ANALYTICITY OF WEIGHTED CENTRAL PATH AND ERROR
BOUND FOR SEMIDEFINITE PROGRAMMING

CHEK BENG CHUA

ABSTRACT. The purpose of this paper is two-fold. Firstly, we show that every
Cholesky-based weighted central path for semidefinite programming is analytic
under strict complementarity. This result is applied to homogeneous cone pro-
gramming to show that the central paths defined by the known class of optimal
self-concordant barriers are analytic in the presence of strictly complementary
solutions. Secondly, we consider a sequence of primal-dual solutions that lies
within a prescribed neighborhood of the central path of a pair of primal-dual
semidefinite programming problems, and converges to the respective optimal
faces. Under the additional assumption of strict complementarity, we derive
two necessary and sufficient conditions for the sequence of primal-dual solu-
tions to converge linearly with their duality gaps.

1. INTRODUCTION

This paper is motivated by the works of Kojima et. al. [9, [10], Luo et. al. [12],
Potra and Sheng [16, [I7], and Potra et. al. [§] on primal-dual superlinearly conver-
gent interior-point algorithms for semidefinite programming (SDP) and semidefi-
nite linear complementarity problems. A common feature among these papers is
the assumption of the existence of a pair of strictly complementary solutions. This
assumption is not restrictive as it is noted by Anstreicher and Ye [2], and further
generalized by Monteiro and Wright [I5], that strict complementarity is necessary
for the local superlinear convergence of a large class of algorithms for monotone
linear complementarity problems.

Besides strict complementarity, each of the papers [8, 0 12, [T6l [T7] assumes at
least one of the following additional conditions:

(1) There exists a pair of primal-dual nondegenerate solutions.

(2) The iterates converge tangentially to the central path in the sense that the
size of the central path neighborhood decreases towards zero.

(3) The products of the iterates converge to the zero matrix faster than the
square-root of their duality gaps.

In the exception [10], global convergence and local superlinear convergence were
established using the Alizadeh-Haeberly-Overton (AHO) search direction (see, e.g.,
[1]) without any further assumptions. However, global linear convergence and
polynomial-time convergence of the algorithm was not proven. Thus the existence
of polynomial-time primal-dual interior-point algorithm for SDP, that converges
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locally at a superlinear rate under the sole assumption of strict complementarity,
remains an open question.

The success of the AHO search direction was explained by Monteiro and Lu in
[13], where they showed that under certain proximity condition, the distance of the
primal-dual iterates to the primal-dual optimal solution set is bounded above by a
linear function of their duality gap. Such Lipschitzian-type error bound was well-
studied for linear programming (see [7]), and for convex quadratic programming
and SDP under Slater’s condition (see [20] and references there-in). Their proof
uses the analyticity of weighted AHO central paths at the optimal solutions, which
was established in the same paper. It is, however, difficult to deduce polynomial
complexity for algorithms based solely on the AHO direction. This difficulty can
be partly explained by the ill behavior of the natural neighborhood associated with
the AHO direction — for each fixed AHO neighborhood around the central path,
there exists a pair of primal-dual feasible solutions arbitrarily close to the central
path, and yet falls outside the AHO neighborhood.

We thus consider different notion weighted centers based on Cholesky factors,
which was first introduced by the author in [4]. We show in Section [2]that Cholesky
weighted centers depend analytically on the weights and the duality gap, and that
the analyticity extends to pairs of strictly complementary solutions. This result
is then generalized to extended Cholesky weighted centers, whose collection covers
the entire relative interior of the primal-dual feasible region. We then consider
conic optimization problems over homogeneous cones, and extend the analyticity
result to the analytic centers associated with the only known class of optimal bar-
riers for such cones. In Section [3] we show an error bound result that parallels the
above-mentioned Lipschitzian-type error bound, and provide two different charac-
terizations of Lipschitzian error bound for semidefinite programming under strict
complementarity.

Notations and conventions. Throughout this paper, we use the following nota-
tions and conventions.

We use uppercase bold letters (e.g., X, L, etc.) to represent matrices, and use
lowercase bold letters (e.g., y, b, etc.) to represent vectors.

The space of real n-vectors is denoted by R™, and the nonnegative (resp. positive)
orthant in R™ is denoted by R’ (resp. R ).

The space of real n-by-n matrices is denoted by M", and the group of invertible
matrices in M™ is denoted by M?. We equip M" with the inner product e : (A, B) €
M" @ M" — trace(AB).

The subspace of lower triangular (resp. upper triangular) matrices in M" is
denoted by L™ (resp. U™), and the subgroup of lower triangular matrices in M7 is
denote by L7.

The subgroup of orthogonal matrices in M is denoted by Q™.

The subspace of symmetric matrices in M" is denoted by S”, and the cone of
positive semidefinite (resp. positive definite) matrices in S™ is denoted by S7 (resp.
S7.). The dimension of S™ is denoted by n?.

The subspace of diagonal matrices in S™ is denoted by D™, and its intersection
with S and S} | are respectively denoted by D and D , .

For any matrix M € M" and any two subsets of indices I, J C {1,...,n}, the
submatrix of M with row indices in I and column indices in J is denoted by My ;.
If I = {i} (or J = {j}) is a singleton, we may also write i (or j) in place of {i} (or
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{J.- H1={1,...,n} (or J ={1,...,n}) is the full index set, we may also write
x in place of {1,...,n}. For instance, M1, denotes the first row of M.

For any matrix M € M, the unique lower triangular matrix L satisfying M—L €
U™ and L;; = My;/2 for i = 1,...,n, is denoted by (M)). For any matrix M € M",
we denote by My the symmetric matrix M + M”. Consequently (M) g denotes
the unique symmetric matrix whose lower triangular entries coincide with those of
M.

The zero matrix and the identity matrix of appropriate sizes (in the context
used) are denoted by 0 and I respectively.

For any diagonal matrix D € D™ and any subset B of positive integer indices,
D5 denotes the diagonal matrix in D" with (Dg);; = Dy; if ¢ € B and (Dp); =0
otherwise.

For any symmetric, positive definite matrix X € S7 , , its unique Cholesky factor
(i.e., the unique lower triangular matrix L € L™ with positive diagonal entries
satisfying LLT = X) is denoted by Lx, and its unique inverse Cholesky factor (i.e.,
the unique upper triangular matrix U € U™ with positive diagonal entries satisfying
UUT = X) is denoted by Ux.

For each linear map A : E — F between two finite dimensional vector spaces,
A" . F — E denotes its adjoint map, Im(.A) denotes its range A(E), and Ker(.A)
denotes its kernel A~ ({0}).

For each topological subspace S, relint(S) denotes the relative interior of S and
cl(S) denotes the closure of S.

For each sequence x1,...,x, of real numbers, Diag(x1,...,x,) denotes the di-
agonal matrix in D™ with x4, ..., z, on its diagonal.

2. ANALYTICITY OF CENTRAL PATHS

We consider the primal-dual pair of SDP problems
(2.1) ig{f{@.x :XeLl+X,XeS?} and igf{ﬁ.s :SeLt+8S, sesty,

where )A(,§ € Sht,, L C S" is a linear subspace and L+ denotes its orthogonal
complement in S™. i

Let m denote the dimension of £+, and let A : S* — R™ and C : S" — R
denote linear maps satisfying Ker(\A) = £ and Ker(C) = £+, and let b € R™
and d € R" ™ denote the vectors AX and CS respectively. Thus can be
rewritten as

igf{goX:AX:b, X €St} and igf{X-S:CS:d, Sest).

