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Abstract. Based on previous explicit computations of universal barrier functions, we describe
numerical experiments for solving certain classes of convex optimization problems. The comparison
is given of the performance of the classical affine-scaling algorithm with the similar algorithm built
upon the universal barrier function.
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1. Introduction. By now there is a deep and complete theory of interior-point
algorithms for problems involving symmetric cones [1, 4, 13]. The software has been
developed for semidefinite and second-order programming problems and some of the
packages [14] cover all types of symmetric programming problems. The method of
choice is usually a version of primal-dual algorithms. There are several tentative
venues for possible extension of the domain of applicability of interior-point algo-
rithms. One possible direction is to move to infinite-dimensional problems involving
symmetric cones [6, 7]. This venue shows some promising results. A very popular
direction is to develop primal-dual algorithms for nonconvex nonlinear programming
problems. (see e.g. [17] and references there in). If we wish to stay within the
class of convex optimization problems, one tantalizing tool is the universal barrier
function [12]. It seems to open an opportunity to solve more or less arbitrary finite-
dimensional convex optimization problem using polynomial-time interior-point algo-
rithms. In practice, however, a lot of obstacles arise. To begin with the universal
barrier function is in general described as a complicated multi-dimensional integral.
In vast majority of cases it is simply impossible to reduce this function to a ”com-
putable” form. Thus, the first important issue is to understand what is the right way
to approximately evaluate the universal barrier. This problem is to significant extent
equivalent to the following question: how the most popular interior-point algorithms
behave if the data necessary to run such algorithms is known only approximately (but
with a controlled error). The second issue is related to the fact that it is difficult to
create primal-dual algorithms based on a reasonably complicated universal barrier
function. As a minimum prerequisite we at least should be able to compute the Leg-
endre dual of a universal barrier which is typically a difficult problem itself. The class
of symmetric cones is a notable exception. Here the Legendre dual of the universal
barrier essentially coincides with the barrier itself. This predetermines the possibility
of constructing efficient primal-dual algorithms. Thus, we need to return to classes of
primal (resp. dual) only algorithms for more general situations.

The third issue is that one iteration of an interior-point algorithm based on a
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reasonably complicated universal barrier will be much more complicated than usual
one. The theory promises that the number of such iterations maybe significantly lower
in comparison with interior-point algorithms based on more traditional approaches.
However, this third problem seem to open new computational possibilities. Indeed,
a typical optimization algorithm applied to a large-scale problem will run a sizable
number of relatively simple iterations. Hence the possibilities of using parallel compu-
tations on supercomputer seem to be quite limited. On the other hand, the operations
involved in one iteration of an algorithm based on reasonably complicated universal
barrier are highly parallelizable and hence, ideal for the use of multiprocessor super-
computers.

In the present paper we address first two issues for a special class of optimization
problems in the conic form.

Let u0, · · · , un be a Chebyshev system (see [3, 5, 10]) of continuous differentiable
functions defined on an interval [a, b]. Consider the cone

K = {(x0, · · · , xn)T ∈ Rn+1 :
n∑

i=0

xiui(t) ≥ 0, ∀t ∈ [a, b]}.

We will consider problems of the following form:

n∑

i=0

cixi → min,

Ax = b, x ∈ K.

Here A is l × (n + 1) matrix, b ∈ Rl.
The universal barrier function for the cone K has been computed in [3]. For

simplicity, we present it here only the case n = 2ν − 1. The general case is discussed
in [3]. Let x ∈ int(K). Then the universal barrier F (x) looks like this:

F (x) =
1
2

ln detD(x),

where D(x) is a skew-symmetric matrix of the size 2ν×2ν. The (i, j)−th entry of this
matrix (i, j = 1, · · · , 2ν) has the form:

∫ b

a

ui(t)u′j(t)− uj(t)u′i(t)
p(t)2

dt.(1.1)

Here p(t) =
∑n

i=0 xiui(t). Here u′j(t) is the derivative of uj with respect to t.
Notice that the evaluation of the gradient and the Hessian of F requires the

computation of a significant number of one-dimensional integrals of type (1.1). Let
a ≤ t1 < t2 < · · · < tm ≤ b be a finite-subset of the interval [a, b]. Consider vectors

vi =




u0(ti)
...

un(ti)


 , i = 1, 2, · · ·m.

The system of vectors vi ∈ Rn+1, i = 1, 2, · · ·m form a finite Chebyshev system
(a Chebyshev system over a finite set). See [3, 5, 10]. We can introduce the cone Km
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Km = {x ∈ Rn+1 : 〈vi, x〉 ≥ 0, i = 1, 2, · · ·m}.(1.2)

Here 〈·, ·〉 is the standard scalar product in Rn+1.
Notice that

Km = {x ∈ Rn+1 :
n+1∑

i=1

xiui(tj) ≥ 0, j = 1, 2, · · ·m}.

