proof. Assume to the contrary that there exists an infinite subset K̂ ⊆ K such
that {4xk }K̂ → 4x∗ 6= 0. Since {xk , Hk , uk , λk , y k }K are all bounded, {xk } → x∗ ,
{Hk } → H∗ , U k → U ∗ > 0 and {(λk , y k )} → (λ∗ , y ∗ ) as k ∈ K0 → ∞, where K0 ⊆ K̂.
Clearly,
{(4xk )> H̃k 4xk }K0 → (4x∗ )> H̃∗ 4x∗ ,

(3.20)

as long as either kg(x∗ )k > 0 or g(xk ) = 0 for all k ∈ K0 , where
½
(3.21)

∗

H̃ =

Ĥ∗ ,
∗
∗ >
Ĥ∗ + δx−1
∗ ∇g(x )∇g(x ) ,

if kg(x∗ )k = 0,
if kg(x∗ )k > 0,

and
Ĥ∗ = H∗ + ∇c(x∗ )C(x∗ )−1 U ∗ ∇c(x∗ )> .

(3.22)

If kg(xk )k > 0 for all k ∈ K0 and kg(x∗ )k = 0, we have that
(4xk )> H̃k 4xk
(3.23)

= (4xk )> Ĥk 4xk +

1
δxk

(4xk )> (∇g(xk )∇g(xk )> )4xk
³
´2
P
gi (xk )
k
= (4xk )> Ĥk 4xk + δxk i∈E r̄ kg(x
k )k − yi
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for all k ∈ K0 . Hence, (3.20) then follows from the boundedness of {y k }K0 and
{g(xk )}K0 and the fact that {δxk }K0 → 0. Since c is continuously differentiable, we
know there exists a t̃ ∈ (0, 1] such that for all t ∈ (0, t̃],
ci (x∗ + t4x∗ ) > 0, ∀i ∈ I.

(3.24)

By continuity, letting k ∈ K0 → ∞ in (3.2) yields
 ∗
−∇c(x∗ )λ∗ +∇g(x∗ )y ∗
 H 4x∗
∗
∗ >
∗
U ∇c(x ) 4x +C(x∗ )λ∗
(3.25)

∇g(x∗ )> 4x∗
−δx∗ y ∗

= −∇f (x∗ ),
= µe,
= −g(x∗ ),

∗

)k
where δx∗ = kg(x
. Since 4x∗ 6= 0, we have from (3.20) and condition (C-5) that
r∗
−(4x∗ )> H̃∗ 4x∗ < 0. By following the same argument as in the proof of Lemma 3.4,
we have

(3.26)

Φ0µ,r̄ (x∗ ; 4x∗ ) ≤ −(4x∗ )> H̃∗ 4x∗ < 0.

Thus, we can conclude that there exists a t̂ ∈ (0, t̃] such that for all t ∈ (0, t̂],
(3.27)

Φµ,r̄ (x∗ + t4x∗ ) − Φµ,r̄ (x∗ )
≤ 1.1σtΦ0µ,r̄ (x∗ ; 4x∗ )
< −σt(4x∗ )> H̃∗ 4x∗ ,

since 0 < 1.1σ < 1 as σ ∈ (0, 12 ). Let m∗ = min{j|β j ∈ (0, t̂], j = 0, 1, 2...}. Due to
the continuity of Φµ,r̄ , we know from (3.20), (3.24) and (3.27) that for t∗ = β m∗ and
k ∈ K0 large enough,
½
ci (xk + t∗ 4xk ) > 0, ∀i ∈ I,
Φµ,rk (xk + t∗ 4xk ) − Φµ,rk (xk ) < −σt∗ (4xk )> H̃k 4xk .
This implies the step size tk ≥ t∗ for all k ∈ K0 large enough according to the
backtracking line search rule. Consequently, it follows from condition (C-5) and (3.16)
that for large enough k ∈ K0
≤
≤

Φµ,r̄ (xk+1 )
Φµ,r̄ (xk ) − σtk (4xk )> H̃k 4xk
Φµ,r̄ (xk ) − 21 σt∗ νk4x∗ k.

But since Φµ,r̄ (xk ) is monotone decreasing, this implies that {Φµ,r̄ (xk )}K0 → −∞, a
contradiction to assumptions A2 and A3.
Lemma 3.12. Suppose there exist k̄ > 0 and r̄ > 0 such that rk = r̄ for all k ≥ k̄.
If {4xk , λk , y k }K is a bounded subsequence, any limit point of {(xk , λk , y k )}K satisfies
the first order optimality conditions (2.7).
Proof. The proof is by contradiction. Assume to the contrary that there exists
an infinite subset K0 ⊆ K such that {(xk , λk , y k )}K0 tends to (x∗ , λ∗ , y ∗ ) that fails to
satisfy the first order optimality conditions (2.7). Since all components in (3.2) are
bounded on K and {4xk }K → 0 by Lemma 3.11, if we let k ∈ K0 → ∞, (3.2) gives
(3.28)

