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Abstr act

Fradional programming deals with the optimization of one or several ratios of
functions ubject to constraints. Most of these optimization problems are naot
convex while some of them are still generalised convex. After about forty years
of research, well over one thousand articles have appeaed on applicaions,
theory and solution methods for various types of fractional programs. The present
article focuses on the stochastic sum-of-probabili stic-fractional program, which
was one of the least researched fradional program until nineteenth century. We
propose an interactive nversion technique with the help of deterministic
parameter, which cornverts the sum-of-probabilistic-fractional objective into
stochastic constraint. Then the problem reduces to stochastic programming with
linear objective of sum-of-deterministic parameters. The reduced problem has
been solved and illustrated with numerical examples.
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1. Introduction

Over the past four decades, fractiona programming has become one of the planning
toodls. It is routinely applied in engineaing, business, finance, economics and aher
disciplines. This acceptance may be due to (1) good algorithms, (2) practitioners
understanding of the power and scope of fractional progranming. Furthermore, reseach
on specidized problems, such as max-min fractiona programming, fractiona
transportation programming, quadratic fradiona programming and k-level fradiona
programming problems has made fractional programming methodology indispensablein
many industries including airlines, energy, manufaduring and telecommunications.
Notwithstanding its successes, however, the assumption that al model parameters are
known with certainty limits its usefulness in planning under uncertainty. When ore or
more of the data elements in a fradiona program is represented by arandom variable, a
stochastic program results, which is defined as stochastic fradional programming

problem [7-11].

Stochastic programming is a powerful analytical approach that permits the solving o
models under uncertainty. Yet, it is not widely used, mainly because praditioners dill
find it difficult to handle and implement it. The application d stochastic programmingin
manpower planning can be seen in [15,16] and the basic concepts and stochastic
modeling is given in Sen [27]. In this paper we consider a particular type of stochastic
fradional programming problem where the objective function is given as a sum-of-
probabilistic-fradional random function, which can be converted into stochastic

constraint and then to deterministic constraint. We aso focus on obtaining solutions for



problems with continuous random variables influencing not only the fradiona objective
functions but also the constraints. That is, we @mnsider that the feasible set of problem is
deterministic or that it has been transformed into its equivaent deterministic, requiring
that the constraints hold with, a least, a given probability. Moreover, we focus on
problems in which the random variables appearing in the problem are mntinuous and it
follows a well-known dstribution, in our case we have considered it as normal

distribution.

The rest of the paper proceeds as follows. Section 2 deds with stochastic sum-of-
fradiona programming poblem. Section 3 deals with conwversion of stochastic
constraints into deterministic constraints. Section 4 provides the cnversion technique
that helps us to convert stochastic sum-of- fractional objective functions into stochastic
constraints and section 5 gives deterministic version. Section 6 numericd examples are

provided for the sake of ill ustration and conclusion has been drawn at the end.

2. Stochastic Sum-of-Factional Programming Problem
The problem of optimizing sum of more than ore ratios of function is cdled stochastic
sum-of-probabilistic-fradiona programming problem when the data under study are

random in nature.

A Stochastic Sum-of-probabilistic-fradional programming poblem in a so-cdled

criterion space can be defined as follows



d Ny(x)+ay
Max R(X) = 3 R,(X) where R(X) = ————, y=12,..k (2.1)
xas yzzl Dy(X) + ﬁy
Subject to
PLS tx<b® =1-p® i=1.2..m 2.2)
j=1
T tx<b® i= m+1,...h 2.3)
j=1
where 0<Xpq = | % || U R"is afeasible set and R : R" = R, T = || @ |
bPma = |BP ||, i=1,2,m;j = 1,20 bPhmapa= 6P || i =m+1.h; ay, B, are
scalars. Ny(X)= 3 cjxjand Dy(X)= 3 dyx;.

[N
1
[N

]= J

In this model, out of Ny(X), DyX), T and b® atleast one may be arandom variable.
S={X | Equation (2.2-2.3), X 20, X LI R"} isnon-empty, convex and compad set in R".
Assumptions: 1. Ny(X) + a, : R"> R are nomegative concave and
Dy(X) + B, :R"-> Rare positive, convex for each y.
2. Underlying random variables follow normal distribution.
Model (2.1) arises naturaly in decision making when severa rates are to be optimized
simultaneously. In light of the gplications of single-ratio fractiona programming

[22-25] numerators and denominators may be representing output, input, profit, cost,

capital, risk or time.

