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Abstract. We introduce a framework in which updating rules for the barrier parameter
in primal-dual interior-point methods become dynamic. The original primal-dual system
is augmented to incorporate explicitly an updating function. A Newton step for the aug-
mented system gives a primal-dual Newton step and also a step in the barrier parameter.
Based on local information and a linesearch, the decrease of the barrier parameter is auto-
matically adjusted. We analyze local convergence properties, report numerical experiments
on a standard collection of nonlinear problems and compare our results to a state-of-the-art
interior-point implementation. In many instances, the adaptive algorithm reduces the num-
ber of iterations and of function evaluations. Its design guarantees a better fit between the
magnitudes of the primal-dual residual and of the barrier parameter along the iterations.
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1 Introduction

We consider nonlinear minimization problems of the form

min f(x),
s.t. c(x) = 0,

x ≥ 0,
(1.1)

where f : R
n → R and c : R

n → R
m are twice continuously differentiable. Let

(y, z) ∈ R
m × R

n denote a vector of Lagrange multipliers associated to the con-
straints, w = (x, y, z), v = (x, z) and define the Lagrangian function ℓ(w) =
f(x) + y⊤c(x) − z⊤x associated to problem (1.1). The first order optimality con-
ditions of problem (1.1) can be written

F (w) = 0 and v ≥ 0 (1.2)

where F : R
2n+m → R

2n+m is defined by

F (w) =





∇xℓ(w)
c(x)
XZe



 , (1.3)
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where e = (1 · · · 1) is the vector of all ones. We use X to denote the diagonal matrix
diag(x1, . . . , xn) and employ similar notation for other quantities.

Primal-dual interior point methods apply a Newton-type method to identify an
approximate solution wk to the primal-dual system

F (w) = µẽ, (1.4)

where ẽ =
(

0 0 e⊤
)⊤

and µ is held fixed at some value µk > 0, while enforcing
vk > 0—a process referred to as inner iterations. The value of µk is then decreased
to ensure that {µk} ↓ 0 and a new series of inner iterations begins. The effort
involved in an inner iteration can be significant, especially when far from a solution
to (1.1). Typically, a sequence of inner iterations terminates as soon as

‖F (wk) − µkẽ‖ ≤ εk, (1.5)

for some tolerance εk > 0 converging to zero as µk ↓ 0. In order to find an appro-
priate starting point for the next sequence of inner iterations and to guarantee fast
local convergence, an extrapolation step is often performed from wk. A possibility,
originally devised in a purely primal framework, is to linearize the primal optimality
conditions about (wk, µk) [4]. It is now known that, in the primal-dual framework,
this is equivalent to a Newton step for (1.4) using the new value µk+1 [8]

F ′(wk)dk + F (wk) = µk+1ẽ. (1.6)

If wk satisfies (1.5) and if µk and εk are appropriately updated, this scheme preserves
strict feasibility and guarantees asymptotic Q-subquadratic convergence [2, 8, 9] .

In this paper, we study the possibility of adjusting µ dynamically as the iterations
proceed based on local information at the current point. This proposal is motivated
by considering the augmented system

(

F (w) − µẽ
θ(µ)

)

=

(

0
0

)

(1.7)

where θ is a scalar function defined on R+, differentiable, increasing, strictly convex
and such that θ(0) = 0. Clearly, the vector (w∗, µ∗) is a solution of (1.7) if and only
if µ∗ = 0 and F (w∗) = 0. The Newton step for (1.7) from (wk, µk) solves

(

F ′(wk) −ẽ
0 θ′(µk)

)(

dw
k

dµ
k

)

+

(

F (wk) − µkẽ
θ(µk)

)

=

(

0
0

)

. (1.8)

The first equation of (1.8) may be rewritten

F ′(wk)d
w
k + F (wk) = (µk + dµ

k)ẽ, (1.9)
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which is just the system (1.6) with µk+1 = µk + dµ
k . The value of dµ

k is obtained
from the second equation of (1.8)

dµ
k = − θ(µk)

θ′(µk)
. (1.10)

This point of view shows that both the decrease of the barrier parameter and the
extrapolation step can be interpreted as one and only Newton step.

A first consequence of this formulation is that the tools of the convergence anal-
ysis of Newton’s method can be directly applied to a local convergence analysis of
the interior point algorithm. This point of view is developed in Section 4.

A second consequence is that a control of the decrease of the barrier parameter
can be introduced in a natural manner; decreasing µ rather conservatively when far
from a solution where the extrapolation step can be a poor direction of improvement,
and more enthusiastically when closer to a solution. The algorithmic scheme that we
consider is based on the application of a sequence of steps (1.8) while maintaining
positivity of v. We introduce a steplength, computed by a linesearch, in the updating
formula for the barrier parameter. A first candidate steplength is given by the so-
called fraction to the boundary rule: the largest α ∈ (0, 1] ensuring

vk + αdv
k ≥ (1 − τk)vk, (1.11)

where τk ∈ (0, 1). A natural choice for the next value of the barrier parameter is
then

µk+1 = µk + αkd
µ
k . (1.12)

A second candidate steplength is given by a sufficient decrease condition on a merit
function. Finally, we explore the possibility of updating µ at each inner iteration.
This results in an algorithm which is not warranted by a global convergence theory,
however we illustrate that it possesses some stabilizing properties. The benefits of
damping the update of µ are illustrated by some numerical experiments in Section 7.

Besides offering a framework in which µ is naturally updated adaptively, the
scheme (1.9)–(1.10) attempts to resolve two numerical difficulties inherent to interior-
point methods. The first is that if µ decreases too fast too early, the iteration may
not finish within the allowed time limits. The reason for this is a worsening discrep-
ancy between the magnitude of µ and the magnitude of the residual ‖F (w) − µẽ‖,
causing (1.5) to require many inner iterations. An illustration of this behaviour is
given in Fig. 7.1 with a state-of-the-art implementation. We will show how an al-
gorithm based on (1.9)–(1.10) does not suffer from such a discrepancy. The second
numerical difficulty is that it is nearly impossible to know in practice when µ may
be allowed to decrease faster. If µ decreases fast too early, the first difficulty may
arise and if it decreases fast too late, we may be spending too much time and effort
solving (1.4).
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Under standard assumptions on (1.1), as µ ↓ 0, exact solutions to (1.4) may be
expressed as an implicit function w(µ) and trace a smooth trajectory, called the
central path, converging to a solution w∗ of (1.1) as µ ↓ 0 [6]. For schemes based
on proximity to the central path as enforced by (1.5), under standard regularity
conditions, the local convergence rate of {wk} to w∗ is directly tied to the conver-
gence rate of {µk} to zero. The positivity requirement v > 0 imposes that µ cannot
decrease too fast in the sense that