∇c(x∗ )λ∗ − ∇g(x∗ )y ∗
C(x∗ )λ∗
kg(x∗ )ky ∗

=
=
=

∇f (x∗ ),
µe,
r∗ g(x∗ ).
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Thus, we must have kg(x∗ )k > 0 due to the failure of (2.7) at (x∗ , λ∗ , y ∗ ). Hence, by
continuity we know kg(xk )k > 0 for all k ∈ K0 large enough, i.e., condition (C-1) holds.
Moreover, {4xk }K → 0 and the second equation of (3.28) imply the satisfaction
of conditions (C-2) and (C-3), respectively, for k ∈ K0 large enough. Finally, the
last equation of (3.28) implies for k ∈ K0 large enough condition (C-4) holds. But
this satisfaction of conditions (C-1)∼(C-4) contradicts the fact that rk = r̄ for all
sufficiently large k.
Combining the results of Theorem 3.8, Lemma 3.10 and Lemma 3.12, we are now
in a position to state a global convergence theorem for Algorithm I for solving the
barrier subproblem (FPµ ) with a fixed µ.
Theorem 3.13. Suppose Algorithm I generates an infinite sequence of iterates,
i.e., it does not terminate at Step 1 or Step 2 even if the termination criteria have
been met. Suppose assumptions A1∼A4 hold. Then
(i) if the penalty parameter {rk } is unbounded, there exists a limit point of {xk }
that is either an infeasible FJ point of the inequality constrained feasibility problem
(FNP), or a FJ point of problem (NP) failing to satisfy MFCQ;
(ii) if {rk } is bounded and {4xk , λk , y k }K is an unbounded subsequence containing
no bounded infinite subsequences, any limit point of {xk } is a FJ point of problem (NP)
failing to satisfy MFCQ;
(iii) if {rk } is bounded and {4xk , λk , y k }K is a bounded subsequence, any limit
point of {(xk , λk , y k )}K satisfies the first order optimality condition (2.7).
Theorem 3.14. Suppose assumptions A1∼A4 hold. The outcome of applying
Algorithm I is one of the following.
(A) A FJ point of problem (NP) failing to satisfy MFCQ is found at Step 1 in a
finite number of iterations.
(B) An approximate KKT point of problem (FPµ ) satisfying the termination criteria (3.15) is found at Step 2 in a finite number of iterations.
(C) Finite termination does not occur and there exists a limit point that is either
an infeasible FJ point of the inequality constrained feasibility problem (FNP), or a FJ
point of problem (NP) failing to satisfy MFCQ.
3.4. Overall algorithm. Our quasi-feasible IPM for solving problem (NP) successively solves the barrier subproblem (FPµ ) for a decreasing sequence {µ} by applying Algorithm I. Ideally, one would choose a sequence {µ} that converges to zero at a
superlinear rate. This was shown by Zhang, Tapia and Dennis [16] to be a necessary
condition for superlinear convergence of primal iterates. In practice, however, a fast
linear reduction of {µ} will serve just as well, because the cost of computing the final
iterates is typically much less than the cost of computing the initial iterates. We refer
the reader to [16] for further discussion about updating {µ}.
The tolerance ²µ in (3.15), which determines the accuracy in the solution of the
barrier subproblems, is decreased from one barrier subproblem to the next and must
converge to zero. In this paper we use the simple strategy of reducing both ²µ and µ
by a constant factor α ∈ (0, 1). Moreover, another µ-related parameter πµ is used in
each barrier subproblem as a threshold value for conditions (C-2) and (C-4). Although
there are no restrictive requirements on πµ to prove global convergence, care must be
taken in a practical implementation to avoid both too infrequent and too frequent
increases of the penalty parameter. Finally, we test optimality for problem (NP) by
means of the residual norm kR(x, λ, y)k.
We are ready to state the overall IPM, in which the index k denotes an outer
iteration, while j denotes the last inner iteration of Algorithm I.
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Algorithm II. Outer Algorithm for Solving Problem (NP).
Specify parameters µ0 > 0, ²µ0 > 0, α ∈ (0, 1) and the final step tolerance ²inf .
0
m
0
p
Choose the starting point x0 ∈ F o , u0 ∈ <m
+ , λ ∈ < , y ∈ < , the initial
penalty parameter r0 > 0 and compute the initial Hessian or its estimate H0 .
k ← 0.
REPEAT until kR(xk , λk , y k )k ≤ ²inf :
1. Apply Algorithm I, starting from (xk , uk , rk , Hk ) with parameters
(µk , ²µk , πµk ), to find an approximate solution (xk,j , λk,j , y k,j ) of the
barrier subproblem (FPµk ), which satisfies termination criteria (3.15).
2. Set µk+1 ← αµk , ²µk+1 ← α²µk , xk+1 ← xk,j , uk+1 ← uk,j ,
λk+1 ← λk,j , y k+1 ← y k,j , rk+1 ← rk,j , Hk+1 ← Hk,j .
Set k ← k + 1.
END
The next result gives the global convergence of Algorithm II.
Theorem 3.15. Suppose Algorithm II is applied by ignoring its termination
condition. Suppose assumptions A1 and A2 hold, A3 holds with the same bound for
every µk and A4 holds for each µk . Then, one of the following outcomes occurs.
(A) For some parameter µk , the termination criteria (3.15) of Algorithm I are
never met, in which case there exists a limit point of the inner iterates that is either
an infeasible FJ point of problem (FNP) or a FJ point of problem (NP) failing to
satisfy the MFCQ.
(B) Algorithm I successfully terminates for each µk , in which case the limit point
of any bounded subsequence {xk , λk , y k }K satisfies the first order optimality condition (2.1); while the limit point of any subsequence {xk }K with unbounded multiplier
subsequence {(λk , y k )}K is a FJ point of problem (NP) failing to satisfy the MFCQ.
Proof. Outcome (A) follows immediately from Theorem 3.14. We now consider
outcome (B). There are two cases.
Case 1. Suppose {xk , λk , y k }K is a bounded subsequence with a limit point
∗
(x , λ∗ , y ∗ ). Since {µk , ²µk } → 0 in Algorithm II, it follows from (3.15) that
{Rµk (xk , λk , y k )}K → R(x∗ , λ∗ , y ∗ ) = 0 and {λk }K → λ∗ ≥ 0,
and x∗ ∈ F. Hence, the KKT conditions (2.1) hold at (x∗ , λ∗ , y ∗ ).
Case 2. Suppose {xk , λk , y k }K is an unbounded subsequence. By assumption A3,
k
{x } is bounded and WLOG, we can assume {xk }K → x∗ . Let
ξk = max{kλk k∞ , ky k k∞ , 1}.
Define
λ̄k = ξk−1 λk and ȳ k = ξk−1 y k .
Obviously, {(λ̄k , ȳ k )} is bounded. Hence, there exists an infinite subset K0 ⊆ K such
that {(λ̄k , ȳ k )}K0 → (λ̄, ȳ) 6= 0 as max{kλ̄k k∞ , kȳ k )k∞ } = 1 for large k ∈ K. From
(3.15) we know λ̄ ≥ 0 and g(x∗ ) = 0. Dividing both sides of the first inequality of
(3.15) by ξk and letting k ∈ K0 → ∞ and observing that ξk → ∞ yields
∇c(x∗ )λ̄ − ∇g(x∗ )ȳ
C(x∗ )λ̄

