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Abstract

For a locally optimal solution to the nonlinear semidefinite programming problem,
under Robinson’s constraint qualification, the following conditions are proved to be
equivalent: the strong second order sufficient condition and constraint nondegeneracy;
the nonsingularity of Clarke’s Jacobian of the Karush-Kuhn-Tucker system; the strong
regularity of the Karush-Kuhn-Tucker point; and others.

1 Introduction

Consider the optimization problem

(OP) min f(x)
st. G(z) € K, (1)
reX,

where f: X — R and G : X — Y are twice continuously differentiable functions, X and Y
are two finite dimensional real vector spaces each equipped with a scalar product denoted
by (-,-) and its induced norm denoted by || - ||, and K is a closed convex set in Y. We
reserve Z to represent an arbitrary real vector space with a scalar product (-,-). We denote
by J.f(z) and J2,f(x) the derivative and the second order derivative of f with respect to
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x € X, respectively. For any given linear operator A, we denote its adjoint by A*. The first
order optimality condition, namely the Karush-Kuhn-Tucker (KKT) condition, for (OP)
takes the following form:

JeL(z,p) =0 and p€ Nk(G()), (2)
where the Lagrangian function L : X x Y — R is defined by

L(z,p) = f(x) + (1, G(x)), (z,p) € X XY, 3)

JoL(z, p) is the derivative of L(x,u) at (x,u) with respect to x € X, and Nk (y) denotes
the normal cone of K at y in convex analysis [33]:

{deY : {d,z—y) <0 Vze K} ifyeK,

NK(y):{@ if y ¢ K.

For any (x, u) satisfying (2), we call x a stationary point and (x,u) a KKT point of (OP),
respectively.

During the last three decades, tremendous progress has been achieved towards sensi-
tivity and stability analysis of solutions to the optimization problem (OP) subject to data
perturbation [4, 10, 16, 34]. When K is a polyhedral set, the corresponding theory is quite
complete. This is especially the case for the conventional nonlinear programming

(NLP) min f(z)
st. h(x)=0,
g(x) <0, W
e X,

where f : X — R, h: X — R™ and g : X — RP are twice continuously differentiable
functions.

For the case that K is a general nonpolyhedral set, much less has been known. However,
when K is C2?-cone reducible in the sense of Bonnans and Shapiro [4, Definition 3.135], the
full picture of sensitivity and stability of solutions for problem (OP) is emerging [1, 2, 3, 4].
The class of C2-cone reducible sets is rich. It includes notably the polyhedral set, the second
order cone (ice-cream cone or Lorentz cone), the cone of symmetric positive semidefinite
matrices, and their Cartesian product [4, 36].

Compared to the conventional nonlinear programming (/N LP), the theory for (OP) with
C2-cone reducible sets is yet to complete. Let Z be a feasible solution to (OP). Robinson’s
constraint qualification (CQ) [27] is said to hold at z if

0 € int{G(z) + J.G(z)X — K}, (5)



where “int” denotes the topological interior part of a given set. If Z is a locally optimal
solution to (OP) and Robinson’s CQ holds at Z, then there exists a Lagrangian multiplier
i €Y, together with Z, satisfying the KK'T condition:

JL@E) =0 and fie Ng(G()), (6)
For any closed (not necessary convex) set D CY and y € Y, denote
dist(y, D) := inf{||ly — d|| : d € D}.

For any closed set D C Y, we write 7,(y) and 7p(y) for the inner tangent cone and the
contingent (Bouligand) cone of D at y, respectively. That is,

Th(y) ={d €Y : dist(y +td, D) = o(t), t > 0}

and
’Z'D(y) = {d €Y : dt |0, dist(y + txd, D) = O(tk)}.

When D is a closed convex set, the inner tangent cone and the contingent cone are equal:
Tp(y) = Th(y) ={d €Y : dist(y +td,D) =o(t), t >0}, y€D

and will be called tangent cones directly. Since Y is assumed to be a finite dimensional
space and K is a closed convex set, Robinson’s CQ (5) can be equivalently written as

which reduces to the well known Mangasarian-Fromovitz constraint qualification (MFCQ)

for the conventional nonlinear programming (N LP) [20]:

(®)

Jzhi(z), i=1,...,m, are linearly independent,
dde X: Jhi(z)d=0,i=1,...,m, J,9;(Z)d <0, j € ZI(T),

where the active set Z(z) of g(-) at Z is defined by
I(z) :=={j - 9;(z) =0,j=1,...,p}

For a proof on this equivalence, see [26, Theorem 3]. A stronger notion than the MFCQ in
(NLP) is the linear independence constraint qualification (LICQ):

{Tzhi(7)}i2y and {J.g;(Z)}jez(z) arve linearly independent. 9)

Let M(z) denote the set of Lagrangian multipliers satisfying (6). Then M(Z) is
nonempty and bounded if and only if Robinson’s CQ holds at Z [4, Proposition 2.71],
which generalizes an analogue of Gauvin [11] for (NLP): M (Z) is nonempty and bounded
if and only if the MFCQ holds z. For (NLP), the LICQ implies that M(Z) is a singleton.



In one of his seminal papers, Robinson [28] introduced an important concept called
strong regularity for generalized equations, which include the KKT system (6) as a special
case, and defined a strong second order sufficient condition for (N LP). He also showed that
the strong second order sufficient condition and the LICQ implies the strong regularity of
the solution to the KKT system (6). Interestingly, the converse is also true, see [14, 5, §]
and [4, Proposition 5.38].