µk+1 ≥ κµ2−ǫ
k

for some constant κ > 0 and some ǫ > 0 as small as desired. Various rules for
updating µ can be found in the literature. They range from the simplest, but
globally convergent, monotonic decreases of µ, rules that draw inspiration from
linear programming to rules of a different nature which are based on a measure of
centrality. Most algorithms decrease µ linearly and will attempt to recover fast local
convergence by switching to a rule which decreases µ superlinearly as soon as it is
declared sufficiently small [15]. However, the notion sufficiently small is problem
dependent and, it remains unclear how to wisely switch from one rule to the other.
In [7], the authors use a rule which mimics rules based on the duality gap in linear
and convex programming but enforces that {µk} be decreasing. Numerically, the
monotonicity of {µk} can be a source of difficultiesand more dynamic rules are
investigated, often at the expense of global convergence. An example is given by [5]
where the barrier parameter is allowed to increase occasionally. Recently, the authors
of [12] incorporated such a rule into a safeguarded globally convergent framework
with a heuristic switch. At variance, the authors of [13] note the importance of
keeping individual complementarity pairs clustered. They measure deviation from
centrality and update µ accordingly in a manner similar to [11]. Unfortunately, this
practice is not warranted by any global convergence theory and can cause failure if
µk diverges or becomes too small prematurely.

The scheme (1.9)–(1.10), although fairly general, does not necessarily impose
that new updating functions θ(·) be devised. Rather, known updates may be used
and the linesearch, by means of (1.11)–(1.12), will adjust dµ as the iterations pro-
ceed. Two suitable updates will be given in §2. At variance with many traditional
implementations, the sequence {µk} is not fixed ahead of time and moreover, is also
adjusted dynamically even in the early iterations. The present framework alleviates
the need for an artificial “switch” between a conservative—usually linear—update
of µ in the early iterations and a more enthusiastic—usually superlinear—update as
µ becomes small. In the literature, µk is only chosen on-the-fly in the late iterations
using rules such as, e.g., µk+1 = O(‖F (wk) − µkẽ‖2) [14, 17].

The paper is structured as follows. Section 2 describes the notation and assump-
tions used throughout the text. Section 3 presents a number of preliminary results
concerning local solutions to equation (1.4) and properties of a Newton iteration.
Section 4 studies local convergence properties of the sequences defined by (1.8) but
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ignores the positivity constraints. The latter are addressed in Section 5 where con-
ditions on the tolerance εk and on the decreasing rate of µk are derived to ensure
that a single inner iteration is asymptotically sufficient. Finally, Section 6 presents
three algorithm schemes and gives a general convergence result. Results of some
numerical experiments are discussed in Section 7.

2 Notation and assumptions

Vector inequalities are understood componentwise. Given two vectors x, y ∈ R
n,

their Euclidean scalar product is denoted by x⊤y and the associated ℓ2 norm is
‖x‖ = (x⊤x)1/2. The open Euclidean ball centered at x with radius r > 0 is denoted
by B(x, r), that is B(x, r) := {y : ‖x− y‖ < r}.

For two nonnegative scalar sequences {ak} and {bk} converging to zero, we use
the Landau symbols ak = o(bk) if limk→∞ ak/bk = 0 and ak = O(bk) if there exists
a constant c > 0, such that ak ≤ cbk for all sufficiently large k. We use similar
symbols with vector arguments, in which case they are understood normwise. We
write ak = Θ(bk) if both ak = O(bk) and bk = O(ak) hold. We also write ak ∼ bk
if limk→∞ ak/bk = 1. For a positive function ǫ : R+ → R+, we write ǫ(t) = o(t)
if limt↓0 ǫ(t)/t = 0, ǫ(t) = O(t) if lim supt↓0 ǫ(t)/t < +∞ and ǫ(t) = Θ(t) if both
0 < lim inft↓0 ǫ(t)/t and lim supt↓0 ǫ(t)/t < +∞ hold.

We denote by ei the vectors of the canonical basis of R
n. For all x ∈ R

n, ∇c(x)
denotes the transpose of the Jacobian matrix of c at x, i.e., the n × m matrix
whose i-th column is ∇ci(x). Let x∗ ∈ R

n be a local solution of problem (1.1). Let
A := {i : x∗i = 0} be the set of indices of active inequality constraints. Throughout
the paper, we assume that the following assumptions are satisfied.

Assumption 2.1 The functions f and c are twice continuously differentiable and
their second derivatives are Lipschitz continuous over an open neighborhood of x∗.

Assumption 2.2 The linear independence constraint qualification holds at x∗, i.e.,
{∇ci(x∗), i = 1, . . . ,m} ∪ {ei, i ∈ A} is a linearly independent set of vectors.

Note that Assumptions 2.1 and 2.2 imply that there exists a strictly feasible point,
i.e., x̄ ∈ R such that c(x̄) = 0 and x̄ > 0, and that there exists a unique vector
of Lagrange multipliers (y∗, z∗) ∈ R

m+n such that w∗ = (x∗, y∗, z∗) is a solution of
(1.2).

Assumption 2.3 The strong second-order sufficiency condition is satisfied at w∗,
i.e., u⊤∇2

xxℓ(w
∗)u > 0 for all u 6= 0 satisfying ∇c(x∗)⊤u = 0 and ui = 0 for all i ∈ A.

Assumption 2.4 Strict complementarity holds at w∗, that is

min{x∗i + z∗i : i = 1 . . . n} > 0.
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Under Assumptions 2.1-2.4, the Jacobian of F , defined by

F ′(w) =





∇2
xxℓ(w) ∇c(x) −I

∇c(x)⊤ 0 0
Z 0 X



 ,

is uniformly nonsingular over a neighbourhood of w∗. This fact will allow us to state
strong results on the solution to (1.4) as µ ↓ 0.

We end this section by giving some examples of function θ that can be used in
equation (1.7). Our basic assumption on θ is

Assumption 2.5 The function θ : R+ → R is continuously differentiable, increas-
ing, strictly convex and such that θ(0) = 0.

A popular update is the linear update with ratio σ where 0 < σ < 1. It is easy
to verify that this update is given by

θL(µ) = µ
1

1−σ , and µk+1 = σµk. (2.1)

A second very common update is the q-superlinear update given by

θS(µ) =
µ

(bγ − µγ)
1

γ

for µ ∈ [0, b) and µk+1 =
1

bγ
µ1+γ

k (2.2)

for some parameters b > 0 and 0 < γ < 1. Such a rule is used in, e.g., [2, p. 52].

3 Preliminary results

In this section we give some useful results about the solution of equation (1.4).

Lemma 3.1 Under Assumptions 2.1–2.2, the Jacobian F ′ is locally Lipschitzian
about w∗, i.e., there exist L > 0 and δL > 0 such that, for all w1, w2 ∈ B(w∗, δL),

‖F ′(w1) − F ′(w2)‖ ≤ L‖w1 − w2‖.