Let Fp, F, and O, denote respectively the primal feasible region, the primal
strictly feasible region and the set of primal optimal solutions. Their dual counter-
parts are denoted by Fy, F and Oy respectively.

Note that since X € S, NF, and S € S}, N Fy, the SDP problems satisfy
Slater’s condition.

2.1. Cholesky Weighted Centers for SDP. It was shown in [4] that for each
w = (v,D) € Ry © D7, the system of weighted center equations
AX =b, CS=d,
LxSLx =vD, X,SeSt,,



4 C. B. CHUA

or equivalently,

(2.2a) AX =b, CS=d,

(2.2b) (SX)g=vD, X,SeSt,,

has a unique pair of solutions (X (w), S(w)), which we called the Cholesky weighted

centers determined by w. Moreover, when the primal-dual SDP problems (2.1)) have

strictly complementary solutions, each primal-dual Cholesky weighted central path
{(X(w),S8(w)) : v > 0}

converges as v | 0. We denote the limit by (X(0,D), S(0,D)).

Henceforth, we assume that the primal-dual SDP problems have strictly
complementary solutions.

The main result of this section states that under the assumption of strict com-
plementarity, the map

W € ]R+ (&) ]D)1+ = (X(W)7 S(W))

is analytic; i.e., for each w = (ﬁ,f)) € Ry @ D%, there exist an open subset
WEeUDY CR®D" and a real analytic map w € U @ V — (X'(w),S'(w)) that
agrees with w — (X(w),S(w)) over Y ® V)N (R & D7, ).

First consider the case 7 > 0. For each w € R, © D"} ,, the pair (X(w), S(w))
solves
(233) F(X,8,7,D) = (0,0,0),
where F:S" & S" @ R® D" — R™ @ R™ ™ @& S" is the analytic map

(Xa Sa v, D) = (AX - bvcs - d7 <<SX>>H - VD)?
It follows from [5, Theorem 6.1] that the Jacobian
A(AX)
(X,S,w) : (AX, AS) — C(AS)
((AS)X +S(AX)) i

OF
a(X, S)

~ ~

is nonsingular at (X(w), S(w), w). Alternatively we can deduce the nonsingularity
of the Jacobian directly from the following lemma by taking (.A,C,X,S) in the
lemma to be (A,C,X(w),S(W)).

Lemma 1. If;l: S" — RP and C : S™ — RY are linear maps such that Ker(.zl) €
Ker(C), and X,S € S, satisfy L;SL)A( € D%, then the linear map

(AX)
(AS)
+S(AX)) 1

T (AX,AS) eS" & S"

"y

((as)
1s injective.
Proof. Suppose that J(AX, AS) = (0,0,0). Then the matrix
(AS)X + S(AX)
is upper triangular, from which it follows that

LZ((AS)X + S(AX))L" = L (AS)Lg + DL (AX)L"
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is also upper triangular, where D = L)TA(§L§( € D%, by assumption. Thus

A . Li;(AX)L)I(T] e
> 7| | LE(as)Lg ol

where A : S” — RP and C : S" — R? are linear maps defined respectively by
X — A(LgXLy) and S~ C(LZTSLYY),
and D : S" — S™ is the self-adjoint, positive definite map
X 1 D(X)) + (X)D.
Eliminating L%(AS)LX using the last two equations gives
AT 1 -7y _
N ‘A(LX (AX)LX )=20
(CoD)(L(AX)LLT) =0

~ ~ ~ ~ ~

Since Ker(A) L Ker(C) implies that Ker(A) L Ker(C), it follows that Ker(A)
and Ker(C o D) = D' Ker(C) are orthogonal to each other under the inner prod-
uct (X,Y) — (DX) e¢Y. Consequently L;(AX)L)_A(T, whence AX and AS, are
zero matrices. d

With a nonsingular Jacobian, the analytic version of the Implicit Function The-
orem (see, e.g., [I1]) states that there exist an open set w € Y @V C R & D
such that (2.3) has a unique solution (X'(w),S’(w)) for each w = (v,D) € U ® V.
Moreover the analyticity of F implies that the map

weldUd YV (X' (w),S (w))
is analytic. Since (2.3]) has a unique solution for each w € U @V, it follows that the
pair (X'(w),S'(w)) agrees with (X(w),S(w)) for all w € (U ® V)N (R} & D).
Consequently we have shown (without any assumption of strict complementarity)
that
Theorem 2. The map w — (X(w),S(w)) is analytic on Ry & D7, .

For the case v = 0, the above approach fails due to possible singular Jacobian.
We shall use the following lemmas, whose proofs can be found in [4], to demonstrate
this possible singularity.

Lemma 3 (Lemma 6 of []). For each (X,S) € relint(Op) @ relint(Oy), there
exists L € L™ with positive diagonal such that
LXLT =15 and L7TSL!=1Iy
for some disjoint subsets B,N C {1,...,n}.
Lemma 4 (Lemma 10 of [4]). For each w € {0} @ D7,
(X(w),S(w)) € relint(O)) & relint(Oy).
As a consequence of Lemmas [3|and |4} there exists L € L™ with positive diagonal
such that
oo T T o1
LX(w)L =1p and L SwL =Iy
for some disjoint subsets B, N C {1,...,n}. It follows from strict complementarity
that BUN = {1,...,n}. Let k denote |B|. For each w = (v,D) e R, ® D%, let
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~

Xj(w) and S; (w) denote the matrices iX(w)ET and I/:_TS(W)L_1 respectively.
It is easily checked that the pair (Xg(w),Sg(w)) solves the Cholesky weighted
center equations for

(2.4) igl(f{§i eX:A:X=b, XS} and igf{f(i eS:C;S=d, Sest},

el AT
where Ag and Cy denote respectively the maps X € §" — A(L XL ) and

AT -~ o A PPN
S € S" — C(L SL), and X;,S; € S™ denote respectively the matrices LXL

1
and L ~SL . The primal-dual SDP problems (2.4)) have strictly complementary
solutions I g and Iy. Thus each primal-dual Cholesky weighted central path of (2.4
converges to a limit which we denote by (X5 (0,D), S,(0,D)) as before. Clearly the
Jacobian %7 is nonsingular at (X(w), S(w),w)) if and only if the Jacobian
ﬁ}}i is nonsingular at (X (W), S (W), w), where F; : S" @ S" @R D" —
R™ @ RY ~™ @ S™ is the analytic map

(X,8,v,D) — (A X —b,C:S — d, (SX))g — vD).
Thus by considering (2.4)) instead, we may assume, without loss of generality, that
X(w) = Ip and S(w) = Iy. Since Iz € relint(O,) and Iy € relint(O,) by
assumption, it follows from a characterization of faces of S that
(2 5) T@lint(op) - {X € S:L_ : XgB € Sﬁ__HXNB =0,XynNy = 0} and
. T@lint(@d) Q{SGS’}F ZSNNESilk,SNB:(LSBB:O}.