The primary objective of this paper is to build up the connections between the strong
sufficient second order condition and strong regularity for the nonlinear semidefinite pro-

gramming
(NLSDP) min  f(z)
s.t. h(x)=0,
10
g(x) e S, (10)
r e X,

where f: X - R, h: X — 1™ and g : X x §P — SP are twice continuously differentiable,
S? is the linear space of all p X p real symmetric matrices, and S% is the cone of all p x p
positive semidefinite matrices. Problem (NLSDP) is a special case of (OP) with

G(z) := (h(z),g(z)), ze€X, Y:=R"xS8 and K :={0}xS~. (11)

We achieve this via the study of the nonsingularity of generalized Jacobian of the sys-
tem of nonsmooth equations reformulated from (2). Consequently, we show that if Z is a
locally optimal solution to (NLSDP) and Robinson’s CQ holds at Z, then the nonsingu-
larity of Clarke’s Jacobian of the corresponding nonsmooth system is not only sufficient
but also necessary for the strong regularity. Since the nonsingularity of Clarke’s Jacobian
is a stronger condition than many other conditions posed for general nonsmooth equations
[18, 24], this actually establishes the equivalence of many conditions discussed in a wide
range of literatures for (NLSDP).

The organization of this paper is as follows. In Section 2, we study some useful properties
of Clarke’s Jacobian for Lipschitz functions, in particular for the metric projector over
Si. We propose a strong second order sufficient condition for the nonlinear semidefinite
programming (NLSDP) in Section 3. It is shown that this strong second order sufficient
condition and constraint nondegeneracy imply the nonsingularity of Clarke’s Jacobian of
the corresponding nonsmooth system. The promised equivalent conditions are discussed in
Section 4. We conclude this paper by pointing out some possible research topics in Section
5.



2 Jacobian Properties

Let X, Y, and Z be three arbitrary finite dimensional real vector spaces each equipped
with a scalar product (-,-) and its induced norm || - ||. Let O be an open set in Y and
Z:0 CY — Z be alocally Lipschitz continuous function on the open set ©. Rademacher’s
theorem says that Z is almost everywhere F(réchet)-differentiable in O. We denote by O=
the set of points in O where = is F-differentiable. Then Clarke’s generalized Jacobian of =
at y is well defined [7]:

0Z(y) := conv{Ip=(y)},

where “conv” denotes the convex hull and
OpE(y) ={V : V= kh—{& T2, y* € 0=}
The next lemma is about the generalized Jacobian for composite functions.

Lemma 1 Let ¥ : X — Y be a continuously differentiable function on an open neighbor-
hood N of T and Z2: O CY — Z be a locally Lipschitz continuous function on an open set
O containing § := V¥(z). Suppose that Z is directionally differentiable at every point in O
and that J,¥(z) : X — Y is onto. Then it holds that

0p®(z) = 0pE(y) T ¥ (), (12)

~

where ® : N — Z is defined by ®(z) := E(V(z)), z € N.

Proof. By shrinking N if necessary, we may assume that \II(N ) € O. Then @ is Lipschitz
continuous and directionally differentiable on N. By further shrinking N if necessary, we
may also assume that for each z € N , J»¥(z) is onto.
We shall first show that @ is F-differentiable at = € N if and only = is F-differentiable
at ¥(x), which ensures that
0p®(Z) C 0BE(Y) T ¥ ().

Certainly, ® is F-differentiable at x € N if Z is F-differentiable at U(z). Now, suppose that
® is F-differentiable at z € N. Then, since Z is directionally differentiable at V(z), for any
d € X we have

Jo®(2)d = ='(¥(x); To ¥ (x)d),

which implies that for any s,¢ € ® and u,v € X,
= (W(a); s ¥ (2)u + 1T (a)w) = Z(W(a); Jo¥()(su + tv))
= J.®(x)(su+ tv)
= sT®(x)u+ tT,®(x)v
= SE(U(2); TpU(x)u) + (U (2); To ¥ (z)0).
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By the surjectivity of J,¥(z), we can conclude that Z'(¥(x);-) is a linear operator and so
= is Gateau differentiable at ¥(x). Since = is assumed to be locally Lipschitz continuous
on O, E is F-differentiable at ¥(z).

Next, we show that the second half inclusion holds:

0p®(z) 2 9BE(9) T ¥ ().

Let W € 9gZ(). Then there exists a sequence {y*} in O converging to § such that Z is
F-differentiable at y* and W = limy,_o. ij(yk). By applying the classical Inverse Function
Theorem to

U (Z+ J¥(@) (y — ) — ¥(Z) =0,

we obtain that there exists a sequence {§*} in O converging to ¢ such that
V(24 @) (7 -9) - ¥@) =y - V(@)

for all k sufficiently large. Let % := Z + J,¥(2)*(7* — 7). Then y* = ¥(3*) and @ is
F-differentiable at % with

T® (") = 7,27 T ¥ (i),

By using the fact that §* — 7 implies Z¥ — Z, we know that there exists a V € dp®(Z)
such that

W7, ¥(z) = lim T2 (") Jim T U () = Jim T @) =V € 0pd(z).
This completes the proof. Q.E.D.

Let D be a closed convex set in Z. Let Ilp : Z — Z denote the metric projector over
D. That is, for any y € Z, lIp(Z) is the unique optimal solution to the convex quadratic

programming problem:

min o (s~ 2 — )

st. zeD.

(13)

It is well known [39] that the metric projector IIp(+) is contractive, i.e., for any two vectors
Y,z € Z,

Mp(y) = Mp(2)[l < lly — 2.

Hence, IIp(-) is F-differentiable almost everywhere in Z and for any y € Z, 0Ilp(y) is well
defined.

Lemma 2 [21, Proposition 1] Let D C Z be a closed convex set. Then, for any y € Z and

(a) V is self-adjoint.



(b) (d,Vd)y>0 VdeZ.