The next two lemmas are consequences of the nonsingularity of F ′(w∗) (see
e.g.[6]).

Lemma 3.2 Under Assumptions 2.1–2.4, there exist δK > 0 and K > 0 such that,
for all w ∈ B(w∗, δK) the Jacobian F ′(w) is nonsingular and

1

K
≤ ‖F ′(w)−1‖ ≤ K.

Lemma 3.3 Under Assumptions 2.1–2.4, there exist C > 0, δC > 0, µC > 0 and a
continuously differentiable function w(·) : (−µC , µC) → R

n+m+n such that
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1. for all w ∈ B(w∗, δC) and |µ| < µC ,

F (w) = µẽ if and only if w(µ) = w,

2. the following expansion holds

w(µ) = w∗ + w′(0)µ+ o(µ)

where the tangent vector to the central path w(·) at µ = 0 is given by w′(0) =
F ′(w∗)−1ẽ 6= 0,

3. for all µ1, µ2 ∈ (−µC , µC),

‖w(µ1) −w(µ2)‖ ≤ C|µ1 − µ2|.

The following result states a property of the central path and its tangent vector.
It is a consequence of the strict complementarity assumption.

Lemma 3.4 Let Assumptions 2.1–2.4 hold. Let w(·) be the implicit function defined
in Lemma 3.3. Let w(µ) := (x(µ), y(µ), z(µ)), then

x∗i z
′
i(0) + x′i(0)z

∗
i = 1. (3.1)

Proof. By virtue of Lemma 3.3, for all i = 1, . . . , n, we have

xi(µ) = x∗i + µx′i(0) + o(µ) and zi(µ) = z∗i + µz′i(0) + o(µ).

By using x∗i z
∗
i = 0 and F (w(µ)) = µẽ, we deduce that

xi(µ)zi(µ) = (x∗i z
′
i(0) + x′i(0)z

∗
i )µ+ o(µ) = µ.

Dividing both sides by µ and taking the limit µ→ 0, we obtain (3.1). 2

The next two lemmas analyse some basic properties of the Newton step generated
by the primal-dual method.

Lemma 3.5 Under Assumptions 2.1–2.4, there exist δ∗ > 0, µ∗ > 0 and M1 > 0
such that, for all w ∈ B(w∗, δ∗) and |µ| < µ∗, the Newton iterate, defined by

N(w,µ) = w − F ′(w)−1(F (w) − µẽ),

satisfies
‖N(w,µ) −w(µ)‖ ≤M1‖w − w(µ)‖2. (3.2)

and

‖N(w,µ) − w∗‖ ≤ 1

2
‖w − w∗‖ +

µ

µ∗
δ∗

2
. (3.3)

In particular, N(w,µ) ∈ B(w∗, δ∗).
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Proof. Let us define

M1 :=
1

2
KL, δ∗ := min{δL, δK , δC ,

1

4M1
} and µ∗ := min{µC ,

√
1 + 4M1δ∗ − 1

4M1C
},

where the constants are defined in Lemmas 3.1-3.3.
Let (w,µ) ∈ B(w∗, δ∗) × (−µ∗, µ∗). By Lemma 3.3, one has F (w(µ)) − µẽ = 0.

It follows that

N(w,µ) − w(µ)

= w − w(µ) − F ′(w)−1(F (w) − µẽ)

= −F ′(w)−1(F (w) − µẽ− F ′(w)(w − w(µ)))

= −F ′(w)−1

∫ 1

0
(F ′(w(µ) + t(w − w(µ))) − F ′(w))(w − w(µ)) dt.

Taking the norm on both sides, then using Lemmas 3.1 and 3.2, we obtain (3.2).
Using (3.2), Lemma 3.3 and the definition of the constants M1, δ

∗ and µ∗, we
have

‖N(w,µ) −w∗‖ ≤ ‖N(w,µ) − w(µ)‖ + ‖w(µ) − w∗‖
≤ M1‖w − w(µ)‖2 + ‖w(µ) − w∗‖
≤ 2M1(‖w − w∗‖2 + ‖w(µ) − w∗‖2) + ‖w(µ) − w∗‖
≤ 2M1δ

∗‖w − w∗‖ + (2M1Cµ
∗ + 1)Cµ

≤ 1

2
‖w − w∗‖ +

δ∗

2µ∗
µ

< δ∗,

which proves (3.3) and concludes the proof. 2

Lemma 3.6 Let Assumptions 2.1–2.4 hold. Let δ∗ and µ∗ be the radii of con-
vergence defined in Lemma 3.5. Then, there exists M2 > 0 such that, for all
w ∈ B(w∗, δ∗) and 0 ≤ µ+ ≤ µ < µ∗, the Newton iterate

N(w,µ+) = w − F ′(w)−1(F (w) − µ+ẽ),

satisfies
‖N(w,µ+) −w(µ+)‖ ≤M2(‖w − w(µ)‖2 + µ2). (3.4)

Proof. Let C, M1, δ
∗ and µ∗ be the constants defined in Lemmas 3.3 and 3.5. Using

Lemmas 3.3 and 3.5, one has

‖N(w,µ+) − w(µ+)‖ ≤ M1‖w − w(µ+)‖2

≤ M1(‖w − w(µ)‖ + ‖w(µ) − w(µ+)‖)2

≤ M1(‖w − w(µ)‖ + C(µ− µ+))2

≤ 2M1 max{1, C2}(‖w − w(µ)‖2 + µ2).

The result follows with M2 = 2M1 max{1, C2}. 2
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4 Local convergence analysis

In this section we give convergence results that are direct consequences of the prop-
erties of the Newton method. An important point to note is that it is not assumed
that the iterates remain strictly feasible during the iterations. The fraction to the
boundary rule is not used to maintain the positivity of vk. A second point to note is
that the results are stated without any assumption on the proximity of the iterates
to the central path.

Theorem 4.1 Let Assumptions 2.1–2.5 hold. Consider the sequences defined by the
recurrence

µk+1 = µk + dµ
k and wk+1 = wk + dw

k ,

where dµ
k is defined by (1.10) and dw

k is the solution of (1.9). Let δ∗ and µ∗ be as
in Lemma 3.5. For all w0 ∈ B(w∗, δ∗) and all 0 < µ0 < µ∗, {µk} is decreasing and
{(wk, µk)} converges to (w∗, 0). Moreover, if θ′(0) 6= 0, then the rate of convergence
of both sequences is q-superlinear. In addition, if θ′ is locally Lipschitzian at 0, the
rate of convergence of both sequences is quadratic.

Proof. It follows from Assumption 2.5 that θ(µ) > 0 and θ′(µ) > 0 for all µ > 0,
therefore the sequence {µk} is decreasing. Using the strict convexity of θ, one has

µk+1θ
′(µk) = θ′(µk)µk − θ(µk) > −θ(0) = 0.