= 0,
= 0.
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Since x∗ is a feasible point, from Definitions 2.3 and 2.4 we know that x∗ is a FJ point
of problem (NP) failing to satisfy MFCQ.
Theorem 3.15 implies that if Algorithm I successfully terminates for each µk ,
Algorithm II terminates finitely with either an approximate KKT point of problem
(NP) or an approximate FJ point of problem (NP) failing to satisfy the MFCQ.
The next result analyzes the behavior of the penalty parameter for the overall
algorithm.
Theorem 3.16. Suppose assumptions A1 and A2 hold, A3 holds with the same
bound for every µk and A4 holds for each µk . Moreover, suppose the MFCQ holds
on the feasible region and problem (NP) is not locally infeasible on F; i.e., there are
no FJ points of problem (FNP) on F that are infeasible to (NP). Then ignoring the
termination condition of Algorithm II, the penalty parameter is uniformly bounded
and any limit point of the sequence {xk , λk , y k } generated by Algorithm II satisfies the
first order optimality conditions (2.1).
Proof. From Theorem 3.14 we know that Algorithm I successfully terminates
for each µk since the MFCQ holds on the feasible region and problem (NP) is not
locally infeasible on F. Now assume to the contrary that there exists an infinite
subset K = {k, j} in which the penalty parameter is increased, where k denotes an
outer iteration and j denotes an inner iteration. There exists a limit point x∗ of
{xk,j }K in view of assumption A3. By following the same argument as in the proof
of Theorem 3.8, we obtain that either the MFCQ is violated at x∗ or problem (NP)
is locally infeasible at x∗ . This gives a contradiction. Hence, the penalty parameter
is uniformly bounded. The last statement of the theorem then follows from Theorem
3.15.
4. An infeasible IPM. In this section we present an infeasible IPM for solving
the slack-based problem (SP) and hence problem (NP). This method is essentially our
quasi-feasible IPM in which advantage is taken of the special nature and structure
of the slack variables. We first describe the inner algorithm for solving the barrier
subproblem (IPµ ) with a fixed µ.
4.1. Inner algorithm. The first order optimality conditions for problem (IPµ )
are

∇x L(x, u, v)
 Wu − µe 

Rµ (x, w, u, v) = 
 c(x) − w  = 0,
g(x)


(4.1)

where W = diag(w) and w > 0. Throughout this section, we assume
A2’. Functions f, c, g are real valued and twice continuously differentiable on <n .
Letting δx,w = ψ(x,w)
, the necessary conditions for (x, w) to be a local optimal
r
solution for problem (`2 IPµ ), or equivalently a perturbation of the KKT conditions
(4.1) are,
P
P
∇f (x) − i∈I ui ∇ci (x) + i∈E vi ∇gi (x) = 0,
ui wi − µ = 0, i ∈ I,
(4.2)
wi − ci (x) − ui δx,w = 0, i ∈ I,
gi (x) − vi δx,w = 0, i ∈ E.
Treating δx,w as a constant and applying Newton’s method to (4.2) yields the following
linear system, that has to be solved at the kth step after defining λk = uk + 4uk and
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y k = v k + 4v k ,
 k
H 4xk



(4.3)
−∇c(xk )> 4xk



∇g(xk )> 4xk

k

U 4w
+4wk

k

−∇c(xk )λk
+W k λk
−δxk ,wk λk

+∇g(xk )y k
−δxk ,wk y k

=
=
=
=

−∇f (xk ),
µe,
c(xk ) − wk ,
−g(xk ),
k

k

where Hk is the Lagrangian Hessian estimate, U k = diag(uk ), δxk ,wk = ψ(xrk,w ) and
rk is the current penalty parameter. We maintain the strict positivity of wk and, as
in Algorithm I, the strict dual feasibility of uk for all k.
If at the current iteration ψ(xk , wk ) is positive, from the third and forth equations
of (4.3), we have that
½
rk (4wik − ∇ci (xk )> 4xk ), i ∈ I,
(4.4)
ψ(xk , wk )$ik =
rk ∇gi (xk )> 4xk ,
i ∈ E,
where
(4.5)

(
$ik

=

λki − ψ(xrkk,wk ) (ci (xk ) − wik ), i ∈ I,
yik − ψ(xrkk,wk ) gi (xk ),
i ∈ E.

Therefore as in Algorithm I, the following conditions, whose purpose and meaning are
analogous to those of conditions (C-1)∼(C-4), are checked at each iteration,

(4.6)

(D-1):
(D-2):
(D-3):
(D-4):

ψ(xk , wk ) > 0;
k4xk k ≤ πµ and k4wk k ≤ πµ ;
κ1 µe ≤ W k λk ≤ κ2 µe;
k$k k < πµ .