Almogy and Levin [1] analyze a multistage stochastic shipping problem. A deterministic

equivalent of this dochastic problem is formulated which turns out to be asum-of-ratios



problem. Another presentation d this application can be seen in [14]. Benson's
algorithmsin [3-5] are based on branch-and-bound approaches. Kuno [17] aso proposes
a branch-and-bound method for deterministic case of problem (2.1) and Kuno's
algorithms works well for nonlinear case too. Bykadorov [6] has gudied generalized
concavity properties of sum-of-linear-ratios and, more generaly, of sum-of-ratios of

polynomials.

Rao [21] discusses various models in cluster analysis. The problem of optimal
partitioning of a given set of entities into a number of mutualy exclusive and exhaustive
groups (clusters) givesriseto various mathematical programming problems dependingon
which optimality criterion is used. If the objective isto minimizethe sum of the average

squared distances within groups, then a minimum of a sum-of-ratiosisto be determined.

More recently other applications of the sum-of-ratios problem have been identified.
Mathis and Mathis [20] formulated a hospital fee optimization problem in thisway. The
model is used by hospital administrators in the State of Texas to decide on relative
increases of charges for different medicd procedures in various departments. According
to [12] a number of geometric optimization problems give rise to the sum-of -ratios
problem. These often accur in layered manufacturing [18,19,26], for instancein material
layout and clothe manufacturing. For various examples we refer to the survey by Chen et
al. [12] and the references therein. Quite in contrast to other applications of the sum-of-

ratios problems mentioned before, the number of variables is very smal (one, two or



threg), but the number of ratios is large; often there are hundreds or even thousands of

ratios involved.

3. Deter ministic Equivalents of Probabilistic Constraints

Let T be arandom variable in (2.2) and it follows N(ujj, s7), i =1,2,...m; j=12,..,n,

where uj and & are the mean and variance respectively. Let |; = St X =12,..m.
] j & I

E(l) = i upx ; V(1) =X ViX = i Sﬁsz where V; isthe i" covariance matrix. When

J:]_ J:]_
T is an independent random variable then covariance terms becomes zero in covariance

matrix. Thei™ deterministic constraint for (2.2) is obtained from [7-11] as
’21 u;j X + Kg v ( ’21 5? )(12) < b (3.2)
1= 1=

where Kq; isthe acumulative distribution function of standard normal distribution.

If bis arandom variablein (2.2) i.e.bj ~ N( U, s5), i =1,2,....m,where u, and &5 are
the mean and variance respectively. Thei™ deterministic constraint for (2.2) is obtained

from [7-11] as

i tiX; < Uni +Kpi sy (3.2

=1

where Kp; isthe aumulative distribution function of standard normal distribution.



Suppacse T & b are random variablesin (2.2) i.e. T~ N(uj, & )and b ~ N(uy, &),
i=1,2,...m;j=12,...,n,where u;j u, aemeans and s, 55 arevariancesrespectively.

Thei™ deterministic constraint for (2.2) is obtained from [7-11] as

n+l

Ui - Kpi v > 5? Xj2 < Upi (3.3
=1

Mo

=1

where xn1 = -1 and Kp; is the awmulative distribution function of standard normal

distribution.

4. Conversion of Objective Function into Constraint

The aim of this sctionisto consider sum of fradional objective function in the form of
constraint. The feature of our model is that it takes into account the probability
distribution of the sum-of-ratio (objective) function by maximizing the lower alowable
limit of the objective function under chance mnstraints with three cases discussed here.
In [2], Almogy and Levin try to extend Dinkelbach’s method [13] to sum-of-ratios
problem. The agorithm is based on decoupling numerators and denominators. In this
paper, we have extended Almogy and Levin method [2] to stochastic sum-of- fractional

problem.