By induction, we then obtain µk > 0 for all k and thus the sequence {µk} converges.
Taking the limit in the above equality and using the fact that zero is the unique
solution of θ(µ) = 0, we deduce that {µk} converges to zero.

From (3.3) we have

‖wk+1 − w∗‖ ≤ 1

2
‖wk − w∗‖ +

δ∗

2µ∗
µk+1,

and therefore wk → w∗ as k → ∞.
Assume θ′(0) 6= 0. By Lemmas 3.1 and 3.2 the Jacobian matrix

(

F ′(w) −ẽ
0 θ′(µ)

)

is nonsingular and locally Lipschitzian at (w∗, 0). The sequence {(wk, µk)} is then
generated by the Newton method with a step defined by (1.8). The convergence and
the rates of convergence of the sequences follow from the local convergence properties
of the Newton method (see for example [1, Proposition 1.17]). 2

This result allows to consider a globally convergent version of a primal-dual
method with an update of the barrier parameter at each iteration. For example it
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suffices to apply the globally convergent version of the Newton method proposed in
[10, Chapter 8]. Since θ(µ) > 0 for µ > 0, we can use the merit function

(w,µ) 7→ ‖F (w) − µẽ‖ + θ(µ)

(where ‖ · ‖ is any norm) and apply an Armijo backtracking linesearch technique. It
follows from [10, Theorem 8.2.1] that if the sequence {wk} is bounded and if F ′ is
uniformly Lipschitz continuous and bounded away from zero on a neighborhood of
{wk}, then the resulting algorithm is globally convergent. But an important feature
of primal-dual methods is to maintain strict feasibility of the iterates and if we add
the fraction to the boundary rule to a globally convergent version of the algorithm,
then the analysis is far from straightforward and needs a full study. So we do not
go further with this idea in this paper.

Theorem 4.1 shows also that, whenever θ′(0) 6= 0, the sequence {wk} converges
to w∗ with a r-superlinear or r-quadratic rate of convergence, depending on whether
θ′ is locally Lipschitzian at zero or not. It would be interesting to exhibit condi-
tions on the decrease of {µk} so that the sequence {wk} converges with a q-rate of
convergence. The next result shows that, provided that {µk} does not converge too
fast to zero, both sequences {wk} and {µk} have the same rate of convergence.

Theorem 4.2 Let Assumptions 2.1–2.4 hold. Let δ∗ and µ∗ be the threshold values
defined in Lemma 3.5. Assume {µk} is a sequence of positive scalars converging to
zero such that 0 < µ0 < µ∗ and

lim inf
k→∞

µk+1

µp
k

> 0, (4.1)

for some parameter p ∈ (1, 2). Consider the sequence defined by the recurrence

wk+1 = wk + dw
k ,

where dw
k is the solution of (1.9) with dµ

k defined by dµ
k = µk+1 − µk. Then for all

w0 ∈ B(w∗, δ∗), the sequence {wk} converges to w∗ and

wk = w(µk) + o(µk). (4.2)

In particular, vk > 0 for sufficiently large k and both sequences {wk} and {µk} have
the same rate of convergence.

Proof. As in the proof of Theorem 4.1, from (3.3) we have

‖wk+1 − w∗‖ ≤ 1

2
‖wk − w∗‖ +

δ∗

2µ∗
µk+1,

and thus wk → w∗ when k → ∞.
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Let us prove now that (4.2) holds. Let M2 be the constant defined in Lemma 3.6.
Let us define sk := M2‖wk − w(µk)‖ and ǫk := M2µk. Condition (4.1) implies that
µ2

k = o(µk+1) and that there exist c > 0, β ∈ (0, 1) and k̂ such that

cβpk ≤ µk for all k ≥ k̂ (4.3)

(see for example [1, Proposition 1.2]). From (3.4), one has

sk+1 ≤ s2k + ǫ2k. (4.4)

Since ǫ2k = o(ǫk+1), there exists an index k̄ ≥ 0 such that ǫ2k ≤ 1
2ǫk+1 for all k ≥ k̄.

Let us prove that there exists k0 ≥ k̄ such that sk0
≤ ǫk0

. For the purpose of
obtaining a contradiction, suppose that sk > ǫk for all k ≥ k̄. From (4.4) we would
deduce that sk+1 ≤ 2s2k, therefore {sk} would converge quadratically to zero, which

should imply that sk = O(α2k
) for some α > 0. Since we have supposed that sk > ǫk,

we would then have ǫk = O(α2k
), a contradiction with (4.3) knowing that 1 < p < 2.

Let us prove now by induction on k that sk ≤ ǫk for k ≥ k0. Our claim holds
for k = k0. Assume that it is true for a given k ≥ k0. By (4.4) and the induction
hypothesis one has sk+1 ≤ 2ǫ2k ≤ ǫk+1, and thus our claim is also true for k + 1.

From (4.4), we can then deduce that sk+1 ≤ 2ǫ2k = o(ǫk+1), which implies (4.2)
and proves the first part of the theorem.

Let us show that vk > 0 for sufficiently large k. From (4.2) and Lemma 3.3 we
have

(xk)i = x∗i + x′i(0)µk + o(µk),

for all index i. By (3.1) we have either x∗i > 0 or x′i(0) > 0. It follows that (xk)i > 0
for sufficiently large k. The reasoning is similar for the components (zk)i.

At last, using (4.2) and Lemma 3.3, we have wk−w∗ = wk−w(µk)+w(µk)−w∗ =
w′(0)µk + o(µk), and thus ‖wk − w∗‖ ∼ ‖w′(0)‖µk. 2

As we said at the beginning of this section, it is interesting to note that unlike
other local convergence analyses [2, 7, 18], Theorem 4.2 assumes neither strict feasi-
bility of the iterates—w0 might very well have a component v0 6> 0—nor proximity
of the iterates to the central path. Strict feasibility and proximity however follow,
as specified by (4.2), from the sub-quadratic rate of convergence of the barrier pa-
rameter to zero given by (4.1). The iterates wk asymptotically approach the central
path tangentially since from (4.2) and Lemma 3.3,

lim
k→∞

wk − w∗

µk
= lim

k→∞

w(µk) − w∗

µk
= w′(0).

Asymptotic results having a related yet different flavour are given in [5, 14, 16,
17]. There, the update of µ is quadratic or faster, can be based on the size of
the current residual, proximity to the central path is not enforced and feasibility
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is eventually not satisfied. However, the stabilized primal-dual method in [14] may
produce iterates with nonpositive components. Quadratic convergence follows but
takes place in a restrictive neighbourhood around w∗.