We then conclude from Lemma [4] that for every w € {0} & D7,

X(w)BpB ES{CH_, S(wW)nn ES:L_:_k,
(2.6) X(w)yn =0, S(w)pp =0,
X(W)NB = S(W)NB =0.

Thus the Jacobian -2« F at (X(W),S(W), W) is

(X,8)
A(AX)
(AX, AS, Ay) — c(AS)
((AS)Ip +In(AX))H

If 525 F(X(W),S(W), W)(AX, AS, Ay) = (0,0,0), then
ABB ANB ANN

(
c c (¢
5_3 NB NN (AX)y _

SnB Xnp EAngr
(

Z
ocoooo

T

where Agp : S¥ = R™, Ayp : RO=Fxk L R™ and Ayy : S % — R™ are maps
satisfying

AX = AppXpp + AvpXne + AvnX NN
for all X € S*, Cpp : S* — R™, Cyp : RF*k , R™ and Cyy : S" % — R™
are similarly defined based on C, and Sy : R=F*xk _ R(=k)xk and X yp :
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R(=k)xk _, R(=F)Xk are maps defined by

(AX)” N; > Bj,
S AX));i =
(Snp(AX));; {0 N; < B;,

and
(AS);; N; > By,
X AS));; =
( NB( ))j {O Ni<Bj,

where N; and B; denote respectively the i-th least element of NV and the j-th least
element of B.

Clearly when Apgp or Cyy is not injective, the Jacobian is singular. When Agp
is injective, we say that S(W) is dual nondegenerate and when Cy y is injective, we
say that X(w) is primal nondegenerate (see, e.g., [1]). Thus in the case of either
primal or dual degeneracy, our approach does not work.

One way to overcome a singular Jacobian is to

1. define new variables X(w) and S(w) so that the analyticity of the map
w — (X(w),S(w)) at W implies the analyticity of w — (X(w),S(w)) at
w, and

2. rewrite the Cholesky weighted center equations in terms of the new variables

~ ~

so that the resulting Jacobian at (X(w), S(w), w) is nonsingular.

This technique was used by Stoer and Wechs [19] on weighted analytic centers of
sufficient linear complementarity problems, by Halicka [6] on weighted analytic cen-
ters of linear programming problems, and by Monteiro and Lu [I3] and Preif§ and
Stoer [18] on weighted AHO centers of SDP problems and semidefinite linear com-
plementarity problems respectively. In both [13] and [I§], a pre-requisite for their
application of this technique is the boundedness of v~!X(w)yp and v~ 1S(W)xp
as functions of ¥ — this was proved directly in [I3], and shown indirectly in [I§]
by applying the above technique to deduce the analyticity of weighted AHO cen-
tral path as a function of \/v. We, however, do not require the boundedness of
v 1X(w)np and v 1S(w)nyp. Instead we use the following characterizations of
X(w) and S(w).

Theorem 5. Suppose, without loss of generality, that the pair of primal-dual SDP

problems (2.1)) satisfies (2.5)). If the SDP problems (2.1) has strictly complementary
solutions, then for each D € DY ,, the limit of the primal-dual Cholesky weighted

central path {(X(v,D),S(v,D)) : v > 0} is the pair of unique minimizers of X —
—>iep Diilog(Lx)% and S — — 3", Dyilog(Us)3 respectively over the primal
and dual optimal faces.

Proof. The statement on X(0,D) is [4, Theorem 12]. The statement on S(0,D)
follows from applying the proof of [4, Theorem 12] on the dual problem. (I

Observe that a contributing factor to the singularity of the Jacobian is the lack
of positive definiteness of both X(w) and S(w), or more specifically, X(W)yy =0
and S(W)pp = 0. As an attempt to remove this lack of positive definiteness, we
define (X(w),S(w)) for w e Ry, ® D7 by

X (w)pp = X(W)pp, S(w)ps = v 'S(W)ps,
X(W)NB = V_1X(W)NB, S(W)NB = V_ls(W)NB,
X NN

W)y = v X (W)nn, S(W)nny = S(W)ww,
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and for w € {0} ® D’} | by

X(w)pp = X(W)ps, S(W)vy=S(W)nn,

where X(w)nn, X(W)np, S(W)ps and S(w)np will be defined later.
It follows from (2.6) that regardless of how X(w)yn, X(W)np, S(W)gp and
S(w)np are defined for w € {0} ® D", , we have

X(w)pp = X(W)pp, VvS(W)sp = S(W)ss,

VX(W)NB = X(W)NB, VS(W)NB = S(W)NB,

Ui(W)NN = X(W)NN, g(W)NN = S(W)nn,

for each w € Ry @D, and consequently the analyticity of w — (X(w),S(w)) at
w will imply the same for w — (X(w), S(w)).
From (2.2a)), we see that (X (w), S(w)) satisfies

0=Apg(Xpp - 1)+ vANpXNB + VANNX NN,

2.7)
0 =vCppSpr +vCnBSN +CNN(Snn — 1),

where the respective primal and dual feasibility of X(w) = Ip and S(w) = Iy
are used to derive the equations. If we use in our defining equations for the
new variables, then we may run into another cause of singularity; One of the maps
X e S"— AppXpp + vANXNB + VANNXyN and S € S — vCppSer +
vCnBSNnB+CnNSNyN may no longer be surjective when v = 0, in which case their
kernels will have a non-trivial intersection. .

This can be rectified using linear automorphisms 7 on R™ and U on R -m
that respectively reduce A and C to row-echelon forms

XBB A1 Xpp + A1 Xne + AisX NN
ToA: |Xygl| — AxXnp + A2 X NN
XNN AssXnn
and
SBB cllsBB
UoC: |Sye| — | C21Ses +C2Snp )
SnN C31SBB +C32Snp +C33SNnN

so that A;;, C;; are surjective for each i € {1,2,3} (see [14, Lemma 3.6] and [I8]
Page 513]). Since Ker(7 o A) = Ker(A) and Ker(UdoC) = Ker(C), we may
assume, by using {X : (7 0 A)X =7b} and {S: (U o C)S =Ud} to describe the
affine spaces £ + X and £+ +8S respectively, that both A and C are in the above
respective row-echelon form. By rewriting using the row-echelon form for A
and C, and dividing the appropriate rows by v, we get

(2.8a) 0= A (Xpp —1I) + vARXNE + vA3X NN,
(2.8b) 0 = ApXnyp + AuXyy,

(2.8¢) 0 = A3 Xy,

(2.8d) 0 =C11Sgs,

(2.8e) 0 = C2:1Spp +C22Snp,

(2.8f) 0 = vC31Spp + vC32Snp + C33(Snnv — 1),
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which are still satisfied by (X(w),S(w)) for each w € Ry, & D% ,. For w €
{0} ® D% |, we shall define X(w)nn, X(W)nB, S(W)pp and S(w)np so that the
pair (X(w), S(w)) satisfies 2:3).
Befgre tha~t, let us look at the remaining equation . From , we see
that (X(w), S(w)) satisfies
vDpp = (v*SysXnp +vSeeXps)n,
vDyn = (V2SneXyp + vSnvXan) u,
0 = v(Sn«X.p)i; for N; > By,
0=1? (S X .)ij for B; > Nj.
Dividing the appropriate equations by v and v? gives
(2.9a) = (vSypXns +SpsXpE)H — DbB,
(2.9b) = (vSnBXNp +SvnyXyn)r — Dy,
(2.9¢) (SN* «B)ij, for N; > Bj,
(2.9d) = (81;X%.)ij, for B; > Nj,

which are still satisfied by (X(w),S(w)) for each w € Ry, & D7, . We now define
X(w)nn, X(W)ng, S(W)ps and S(w)yp for w € {0} @ D%, so that the pair
(X(w), S(w)) satisfies both and (2.9). _

N Equations and are clearly satisfied by definitions of X(w)gp and
S(w)nn. Equations and are satisfied if and only if

g(W)BB = L)_({W)BBDBBL;(}W)BB and )N((W)NN = U_T

S(W)nN

With these definitions of S(w)pp and X(w)n, and are satisfied as
consequences of Theorem

It remains to consider (2.8b), ([2-8¢), (2.9d) and (2.9d).