Since U k Â 0 and W k Â 0, from (4.3) we obtain that
(4.7)

4wk = (U k )−1 (µe − W k λk ),
λk = −Dk (∇c(xk )> 4xk + c(xk ) − wk − (U k )−1 µe),

where
(4.8)

Dk = ((U k )−1 W k + δxk ,wk I)−1

Substituting (4.7) into (4.3) yields a smaller and denser symmetric linear system
·
¸ ·
¸
4xk
−∇f (xk ) + ∇c(xk )Dk (wk − c(xk ) + µ(U k )−1 e)
=
(4.9) Mk
,
yk
−g(xk )
where
(4.10)
(4.11)

·
Mk =

Ĥk
∇g(xk )>

∇g(xk )
−δxk ,wk I

¸
,

Ĥk = Hk + ∇c(xk )Dk ∇c(xk )> .

Again, we know from Lemma 3.1 that the inertia of the coefficient matrix of (4.9) is
(n, p, 0) if, and only if, either δxk ,wk > 0 and H̃k is positive definite, where
(
Ĥk ,
if ψ(xk , wk ) = 0,
k
(4.12)
H̃ =
−1
k
k
k >
Ĥ + δxk ,wk ∇g(x )∇g(x ) , if ψ(xk , wk ) > 0;
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or ψ(xk , wk ) = 0, ∇g(xk ) has rank p and Ĥk is positive definite on the null space of
∇g(xk )> . By using the same strategy as in our quasi-feasible method, we can ensure
that for a given ν > 0, at each iteration
½
(D-5):

d> H̃k d ≥ νkdk2 , ∀d ∈ <n \{0},
d> H̃k d ≥ νkdk2 , ∀d =
6 0 such that ∇g(xk )> d = 0,

if ψ(xk , wk ) > 0,
if ψ(xk , wk ) = 0,

and hence that (4xk , 4wk ) is a descent direction of the merit function Φµ,rk , since
we have
Lemma 4.1. Suppose at the kth iteration, uk > 0, wk > 0, and the linear system
(4.3) has a solution (4xk , 4wk , λk , y k ). Then
(4.13)

Φ0µ,rk (xk , wk ; 4xk , 4wk ) ≤ −(4xk )> H̃k 4xk − Θk (4xk , 4wk ),

where
½
(4.14)

k

k

Θk (4x , 4w ) =

k > k k
δx−1
if ψ(xk , wk ) > 0,
k ,w k (p ) V p ,
0,
if ψ(xk , wk ) = 0,

V k = (U k )−1 W k Dk and pk = (V k )−1 4wk − ∇c(xk )> 4xk .
Proof. If ψ(xk , wk ) > 0, it follows from (4.3) that
(4.15)

k
k >
k
k
k
λk = δx−1
k ,w k (4w − ∇c(x ) 4x − c(x ) + w ),
k
k >
k
y k = δx−1
k ,w k (g(x ) + ∇g(x ) 4x ).

Substituting (4.15) into (4.3) yields
"
#·
¸ ·
¸
k
−B k
δx−1
4xk
∇x Φµ,rk (xk , wk )
k ,w k ∇c(x )
=
(4.16)
,
k >
4wk
∇w Φµ,rk (xk , wk )
δx−1
−J k
k ,w k ∇c(x )
where
k
k >
Bk = Hk + δx−1
+ ∇g(xk )∇g(xk )> ),
k ,w k (∇c(x )∇c(x )
−1
k
k −1 k
J = (W ) U + δxk ,wk I,
∇x Φµ,rk (xk , wk ) = ∇f (xk ) + rk ψ(xk , wk )−1 (∇c(xk )(c(xk ) − wk ) + ∇g(xk )g(xk )),
∇w Φµ,rk (xk , wk ) = −µ(W k )−1 e + rk ψ(xk , wk )−1 (wk − c(xk )).
k −1
Since V k = I − δxk ,wk Dk = δx−1
, we have that
k ,w k (J )

e k + δ −2
Bk = H
∇c(xk )(J k )−1 ∇c(xk )> ,
xk ,wk
and hence, that
Φ0µ,rk (xk , wk ; 4xk , 4wk )
= ∇x Φµ,rk (xk , wk )> 4xk + ∇w Φµ,rk (xk , wk )> 4wk
k >
k >
k
k > k
k
≤ −(4xk )> Bk 4xk + 2δx−1
k ,w k (4w ) ∇c(x ) 4x − (4w ) J 4w
−2
= −(4xk )> H̃k 4xk − δxk ,wk (4xk )> ∇c(xk )(J k )−1 ∇c(xk )> 4xk
k > k
k −1
−(4wk )> J k (J k )−1 J k 4wk + 2δx−1
∇c(xk )> 4xk
k ,w k (4w ) J (J )
= −(4xk )> H̃k 4xk − Θk (4xk , 4wk ).
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On the other hand, if ψ(xk , wk ) = 0, we have from (4.3) that ∇c(xk )> 4xk =
4w and ∇g(xk )> 4xk = 0. Hence, it follows from an obvious extension of Lemma
3.2 and (4.3) that
k

≤
=
=
=
=
=

Φ0µ,rk (xk , wk ; 4xk , 4wk )
∇f (xk )> 4xk − µe> (W k )−1 4wk
−(4xk )> Hk 4xk + (λk )> ∇c(xk )> 4xk
−(y k )> ∇g(xk )> 4xk − µe> (W k )−1 4wk
−(4xk )> Hk 4xk + ((λk )> W k − µe> )(W k )−1 4wk
−(4xk )> Hk 4xk − (4wk )> (W k )−1 U k 4wk
−(4xk )> Ĥk 4xk
−(4xk )> H̃k 4xk .