5 Maintaining the positivity and the proximity to the

central path

Assume that at the current iteration, the iterates w and µ satisfy the approximate
optimality condition

‖F (w) − µẽ‖ ≤ ε(µ), (5.1)

for some tolerance ε(µ) > 0. The Newton iterate for (1.7) is

w+ = w − F ′(w)−1(F (w) − µ+ẽ), (5.2)

where µ+ = µ− θ(µ)/θ′(µ). We propose to analyse the conditions under which w+

will satisfy the fraction to the boundary rule and the next stopping test, that is

v+ ≥ (1 − τ(µ))v, (5.3)

for some parameter τ(µ) ∈ (0, 1) and

‖F (w+) − µ+ẽ‖ ≤ ε(µ+). (5.4)

The analysis proposed below uses some tools developed in [2].

Lemma 5.1 Let Assumptions 2.1–2.4 hold. Assume also that ε(µ) = O(µ). Let δ∗

be defined in Lemma 3.5. Then, there exists M3 > 0 such that, for all w ∈ B(w∗, δ∗)
satisfying (5.1) and all µ > 0 sufficiently small,

‖w − w∗‖ ≤M3µ.

Proof. Let w ∈ B(w∗, δ∗). Since F (w∗) = 0 and F ′(w∗) is invertible (Lemma 3.2),
we have

w − w∗ = F ′(w∗)−1(F (w) −
∫ 1

0
(F ′(w∗ + t(w − w∗)) − F ′(w∗))(w − w∗) dt).

Taking the norm on both sides, using the Cauchy-Schwarz inequality and Lem-
mas 3.1 and 3.2, we obtain

‖w − w∗‖ ≤ K(‖F (w)‖ +
L

2
‖w − w∗‖2).

Recall that δ∗ ≤ 1
2KL (see the definition of δ∗ in the proof of Lemma 3.5), it follows

that

‖w − w∗‖ ≤ 4

3
K‖F (w)‖.
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Now using ‖ẽ‖ =
√
n, (5.1) and ε(µ) = O(µ), we then have

‖w −w∗‖ ≤ 4

3
K(‖F (w) − µẽ‖ +

√
nµ)

≤ 4

3
K(ε(µ) +

√
nµ)

≤ M3µ.

2

Lemma 5.2 Let Assumptions 2.1–2.4 hold. Assume also that ε(µ) = O(µ). Let
δ∗ and µ∗ be defined in Lemma 3.5. Then, there exists M4 > 0 such that, for all
w ∈ B(w∗, δ∗) satisfying (5.1) and all 0 < µ+ ≤ µ sufficiently small, the Newton
iterate w+ defined by (5.2) satisfies

‖w+ − w(µ+)‖ ≤M4µ
2. (5.5)

Proof. By using Lemmas 5.1 and 3.3 we obtain

‖w − w(µ)‖ ≤ ‖w − w∗‖ + ‖w∗ − w(µ)‖
≤ (M3 + C)µ

Using this last inequality in (3.4), we obtain (5.5) with a constant M4 defined by
M4 = M2((M3 + C)2 + 1). 2

Regarding positivity of the iterates, we distinguish the case where no fraction to
the boundary rule is enforced, to the case where an explicit fraction to the boundary
rule is present.

Theorem 5.3 Let Assumptions 2.1–2.4 hold. Assume also that the parameters µ+

and ε(µ) are chosen such that

µ2 = o(µ+) and ε(µ) = O(µ).

Let δ∗ be defined in Lemma 3.5. Then for all w ∈ B(w∗, δ∗) satisfying (5.1) and
such that v > 0, the Newton iterate w+ defined by (5.2) is such that v+ > 0 and
F (w+) − µ+ẽ = o(µ+) for sufficiently small µ > 0. Moreover, if τ(µ) satisfies

lim sup
µ↓0

(1 − τ(µ))
µ+ ε(µ)

µ+
< 1, (5.6)

then (5.3) is satisfied for sufficiently small µ > 0. In addition, if ε(µ) = Θ(µ), then
(5.4) is satisfied for sufficiently small µ > 0.
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Proof. Let 0 < κ < 1. We begin by proving that, for all index i

x+
i ≥ κ

µ+

µ+ ε(µ)
xi.

Consider first the case where x∗i > 0. Lemmas 5.1 and 5.2 imply that by taking
µ > 0 sufficiently small, w and w+ can be arbitrarily close to w∗. It follows that

lim
µ↓0

x+
i

xi
=
x∗i
x∗i

= 1.

Using µ+ < µ+ ε(µ) and 0 < κ < 1 we deduce that

x+
i

xi
≥ κ

µ+

µ+ ε(µ)
, (5.7)

for sufficiently small µ > 0.
Consider now the case where x∗i = 0. By Lemma 3.4, we have x′i(0) > 0. By

using Lemma 5.2, Lemma 3.3 and µ2 = o(µ+), we have

x+
i = (x+

i − xi(µ
+)) + xi(µ

+)

≥ −M4µ
2 + x′i(0)µ

+ + o(µ+)

≥ x′i(0)µ
+ + o(µ+).

Dividing both sides by xi we obtain

x+
i

xi
≥ x′i(0)µ

+ + o(µ+)

xi
.

From the definition of F and (5.1), we deduce that xizi ≤ µ+ε(µ). Multiplying and
dividing the previous equation by zi yields

x+
i

xi
≥ µ+

µ+ ε(µ)
(x′i(0)zi + o(1)).

Using Lemma 3.4, the term in parentheses tends to x′i(0)z
∗
i = 1 − x∗i z

′
i(0) = 1 as µ

goes to zero. We then deduce that (5.7) also holds for sufficiently small µ > 0 and
for all i such that x∗i = 0.

By the symmetric role of the variables x and z, the reasoning is the same for the
components zi. We then have

v+ ≥ κ
µ+

µ+ ε(µ)
v. (5.8)

Since we have assumed that v > 0, (5.8) implies that v+ > 0.
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If condition (5.6) is satisfied, it implies that there exists κ ∈ (0, 1) such that, for
sufficiently small µ > 0, we have

1 − τ(µ) ≤ κ
µ+

µ+ ε(µ)
.

From this last inequality and (5.8) we deduce that (5.3) holds.
Turning now to the residual at the updated iterate, by using Lemma 5.2 and

µ2 = o(µ+), we have

‖F (w+) − µ+ẽ‖ = ‖F (w+) − F (w(µ+))‖
= O(‖w+ − w(µ+)‖)
= O(µ2)

= o(µ+).

If ε(µ) = Θ(µ), this last equation implies that for sufficiently small µ, (5.4) is
satisfied. 2

6 Practical algorithms

In this section, we are concerned with ways to incorporate the ideas presented above
into practical algorithms. We first present two algorithms which embed steps in
(w,µ) into a globally-convergent framework and give a convergence theorem. Next,
we give a third algorithm, whose global convergence has not been established, but
which is conceptually closer to intuition and possesses desirable numerical properties.