(¢) (Vd,d—Vd)>0 Vde Z

Lemma 2 provides general properties about 0IIp(:). In our analysis, we need a finer
characterization about Clarke’s Jacobian of Hsi (-). We write A > 0 and A > 0 to mean
that A is a symmetric positive semidefinite matrix and a symmetric positive definite matrix,

respectively. For any two matrices A and B in SP, we write
(A,B) :=Tr (A" B)

for the Frobenius inner product between A and B, where “Tr” denotes the trace of a matrix.
Under the Frobenius inner product, the projection A, :=1I s? (A) of a matrix A € SP onto
the cone Si satisfies the following complementarity condition:

S5 AL L(A —A)est, (14)

where for any two matrices B and S'in S, B 1 S <= (B, S) = 0. Let A have the following

spectral decomposition
A= PAPT, (15)

where A is the diagonal matrix of eigenvalues of A and P is a corresponding orthogonal

matrix of orthonormal eigenvectors. Then
A+ - PA+PT,

where A, is the diagonal matrix whose diagonal entries are the nonnegative parts of the
respective diagonal entries of A [13, 38]. Define three index sets of positive, zero, and

negative eigenvalues of A, respectively, as

a={i: >0} [B:={i: =0} ~y={i:)\ <0}

Write
Ao, 0 0
A= 0 0 0 and P =[P, P3 P,]|
0 0 A,

with P, € Rp*lel, Pg e RPx18l and P, c RP¥11. Define the matrix U € SP with entries

max{A;,0} + max{\;,0}
[ A+ 1A ’

UZJ = Za] = 17"'7p7

where 0/0 is defined to be 1. In [1, 2], Bonnans, Cominetti and Shapiro showed, among
many other important things, that I1 st is directionally differentiable everywhere in SP. Sun



and Sun showed in [37] that II st is a strongly semismooth matrix-valued function and for
any H € SP, gave an explicit formula for the directional derivative of Higp (A H):
+

ﬁaa Haﬁ Ua’\/ © ﬁa’\/
s (AH) =P | HI, Ty (Hg) 0 P, (16)
HL oUL, 0 0

where H := PTHP and o denotes the Hadamard product. Hence, we have
Tsr(Ar) ={B €S : B=1lgy (A B)} ={B¢ SY . PIBP, = 0}, (17)
where & := {1,...,p}\a and P5 := [Pg P,|. The lineality space of Tsv (Ay), i.e., the largest
linear space in ,Zts'i (AL), denoted by lin <T$§ (A+)), takes the following form:
lin (7'S¢(A+)> —{BesSP: PTBP; =0}. (18)

The critical cone of SY at A € SP, associated with the complementarity problem (14), is
defined as
C(A;8%) = Tor (A4) N (A4 — A)7,

which can be completely described:
C(A;8V) = {B€e€SP : PjBP; =0, PyBP,=0, PIBP, =0}. (19)
The affine hull of C'(4;ST), which we denote aff(C(A;SY)), can thus be written as
aff (C(4;8%)) ={B€&S”: P{BP,=0, PBP, =0}. (20)

We summarize some differential properties of II s? () in the following proposition. For
details, see [24, Corollary 10 & Lemma 11].

Proposition 3 The following three statements are true.
(a) Hsi(') 1s F-differentiable at A € SP if and only if A is nonsingular.

(b) For any A € SP, the directional derivative 1lgy (A;-) is F-differentiable at H € SP if
+
and only if Hgg is nonsingular, where H := PTHP.

(c) Let A€ SP be arbitrary and ®(-) := Mgy (A;-). It holds that
+
831’[51(14) = 0p®(0).
Proposition 3 and Lemma 1 allow us to prove the following useful result on OI1 st (+).
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Proposition 4 Suppose that A € SP has the spectral decomposition as in (15). Then for

any V € 83HS$ (A) (respectively, 81‘[51 (A)), there exists a W € Opll5(0) (respectively,
+
Ol 15 (0)) such that
+
ﬁaa ﬁaﬁ Ua’\/ © ﬁa’\/
V(H)=P HT, W (Hgg) 0 PT VHeSP, (21)

7T T
HL oUL 0 0

where H := PTHP. Conversely, for any W € aBHS\m(O) (respectively, Z?HSW(O)) , there
+ +
exists a 'V € aBﬂsi(A) (respectively, 2 (A)) such that (21) holds.

Proof. We only need to prove that (21) holds for V € 831'[51(14) and W € Opll g5 (0).
+
Let ®(:) := Iy (A4; ). Define ¥ : SP — SP by W(H) := PTHP Hec SPand=:SP — SP
+
by

Baoc Baﬁ Uory o Bory
Z(B):=P BT, Hs\f\(Bﬁﬁ) 0 pPT, BesSPh.
T T
B oUL 0 0

Then, by (16), we have
®(H)==(¥(H)), Hes"

Since II Slol s directionally differentiable everywhere and JyV(H) : SP — SP is onto, we
+
know from Lemma 1 that

83@(0) = 835(0)jH\I’(0).

This, together with (c¢) of Proposition 3, completes the proof. Q.E.D.

Remark 5 Relation (21) in Proposition 4 holds for any orthogonal matriz P such that

the spectral decomposition (15) holds. One may further characterize OglIl_5(0) as in [24,

sl
Lemma 11]. In this paper, we do not need the structure of E?BHSW(O).
+

Motivated by Shapiro [35, p. 313] and Bonnans and Shapiro [4, p. 487], for any given
B € SP we introduce a linear-quadratic function T : SP x SP — R in the next definition.

Definition 6 For any given B € SP, define the linear-quadratic function Tg : SPxSP — R,
which is linear in the first argument and quadratic in the second argument, by

Ty, A) =2 <P,ABTA> , (D, A) e SP x 8P,

where Bl is the Moore-Penrose pseudo-inverse of B.



The following result plays an important role in our subsequent analysis.

Proposition 7 Suppose that B € SY and T' € NSi(B)' Then for any V € aﬂsi(B +1)
and AB, AT € 8P such that AB = V(AB + AT'), it holds that

(AB,AT) > —Tp(T',AB). (22)
Proof. Let A:= B+ T'. Then we know from [9] that
B =g (B+T)=1g(A) and BT =TB=0.