Since Θk (4xk , 4wk ) = 0, this completes the proof.
After a search direction (4xk , 4wk ) is computed, we obtain the next iterate
k+1
(x
, wk+1 ) = (xk , wk )+tk (4xk , 4wk ) by a basic backtracking line search procedure;
i.e., we consider a decreasing sequence of step sizes tk,j = τ β j (j = 0, 1, ...) with
β ∈ (0, 1) until the following criteria are satisfied,
(4.17)

S-1: wik + tk,j 4wik > 0, ∀i ∈ I;
S-2: Φµ,rk (xk + tk,j 4xk , wk + tk,j 4wk ) − Φµ,rk (xk , wk )
≤ −σtk,j ((4xk )> H̃k 4xk + Θk (4xk , 4wk )).

Since the maximum value τ of tk,j that satisfies S-1 can easily be determined by the
wk

standard minimum ratio test τ = min{− 4wi k |4wik < 0, i ∈ I}, the backtracking
i

procedure could be started with a step size that is smaller than β 0 = 1. For the dual
iterates, we set
 k
if µγmin /wik ≤ λki ≤ µγmax /wik ,
 λi ,
k+1
k
µγmin /wi , if λki < µγmin /wik ,
ui
(4.18)
=

µγmax /wik , if λki > µγmax /wik ,
where 0 < γmin < 1 < γmax .
Finally, rather than solving the barrier subproblem (IPµ ) accurately, we will be
content with an approximate solution (xk , wk , λk , y k ) satisfying
(4.19)

kRµ (xk , wk , λk , y k )k ≤ ²µ and λk ≥ −²µ e.

We are now ready to state the inner algorithm for our infeasible IPM.
Algorithm III. Inner Algorithm for Solving Problem (IPµ ).
STEP 0:

STEP 1:

INITIALIZATION.
Parameters: ²µ > 0, σ ∈ (0, 12 ), β ∈ (0, 1), χ > 1, κ1 ∈ (0, 1), κ2 > 1,
πµ = max{µ, 0.1}, ν > 0, 0 < γmin < 1 < γmax .
Data: (x0 , w0 ) ∈ <n+m with w0 > 0, u0 > 0, r0 > 0, H0 ∈ <n×n .
k ← 0.
REPEAT
SEARCH DIRECTION.
Modify Hk , if necessary, so that (D-5) holds.
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STEP 2:

STEP 3:

STEP 4:
STEP 5:

Compute (4xk , 4wk , λk , y k ), the solution of the linear system (4.3).
IF no solution is found THEN STOP with MFCQ FAILURE;
ELSE
TERMINATION.
IF (4.19) holds THEN STOP with SUCCESS;
ELSE
PENALTY PARAMETER UPDATE.
IF all conditions (D-1)∼(D-4) hold THEN set rk+1 ← χrk ,
(xk+1 , wk+1 , uk+1 , Hk+1 ) ← (xk , wk , uk , Hk ), k ← k + 1;
ELSE
LINE SEARCH.
Compute the line search step size tk according to (4.17).
UPDATE.
Set uk+1 as in (4.18), xk+1 ← xk + tk 4xk ,
wk+1 ← wk + tk 4wk , rk+1 ← rk .
Compute the new Hessian or its estimate Hk+1 .
Set k ← k + 1.
END IF
END IF
END IF
END

By an argument analogous to those given at the end of Section 3.2 we have:
Proposition 4.2. Under assumption A2’, Algorithm III is well defined.
4.2. Global convergence of Algorithm III. To analyze the application of
Algorithm III to problem (IPµ ), we shall first show that this is essentially equivalent
to the application of Algorithm I to that problem. It is easy to verify that the latter
results in the following Newton system (see (3.2)) for determining the step at iteration
k

 

4xk
Hk
0
0
−∇c(xk ) ∇g(xk )

  4wk 
0
0 −I
I
0

 

k
k

  vk 
0
U
W
0
0




 −∇c(xk )> I
  λk 
0
−δxk ,wk I
0
k
∇g(xk )>
0
0
0
−δxk ,wk I
y

(4.20)
−∇f (x)


0



,
µe
=

 c(xk ) − wk 
−g(xk )
where uki and vik are the dual variables associated with the ith equality constraint
ci (x) − wi = 0 and ith nonnegativity constraint wi ≥ 0, respectively, in (IPµ ). Since
the second block of equations in (4.20) gives v k = λk , eliminating v k then gives the
system (4.3) used by Algorithm III to determine the step at iteration k.
It is easy to see that all other aspects of Algorithm III are equivalent to those
of Algorithm I applied to problem (IPµ ). In practice, however, the algorithms may
follow different paths depending on how the line search is carried out (recall that in
Algorithm III a minimum ratio test could be used to determine a trial step length)
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and how condition (D-5) is ensured. However, if sufficient care is taken in applying
Algorithm I, then the paths can be the same. For example, it can be shown that the
matrix Mk given by (4.10), (4.11) and (4.8) is equal to the Schur complement of the
submatrix
· k
¸
U (W k )−1
I
I
−δxk ,wk I
in the matrix Mk given by (3.4) and (3.5) that arises in this case from the coefficient
matrix in (4.20). Thus a carefully implemented inertia-controlling pivot strategy can
result in the same perturbation to the matrix Hk in both algorithms.
In spite of these implementational differences, the global convergence properties
of Algorithm III follow directly from those of Algorithm I after two issues are clarified.
First we will make assumptions A3 and A4; however, we will not assume that the slack
variable sequence {wk } lies in a bounded set. Also, when the penalty parameter rk
tends to infinity in Algorithm III, we need to be concerned with the unconstrained
infeasibility problem (INP) rather than the constrained feasibility feasibility problem
(FNP). Concerning the sequence {wk } we have
Lemma 4.3. Under assumptions A2’ and A3, the sequence {wk } lies in a bounded
set.
Proof. First we consider the case that rk = r̄ for all sufficiently large k. Since
{c(xk )} is bounded under assumptions A2’ and A3, if {kwk k}K → ∞, where K is an
infinite index set, then {ψ(xk , wk )}K → ∞Pand hence {Φµ,r̄ (xk , wk )}K → ∞ since the
term r̄ψ(xk , wk ) dominates the term −µ i∈I ln wik as k ∈ K → ∞ and {f (xk )} is
bounded. But this contradicts the fact that Φµ,r̄ (xk , wk ) is monotonically decreased
by Algorithm III.
Now we consider the case that {rk } → ∞. Suppose there exists an infinite index
set K for which rk is increased such that {kwk k}K → ∞. Then by assumptions A2’
and A3,
kwk k
→ 1 as k ∈ K → ∞.
ψ(xk , wk )