We choose a scalar function θ satisfying Assumption 2.5 and for all µ > 0 we
define

µ+ = µ− θ(µ)

θ′(µ)
.

We select two tolerance functions ε : R+ → R+ and τ : R+ → (0, 1), such that

µ2 = o(µ+), ε(µ) = Θ(µ) and lim sup
µ↓0

(1 − τ(µ))
µ+ ε(µ)

µ+
< 1. (6.1)

The functions θ given by examples at the end of Section 2 meet the requirement
µ2 = o(µ+). The other conditions in (6.1) are satisfied if, for instance, we choose
ε(µ) = ρµ for some parameter ρ > 0 and τ(µ) = max{τ̄ , 1 − µ} for some 0 < τ̄ < 1.
We describe our first algorithm as Algorithm 6.1.
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Algorithm 6.1

Given an initial barrier parameter µ0 > 0, a tolerance ε0 := ε(µ0) and w0 :=
(x0, y0, z0) ∈ R

2n+m such that v0 > 0 and ‖F (w0)−µ0ẽ‖ ≤ ε0, set k = 0 and
perform the following steps:

1. Compute dµ
k from (1.10) and dw

k from (1.9).
2. Choose τk := τ(µk) ∈ (0, 1) and compute αk the largest value of α ∈ (0, 1]

such that (1.11) holds. Set µk+1 = µk + αkd
µ
k and w̄k = wk + αkd

w
k .

3. Choose εk+1 := ε(µk+1) < εk. Starting from w̄k, apply a sequence of inner
iterations to find wk+1 satisfying

‖F (wk+1) − µk+1ẽ‖ ≤ εk+1.

4. Set k := k + 1 and go to Step 1.

Upon denoting the Newton iterates by

w+
k = wk + dw

k and µ+
k = µk + dµ

k .

where dµ
k and dw

k are defined by (1.10) and (1.9), equation (1.9) can be rewritten

F ′(wk)(w
+
k − wk) + F (wk) = µ+

k ẽ.

We also have

w̄k = αkw
+
k + (1 − αk)wk and µk+1 = αkµ

+
k + (1 − αk)µk.

Theorem 6.1 Let Assumptions 2.1–2.4 and 2.5 hold. Assume also that the function
θ(·), ε(·) and τ(·) satisfy the properties (6.1). Let {wk} and {µk} be the sequences
generated by Algorithm 6.1. Assume finally that {µk} converges to zero and that a
subsequence of {wk} converges to w∗. The following conclusions hold:

(i) wk → w∗ when k → ∞,

(ii) αk = 1 and wk+1 = w+
k = w̄k for sufficiently large k,

(iii)
‖wk+1 −w∗‖
‖wk − w∗‖ ∼ µk+1

µk
.

Proof. Let δ∗ and µ∗ be defined in Lemma 3.5. Let µ̄ be a threshold value
such that all the conclusions of Theorem 5.3 are satisfied. Let us define µ̂ =
min{1, µ∗, µ̄, δ∗

M4+C }, where M4 and C are defined in Lemmas 5.2 and 3.3. By
assumption, there exists an index k0 ≥ 0 such that, wk0

∈ B(w∗, δ∗) and µk0
< µ̂.

Let us prove that wk ∈ B(w∗, δ∗) for all k ≥ k0. We proceed by induction on k.
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Our claim is true for k = k0. Assume that it is true for a given k ≥ k0. Considering
the assumptions that have been made and the induction hypothesis, Theorem 5.3
applies, therefore αk = 1 and wk+1 = w+

k . By Lemmas 5.2 and 3.3, we have

‖wk+1 − w∗‖ ≤ ‖wk+1 − w(µk+1)‖ + ‖w(µk+1) − w∗‖
≤ M4µ

2
k + Cµk+1

< (M4 + C)µ̂

< δ∗,

and thus our claim is also true for k + 1.
By applying Lemma 5.1 one has ‖wk −w∗‖ ≤M3µk for all k ≥ k0, which proves

conclusion (i).
Applying again Theorem 5.3, we have αk = 1 and wk+1 = w̄k = w+

k for all
k ≥ k0, which proves point (ii).

Lemma 5.2 and the fact that µ2
k = o(µk+1) imply that ‖wk − w(µk)‖ = o(µk).

Using again Lemma 3.3, it follows that wk − w∗ = wk − w(µk) + w(µk) − w∗ =
µkw

′(0) + o(µk), from which conclusion (iii) follows. 2

We will refer to the steps described in Step 2 of Algorithm 6.1 as extrapolation
steps. Note that since the inner iteration in Step 3 of Algorithm 6.1 relies on a
globally convergent method, global convergence of Algorithm 6.1 is ensured once
the generated sequence {µk} converges to zero. This will be the case provided
the sequence of steplengths {αk} along the extrapolation is bounded away from
zero. Once the iterates reach a region where the central path exists and once µ is
sufficiently small, it is easy to show that there exists αmin > 0 such that αk ≥ αmin >
0 for all sufficiently large k. Theorem 5.3 confirms this and goes even further to
show that the unit step is asymptotically accepted. In a practical implementation,
preventing αk from converging to zero when far from a solution, and possibly in
regions where no central path exists, can be achieved by imposing a minimal decrease
in µ at each outer iteration. This has, however, not been necessary in the tests of
§7.

From a numerical point of view, a danger with Algorithm 6.1 is that w̄k may
lie too close to the boundary, causing ill conditioning and potentially leading to a
large number of inner iterations. Although this situation did not arise in the tests
of §7, it could certainly occur. To circumvent this possibility, we suggest performing
a linesearch on a merit function along extrapolation steps in order to keep w̄k safely
away from the boundary. This results in the following algorithm, for which we only
specify the difference with Algorithm 6.1.
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Algorithm 6.2

2. Choose τk := τ(µk) ∈ (0, 1) and compute α̃k the greatest value of α ∈ (0, 1]
such that (1.11) holds. Starting with α = α̃k and from w̃k = wk + α̃kd

w
k ,

perform a backtracking linesearch on a merit function for which dw
k is a

descent direction from wk. Let αk > 0 be the resulting steplength. Set
µk+1 = µk + αkd

µ
k and w̄k = wk + αkd

w
k .

In our tests, the inner iterations are globalized by an exact penalty function and
we use this merit function to identify µk+1 and w̄k at Step 2 of Algorithm 6.2. It
will be made explicit in Section 7.

We now present a third algorithm which only takes steps in (w,µ) but is not em-
bedded into any globally-convergent framework. It simply eliminates the sequences
of inner iterations and only takes extrapolation steps. Quite surprisingly, this algo-
rithm turned out to be more robust in practice. We describe it as Algorithm 6.3.