For ¢ = 1,2, 3, let r; and s; denote the ranks of A;; and C;; respectively, and let
d; denote the dimension of the domain of A;; (or equivalently C;;).

Lemma 6. Fori=1,2,3, Ker(A;;) L Ker(Cy).
Consequently r; + s; = d; fori=1,2,3.

DyyUg/

S(W)nN*

Proof. We prove the case ¢ = 2 and remark that the proofs of other cases are
similar.

Suppose Y and W are matrices satisfying AzY = 0 and CooW = 0. Let
X, S € S™ be matrices satisfying

Xye=Y, Syp=W, Xyy =0, Sgp =0,
A1 Xpp = —A12XnB, C33Syn = —C32SnB.

The existence of X and S is ensured by the surjectiveness of A1, and C33 respec-
tively. Consequently X € Ker(7T o A) = Ker(A) L Ker(C) = KerdoC) 3 S
implies that 0 =X eS =Y ¢ W. O

Lemma 7. If.,AA: RM=K)xk _ RP gpd C : RM—F)xk _, R=Kk=p gre linear maps
satisfying Ker(A) L Ker(C), and X,S € S}, are matrices satisfying

~ & . T ~ ~ k T e n—k
XyB =Sy =0, L)?BBSBBLXBB S ]D)++ and L)A(NNSNNL E ]D)++ s
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then the linear map
AY
T (Y,W) e R(n—k)xk @R(n—k)xk — EW ,
Z

where Z € R=F)*k s defined by

7. _ (SnNY + WXg3);; if Ni > By,
* (SBBYT+WTXNN)ji if N; <Bj,

is bijective.

Proof. Tt suffices to show that J is injective.
Let X, S € S™ be the matrices defined by

Xnyp=Y, Snyp=W,
XBB = SBB =0 and SNN = SNN =0.
Suppose J (Y, W) = (0,0,0). Then Z = 0 implies
(SX +SX)y = 0.

Consequently (X, S) satisfies

':lx = (0,0),
CS = (0,0),
(SX +SX) 5 = 0.

where A : S® — RP @ S" % and € : S" — Rk & S* denote respectively the
maps

XH(VZXNB,XNN) and SH(aSNB;SBB)-

Note that Ker(,A) L Ker(C) since Ker(A) L Ker(C). Let P denote the permu-
tation matrix satisfying

(PTy), = VB sk
vy, , ifi>k,

for all v € R™. It follows that since

Tvp _ | X 0 Ten  |See O
P XP{ 0 XNN] and P SP[ 0 SNN}

are positive definite, so are X and S. Moreover

5 SeXBB 0 T
SX=P P
[ 0 SnvXNN
is upper-triangular since SppXpp and SynyXyny are upper-triangular, and the
order of the indices in B and the order of those in N remain unchanged by P.
Thus we may apply Lemma [I] to deduce that X and S, whence Y and W, are zero
matrices. [l
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As a consequence of Lemmas [6] and [7] the system of equations
—A23)A((W)NN = A Xya,
—C21S(w)pp = C22SnB,
0= (S(W)NNXNB + SNBX(W)BB)ij for N; > Bj,
0 = (S(w)ppXnp +SvsX(W)nn)i; for B; > Nj,

has unique pair of solutions (?(w),\/ﬁ(w)) Thus by defining X(w)yp = ?(w)
and S(w)yp = W(w), we have that (X(w), S(w)) satisfies and (2.9).
Lemma 8. The Jacobian of the system of equations (| and is nonsingular
at (X(‘/)\V), S(vAv),vAv).
Proof Suppose that (AX, AS) is in the null space of the Jacobian of the system
at (X(w ),S(v/&\f) w). Then
(2.10a) 0 = A1 (AX) 55,
2.10b) 0 = Ay (AX)yp + A23(AX) Ny,
2.10c) 0 = As3(AX)nn,
2.10d) 0 = C11(AS)gs,

) 0=C2(AS)pp +Cx2(AS)Ns,
2.10f) 0 = C33(AS)nn,

2.10g) 0 = (S(W)pp(AX)pp + (AS)psX(W)s)H,
2.10h) 0 = (S(W)nn(AX)ny + (AS)yWX(F) N ) a,
2.101) (S(W)NN(AX)NB + (AS)NBX( )BB)ij
+((AS)NNX( )NB + S( w)ne(AX)pg)i; for N; > B,
(2.10j) = (S(W)Bs(AX)Np + (AS) R X (W)nn)ij
+((AS)ppX(W) ks + S(W) N p(AX)nn)i  for By > N;.

that (AX)pp = (AS)pp = 0. Similarly, applying Lemmal[i]to (2.10c)), (2.10f) and

([2.100)) gives (AX)yn = (AS)yn = 0. Thus (2.10b), (2.10€)),
respectively simplifies to

0 = Ay (AX)NB,

0 = C22(AS)nB,

0= (S(W)yN(AX)np + (AS)vpX(W)pp)i; for N; > B;, and
0= (SW)pa(AX)T 5 + (AS)L ,X(W)Nn)ij for B; > Nj.

By applying Lemma [7| to the above equations, we conclude that (AX)yp =
(AS)np = 0. O

By Lemma @ we may apply Lemma I to (2.10a)), (2.10d) and ({2.10g] to conclude
2. 101])

and (12.10j]

We are now ready to prove the main theorem of this section.

Theorem 9. If (2.1) has strictly complementary solutions, then the map
weR, @D}, — (X(w),S(w))

is analytic.



12 C. B. CHUA

Proof. Since it was established in Theorem [2] that the above map is analytic over
R4 @D, , it remains to show that it is analytic at each w € {0} ®D" ,. We have
established that (X(w), S(w)) satisfies the system of equations (2.8)) and (2.9)) for
allweR, ®D?%,. Lemma@ states that the Jacobian of the system is nonsingular

at (X(w),S(w),w) for each w € {0} @ D? . Thus the analyticity of the map at
each w € {0} ® D7} | follows from the Implicit Function Theorem as in the proof of
Theorem [2] (]

2.2. Extended Weighted Centers for SDP. Since L)Tt(t)g(t)]:‘f((t) ¢ D7, in
general, the notion of Cholesky weighted centers does not “fill up” the primal-dual
strictly feasible region. It was shown by the author [4] that the notion of Cholesky
weighted centers can be extended so that the extended weighted centers does “fill
up” the primal-dual strictly feasible region. These extended weighted centers are
solutions to
AX =b, CS=d,
LirxpP 'SP "Lpryp =vD, X,SeSt,,

or equivalently,

AX =b, CS=d,
(P'SXP)y =vD, X,SeS".,

where (v,D,P) e R, ®D% | ®M7. Let (X(v,D,P),S(v,D,P)) denote the unique
pair of solutions to 7 which we called the extended Cholesky weighted centers
determined by (v,D,P), and let (X(0,D,P),S(0,D,P)) denote the limit of the
primal-dual extended Cholesky weighted central path {(X(v,D,P),S(v,D,P)) : v >
0}.