Thus, we can assume that A has the spectral decomposition as in (15),

Aw 0 0 00 0
B=P| 0 0 0|P', and T=P|0 0 0 |PT.
0 00 00 A,

Let B := PTBP, T := PTTP, AB := PTABP, and AT := PTATP. Then, by Proposition
4, there exists a W € 0II_j5(0) such that

sl
ABapa + AT pa ABas+ ATpg Uy 0 (ABgyy + ATq,)
V(AB+AT) =P (Aéaﬁ + Afag)T W(Agﬁg + Afﬁg) 0 PT,
(ABgay + ATwy)" o UL, 0 0

which, together with the assumption that AB = V(AB + AT'), implies that

ATpa =0, ATu3=0, ABg, =0, AB,, =0, (23)
ABgg = W(ABgs + ASjp), (24)

and
ABgap — Uny 0 ABag = U,y 0 AT . (25)

By (c) of Lemma 2 and equation (24), we obtain that
(ABgs, ATgg) = (W(ABgs + Al'p), (ABgg + ATgg) — W(ABgs + Alg)) > 0. (26)
Hence, by equations (23), (25), and (26),

(AB,AT) = (AB,AT) = 2T (ABy)" AT, ) + Tr (ABgsAT )

> 2Tr ((AEQ’Y)TAFOC’}/) =2 Z (AE)U(AF)U
i€a,jey
-2 ) |)\|<ABU> -2 ) 5 (ABZJ)2. (27)
1€, JEY i€, ]E'y

10



On the other hand, since

(A)™ 0 0
Bf=p 0 0 o |PT,
0 00

we obtain from (23) and the spectral decomposition of I" that

Ts(T,AB) 2(T',(AB)BY(AB)) = 2((AB)I', BI(AB))
- 2<(A§)f, (PTBTP)(A§)>

— 2Ty ((AEMA /' (Aa) " AB.,)

=2 Y 3 (AB U>2. (28)

1€Q, jE'y

By combining (27) and (28), we get (22). Q.E.D.

3 Strong Second Order Sufficient Condition and Constraint
Nondegeneracy
Let D be an arbitrary closed set in a given finite dimensional real vector space Z. The

inner and out second order tangent sets to the set D at the point y € D and in the direction
d € Z can be defined, respectively, by

Ti2(y,d) = {w € Z : dist(y + td + %th,D) —o(t?), t > 0} (29)

and
1
TA(y,d) == {w € Z : It} | 0 such that dist(y + txd + 5tiw,D) =o(t2)}.  (30)

From the definitions of inner and out second order tangent sets, we can see directly that
Té’z(z,d) C TA(y,d) and 732(2,61) = ( (respectively, TA(z,d) = 0) if d ¢ T} (y) (respec-
tively, d ¢ 7p(y)). In general, Tfj%z,d) # TA(z,d) even if D is convex [4, Section 3.3].
However, if D is C?-cone reducible, the equality always holds [4, Proposition 3.136]. In
particular, when K := {0} x 87 C Y :=R" x 8P,

T (y,d) = T (y,d) Vy,deY.

Let z be a feasible solution to the nonlinear semidefinite programming (NLSDP). The
critical cone C(z) of (NLSDP) at z is defined by

C(z) :={d : T,G(@)d € Tx(G(7)), Jof(Z)d < 0}, (31)
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i.e.,
C(@) = {d : Toh(@)d =0, Tog(z)d € Tsp (9(2)), Tof (2)d <0} (32)
If Z is a stationary point of (NLSDP), i.e., if M(Z) is nonempty, then

(@) = {d : Zeh(@)d =0, Tog(®)d € Tg1 (9(z)), Tof (@)d =0} (33)
Let Z be a stationary point of (NLSDP). Then there exists (¢,T') € M(Z) such that
JL(%,(,T) =0, —h(z)=0, and T € N» (9(2))-
By using the fact that
T € Ngr (9(7)) <= S 2 (-T) L g(z) € 8,

we may assume that A := g(z) + I has the spectral decomposition as in (15),

Aw 0 0 00 0
g@)=P| 0 0 0|P', and T=P| 0 0 o |PL (34)
0 00 00 A,

Then, by (17) and (18), we have
Tor (9(@ ={BeS&": [P; P,)"B[P; P,] = 0},

_ =1
Tsr(9(@)NT" ={B €SP : P{BP; =0, P{BP,=0, P/BP,=0}, (35)

and

lin <zg¢(g(f))> —{BeS’: [P P,)"B[P; P, =0}. (36)
Furthermore, since M(Z) is nonempty,
C(x) = {d: Th(x)d=0, [P P,)"(T.9(2)d)[Ps P,] =0, P (T.g(Z) =0}
- {d . Th(@)d =0, PY(Tog(@)d)Ps = 0, PI(T.9(z)d)P, =0,

Pl (Jz9(z)d)Py =0} .
(37)
However, it is not easy to give an explicit formula to the affine hull of C(z), which we
denote aff(C'(z)). Instead, we define the following outer approximation set to aff(C(z))
with respect to (¢,T') by

app((,T) == {d : Toh(z)d =0, Jp9(7)d € aff (C(4;8Y))}, (38)
where C(A;SY) is the critical cone of SY at A = g(z) +T. By (20), it holds that
app(C,T) = {d : Toh(z)d =0, P§(Teg()d)Py = 0, P}(Tog(z)d)Py = 0} (39)

12



Then by the definition of aff(C(z)), we have for any ({,T) € M(Z) that
aff (C'(z)) € app(C. T). (40)

Obviously, the two sets in (40) coincide if the strict complementary condition holds at
(z,¢,T):
rank(g(z)) + rank(I') = p,
where “rank” denotes the rank of a square matrix. In general, these two sets may be different
even if M(Z) is a singleton as in the case for the conventional nonlinear programming
(NLP).
The next proposition shows that the equality in (40) holds if ((,T') € M(Z) satisfies

a stronger constraint qualification than Robinson’s CQ (7) at Z , which, in the context of
(NLSDP), is equivalent to

{ Th(T)X = R™, m

Tog(®)X + Tgy (9(2)) = 7.