Algorithm 6.3

Given an initial barrier parameter µ0 > 0, a tolerance ε0 := ε(µ0) and w0 :=
(x0, y0, z0) ∈ R

2n+m such that v0 > 0 and ‖F (w0)−µ0ẽ‖ ≤ ε0, set k = 0 and
perform the following steps:

1. Compute dµ
k from (1.10) and dw

k from (1.9).
2. Choose τk := τ(µk) ∈ (0, 1) and compute α̃k the greatest value of α ∈ (0, 1]

such that (1.11) holds. Starting with α = α̃k and from w̃k = wk + α̃kd
w
k ,

perform a backtracking linesearch on a merit function for which dw
k is a

descent direction from wk. Let αk be the resulting steplength. Set µk+1 =
µk + αkd

µ
k and wk+1 = wk + αkd

w
k .

3. Set k := k + 1 and go to Step 1.

Used as such, the merit function in Algorithm 6.3 mostly serves the purpose of
staying safely away from the boundary of the feasible set. Obviously, this algorithm
would be globally convergent using for instance a linesearch on the residual (1.4).
However, this abandons the minimization aspect of the problem and merely attempts
to identify a first-order critical point. Research on a global convergence framework
for Algorithm 6.3 is under way.

7 Numerical experiments

In this section we describe our framework for numerical experiments and summarize
the results. The three algorithms in Section 6 were implemented as modifications
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of the ipopt software [15]1, an implementation of a globally-convergent algorithm
for general smooth nonlinear programming. Nonlinear inequality constraints are
transformed into equalities by the addition of slack variables, resulting in a problem
of the form (1.1). Bounds on the variables and slacks are treated by means of a
logarithmic barrier. The ipopt implementation fixes a pre-determined sequence
{µk} of barrier parameters which decreases to zero and each set of inner iterations
consists in an SQP algorithm applied to the barrier subproblem. Global convergence
is ensured in one of several ways, which one to choose is left as an option to the user.
ipopt was chosen for its excellent robustness, demonstrated numerical efficiency and
availability.

Algorithms 6.1 and 6.2 depart from the ipopt reference implementation mainly
in the extrapolation step and the fact that cutting back this step influences the next
value of µ. Step 3 of both algorithms is identical to the globalization implemented
in ipopt. We had to choose particular parameters in ipopt and for completeness,
we now describe them and mention what options differ from their default values
and why. We stress that the following modifications were applied to all algorithms
compared in this section.

1. Globalization in Step 3 consisted of a linesearch ensuring sufficient decrease in
the non-differentiable exact merit function

ψ(x;µ, ν) = f(x) − µ
n

∑

i=1

log xi + ν‖c(x)‖2, (7.1)

in which µ > 0 is fixed and ν > 0 is dynamically adjusted.

2. We disabled second-order correction steps after an extrapolation step since
the latter is not concerned with descent. All other second-order corrections
settings were left unchanged.

3. After a barrier subproblem is solved, ipopt resets ν to 10−6 in the merit
function (7.1). We also ensured that it was reset after an extrapolation step.

4. We allowed for a barrier subproblem to be deemed solved if wk readily sat-
isfies the next barrier stopping test. No extrapolation step was imposed in
such a case. Similarly, if w̄k, resulting from an extrapolation step, satisfied
the barrier stopping test with µk+1, no inner iteration step was imposed and
we moved on to the next barrier subproblem. By default, ipopt imposes at
least one step in each sequence of inner iterations2. For purposes of compar-
ison, we relaxed ipopt so as to not impose such a step, which improved the

1version 2.3.x
2Contrary to what is stated in [15], imposing a step is sufficient but not necessary to guarantee

fast local convergence [2, 8, 9]
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reference implementation noticeably. This exposed a problem in the original
ipopt implementation where optimality for a barrier subproblem with the
smallest allowed value of µ did not imply optimality for the original problem
[15, § 2.1, Equation (7)]. Fixing this inconsistency noticeably increased the
reliability of the reference implementation.

5. For consistency with Newton’s method and the usual theory of interior-point
methods, we elected to take equal primal and dual steplengths.

We compared the three algorithms on all the problems from the COPS 3.0 col-
lection [3] which possess at least one inequality constraint and/or at least one bound
constraint. This results in 28 problems, all of which were used in their default di-
mension. In all cases, the initial barrier parameter was left at its default value in
ipopt, µ0 = 0.1. Each problem was given a limit of 1000 iterations and 10 minutes
of CPU time.

As mentioned in §1, a common occurrence of numerical failure in practical inte-
rior point methods is the situation where, at the beginning of a sequence of inner
iterations, µk and ‖F (wk) − µkẽ‖ differ by several orders of magnitude. This sit-
uation may lead to a large number of inner iterations and eventually, failure may
occur due to limited allowed CPU time or a maximal number of iterations being
reached. Using the reference implementation of ipopt, this situation occurs, among
others, on instances of problem dirichlet. The behaviour of µk and ‖F (wk)−µkẽ‖
is depicted in Fig. 7.1. After a few iterations, the two differ sufficiently to cause a
large number of inner iterations and, in one of the two cases, the maximum CPU
time to be reached.
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Figure 7.1: Log-plot of the evolution of µk (dashed line) and ‖F (wk) − µkẽ‖ (solid line)

using the reference implementation on two instances of problem dirichlet. On the left

plot, the discrepancy is moderate and the method manages to identify an optimal solution.

On the right plot, the discrepancy is too large and causes failure due to CPU time.
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ipopt 1-step-1.1

it ‖F (wk) − µk ẽ‖ µk αk ‖F (wk) − µk ẽ‖ µk αk

0 1.00e+01 1.00e-01 0.00e+00 1.00e+01 1.00e-01 0.00e+00
1 1.07e+00 1.00e-01 6.01e-01 1.07e+00 8.76e-02 6.01e-01
2 5.28e-01 1.00e-01 5.17e-01 4.89e-01 7.72e-02 5.53e-01
3 1.98e-01 3.16e-02 6.31e-01 3.13e-01 7.07e-02 3.70e-01
4 1.67e-02 5.62e-03 9.66e-01 1.34e-01 6.13e-02 5.71e-01
5 3.16e-03 4.22e-04 9.45e-01 6.56e-02 5.37e-02 5.12e-01
6 2.86e-03 8.66e-06 1.09e-01 4.29e-02 4.40e-02 7.08e-01
7 1.21e-02 8.66e-06 4.07e-01 3.27e-02 3.39e-02 8.58e-01
8 1.18e-02 8.66e-06 4.39e-01 1.23e-02 2.42e-02 1.00e+00
9 6.53e-02 8.66e-06 2.57e-01 1.42e+00 1.67e-02 1.00e+00

10 5.48e-02 8.66e-06 3.31e-01 6.34e-02 1.11e-02 1.00e+00
11 3.10e-01 8.66e-06 7.94e-02 8.08e-02 7.05e-03 1.00e+00

Table 7.1: Comparison of the first few iterations of the reference algorithm and Algo-

rithm 6.3 on problem dirichlet3. In the reference algorithm, the current inner iteration

will not finish within the time limits. In the case of Algorithm 6.3, the barrier parameter

and the primal-dual residual remain of comparable magnitudes.