For the purpose of this paper here, we fix some arbitrary pair of strictly com-
plementary solutions (X*,S*), and some arbitrary Q € 0" that simultaneously

(2.11)

diagonalizes X* and S* so that Q X*Q is a diagonal matrix with leading nonzero
diagonal entries, and use the subset of extended Cholesky weighted centers

{(X(w),8(w)): w e Ry; & D}, & QL},
where QLZ denotes the set {@L L el?}.
Note that Q is chosen so that there exists some k € {0,...,n} satisfying
vV (X,8S) € relint(O,) & relint(Oq),
(@ XQ)sp €Sk, (Q SQuy e8I
Q" XQ)nz = (@ SQ)vs =0,
(Q' XQ)yny =0 and (Q SQ)ps =0,

where B={1,...,k}and N={k+1,...,n}.

The following lemma shows that the restriction to this subset of extended Cholesky
weighted centers does not reduce the ability to “fill up” the primal-dual strictly fea-
sible region.

(2.12)

Lemma 10. For each (X,S) € Fy @ Fg, there exist (D, QL) € D%, @ QL" such
that .
(L'Q"SXQL) ;s = D.
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~T ~
Proof. Let P be a matrix whose columns are eigenvectors of the product Q SXQ
and let D be the diagonal matrix with the corresponding eigenvalues on its diago-
nal. Since P is invertible, it has an LU-decomposition PQ = LU, where Q € Q" is

a permutation matrix, L € L” and U € U". Thus it follows from P_1QTSXQP =
AT~ AT o~
D that L™'Q SXQL = U(QDQ")U™! € U”, whence (L7'Q SXQL)y =
QDQT. 4
By following the argument in the Section [2.1] we have
Theorem 11. If (2.1)) has strictly complementary solutions, then the map
weR, @D, @ QL — (X(w),S(w))
is analytic.
Proof. We shall show that w — (X(w), S(w)) is analytic at each w = (7, D, Qf;) €
Ry oD%, © QLY.
For each w = (7,D,QL) ¢ Ry & D" | & QL7 the pair (X(w), S(w)) solves
F(Xa Sa l//\a ﬁa Qi) = (07 0, 0)3
where F:S" @ S" R D" @ QLf —R™® R —m @ S™ is the analytic map

(X,S,7,D,QL) — (AX — b,CS — d, (L 'Q  SXQL) ; — vD),
When 7 > 0, it follows from Lemmal [} by taking

~ A~~~ AT AT

A:X— AOQL XL 'Q'), C:S—cC(QLSL'Q),
X=L'Q"X(®)OL and S=1 'Q"Sw)QL
in the lemma, that the Jacobian %.’F at (X(w),S(w), w) is nonsingular. Hence

we deduce the analyticity of w — (X(w),S(w)) at w from the Implicit Function

Theorem. _ _ R
For 7 = 0, we define (X(w),S(w)) for w € Ry, ® D%, & QL} by

X(w)pp = (QTX(TW)Q)BB, S(w)pp = V_l(QiS(W)Q)B&
)N((W)NB = z/*l(QTX(w)Q)NB, g(W)NB = VflT(Q S(W)Q)NB,
X(w)ny = v HQ X(W)Q)wwy, S(W)wy = (Q S(W)Q)nx.

and for w € {0} @D} @ QL” by

~ ~ ~ ~

AT AT
X(w)pp =(Q X(W)Q)pp, S(W)nnv=(Q S(W)Q)~nn,
and leave the definitions of X(w)yn, X(W)np, S(W)sp and S(w)yp for w €
{0}®D? , QLY to later. It follows from Lemmaand (2.12) that regardless of how

X(w)nn, X(W)np, S(W)ps and S(w) g are defined for w € {0} @ D}, ® QL
we have

X(W)BB = (QiX(W)Q)BBa Vg(W)BB = (QZS(W)Q)B&
vX(W)Np = <QTX(w>Q>NB, vS(W)np = @TS(w)Q)NB,
VX(W)NN = (Q X(W)Q)NN7 g(W)NN = (Q S(W)Q)NNv
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For each w € R, ®D"} | @Q]Lf. Consequently the analyticity of w — (X(w), g(w))
at w will imply the same for w — (X(w), S(w)).

For each w = (1,D,QL) € Ry, & D}, & QL", (X(w),S(w)) satisfies the
following equations

(2.13a) 0= A1 (Xpp — X(0,1,Q)p5) + vA1Xnp + vAsX vy,
(2.13b) 0 = ApXynp + A XN,

(2.13c) 0 = A3 Xnn,

(2.13d) 0 =CuSsBs;

(2.13e) 0 = C218Spp + C22SnE,

(2.13f) 0 = vC31Spp + VC3Snp + C33(Sny — S(0,L, Q) ww),
(2.13g) Dgp = (LzpSssXssLlep)n

+v(LypSipXN.Lvs + LppSyeXneLles)n,
(213h) Dyy = (LynSvvXnnvLan)a
(L NeSIEX N, Lvn + Ly Sy XhsLan) o,
(2.13i) 0 = LyxS~n.X.pLpp + LyySynXynvLns
+(L ") ~eSesXsELes + V(L) NveSIzX Y. Lys
+v(LynSneXysLve + (L) veSypXneLes).
Note that we have used B = {1,...,k} and N = {k+1,...,n} in deriving (2.13i).

For each w = (0,D,QL) € {0} & Dt ® QL”, [.13a) and (2.131) are clearly
satisfied by (X(w),S(w)). The equations (2.13g) and (2.13h) are satisfied if and
only if

S =LpsL T . DppLl_, v o Ly
Wzs =LosLy s o w@ssres DEFYLL L @7 X(w)@) poLos VPP

and

X =L ru T _ DyyUL _ Lt
(W)nw =Ly LA @TSw)QnnLiL T VN L @7 S(w) Q) nnLyL NN

which we shall use as definitions of S(w)pp and X(w)pp. Once again, we con-
clude from Theorem [5 that and hold with these definitions. It
then follows from the same argument as before, using Lemmaiﬂ that there is pre-
cisely one definition for the pair (X(w)y g, S(W)np) so that (X(w), S(w)) satisfies
, and (2.13i). Finally we conclude the nonsingularity of the system
of equations at (X(W),S(W), W) using an argument similar to the proof of
Lemma Consequently we deduce the analyticity of w — (X(w),S(w)) at W
from the Implicit Function Theorem. O

2.3. Application to Homogeneous Cone Programming. In this section, we
consider the following primal-dual pair of homogeneous cone programming (HCP)
problems:

(2.14) inf{8"x:x € L+%, x € cl(K)} and inf{X's:se L'48, s e d(K")},
where K € R? is a homogeneous cone (i.e., a pointed, open, convex cone whose

group of automorphisms acts transitively on it), K* := {s: xs > 0, ¥x € K} is
its dual cone, (X,8) € K @ K* and £ C R? is a linear subspace.
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It was shown by the author [3] that all homogeneous cones are SDP-representable,
i.e., for each homogeneous cone K, there exists an injective linear map M : R? —
S™ such that x € K if and only if M(x) € S, . Thus, the primal HCP problem
in can be reformulated as the primal SDP problem

igf{(M’l)H(ﬁ) eX:XeM(L)+M(X), XeST}

Furthermore, it was shown by the author and Tungel [5] that HCP problems in-
herit strict complementarity from the corresponding SDP formulations; i.e., a HCP
problem has strictly complementary solutions if and only if any SDP reformulation
has such solutions.