Proposition 8 Let T be a feasible solution to the nonlinear semidefinite programming
(NLSDP) and (,T) € M(Z). Suppose that (,T) satisfies the following strict constraint
qualification:

Toh(7)X = R™,
{ T29(@)X + Tgn (9(2) NT— = 87, (42)

Then M(Z) is a singleton, i.e., M(z) = {((,T)}, and aff(C(Z)) = app((, ).
Proof. The uniqueness of ((,T') follows from [4, Proposition 4.50]. We only need to show
app(¢,T) C aff(C(2)).

Let d be an arbitrary vector in app((,T). Let A := g(z) + . We may assume that A
has the spectral decomposition as in (15) and the two matrices g(z) and T satisfy (34). Let
S be any matrix in SP such that

Pr'sp, PI'sp; PISP,
PTsp = PJSP, PjSPs 0 with Pj SPg = 0.
Prsp, 0 0

By the strict constraint qualification (42), we know that there exist a vector d € X and
a matrix U € %i (9(z)) N T such that



which, together with (35), implies that
PT(Tog(@)d)P = U + S € Tgy (9(2)) N T, P (Tog(3)d)Ps 0, and d € C(z),
Let 7 > 0 be sufficiently large such that
P} [J29(2)(7d — d)|Ps = 7P (J29(Z)d) P — P§ (Txg(2)d)Ps = 0.
Furthermore, since
P} (Jag(@)d)P, = PL(Tog@)d)P, = 0 and PY(Tog(@)d)P, = P (Tog(@)d) P, =0,

it holds that

7d—d € O(%).
Therefore, by using the facts that d = 7d — (7d — d) and both 7d and 7d — d are in the
critical cone C(Z), we complete the proof. Q.E.D.

Before we state the second order conditions for (NLSDP), we need below the concept
of C2-cone reducibility, which is adapted from Bonnans and Shapiro [4, Definition 3.315].

Definition 9 A closed (not necessarily convex) set D CY is called C*-cone reducible at a
point y € D if there exist a neighborhood V C'Y of §, a pointed closed convex cone Q (a cone
is said to be pointed if and only its lineality space is the origin) in a finite dimensional space
Z and a twice continuously differentiable mapping Z :V — Z such that: (i) Z(y) =0 € Z,
(1) the derivative mapping JyE(y) : Y — Z is onto, and (iii) DNV = {y € V|E(y) € Q}.
We say that D is C*-cone reducible if D is C*-cone reducible at every point ij € Y (possibly
to a different pointed cone Q).

Many interesting sets such as the polyhedral convex set, the second-order cone, and the
cone Sﬁ are all C%-cone reducible, and the Cartesian product of C2-cone reducible sets is
again C2-cone reducible [4, 36]. In particular, K = {0} x S% is C?-cone reducible.

Recall that for any set D C Z, the support function of the set D is defined as

o(y, D) :=sup(z,y), yE€Z
zeD

Combining Theorem 3.45 and Proposition 3.316 with Theorem 3.317 in [4], we can state in
the following theorem the second order necessary condition and the second order sufficient
condition for nonlinear semidefinite programming (NLSDP). See also [2].

Theorem 10 (Second order conditions.) Let K = {0} x 8% C R™ x SP. Suppose that
Z is a locally optimal solution to the nonlinear semidefinite programming (NLSDP) and
Robinson’s CQ holds at T. Then the following inequality holds:

np ({4 T L@ ) = o (1 TRG@, LG@D)} 20 vdeC@). @)
ne T
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Conversely, let T be a feasible solution to (NLSDP) such that M(Z) is nonempty. Suppose
that Robinson’s C'Q) holds at . Then the following condition

By {{d. 75 L@, p)d) — o (1, TR(G(2), ZG(2)d) } >0 Vd e C@)\{0}  (45)
pe T

is mecessary and sufficient for the quadratic growth condition at the point T:
flx)> f(@) +cllz—Z|*> VaeN such that G(z) € K (46)
for some constant ¢ > 0 and a neighborhood N of x in X.

Obviously, when the second order growth condition (46) holds, Z is a strictly local
solution of (NLSDP). So there exists no gap between the above second order sufficient
condition (45) and the second order necessary condition (44).

We write p = (¢,I') € R™ x SP for any u € M(z). Then for p € M(z) and d € C(z)
the “sigma term” in (44) and (45) can be written as

o (1 TR(G@), LG@)D) = o (TR 0(@), Teh(@)d)) + o (T, T3 (9(2), Tog(@)d))
= 0+0(F,Tsp( (), Txg(2)d ))
= o (173 (9(@), Tug(@)d))

which becomes —oo for any d € X such that J,9(z)d ¢ ’Tsp( (z)). This means that in
order to define a stronger second order sufficient condition over a set larger than C'(z) one
needs to find a substitute for this sigma term. The following lemma, due to Shapiro [35, p.
313] and Bonnans and Shapiro [4, p. 487], makes it possible.

Lemma 11 Let T be a feasible solution to (NLSDUP) such that M(Z) is nonempty. Then
for any (¢,T) € M(z) with ( € R™ and T € SP, one has

Ty(a) (T, Tag(2)d) = o (. T (9(2), Tog(@)d))  Vd € C(a).

Now, we are ready to define a strong second order sufficient condition, which extends
an analogue for the conventional nonlinear programming (N LP) introduced by Robinson
[28] to the nonlinear semidefinite programming (NLSDP).