In contrast, Algorithm 6.3, by means of the steplength in the variable µ, appears
to introduce a regularization which works towards avoiding a discrepancy such as
that of Fig. 7.1. This is illustrated in Fig. 7.2. Table 7.1 gives a detailed look at
the first few iterations of the reference algorithm and Algorithm 6.3 on problem
dirichlet3, and exposes the influence of the steplength αk on the value of µk.

Note that on the two plots of Fig. 7.2, the shape of the curves is indicative
of superlinear convergence. Moreover, this fast convergence does not only occur
asymptotically, but over a large portion of the iterations. The first problem is
solved much more smoothly and in less than half as many iterations while the second
problem no longer fails to be solved.
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Figure 7.2: Log-plot of the evolution of µk (dashed line) and ‖F (wk) − µkẽ‖ (solid line)

using Algorithm 6.3 on the same two instances of problem dirichlet as in Fig. 7.1.
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ipopt extrap extrap-ls 1-step-1.5 1-step-1.1

Problem it #f it #f it #f it #f it #f

bearing 19 20 20 42 20 42 23 42 27 28
camshape -45 -46 -45 -46 -45 -46 -44 -45 -43 -44
catmix 18 19 23 24 23 24 19 20 28 29
dirichlet1 76 337 58 139 58 139 -546 -7695 30 33
dirichlet2 64 343 36 37 36 37 64 267 34 36
dirichlet3 -42 -43 35 36 35 36 -41 -42 36 39
gasoil 352 2855 213 1717 213 1717 225 1771 219 1658
glider -379 -390 -379 -390 -379 -390 -1000 -1001 -1000 -1001
lane emden1 25 72 24 61 24 61 -24 -334 27 36
lane emden2 -325 -4572 -324 -4509 -314 -4349 28 30 39 41
lane emden3 45 54 45 51 45 51 -57 -103 24 26
marine 15 16 15 16 15 16 15 16 29 30
methanol 15 19 19 23 19 23 10 11 30 31
minsurf 80 130 98 249 87 183 41 50 211 486
pinene 16 17 16 17 16 17 8 9 23 24
polygon 12 17 12 17 12 17 9 10 26 27
robot 38 134 38 134 38 134 17 18 26 27
rocket 53 61 58 66 58 66 542 543 89 313
steering 14 16 14 16 14 16 9 10 23 25
tetra duct12 10 11 9 10 9 10 9 10 24 25
tetra duct15 10 11 10 11 10 11 9 10 24 25
tetra duct20 9 10 9 10 9 10 6 7 21 22
tetra gear 9 10 9 10 9 10 7 8 23 24
tetra hook 9 10 9 10 9 10 7 8 23 24
torsion 15 27 15 28 15 28 17 36 25 26
triangle deer 7 8 7 8 7 8 7 8 23 24
triangle pacman 7 8 7 8 7 8 7 8 23 24
triangle turtle 9 10 9 10 9 10 7 8 24 30

Table 7.2: Results on the COPS 3.0 collection. A negative number specifies a failure with

the given number of iterations and/or function evaluations. When failure occurs with less

than 1000 iterations, it is due to CPU time being exceeded.

Table 7.2 compares the number of iterations and number of function evaluations
across all variants. Algorithm ipopt is the reference implementation using the
updating rule

µj+1 = max
{ǫtol

11
,min

{

µj/5, µ
1.5
j

}

}

,

extrap is Algorithm 6.1, extrap-ls is Algorithm 6.2, 1-step-1.5 is Algorithm 6.3
using (2.2) with b = 1 and γ = 0.5 and 1-step-1.1 is Algorithm 6.3 using (2.2)
with b = 1 and γ = 0.1. Both extrap and extrap-ls use (2.2) with b = 1 and
γ = 0.5 during extrapolation steps. During an extrapolation step in Algorithm 6.2
and in Algorithm 6.3, the merit function used was the exact merit function (7.1)
with barrier parameter µ = µk + dµ

k .
All variants fail on problems camshape3 and glider4 while minsurf seems best

solved with an aggressive decrease of µ. The performance of Algorithm 1-step-

3with the message “linesearch failure”
4because the maximum number of iterations was reached
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1.1 on problems steering through triangle turtle seems worse but it appeared
in our tests that those problems are very efficiently solved with µ0 = 10−9. We
therefore attribute this decay to the initial value µ0 rather than to the mechanism
of Algorithm 6.3. Table 7.2 suggests that the function θ should, in general, not
attempt to decrease µ too aggressively—rather, Newton’s method itself should take
care of the fast convergence. Moreover, the 1-step-1.1 variant solves two more
problems than the reference implementation: dirichlet3 and lane emden2.

A natural concern regarding Algorithm 6.3 is that it might not identify a local
minimizer. Fortunately, in our tests, it always identified a point at which the objec-
tive function value is comparable to or lower than that obtained with the reference
implementation. The only significant differences are on problems

• dirichlet1 for the 1-step-1.5 variant, which fails. The variant 1-step-1.1

finishes successfully with a value 10% lower than the remaining three variants,

• glider on which all variants fail,

• dirichlet3 with a relative difference of order 10−3 caused by variants ipopt

and 1-step-1.5 which fail. The largest relative difference across the remaining
variants if of order 10−9.

• lane emden3 with a relative difference of order 0.3% caused by the variant
1-step-1.5 which fails. The largest relative difference across the remaining
variants if of order 10−9.

On all other problems, the largest relative variation in final objective value is of
order 10−6. Although all variants fail on camshape, the largest relative difference is
of order 10−8, which leads us to believe that all algorithms are stuck in the same
region.

8 Conclusions

We have presented a framework that attempts to give satisfactory theoretical ground-
ing to so-called adaptive, or dynamic updating rules for the barrier parameter in
interior-point methods for nonlinear programming. In the absence of a notion of du-
ality and of a meaning to a duality gap, basing such dynamic rules on observations
arising from linear or convex quadratic programming lacks a theoretical justifica-
tion. We hope to have shown in this paper that instead of attempting to design an
updating rule, the power of Newton’s method applied to an augmented primal-dual
system provides the desired behaviour.

The present framework requires the choice of an updating function which de-
termines the fastest allowed decrease of µ. The convexity of this function does not
allow µ to increase.
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It appears from our preliminary numerical tests that, in its more liberal form,
this framework produces a much improved agreement between the barrier parameter
and the barrier subproblem residual all along the iterations and a smaller number
of iterations and function evaluations in many cases. There remains however much
work to be done in order to devise globally-convergent algorithms based on the
Newton/path-following scheme presented in this paper.
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