(4.21)

On the other hand, it follows from the third equation of (4.3) and condition (D-3)
that
(4.22)

=

wik − (∇ci (xk )> 4xk − 4wik + ci (xk ))
1
1
k
k k
k
k
k i ∈ I.
rk ψ(x , w )λi ≤ rk ψ(x , w )κ2 µ/wi ,

Since the sequence {(4xk , 4wk )}K is bounded by condition (D-2), dividing (4.22) by
ψ(xk , wk ) yields that
(wik )
→ 0 as k ∈ K → ∞, ∀i ∈ I,
ψ(xk , wk )
which contradicts (4.21). Hence,
M > 0 such that kwk k ≤ M and hence
P there exist
k
k
an M̄ > 0 such that f (x ) − µ i∈I ln wi + M̄ ≥ 0 for all k in which rk is increased.
Therefore, the sequence {(Φµ,rk (xk , wk ) + M̄ )/rk } is monotonically decreasing by
Algorithm III. This implies that {ψ(xk , wk )} and hence {wk } are bounded.
The next result is the analog of Theorem 3.8, which gives the possible outcomes
when {rk } → ∞. Its proof is similar, but not identical to the proof of Theorem 3.8.
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Theorem 4.4. Under assumptions A2’, A3 and A4, if the penalty parameter rk
is unbounded, there exists a limit point x̄ that is either an infeasible stationary point
of the feasibility problem (INP), or a FJ point of problem (NP) that fails to satisfy
the MFCQ.
Proof. Since {rk } is unbounded, there exists an infinite index set K set such that
rk is increased for all k ∈ K. From the first equation of the linear system (4.3) and
(4.5) we obtain
³
´
P
ci (xk )−wik
Hk 4xk + i∈I $ik + rk ψ(x
∇ci (xk )
k ,w k )
´
³
(4.23)
P
gi (xk )
+ i∈E $ik + rk ψ(x
∇gi (xk ) + ∇f (xk ) = 0,
k ,w k )
where ψ(xk , wk ) > 0 for all k ∈ K in view of condition (D-1). Since from assumption
A3 and Lemma 4.3 {(xk , wk )}K is bounded, {(xk , wk )}K0 → (x̄, w̄) with w̄ ≥ 0 for
some infinite subset K0 ⊆ K. By the continuity of c and g, we know {ψ(xk , wk )}K0 →
ψ(x̄, w̄).
It follows from the first line of (4.5) that for k ∈ K0
λki = $ik + rk

(4.24)

wik − ci (xk )
, ∀i ∈ I.
ψ(xk , wk )

Condition (D-3) gives that λki > 0, ∀i ∈ I for all k ∈ K0 . Since {k$k k}K0 is bounded
by condition (D-4) and {rk } tends to infinity, (4.24) implies that
(4.25)

{wik − ci (xk )}K0 → w̄i − ci (x̄) ≥ 0, ∀i ∈ I,

and w̄i − ci (x̄) > 0 only if {λki }K → ∞. Moreover, from condition (D-3) we conclude
that for any i ∈ I, w̄i = 0 if and only if {λki }K → ∞. Consequently, we have
(4.26)

w̄i − ci (x̄) > 0 only if w̄i = 0, ∀i ∈ I.

To complete our analysis when the penalty parameter is unbounded. We consider
two cases. First recall that {Hk } is bounded by assumption A4, {(4xk , 4wk )}K0 is
bounded by condition (D-2) and {$k }K0 is bounded by condition (D-4).
Case 1. ψ(x̄, w̄) > 0. Dividing both sides of (4.23) by rk and letting k ∈ K0 → ∞
gives
X ci (x̄) − w̄i
i∈I

ψ(x̄, w̄)

∇ci (x̄) +

X gi (x̄)
∇gi (x̄) = 0.
ψ(x̄, w̄)
i∈E

This together with (4.25) and (4.26) indicates that
X
X
(4.27)
ci (x̄)∇ci (x̄) +
gi (x̄)∇gi (x̄) = 0.
i∈I:ci (x̄)<0

i∈E

In view of (2.6), we conclude that x̄ is a stationary point of the feasibility problem
(INP).
Case 2. ψ(x̄, w̄) = 0. Then g(x̄) = 0 and c(x̄) = w̄ ≥ 0. Hence x̄ is a feasible
point of problem (NP). By the property of Euclidean norm, we have for each k ∈ K0
½
¾
|ci (xk ) − wik |
|gi (xk )|
1
√
≤ max
,
i
∈
I;
,
i
∈
E
≤ 1.
m+p
ψ(xk , wk )
ψ(xk , wk )
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Thus, there exist an infinite index set K00 ⊆ K0 and a vector (λ̄, ȳ) 6= 0 such that
½

wik − ci (xk )
ψ(xk , wk )