Let us define the deterministic unknown parameter A,, which is less than or equal to
Ry(X). That is

Ny(X)+ay>A

R(X)2 A, ie o 5e

0= N,X)+ay-A[D,XH+E,] (4.1)



This can be extended to sum of ratios case as follows;

SR(X)Z3A, ie 3 H 0 2 5y, 4.2)

k

00< SN, +Ya,- > A, [D,(X)+ B, ]

y=1 y=1 Y

where A =(A, .- A,)isavector of k deterministic parameters.

Casel: N,(X) consistsof random variables.
Assumption: N,(X) ~ N(Y uyX;» Y S5X;) . Wwhere Y ugx; and 3 s.,x; are mean and
J=1 J=1 J=1 J=1

variancerespectively.

There are two sub-casesin this problem

Case 1.1: When iay >0
Let 1(X.A,3a,>0 =S A[D,X)+B -3 N,X)<3a,

and E[f (XA, 3, >0l =F(X:A,:3.a,>0)
Then

> UsiX; 4.3)

1

S AID,(X)* B3 Ni(X) =3 A5 dyx,+ B3 5
> SoX; (4.4)

1

VIO A3 a, > 01= FU (XA, 5 a,> 0= 5 NY(X) =5

n
y=1]=

PLF(X A, Sa,>0<>q,]21-p” (4.5)



Df(X)\ Zay>0) Fo(X,A, Zay>0) Zay F(X, A, Zay>0)m

PG E>q
B \/F (XlAy’;ay>0) \/F (X’Ayl;ay>0) -

&N(X) N0 SN0+ Y- 5 AD,(X)+ B0
=q"

T e frw

N;(X)+>a,- AJD(X)+B]D
SN0+ a3 0

JENIOO :

Ny (X)+>a, = A[D(X)+B]D
& Zl Zl 02 ¢(q”)

(RN :

S AID,(X)+B1-3 N(X) +¢7(@).[S NU(X) < S a,

@

ImI|

inifmym}

yi_i)\y[zdwxj +B - yiiumxj +(p_1(q(2))4/yf_iiis;xf < Zay (4.6)

Case 1.2: When iay <0
Let f(x’Ay;iayso) = gNy(X)—iAy[Dy(x)+By] 2 iay

and E[f(X.A;3a,<01=F (XA, Ya,<0
Then

5 NIO-3AID(0+B1=5 5 uux -3 A L3 dux,+ ) @)

y=1J=1 y=1 =1



V[f(X,)\yiiay <0)]= FV(X,)\y;gay <0) =)§_1N\;(X) =§125;X,? @9
PUT(XA,; S a,<0)2 3 a,l21-p” -
Pr[f(xa)\y; yi_laySO) < Zay] < p(Z)

Df(X)\ Zay<0) F (X,A, Zay<0) Za F (X,A, Zay<0)m o
Pr <t K p

i \/F (X.Ai3a,<0 JFxa3a,0 O

CBNMO-ENO Fa +3 D00+ BI-F NGO

e fuw

a,+> AID,(X)+ B - N(X)D
: ENCOC

JRNOO :
0, +3AID,0+B1-3 NI

E‘S(P (p”)
NI 5

S NE(X) =3 A[D,(X) + B 1+@"(p™), [ NYX) = Y a,

()
Y

I]ZI]I:IQJQE

u:m:naﬂ;

Ziumxj - yZ)\y[i_idwxj +B)] +@ ' (p?) /ZZS;XJ? > Zay (4.10)

Note that in both the cases variance part is common

i.e. FV(X,)\y;iay >0) = FV(X’AyiiaySO) . Similarly we see for the Casel & Case 2

also variance part will be common.



Case2: D,(X)consists of random variables
Assumption: D ,(X) ~ N(3 usX;» Y Sy X)), where S uy,x;and Y s5,x; are mean and
=1 =1 =1 =1

variancerespectively.