Definition 12 Let Z be a stationary point of the nonlinear semidefinite programming (N LSDP).
We say that the strong second order sufficient condition holds at T if

sup {(d JZL(,¢,T)d) — Yo (D, Tog(2)d)} >0 Vde C@)\{0},  (47)
(CDeM@E

where for any ((,F) e M(z), ((,T') € R™ x SP and
C@ = () app((,T).

(¢heM(z)
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Next, we define a nondegeneracy condition for (NLSDP), which is an analogue of the
LICQ for the conventional nonlinear programming (N LP). The concept of nondegeneracy
originally appeared in Robinson [29] for the general optimization problem (OP). Here we
adopt a somewhat slightly different version from Robinson’s original definition.

Definition 13 We say that a feasible point T to optimization problem (OP) is constraint
nondegenerate if
where § := G(T).

The name “constraint nondegeneracy” was coined by Robinson in [32]. The nondegen-
eracy condition (48) given here is consistent with the version given in [30] and has been ex-
tensively used in [4, 36] for sensitivity and stability analysis in optimization and variational
inequalities. See [4, 36] for various equivalent forms. Certainly, the constraint nondegen-
erate condition (48) implies Robinson’s CQ (7). For the conventional (NLP), as observed
in Robinson [29] and Shapiro [36], the LICQ is equivalent to the constraint nondegeneracy.
For the nonlinear semidefinite programming (N LSDP), the constraint nondegeneracy takes

the following form:

{ T:h(Z)X = R™, (49)

J9(Z)X + lin (ISi (g(j))) — SP.

Let  be a feasible point to (NLSDP) such that M(x) is nonempty. Then there exists
(¢,T) € "™ x 8P, together with x, satistying the following KKT condition:

J:L(x,(,T) =0, —h(x)=0, and T € Nsi(g(:n)), (50)

where

Since, from Eaves [9],
I'€ Nor (9(z)) <= g(z) =Tsr (9(z) +T),

we can write the KKT condition (50) equivalently as

T L(z,¢,T) T L(z, ¢, 1)
—g(x) + g (g(x) +T) ['—1Ige (I'+ g(x))
where S is the cone of negative semidefinite symmetric matrices in S?, i.e., S* = —S%.
Both (50) and (51) are equivalent to
ij(l‘,C,F) NX('Z')
0e —h(z) + | Nam(¢) |- (52)
—g(z) Nsﬁ (I
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Problem (52) is in the form of the following generalized equation:
0 € ¢(2) + Np(2), (53)

where ¢ is a continuously differentiable mapping from a given finite dimensional real vector
space Z to itself and D is a closed convex set in Z.

Robinson in [28] introduced the far reaching concept of strong regularity for a solution
of the generalized equation (53).

Definition 14 Let zZ be a solution of the generalized equation (53). We say that Z is a
strongly regular solution of the generalized equation (53) if there exist neighborhoods B of
the origin 0 € Z and V of Z such that for every § € B, the following linearized generalized
equation

6 € ¢(2) + T.0(2)(2 — 2) + Np(2)

has a unique solution in V, denoted by zy(9), and the mapping zy : B — V is Lipschitz
continuous.

Remark 15 Recall that a function 2 : O C Z — Z is said to be a locally Lipschitz
homeomorphism near zZ € O if there exists an open neighborhood V C O of Z such that the
restricted mapping = |y: V — Z(V) is Lipschitz continuous and bijective, and its inverse is

—_
—

also Lipschitz continuous. Define two mappings é, E:Z—7Zby

~

S(z)i=2z—Mp(z—d(2)) and E(z):=z—p(z — ¢(2)),

where qub(z) =9(2)+ T.0(2)(z— 2), z € Z. From Lemma 3.1 in Robinson [31] or Theorem
3.1 in Kummer [18] we know that Zisa locally Lipschitz homeomorphism near z if and
only if 2 is so. See also Theorem 5.2.8 in Facchinei and Pang [10]. Thus, Z is a strongly
reqular solution of the generalized equation (53) is equivalent to say that EorZisa locally
Lipschitz homeomorphism near Z.

The next proposition relates the strong second order sufficient condition and constraint
nondegeneracy to the nonsingularity of Clarke’s Jacobian of the mapping F' and the strong
regularity of a solution to the generalized equation (52).

Proposition 16 Let T be a feasible solution to the nonlinear semidefinite programming
(NLSDP). Let { € R™ and T € SP be such that ((,I') € M(%), i.e., let (z,(,T) be a KKT
point of (NLSDP). Consider the following three statements:

(a) The strong second order sufficient condition (47) holds at T and T is constraint nonde-
generate.

(b) Any element in OF (z,(,T) is nonsingular.

17



(c) The KKT point (%,(,T) is a strongly reqular solution of the generalized equation (52).
It holds that (a) = (b) = (c).

Proof. “(a) = (b)” Since the constraint nondegeneracy condition (49) is assumed to
hold at Z, (¢,T') satisfies the strict constraint qualification (42). Thus, by Proposition 8,
M(z) = {({,T)} and aff(C(Z)) = app(¢,T'). The strong second order sufficient condition
(47) then takes the following form:

(d, T2 L(2,C,T)d) — Yy (T, Tog(@)d) >0 Vd € aff(C(z))\{0}. (54)

Let W be an arbitrary element in 0F(Z,(,I"). We shall show that W is nonsingular.
Let (Axz, A(,AT') € X x R x SP be such that

W (Az, AC, AT) = 0.