¾

½
→ λ̄i , i ∈ I and
K00

gi (xk )
ψ(xk , wk )

¾
→ ȳi , i ∈ E.
K00

Since λk > 0 for all k ∈ K00 in view of condition (D-3), dividing both sides of (4.24)
by rk and letting k ∈ K00 → ∞ gives that λ̄i ≥ 0 for all i ∈ I. Again, from condition
(D-3) we know for each i ∈ I, {λki }K00 is bounded if w̄i > 0. Hence, dividing both
sides of (4.24) by rk and letting k ∈ K00 → ∞ yields that λ̄i = 0 for i ∈ I with w̄i > 0,
i.e., for i ∈ I\I o (x̄). Now dividing both sides of (4.23) by rk and letting k ∈ K00 → ∞
yields that
X
X
(4.28)
ȳi ∇gi (x̄).
λ̄i ∇ci (x̄) =
i∈I o (x̄)

i∈E

Since (λ̄, ȳ) 6= 0 and λ̄i ≥ 0, ∀i ∈ I, (4.28) together with Definitions 2.3 and 2.4
implies that x̄ is a FJ point of problem (NP) that fails to satisfy the MFCQ.
Because of the essential equivalence between Algorithm I and III, appropriate
versions of Lemmas 3.9∼3.12 and Theorems 3.13 and 3.14 hold for Algorithm III.
Here we only state the final theorem (analogue of Theorem 3.14).
Theorem 4.5. Suppose assumptions A2’, A3 and A4 hold. The outcome of
applying Algorithm III is one of the following.
(A) A FJ point of problem (NP) failing to satisfy the MFCQ is found at Step 1
in a finite number of iterations.
(B) An approximate KKT point of problem (IPµ ) satisfying termination criteria
(4.19) is found at Step 2 in a finite number of iterations.
(C) Finite termination does not occur and there exists at least one limit point of
{xk } that is either an infeasible stationary point of the feasibility problem (INP), or
a FJ point of problem (NP) failing to satisfy the MFCQ.
4.3. Overall algorithm. Our infeasible IPM for solving problem (NP) successively solves the barrier subproblem (IPµ ) for a decreasing sequence {µ} by applying
Algorithm III. We use the index k to denote an outer iteration and j to denote the
last inner iteration of Algorithm III.
Algorithm IV. Infeasible Outer Algorithm for Solving (NP).
Specify parameters µ0 > 0, ²µ0 > 0, α ∈ (0, 1) and the final step tolerance ²inf .
Choose the starting point (x0 , w0 ) ∈ <n+m with w0 > 0, u0 ∈ <m with u0 > 0,
λ0 ∈ <m , y 0 ∈ <p , r0 > 0 and the initial Hessian or its estimate H0 .
k ← 0.
REPEAT until kR(xk , λk , y k )k ≤ ²inf :
1. Apply Algorithm III, starting from (xk , wk , uk , rk , Hk ) with
parameters (µk , ²µk , πµk ), to find an approximate solution
(xk,j , wk,j , λk,j , y k,j ) of the barrier subproblem (IPµk ), which
satisfies termination criteria (4.19).
2. Set µk+1 ← αµk , ²µk+1 ← α²µk , (xk+1 , wk+1 ) ← (xk,j , wk,j ),
uk+1 ← uk,j , λk+1 ← λk,j , y k+1 ← y k,j , rk+1 ← rk,j , Hk+1 ← Hk,j .
Set k ← k + 1.
END
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From our discussion in the previous section, it is clear that Algorithm IV is essentially equivalent to Algorithm II applied to problem (SP). The following two theorems
are analogues of Theorems 3.15 and 3.16 and their proofs are almost identical.
Theorem 4.6. Suppose Algorithm IV is run ignoring its termination criterion.
Suppose assumption A2’ holds, A3 holds with the same bound for every µk and A4
holds for each µk . Then one of the following outcomes occurs.
(A) For some parameter µk , the termination criteria (4.19) of Algorithm III are
never met, in which case there exists a limit point of the inner iterates that is either
an infeasible stationary point of problem (INP) or a FJ point of problem (NP) failing
to satisfy the MFCQ.
(B) Algorithm III successfully terminates for each µk , in which case the limit
point of any bounded subsequence {xk , λk , y k }K satisfies the first order optimality condition (2.1); while the limit point of any subsequence {xk }K with unbounded multiplier
subsequence {(λk , y k )}K is a FJ point of problem (NP) failing to satisfy MFCQ.
Theorem 4.7. Suppose assumption A2’ holds, A3 holds with the same bound for
every µk and A4 holds for each µk . Moreover, suppose the MFCQ holds on the feasible
region and problem (NP) is not locally infeasible; i.e., there are no stationary points
of problem (INP) on the closure of the bounded set containing all primal iterates
that are infeasible to (NP). Then ignoring the termination condition of Algorithm
IV, the penalty parameter is uniformly bounded and any limit point of the sequence
{xk , λk , y k } generated by Algorithm IV satisfies the first order optimality conditions
(2.1).
5. Numerical results. We only present numerical results on some small irregular problems from various sources in the literature that corroborate our global convergence theorems. In a subsequent paper we will establish that appropriate versions
of our methods that incorporate some local procedures exhibit fast local convergence,
and report on numerical tests involving large scale problems.
Our basic quasi-feasible and infeasible methods were implemented in MATLAB
6.1 and tested on an IBM ThinkPad X40 notebook with an Intel-Pentium-M 1.3GHz
processor. We set the parameters of the inner algorithms I and III as follows:
σ = 0.1, β = 0.9, κ1 = 0.1, κ2 = 5, χ = 2, ν = 10−6 , γmin = 0.1, γmax = 5.
We set the parameters and initial data of the outer algorithms II and IV as follows:
µ0 = 1, ²µ0 = 5, α = 0.01, ²inf = 10−8 , u0 = e, λ0 = e, y 0 = e, r0 = 2.
For the infeasible method we set w0 = e. We set Hk to the exact Hessian of the