There are two sub-casesin this problem

Case 2.1: When iay >0
Let f(X,)\yigaRO) = 2Ay[Dy(X)+,By]—yiNy(X) < Zay

and E[f (XA, 3 a1, > 0= F(X. A, 3, >0)

Then
S AMDIOO*+BI=3 N(X) =3 AL 5 uux + B3 5 6, (4.11)

VIT(GA3a, > 0=F (030,20 = 3 ADI0 =3 A3 X (1

PLf(X,A,;5a,>0<5q,]21-p” (4.13)

O K c k K c K [l
of (XA 3 a,>0)-F (X A3 0,>0 3 a,~F (X.A:5a,>0)0

Pr3 k < , =q”
0 P30 JFXa3a,>0 O

_BADLO-DICl YN+ 5, -5 AIDIC)+B)

['V k = k
5 J;MDZ(X) J;MDZ(X)

(2)
q

D:DI:IIHI:II:I



K K K ]
N,(X)+Y a, =Y AID,(X)+ 1

] K 2~V X ]
: q/yZ:lAyDy( ) :

K 3 K c ]
) Ny(x) + ;ay‘;)\ y[Dy(X) + ﬁy] BZ (p_l(q(z))

(AP0 m

YkZAY[Ds(X)-'_ﬁY]_ykZNy(x)-'-(p_l(q(Z))\/WsykZay

ininlnisin

yi_i)\y[i_iudwxj +B]- yﬁ_iicwxj +(p_l(q(2))1/yf_i)\§is;xf < Zay

Case 2.2: When iay <0
Let f(X,)\y;ZaySO)=ZNy(X)-gAy[Dy(X)+[3Y]Zyiay
and E[f(X,)\y;ZaySO)FFE(X,)\y;ZaySO)

5 N,OO-3AID)+BI=5 5 ¢,% =3 AL3 Uox, * B

V=1 1EL y=1 =

Then

V[f(x,)\y;gay <0)] = FV(x,)\y;gays 0) = yi_l)\iozoo = yﬁ_l)\iisiwxf
Prif(X, A, iay <0)> iay] >1-p”

PTE(XA g0, S0 < Sa)s p

(4.14)

(4.15)

(4.16)

(4.17)



Df(X)\ Zay<0) F(X,A, Zay<0) Zay F(X,A, Zay<0)m

Pr 3 O< p”
. Pxaila,so JFXAi3a,20 &

&A[D(X) D001 _Ja,* 3MDIC0+B-3 N0
=< p”

= 2D [2ADX) .

> a,+ 3 A DX +B -5 N, (x)5< .

AN .

o, + 3 A[DS(X) + B ] - NL(X) D
2 Z (< @'(p?)

O
1/;AYDY(X) -
S N,(X) =S AIDEX) + B 1+ (p),[3 A’DUX) = Y a,

ZZCWXJ»‘ZAJJZLUCMXﬁ,By]+(p-1(p<z>)JW2yiay (4.18)

@

mlminisjm

III]I:IQJQFI

Case3: N,(X) and D,(X) consist of random variables
Assumption: Ny(X)~N(§;umxj,is;xf) and Dy(X)~N(iuMXj,iSijf), where
Zu X Zu"”x’ are means and le x ledwx are variances.

There are two sub-casesin this problem

Case 3.1: When iay >0
&



Let f(X,)\y;Zay>o):Z)‘y[Dy(X)+[3y]—iNy(X)SZay

and E[f(X,)\y;ZaRO)] = FE(x,Ay;gayw)

5 AIDIOO+BI=3 N =S A LS 3 uax + B3 5 ux (4.19
Then

V[f(x,;\y;gay >0)] = FV(X,AY;ZGR 0)= g;\iD:(xw gN:(X)

k k n k n
=S A, stw Sy sux =Y S (Aish T sa)X, (4.20)
y=1 = y=1 J=1 y=1 =1
k k 2
PLf(X.A,:Ya,>0<Sa,]l21-p” (4.21)
y=1 y=1

Df(X)\ Zay>0) F (XA, Zay>0) Zay F (XA, Zay>0)m

(2)
q

Pri3 < ®=q”

5 \/F (x,)\y;yz:lay>0) \/F (X,Ay;;aﬁo) 5

Pré&Ns(X) 5 N,(0+3A[D()-DIX]_$ N0 +3a, -3 AIDICO+ B,
Eil yk1 _y—l : y=i y-1k o
- 5 ADIO0+3 NI(X) \/;Aiaz(X)+;N:(X) -

k

o

N (X)+Zory Z)\ [Dy(X)+ ,B]D

NES - =l
5 > ADY(X) +yz:1Ny(><) 5

fof=

N(X)+2ay 2)\ [D(X)+ B]D
= =@ (q”)