Let A := g(z)+T. Without loss of generality, we assume that A has the spectral decompo-
sition as in (15) and g(Z) and T satisfy (34). Then, by Lemma 1, we know that there exists
aV e aﬂsi(A) such that

J2L(2,(,T)Az + T,h(2)* Al + Teg(z)* AT
W(Az, AC,AT) = — Joh(Z)Ax =0. (55
—T29(2)Ax + V (Jp9(Z)Ax + AT)

From Proposition 4, (39), and the second and the third equations of (55) we know that
Az € app((,T) = aff(C(2)). (56)
By the first and second equations of (55), we obtain that

0 =

which, together with the third equation of (55) and Proposition 7, implies that

Hence, we can conclude from (56), (57), and the strong second order sufficient condition
(54) that
Az = 0.

18



Thus, (55) reduces to

+h(Z)*A +9(Z)* AT
V (AT)
From Proposition 4 and V (AT') = 0, we obtain that
P,"ATP, =0, P,”AT'P3=0, and P,"ATP,=0. (59)

By the constraint nondegeneracy condition (49), there exist a vector d € X and a matrix
S € lin <T‘Si (g(:i))) such that

TJ:h(z)d=A¢ and Jpg9(Z)d+ S = AT. (60)
Hence, by (60) and the first equation of (58), we obtain

(AC,AQ) + (AL AT) = (T:h(Z)d, AQ) 4 (Jag(T)d + 5, AT)
(d, Toh(2)* AC) + (d, Tog(z)*AT') + (S, AT)
= (d, Toh(2)* A + Trg(2)*AT) + (S, AT)
(S, AT
(PTSP, PTATP),
which, together with (59) and (36), implies that

(AC,AC) + (AT, AT) = (PTSP, PTATP) = 0.
Thus,

A(=0 and AI'=0.

This, together with Az = 0, shows that W is nonsingular.

“(b) = (c)” By Clarke’s inverse function theorem [6, 7], F' is a locally Lipschitz home-
omorphism near (Z,¢,T'). Thus, by Remark 15, (Z,(,T) is a strongly regular solution of the
generalized equation (52). Q.E.D.

In Proposition 16, it is shown that (a) = (b) = (c). In the next section, we shall show
that if Z is a locally optimal solution to the nonlinear semidefinite programming (NLSDP)
and Robinson’s CQ holds at Z, then these three statements are actually equivalent to each
other.

4 Equivalent Conditions

We first introduce a uniform version of the second order growth condition defined in [4,
Definition 5.16]. Let U be a Banach space and f : X xU — Rand G: X xU — Y. We
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say that (f(x,u), G(z,u)), with u € U, is a C2-smooth parameterization of the optimization
problem (OP) if f(-,-) and g(-,-) are twice continuously differentiable and there exists a
@ € U such that f(-,u) = f(-) and G(-,u) = G(:). The corresponding parameterized
problem takes the form:

(OP,) min  f(x,u)
st. G(z,u) € K, (61)
zeX.

We say that a parameterization is canonical if U := X x Y, u = (0,0) € X x Y, and
(f(z,u),G(z,u)) = (f(z) — (u1,2),G(x) +u2), x€ X, u:=(uj,u2) € X xY.

Definition 17 Let T be a stationary point of the optimization problem (OP). We say that
the uniform second order (quadratic) growth condition holds at T with respect to a C2-smooth
parameterization (f(z,u), G(x,w)) if there exist ¢ > 0 and neighborhoods Vx of & and Vy
of @ such that for any uw € Vy and any stationary point x(u) € Vx of the corresponding
parameterized problem (OP,), the following holds:

flz,u) > flx(u),u) +cllz — z(u)|?> V€ Vx such that G(z,u) € K. (62)

We say that the uniform second order growth condition holds at T if (62) holds for every

C2-smooth parameterization of (OP).

The next lemma shows that for the nonlinear semidefinite programming (N LSDP) the

uniform second order growth condition implies the strong second order sufficient condition.

Lemma 18 Let Z be a stationary point of the nonlinear semidefinite programming (N LSDP).
Suppose that Robinson’s CQ holds at T. If the uniform second order growth condition holds
at T with respect to the canonical parameterization, then the strong second order sufficient
condition (47) holds at Z.

Proof. Let ((,I') € M(Z). We may assume that A := g(Z)+I has the spectral decomposi-
tion as in (15) and g(z) and T satisfy (34). Consider the following parameterized nonlinear

semidefinite programming problem:

min f(x)

s.t.  h(z)=0, (63)
g(x) + TPBPBT e S,
e X,

where 7 € R is a parameter. Then, for any 7 > 0, ((,T'), together with Z, satisfies the
following KKT condition of the parameterized problem (63):

JoLr(2,¢, 1) = T L(2,(,I) =0, —h(z)=0, and T GNS& (g(j)_‘_TPﬁPﬁT)v (64)
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where for each 7 € R,
L:(x,¢,T) = L(z,({,T) + 7(I, P3P3), (x,(,T) € X x R x SP.

Let M, (Z) be the set consisting of all (¢,I") € R™ x SP that satisfy (64). Thus, since
rank(g(z)+7 PﬁPﬁ )+rank(T) = p for any 7 > 0, the critical cone C,(Z) of the parameterized
problem (63) at z for 7 > 0 takes the form:

Cr(7) ={d : Toh(@)d =0, PJ(Tpg(z)d)Py =0} 2 app((,T), (65)

where app((, T') satisfies (39). Therefore, by Lemma 11 and the second part of Theorem 10,
we have for all 7 > 0 that

e {4, T2 L0 (@, TV = X oy oy pry (T Tag(@)d) | >0 W € Cr(@)\{0},

which, together with the fact that for any ({,T') € M (Z),

T(g(g‘c)—l—TPﬁPg) (T, Tog(z)d) = Tyz) (T, Tog(z)d) Vde€app((,T),
J2. L (z,¢,T) = J2,L(7,¢,T), and (65), implies

sup  {{d, T2, L(%,(,T)d) — Yyz) (T, Tog(2)d)} >0 Vdeapp(C,T)\{0}. (66)
(¢HeM-(2)

Since for any 7 > 0, M, (z) C M(Z), we derive from (66) that

sup {(d T L(Z,¢,T)d) = Yoz (T, Teg(Z)d)} >0 Vd € app(C,T)\{0}.
¢rHemMz
This shows that the strong second order sufficient condition (47) holds. Q.E.D.
Another important concept in sensitivity and stability analysis of the optimization prob-
lem (OP) is the strong stability of a stationary point, introduced by Kojima in [17]. Below
the definition of strong stability is from Bonnans and Shapiro [4, Definition 5.3].