It was further established by the author [4, Section 4.3] that under a suitable
choice of the representation M, the central path defined by the only known optimal
self-concordant barrier for K coincide with a Cholesky weighted central path for
the representing SDP problem.

Consequently the analyticity of Cholesky weighted central paths for SDP trans-
late directly to the analyticity of central paths for HCP. This result is formally
stated as

Theorem 12. If the primal-dual HCP problems has strictly complementary
solutions, then the map

pe Ry — (x(u),s(p))
is analytic, where (x(u),s(u)) denotes the pair of primal-dual solutions on the cen-
tral path defined by the only known optimal barrier for K that satisfies x(u)T's(u) =
w for ;> 0, and (x(0),s(0)) denotes lim,,|o(x(p),s(u))-

3. ERROR BOUNDS FOR SDP

All primal-dual path-following algorithm generate pairs of primal-dual strictly
feasible solutions {(f{(t),§(t))}g’;1 in a certain neighborhood around the central
path. In this section, we derive, under the assumption of strict complementarity,
a necessary and sufficient condition for such iterates to converge at a rate of the
same order as that of their duality gaps; i.e., the following Lipschitzian-type bound
holds:

(LB) max{dist(X(t), 0p), dist(S(t), 0q)} = O(X(t) ® S(t)),

where dist(X,7T) denotes the value inf{||X — V||g : V € T} for each X € S" and
each 7 C S™. Such Lipschitzian bound played important roles in the analysis of
superlinear convergence in [10] and [12].

Henceforth, we assume that the sequence {(X(t), §(t))}§’il of primal-dual solu-
tions for satisfies limy_, oo X(t) . §(t) = 0 and the condition

(3.1) (p:=),inf Pmin(SOX(@)/ (81X (1))} > 0.

Condition ({3.1]) is equivalent to the primal-dual iterates lying within the wide neigh-
borhood of the central path
{(X,8) e F, ®Fyq: XoS/n— Anin(XS) < 7X eS/n},

where 7 =1 — np.
For the sake of clarity, we shall make the following assumption.



16 C. B. CHUA

Assumption 13. The primal and dual optimal faces Op and Oq satisfy (2.5) with
B={l,....k} and N={k+1,...,n}
for some k € {0,...,n}.

We remark that the above assumption is without any loss of generality — by
picking a pair of strictly complementary solutions (X*,S*) and an orthogonal ma-
trix Q € 0" that simultaneously diagonalizes X* and S* so that QTX*Q is a
diagonal matrix with leading nonzero diagonal entries, and transforming the pri-
mal and dual variables respectively via X +— QTXQ and S — QTSQ, we observe
that Assumption holds, and Condition and the Lipschitzian bound
are invariant under this transformation.

The following example shows that Condition alone is insufficient to guar-
antee the Lipschitzian bound .

Example 14. Consider the primal-dual SDP problems

. Tl T2
inf z3 s.t. 21 =1, 29 =0, € Sf_,
T2 T3
. S1 82
inf 51 s.t. s3=1, S Si,
52 S3

which have unique solutions X* = [§ §] and S* = [8 9] respectively. Fiz an arbitrary
p € (0,1/2) and consider the sequence of primal-dual strictly feasible solutions

{(X(t),8(£)}¢2y, where

s [1 0 i t! (1—2p)t=1/2
Since the eigenvalues of
T t1 (1—2p)t=3/2
SOXO =y _pye )

are 2(1 — p)t~! and 2pt=1, this sequence satisfies Condition (3.1]). However
dist(S(t), 0a) = [S(t) — 8" r = O(t7'/?)

converges to zero at a rate slower than the duality gap X(t) e §(t) = 2t~1. Since
p € (0,1/2) is arbitrary, this phenomenon occurs no matter how small (but positive)
the radius of the neighborhood.

3.1. Sufficient Conditions for Lipschitzian Bound. In this section, we con-
sider two sufficient conditions for .

One way to guarantee the Lipschitzian bound is to place each pair ()A((t), §(t))
on some weighted central path, and use the analyticity of weighted central path to
conclude that the iterates are Lipschitzian over a compact set of weights.

This approach was successfully used by Monteiro and Lu [I3] Theorem 5.3]
(under the assumption of strict complementarity) to conclude for infeasible
iterates that lie in the neighborhood

N() ={(X,S) : [|(SX + XS)/2 — vI||2 < yv for some v > 0}

for some vy < 1, where ||-||2 denotes the operator 2-norm X € S” + max, {v/ Xv :
v € R", vI'v = 1}. While their result, when applied to feasible solutions, captures
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iterates that are arbitrarily close to the boundary of the primal-dual feasible region,
it precludes a measurable portion of the primal-dual strictly feasible region (see,
e.g., [21]).

In contrast, the subset of extended Cholesky weighted centers considered in
Section [2.2] coincides with the primal-dual strictly feasible region. Applying the
same approach to this collection of extended Cholesky weighted centers yields the
following parallel result.

Theorem 15. Suppose that the pair of primal-dual SDP problems satis-
fies Assumption and has strictly complementary solutions, and the sequence
of primal-dual strictly feasible solutions {(X(t),S(t))}2, of has duality gaps
(t) := )A((t)og(t) converging to zero, and satisfies Condition (3.1). If there exists a
compact subset £, C L™ such that for each t there exists L(t) € £, and D(t) € D%,
with
(1) = X(9(t), D), L)) and S(t) = S(7(t), D(1), L(1),

then the Lipschitzian bound holds.

Proof. Since the diagonal entries of D(t) are the eigenvalues of v(t)~*S(¢)X(t), it
follows from Condition that {D(t)}22, lies in the compact set D := {D €
D™ : Dy; € [p,1/n]}. Moreover it follows from 7(t) — 0 that {(t)}$2, is bounded
above, whence lies in some compact set Z := [0, Vmax|. Consequently, under the
hypothesis of the theorem, {(Z(t), D(t),L(t))}52, is in the compact set D ST ® L,.
By Theorem [I1] the map
w = (X(w), S(w))

is analytic, whence Lipschitz over the compact set DHZ DL, with a certain Lipschitz
constant, say K. Thus

dist(X(t), 0,) < [X(t) — X(0,D(t),L(t)) | r < K[p(t) — 0 = O(X(t) ¢ S(t)),

and similarly dist(S(t), 04) = O(X(t) e S(t)). 0

Although both Theorem [15| and [I3] Theorem 5.3] give sufficient conditions for
the Lipschitzian bound to hold, [13, Theorem 5.3] precludes solutions that falls
outside the neighborhood A/ (1), while Theorem applies to all strictly feasible
solutions.