\/yz_l)\yDy(X)+yZ_lNy(X) -

imif Y]



ZAY[DRX) B _ZNS(X) +(p_l(q(2))\/g)\5D§(x) + Z NY(X) < ;ay

YZA Y[Zudwx,» +B]- yiiumxj + (p’l(q“))\/yﬁ_ii()\is; +s5)X < Zay (4.22)

Case 3.2: When iay <0
Let f(X,)\y;ZaySO)=ZNy(X)-gAy[Dy(X)+[3Y]Zyiay
and E[f(X,)\y;gaySO)FFE(X,)\y;gaySO)

5 NICO-SAIDIO+B=5 5 ux, =3

y=1)=1 y=1

L3 U, B (4.23)

Then

VIF(XA 5@, SO =F (XA 5,500 = 5 DY) + 5 Ny(X) (4.24)
= yﬁ_i)\iis;xﬁ Zis;xf = Zi()\isﬁw +55,)X;

PIf(XA, Zayso) > gay] >1-p® (4.25)

PTF(XA ZaySO) < Zay] < p?

] k 3 3 3 ]
of XAy a,<O-F (X A,:3a,<0 Ya,~-F(X.A,:>a,<0q
(2 3020 3 Jas00

[ v e B N "k 0
& \/F (X,Ay’;aySO) \/F (X,Ay,;aysm -




N, =3 NS(GO=3 AD,(¥)-D5(X] S ar,*+5 A[DIX)+B,1-3 N5(X)
Y= Y= < = Y= Y=

(2
Y

N
N
Pri k k k : o
S AR [ZADCO+SN) O
%aﬁi)\y[DS(X)+By]—iN5(X)E .
T — =< p
E \/yZ_lAyDy(x)-"yZ_lNy(x) E

K K K O
a,*Y A[D,(X)+B1-5 Ny(X) g
Jorg ENCOD

g : : O
m \/;AYDY(XH;NY(X) m

3 NSO0=3AUDI00+ B+ p(z))\/ZAiDi(XV SN/(X) =3 a,

> 5 UsX, Y ALY Lok, + B+ p(z))\/gi()\is& +SIX 23 a, (4.26)

Note that once the objedive function is converted into deterministic constraint then the
new objedive functionis sum of deterministic parameters subject to converted objective

function along with other constraints.

i.e. Max Z A, (4.17)

5. Deter ministic Version

Suppase when 257 ,>0 and T isarandom variable and numerator of the objective
&

functionis random then we have the following optimization problem

Objective function (4.17)

Subject to (4.6), (2.3) and (3.1).



Similarly one can form the possible optimizaion problem with different combinations of

randomness

6. Numerical Examples

Example 1:

U + + + +q., L
Ma>( R(X) = DCIIXI C12X2 al + CZle CZZXZ aZ |: (6.1)
At deX* B, daxitdaX.+ 6,0

subjed to
anX:taex. <1
axx:ta»X.=h.
16x:.tx. <4
Xo Xo 20
Let the second and third constraint satisfy atleast 99 and 80 percentage respedively.

Table 1 provides deterministic costsand g and 3 vaues.

Table 1;

du di2 da: da2 a. a: B. B,

1 1 2 3 1 2 2 4

The means and variances of the norma random variables are given in table 2.

Table 2;

Cu1 Ci2 Ca1 C22 Au An A Az bz

Mean 4 3 1 1 2 1 3 4 3

Variance | 1 05 |0 0.5 1 1 2 3 2




The deterministic equivalent of (6.1) is given below
Max A1+ A» (6.2)

Subject to
(A:+22.-5) .+ (M. +3A.=4)x,+2 A, +4 1, +1.28x’+ x: <3

(2X1 + Xz) +1.645 m <1
(3x,+4x,) +0.84\2x; + 3x;+2 <3

16x:+ x.<4
Xo XaAnA,20
The solution is obtained as x; = 0.0602, x» = 0.3292, A,=1.7533, A,= 0.0000. The

corresponding objective function value of (6.1) is 1.40035.