Definition 19 Let T be a stationary point of the optimization problem (OP). We say that
T is strongly stable with respect to a C*-smooth parameterization (f(x,u),G(x,u)) if there
exist neighborhoods Vx of T and Vy of u such that for any w € Vy, the corresponding
perturbed problem (OP,) has a unique stationary point x(u) € Vx and x(-) is continuous
on Vy. If this holds for any C%-smooth parameterization, we say that T is strongly stable.

Let F: X x R™ x SP — X x R™ x SP be defined as in (51) and (z,(,T') € X x R™ x SP
be a KKT point of (NLSDP). Then
¢,T)
) =0.
»(9(z) +T)

+L(Z,
F(E,E,f): (
—9(z) + Igr
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Let A := g(#)+T. Assume that A has the spectral decomposition as in (15) and g(z) and T
satisfy (34). Then, F is directionally differentiable at (Z,(,T’) and for any 6 := (61,2, 63) €
X x R™ x SP,

ja,?xL(jv C_y f‘)51 + jmh(j)*52 + jxg(j)*(sii
®(0) := F'(z,(,T;0) = —JT:h(Z)61
—J29(Z)d1 + H:gi(A; J29(Z)61 + d3)

; (67)

where IT, (A;-) is given by (16). Since ®(-) is Lipschitz continuous, dp®(0) is well defined.
+

Lemma 20 Let A= g(Z) +T and ® be defined by (67). It holds that
op®(0) = 9 F(z,(,T).

Proof. Define Z: X x R™ x §P — SP by
=(9) o= Iy (A ().

where ¥ (0) := J,9(Z)01 + 3, 6 := (d1,02,d3) € X x R™ x SP. Then, by Lemma 1 and (c)
of Proposition 3, we obtain that

9pE(0) = OpTlgr (4)T5T(0),

which, together with Lemma 1, proves the conclusion of this lemma. Q.E.D.

Let ind(¢, Z) denote the index of a continuous function ¢ : Z — Z at its zero z € Z used

in degree theory [19, 23]. Now, we are ready to state the main result of this paper.

Theorem 21 Let T be a locally optimal solution to the nonlinear semidefinite programming
(NLSDP). Suppose that Robinson’s CQ (41) holds at T so that T is necessarily a stationary
point of (NLSDP). Let ({,T) € R™xSP be such that (Z,(,T) is a KKT point of (NLSDP).
Then the following statements are equivalent:

(a) The strong second order sufficient condition (47) holds at T and T is constraint nonde-
generate.

(b) Any element in OF (Z,(,T) is nonsingular.

(c) The KKT point (z,(,T) is a strongly reqular solution of the generalized equation (52).
(d) The uniform second order growth condition holds at T and T is constraint nondegenerate.
(e) The point T is strongly stable and T is constraint nondegenerate.

(f) F is a locally Lipschitz homeomorphism near the KKT point (%,(,T).
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(g) For every V € OpF(z,(,T), sgndetV = ind(F, (z,(,T)) = +1.
(h) ® is a globally Lipschitz homeomorphism.
(i) For every V € dp®(0), sgndet V = ind(®,0) = +1.

() Any element in 0P (0) is nonsingular.

Proof. We have already known from Proposition 16 that (a) = (b) = (¢) and from
Remark 15 that (¢) <= (f). The relations (¢) <= (d) <= (e) follow from Bonnans and
Shapiro [4, Theorems 5.24 & 5.35]. Since Isr (+) is strongly semismooth everywhere [37],
F' is a semismooth function (see [22, 25] for discussions on semismooth functions). Then,
by Gowda [12, Theorem 3 & Corollary 4], we know that (f) <= (g). Furthermore, by
the semismoothness of Isn (), Lemma 20, and Theorem 6 in [24], it holds that (g) <=
(h) <= (i). By Lemma 20, the relation (b) <= (j) holds. The proof of this theorem will
be completed if one can show that (d) = (a). The latter, however, is implied by Lemma
18. Q.E.D.

Remark 22 As mentioned in Section 1, the equivalence between (a) and (c) has already
been known for the conventional nonlinear programming (NLP). This equivalence for
(NLP) follows from Jongen et al. [14, Theorem 3.1], Robinson [28, Theorem /.1] and
Kojima [17, Corollary 6.6]. For different proofs, see [4, Proposition 5.38], [5, Theorem
4.10], and [8, Theorem 6]. By assuming T to be a stationary point (not necessarily a local
optimal solution), for (NLP), Jongen, Klatte, and Tammer in [15] proved (b) <= (e) for
a different but equivalent KKT system. By focusing on the local optimal solution case only,
we extend these results in Theorem 21 from (NLP) to (NLSDP).

5 Conclusions

In this paper, we discussed a strong second order sufficient condition for the nonlinear
semidefinite programming (NLSDP). This strong second order sufficient condition, to-
gether with constraint nondegeneracy, is shown to be equivalent to many conditions, no-
tably the strong regularity of the KKT point and the nonsingularity of Clarke’s Jacobian
of the mapping F' at the KKT point. There are many important questions not addressed in
this paper. For example, it would be interesting to know whether these equivalent results
given in Theorem 21 can be generalized to other C2-cone reducible sets. Another possibility
is to see which of these conditions are still equivalent to (b) or (j) if Z is assumed to be a
stationary point only.
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