The following example shows that the two sufficient conditions mentioned above
are incomparable, and neither is necessary for .

Example 16. Consider the primal-dual SDP problems from Ezample

]eSi,

. Ty T2
inf 3 s.t. x1 =1, x5 =0,
T2 T3

s1 8
inf s s.t. s3=1, [1 2] ES?H
S2 53
| and 8" = [§V]. Consider the sequence of

which have unique solutions X* = [{ 9
s {(X(),S(t)) 821, where

primal-dual strictly feasible solution.

X(t)[(l) m?_l] and §(t)[it_11 tll]
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for some a > 0 and some B > 1. Clearly the sequence satisfies the Lipschitzian
bound.

Note that

S(X(t) - [fff_‘ gﬁiﬂ

has eigenvectors vi(t) = [B — a — r(t),2]" and v3(t) = [ — a + r(t),2]" cor-
responding to the distinct eigenvalues A (t) = (8 4+ o — r(t))/(2t) and X o(t) =
(B+a-+r(t)/(2t) respectively, where 7(t) = /(B — @)% + 4at~1, and has symmet-

ric part
(§(t)}A((t) + )A((t)g(t)) — 1 { 725 at~ !+ 1] '

2% lat= 1 4+1 200

For the case a« = 3 > 1, we have r(t) = 2Vat=1 | 0, and hence vi(t),v?(t) —
[0,2]7. For any D(t) € D%, and L(t) € L7 satisfying

X(t) = X(9(t),D(t),L(t)) and S(t) =S(®(t),D(t),L(t)),

it follows from

N | =

L(t)~'S()X(t)L(t) € U?

that L(t).1 is an eigenvector of S(t)X(t), whence a non-zero multiple of either v(t)
or v2(t). In either case, we conclude that

L FILE) " F > (L) (L) )11] = [L()21| L)1 — oo,

and thus the sequence {(X(t),/S\(t))};’il does not satisfy the hypothesis of Theo-
rem LIl

On the other hand,

~

IL(SH)X(t) + X(£)S(t) — at ||

_ 0 (at™2 +t71 —2at71) /2
(at=2 +t71 —2at71)/2 0 )
1
= §(2a —at™! —1)
1
< E(Qa —1)=at™ (1 - (2a)™1),

so that (X(t),S(t)) € N(7) with v = 1 — (2a)~! < 1 satisfies the hypothesis of [I3,
Theorem 5.3].
For the case a < 1/(48), we have

S(HX(t)

B—a+r(t)0
2 1

I
)
1

B+ a+r(l) gﬁ&ﬂ}lﬁa+dﬂﬂl
0 B+ a—r(t) ’
so that
X(t) = X(9(t),D(t),L(t)) and S(t) =S((t),D(t),L(t))
with D(t) = X(t) e S(t) =t~ (a + ),
B+ a+r(t) 0

1
D(t) = 2(a +ﬁ){ 0 B+a—r(t)

} and L(%)



ANALYTICITY OF WEIGHTED PATH AND ERROR BOUND 19

Since 8 —a +1r(t) | 2(8—«a) > 0, it follows that {L(t) : t = 1,2,...} is a
compact subset of L%, whence the sequence {()A((t), §(t))}fil satisfies the hypothesis
of Theorem 15

On the other hand,

2 det(S(H)X(t) + X(1)S(t)) =408 — 1+ at ™) <1-(1+at 1% <0

implies S(£)X(t) + X (t)S(t) ¢ S% |, whence the sequence {()A((t),/s\(t))}tﬁl does not
satisfy the hypothesis of [13, Theorem 5.3].

3.2. Two Necessary and Sufficient Conditions. In Example[I4] where the Lip-
schitzian bound fails, the product S(£)X(t) becomes increasingly singular as t — co
even though the normalized eigenvalues of the product is bounded away from zero.
The next theorem shows that this is precisely the reason that . ) fails.

For simplicity of notation, we use V() to denote the duality gap X( e S( ) and
Z(t) to denote the scaled product D(t)~1S(t)X(t).

Theorem 17. Suppose that the primal-dual SDP problems has strictly com-
plementary solutions, and the sequence of primal-dual strictly feasible solutions
{()/i(t),/S\(t))}toi1 of has duality gaps converging to zero, and satisfies Condi-
tion . Then the Lipschitzian bound holds only if

(C1) K(S(H)X(t) = 0(1),

where r(S(t ))A(( t)) denotes the condition number ISOX )| (SOXE) | of
the product S(t)X(t).

Proof. Suppose, on the con‘urary7 and (LBJ) hold but (C1J) fails. By considering
a subsequence of {(X(t),S(t ))}e2, if necessary, we may assume, without loss of
generality,

K(S(HX () — 0o as t — <.
Since the transformation used to deduce Assumption does not affect (C1f), we
may make;v this ~aussunrlptiom without any loss of generality. Consider the symmetric
matrices X(t),S(t) € S, satisfying, for t =1,2,...,

X(t)ps = X(t) 55, S(t)ps = 0(t)"'S(t)ps,
X()wp = 0(t)"' X()ns, St)ns = () 'S(t)np,
X(t)wn = (t) ' X(t) é(tm =S(t)nn

Since the Lipschitzian bound (LB)) and (2.5)) of Assumptlon 3 hold, and (9 and Oy
are bounded as a consequence of Slater’s condltlon it follows that {(X(t), S(£))}:2,
is a bounded sequence. By considering a subsequence of {(X(t),S(t))}2; if nec-

essary, we may assume, without loss of generality, that {(X(t), S(¢))}$2, converges
to, say, (X(00),S(c0)). For each t € {1,2,...},

X)) NN
R eX®) s +SEONNX ()5 g(t)NNX(t)NN +D(t )S(f) X(t)NB

3
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so that

704 — | §( )BBX( )BB 0 . Tl
20 = 100y 5K (00) 55 + S(00) ynK(00) Gy S(o0)waX (o) |~ 2

Since (from (B.1)) Amin (P(t) *S(£)X () > p for all ¢, it follows that Amin(Z(c0)) >
p > 0. Thus Z(o0) is nonsingular. Consequently Z(t), whence S(¢)X(t) = D(t)Z(t),
has bounded condition number. O

We shall show that under strict complementarity and Condition (3.1]), Condi-
tion (C1) is also sufficient for the Lipschitzian bound (LBJ|) to hold. At the same
time, we derive another necessary and sufficient condition.

Lemma 18. It holds

(3.2) IX(O)pslr=001) and [S(t)Nn|r=0(1),
(3.3) ||>:§(t)NN||F =O0(v(t)) and ||§(i)BB||F = O(v(t)), and
(3.4) ||X(t)NBHF =0(vo(t) and [S(t)Nslr=O0(/D(t))

Proof. For (.2) and (3.3)), see proofs of [I2, Lemma 3.1] and [12, Lemma 3.2] respec-
tively. We now prove the first equation of ( . The second equation is similarly

proved. Since X(t) € ST, , it follows that X(t)pp —X(t)vpX(t )NN)A((t)NB €Sy,
Thus

tr X (s > tr(XE)NsX TN T 5) = Amax(X () vn) X vall3,

from which it follows that

~

IX() 53 < Amax(X () wn) tr X (D) 55 = O@(1)).
O

Lemma 19 (c.f. Lemma 10of 4 [A]) (X (c0),S(00)) is a limit point of the sequence
{(X(t),S(t))}2,, then (X (o0 ), S(00)) € relint(O,) ® relint(Oq).