Example 2:
CaXitCpXeta
Max R(X) = § ! ! (6.3)
;dy1X1+dy2X2+By
Subject to

auX: T acX. T awsXs <
AaX: T AzXe T AxXaS 20
Xt Xt Xs < b,
S5y, +3x, + 4x, <15
Xu Xos Xa 2 0
Let the first, second and third constraint satisfies at least 99, 90 and 80 prcentage

respectively. Table 3 provides deterministic costsand ¢ and 3 values.



Table 3:

y Cyn Cy2 Cy a, B,
1 2 5 10 10 2
2 1 3 15 22 10
3 5 10 8 -20 5

The means and variances of the normal random variables are given in table 4 and table 5.

Table 4:

Table5:

dy d,. dy

Y Mean | Variance| Mean | Variance | Mean | Variance
1 1 0 2 1 4 0.5
2 1 0 1 0.5 3 2
3 1 0 4 2 7 3

Qu |Qe |8z |Qu |8z | s b
Mean 4 2 4 6 4 6 4
Variance| 05 |025 |05 |1 05 |075 (025 |1

The deterministic equivalent of (6.3) is given below

Max A,+A.*A,

Subject to

(A+22,+42,-17) %+ (A, + A, +3A,-19) x, + (A, +4A, + TA, — 23) x,

+2),+104,+ 51, + 1645 (A2 + 0.54)x¢ + (0512 + 22 )x + (242 + 3 )%} <12

(6.4)



Ay, + 2x,+ dx, +1.645,/0.5x7 +0.25x: + 0.5’ +0.25 <12

6.+ 4x, + 6y, +1.28,/x’ + 0.5x +0.75x: < 20
X+t X+t X.<3.16
Sx, +3x, +4x,<15
Xi Xa XssAuA2As20
The solution is obtained as x; = 0.0000, x, = 1.4248, x3 = 1.6816, A,=15.1931,
A>=).=0.0000. The mrresponding objective function vaue of (6.3) is6.9623.

Example 3:

2 CpuXitCpoXot O
Max R(X) = § y d (6.5)
;dy1X1+dy2X2+By

Subject to
auXs T anX. tanXs <27
55, +3x,+x, <12
XoX.20
Where ,=-8,q,=5,=10and 3,=12; a,~ N(3,2),a,~ N(4,1) and g,,~ N(81).
Let the first constraint satisfy atleast 99 percent. The means and variances of the normal

random variables are given in table 6.

Table6:

Cyl Cy2 Cy3

y Mean | Variance| Mean | Variance| Mean | Variance

1 10 2 8 1 5 3

2 20 8 8 3 7 2




dyl dy2 dy3

y Mean | Variance| Mean | Variance| Mean | Variance
1 2 1 3 2 5 3
2 4 1 2 1 2 1

The deterministic equivalent of (6.5) is given below
Max A,+ A, (6.6)

Subject to

(20-2),-41 ) x.+ (16 =31, = 21 ,) x. + (12=51, - 2),) X
—10),-12),-1.28/(A7+ A2+ 10)x +(2AZ+ A2+ A2+ (BN + A +5)x. 23

3x,+4x,+8x,+1.6452x; + x; + xs < 27
S5y, +3x,t x, <12

X Xz;AlaA .2 0
The solution is obtained as x; =2.4000, x, = x3 =0.0000, A,=3.6584, A,=0.0000. The

corresponding objective function value of (5.5) is 3.5348.

7. Conclusion

The stochastic sum-of-probabilistic-fradional program has important red world
applications in severa areas such as production, transportation, finance, etc. In this paper
we have dedt with modeling and converting dbjective function of the form, sum-of-
probabilistic-fradiona function into constraint and solved along with other mixed

constraintsi.e. stochastic and nan-stochastic constraints. In this paper we have discussed



sum-of-probabilistic-fradiona objedive, when stochastic nature involved in numerator

or denominator or both functions. Thismodel can be eaily extended to mixed stochastic

nature anceptsthat is gochastic nature can be involved in numerator or denominator or

both functionsin single sum itself.
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