Lagrangian unless condition (C-5) or (D-5) failed to hold, in which case we simply
added a suitable multiple of the identity to Hk so that the condition held.
(A) Convergence to KKT points with bounded penalty parameters.
Example 1. This test example is from [44] and [10]. Although it is well-posed,
many barrier-SQP methods (“Type-I Algorithms” in [44]) fail to obtain feasibility for
a range of infeasible starting points.
min
x1
s.t. x21 − x2 + a = 0,
x1 − x3 − b = 0,
x2 ≥ 0, x3 ≥ 0.
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Our quasi-feasible method applied to this problem with (a, b) = (−1, 1/2) and x0 =
(−2, 1, 1) terminated at an approximate solution (1, 0, 0.5) in 17 iterations with residual kR(x, λ, y)k = 1.7592E − 10 and r = 2. An approximate solution (1, 2, 0) of the
problem with (a, b) = (1, 1) and x0 = (−3, 1, 1) was found by our infeasible method
in 11 iterations with kR(x, λ, y)k = 5.9818E − 10 and r = 2.
Example 2. This is a pathological problem used in [20] to illustrate a possible
failure of the filter-SQP method, caused by the incompatibility of the QP subproblem
for any infeasible points. The starting point (1, 0) is taken from [20].
min (x2 − 1)2
s.t. x21 = 0; x31 = 0.
Our quasi-feasible method found the solution (0, 1) in 12 iterations with final residual
6.0193E − 10 and penalty parameter 2.
(B) Convergence to infeasible stationary points of the feasibility problem with
unbounded penalty parameters.
Example 3. This problem is problem 17 from [32].
min 100(x2 − x21 )2 + (1 − x1 )2
s.t. x22 − x1 ≥ 0, x21 − x2 ≥ 0,
−0.5 ≤ x1 ≤ 0.5, x2 ≤ 1.
In an early version of this paper, we applied Algorithm III to the barrier subproblem
with µ = 0.1, ²µ = 10−6 and used a damped BFGS formula to update Hk instead of
using the exact Hessian. Using the starting point given in [32], in 251 inner iterations
Algorithm III converged to a point (0.6298,0.6571) with r = 262144. It is easy to check
that this is an approximate infeasible stationary point of the infeasibility measure.
When the exact Hessian was employed, Algorithm IV found the solution (0, 0) in 28
iterations with final residual 2.8222E − 10 and penalty parameter 4.
Example 4. This problem is from [5]. It minimizes any objective function on an
infeasible set defined by the constraints
x2 + 1 ≤ 0, x ≤ 0.
Here we chose to minimize x. Setting µ = 0.01 and x0 = 10, Algorithm III converged
to x∗ = −8.3487E − 05 in 59 iterations with slack variables w1∗ = 2.8992E − 08 and
w2∗ = 3.2376E − 05 and r = 131072. It is easy to check that x∗ is an approximate
stationary point of the infeasibility measure.
(C) Convergence to FJ points that fail to satisfy the MFCQ with unbounded
penalty parameters.
Example 5. This test example is problem 13 in [32].
min (x1 − 2)2 + x22
s.t. (1 − x1 )3 − x2 ≥ 0;
x1 ≥ 0, x2 ≥ 0.
At its solution (1,0), the MFCQ fails to hold. For µ = 0.01, using the starting
point given in [32], Algorithm III converged to an approximate FJ point (1.0009E +
00, 3.5519E − 08) in 138 iterations with r = 32768.
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6. Concluding remarks. Under very mild assumptions (the existence of a not
necessarily feasible interior point, smoothness of the objective and constraint functions
and boundedness of the primal iterates and Hessian estimates), we have proved that
our proposed interior-point `2 -penalty methods converge either to a KKT point or
a FJ point that fails to satisfy the MFCQ of either the original nonlinear program
(NP) or the feasibility problem associated with the NP. As far as we are aware, these
convergence results are as strong as or stronger than any that have been obtained for
other barrier-SQP or barrier-modified Newton methods. These convergence results
are similar to those that have been obtained for the filter-SQP method of Fletcher and
Leyffer [20]. However, the latter method is only weakly convergent (i.e., a subsequence
of the iterates converges) and is more expensive to implement.
Another method that has provably strong convergence properties is the barrier`1 -penalty method of Gould, Orban and Toint [29]. This method adds slack variables
to the equality as well as the inequality constraints resulting in a sequence of unconstrained minimization problems min φµ,r (x, s) depending on the barrier and penalty
parameters µ and r, where
X
X
X
X
φµ,r (x, s) = f (x) + r
(ci (x) + 2si ) + r
si − µ
log(ci (x) + si ) − µ
log si .
i∈E

i∈I

i∈I∪E

i∈I∪E

Unfortunately, this method can attain feasibility only as µ ↓ 0.
Our methods share a number of features with several existing barrier-SQP methods. In particular, they use line search and an `2 -exact penalty function as does the
Liu and Sun method [33], and they compute step directions for their line searches
using perturbed KKT systems as does the method implemented in the Loqo software package [4, 38, 43, 31]. We note that NITRO also uses an `2 -merit function but
employs trust-regions to solve the barrier subproblems that arise at each iteration.
Acknowledgments. We thank the referees for their comments and suggestions
which helped us improve the paper.
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