Proof. Since O, and Oy satisfy (2.5)), it suffices to show rank(X (<)) = k and
rank(S(c00)) = n — k. We shall prove the former and remark that the later can be
similarly proven.

Let {)A((tg)}jo 1 be a subsequence converging to X. Since {X(t¢)} is bounded, so

is {L } Thus by choosing a subsequence of {X(t,)} if necessary, we may assume
L,y — L. Let X € relint(0,) and S € Oy be fixed but arbltrary Let W(t)
denote (t)~ 1LX(t) (t)Lg (- It follows from Condition (3.1) that Amin (W () >
p>0. From( (t )fX)o(S( ) S) =0, X(tg)OS(tg)—I/(tg)andXOS—O,We
deduce that X(tg) oS+ (t ) ¢ X = D(ty). Therefore

~ g -1 -7

P(tr) > S(t0) o X = 9t (Wt XLZT )

> -T

> pi(te) tr(Lg , XLoo )

> pi(te) Yoy (L o,))i” (L)

from which it follows that (L Rt ))“ > /p(Lx)ii for each i € {1,...,k}. Since X e
relint(0,), it follows from Assumption [13|that (Lg):;; > 0 for each ie{l,... .k}
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Thus for all i € {1,...,k},
LZ—llm( X(t))”>\f( % )ii
This implies that rank(i) > k, and hence rank(X) = k. O

Theorem 20. Suppose that the primal-dual SDP problems (2.1)) has strictly com-
plementgry solutions, and the sequence of primal-dual strictly feasible solutions
{(X(t),S(t)}2, of (2.1) has duality gaps converging to zero, and satisfies Condi-
tion (3.1). Then the Lipschitzian bound ( holds if

(C2) ISHX®)r = O(X(t) *S(1)).

Proof. As before, we remark that Assumption [13] can be made without any loss of
generality.

Suppose, on the contrary, (C2) holds but (LB) fails. Then there exists a subse-
quence {(X(tg),S(t¢))}72, such that
(3.5) D(ty) "  max{dist(X(t;), ), dist(S(te), Fa)} — oo.
By choosing a subsequence if necessary, we may assume that {(f((te),é(t@))};;l
converges to, say, (X(oo), S(0)). It follows from Lemmaand Assumptionthat
X (0o )eB € St and S( NN E S++ , whence || X(t¢)5h1lr, ISt ¥yllF = O(1).
Thus we deduce from Condition (C2), that
g IStvzlr = ||a<te>>2<tz>;}32<um3 = X(te) 51X (te)wpS(t) w7
= O(W(ty) + | X(te)nsllF)

and
§(t€)NB . X(U)NB
(3.7) = tro(t) X (te)§ pX () 52 (t) kg — tr X ()} pX () 55X (L) nBS(te)
= O(IX(to)x 5l rP(te)) — O(|X(te) 5%,
Consider the system of linear matrix equations
AX -~ X(0)) =0, Xyp=0, Xynv=0, XppecSsk,
C(S—S(x)) =0, Sxg=0, Spp=0, SyyeSIk

Since the system has Slater points (X(oo), :Q_»\(oo))7 it follows from [20, Lemma 2.3]
that there exist solutions (X(tz), S(t¢)) to the above system such that

VIR (t) = Xt + [1S(te) — S(to)|I2
= O(IIX(te)nBlF + Xt nnlF + St nallr + St Bl F)
= O(||X(te)nBllFr + U(te)),
wllere we have used and in the second equality. Thus we deduce using
(X (te) — X(ts)) ® (S(ts) — S(t¢)) = 0 and that
—2X (t))np ® S(t)np
= (X(t))pp — X(te)pr) @ S(te) pn + X(te)vn ® (S(te)nn — S(te)nn)
= 0((te) (X (te) 55 — X(to) sl F + St vy — St wnlF))
= 0@t X(t)nllF + D(te)?),
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and hence, using (3.7)),
IX(te)n sl = 0@t |1X(te) nplr + P(te)?),
which can happen only when
1X(te)nsllr = O@(te))-

Consequently

dist(X(te), Fp) < [1X(te) = X(to)||# = OUX(te) s r + D(te)) = O@ (k)
and

dist(S(te), Fa) < |S(te) = S(te)|r = O(IX (te) w7 + D(te)) = OB (te)).
contradicting . O

Corollary 21. Suppose that the primal-dual SDP problems has strictly com-
plementary solutions, and the sequence of primal-dual strictly feasible solutions
{(X(1),St)}52, of has duality gaps converging to zero, and satisfies Condi-
tion . Then the following are equivalent.

[CB) max{dist(X(t), 0,), dist(S(t), 0q)} = O(X(t) e S(¢));
(1) r(S(X (1) = O(1);
2 ISOX(0)lr = OX(t) ¢ S(1)).

Proof. Theorem [17|states that the Lipschitzian bound (LBJ) implies Condition (C1))
and Theorem [20| states that Condition (C2|) implies the Lipschitzian bound (LB]
C1

Thus it suffices to show that Condition (C1)) implies Condition (C2]).
It follows from Lemma [I§] that

1Z(t)sellr 1Z(t)NsllF

Z20 ~ [onnhy 5]
1Zt)nslr |ZENylF]  [O@OV?)  O@(1)
Thus Condition holds if |Z(t)ys||r = O(1). Using the block-matrix inverse
formulae
-1
AB| (A-BD 'C)~! —~(A-BD'C)"'BD!
cD| |-D'c(A-BD'C)"!D!'4+D'C(A-BD 'C)"'BD!

A"+ AT'B(D-CA'B)"'ICA™! —AT'B(D-CA'B)!
—(D-CA'B)"'cA™! (D-CA'B)!

which hold whenever A, D, and [ B] are invertible, we derive
X ()t
X(t)pp + X)X NsME) XL X ()5} X(t)g}BX(t)ﬁBM(t)ll
M) X0 T X )55 M(t)~*

o~

where 1/\\/I(t) =X(t)nvy — )A((t)%BX(t)g}B)A((t)NB, and



where N(¢) = S
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~

(t)B — S(t)NE
(

()" HZ(t) Nz
= (X ™HEEE® e + (XO) HNnSEHHT,
= =M XOR X0 5pN0 ™ = M08 SOF NG ™!
= —M(®) SN EEHN VX B 5 + SOT X (1) 55) X (1) paN(E)
= —a<t>M<t>-1§<t>N§v2<t>NBf<<t sEN(E)
Since (from (3.2) and (3.3)) S S(t)nn, X(t)ps = O(1) and ﬁ(t),ﬁ(t) =0(v(t)), it

follows that

1Z(t)nellr = O((Z(t) )5l r)-

Consequently if Condition (C1)) holds, then

1Zt) sl = O(IZ®) el 21 ZO)NsllE?) = 0),

whence Condition (C2]) holds. O
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