It is clear that Km ⊃ K and by choosing a sufficiently refined grid of points
t1, · · · , tm, one can hope that Km provides a reasonable polyhedral approximation for
K. In [5] the universal barriers have been computed for the cones of the type Km.
It has been also shown that corresponding barrier functions approximate the barrier
function F and by choosing sufficiently refined grid this approximation can be made
with an arbitrary precision. Thus, the described situation seems to be ideal to conduct
numerical experiments with approximations of universal barrier functions.

2. Affine-scaling algorithm. Consider the problem

〈c, x〉 → min(2.1)

Ax = b,(2.2)

x ∈ K.(2.3)

Here K is a closed convex cone in Rn with nonempty interior which does not
contain straight lines. Let F be a self-concordant barrier for K [12].

Denote by int(F) the set {y ∈ Rn : Ay = b, y ∈ int(K)}.
Let x ∈ int(F). Introduce the affine-scaling direction:

V (x) = HF (x)−1(c−AT λ),

where HF (x) is the Hessian of F evaluated at a point x and λ = λ(x) is chosen in
such a way that AV (x) = 0, i.e.,λ = λ(x) is a solution of the following system of
linear equations:

AHF (x)−1AT λ = HF (x)−1c.(2.4)

Given x ∈int(F(x)), we denote by

t(x) = sup{t > 0 : x− tV (x) ∈ K}.

We define an affine-scaling algorithm as an iterative scheme:

xk+1 = xk − α(xk)V (xk),

where x ∈int(F), 0 < α(xk) < t(xk) is a parameter. It is easy to see that 〈c, xk〉 form
a monotonically decreasing sequence.
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Notice that the dual to the problem (2.1)-(2.3) has the form:

〈λ, b〉 → max,

c−AT λ ∈ K∗,

where K∗ is the dual of the cone K. It is expected (analogously to the classical linear
programming case) that Lagrange multipliers

λ(xk) = (AH−1
F (xk)AT )−1AH−1

F (xk)c

converge to the optimal solution of the dual problem when k → ∞ (see numerical
experiments below).

Notice that t(x) ≥ 1
‖V (x)‖x

, where ‖V (x)‖x = 〈HF (x)V (x), V (x)〉1/2. (see e.g.
[12]). The convergence of the affine-scaling algorithm (under the various nondegenercy
assumptions and various choices of the step size is understood very well for the case
where K is a polyhedral cone and F is the classical logarithmic barrier (see e.g. [16])).

For other cones, however, the algorithm may not converge to the optimal solution
(see e.g. [11]). Even for the linear programming problem the polynomiality of the
affine-scaling algorithm is not established. However, we have chosen this algorithm
for our numerical experiments because of the following reasons:
1. It is very easy to implement.
2. It does not require the line search.
3. It is possible to directly compare the performance of affine scaling algorithms based
on the universal and logarithmic barrier.
4. In principle, it is possible to get an information about the optimal solution of the
dual problem.

When we replace the cone K with Km, we obtain the following Linear program-
ming problem which approximates the original (semi-infinite programming) problem:

〈c, x〉 → min,

Ax = b, x ∈ Km.

In this paper, we apply (in most of the numerical examples) the affine-scaling
algorithm based on the universal barrier function associated with Km and compare it
with the standard affine-scaling algorithm based on the classical log barrier function.
When it is possible, we solve the original semi-infinite programming problem using
semidefinite programming.

3. Universal barrier for the finite Chebyshev system. Recall that the
finite Chebyshev system is defined by vectors v1, · · · , vm in Rn+1 (for details see e.g.
[5]).

We have

Km = {x ∈ Rn+1 : 〈vi, x〉 ≥ 0, i = 1, 2, · · · ,m}.

One can show that int(Km) 6= ∅ (see e.g. [10],p. 292).
The computable form of the universal barrier has been obtained in [5].
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Let x ∈ int(Km), n = 2ν − 1

Fm(x) =
1
2

ln det D1(x)

D1(x) = (d(α, β)), α, β = 0, 1, · · · , 2ν − 1,

d(α, β) =
m−1∑

i=1

det
[

vi(α) vi+1(α)
vi(β) vi+1(β)

]

〈vi, x〉〈vi+1, x〉(3.1)

Here

vi =




vi(0)
vi(1)

...
vi(2ν − 1)




In the case of n = 2ν, we need to assume that vm =




0
...
0
1


 = ln+1.

We used a Householder transform to fulfill this condition. Namely, let

H(u) = I − 2uuT ,

u =
vm − ‖vm‖2ln+1

‖vm − ‖vm‖2ln+1‖2 .

Then we can easily see that

H(u)vm = ‖vm‖2ln+1.

We then transform the problem (2.1) - (2.3) using orthogonal transformation
H(u). Notice that H(u)−1 = H(u)T = H(u).

Then

Fm(x) =
1
2

ln D2(x)− ln〈x, vm〉,

where

D2(x) = (d1(α, β)), α, β = 0, 1, · · · , 2ν − 1,

d1(α, β) =
m−2∑

i=1

det
[

vi(α) vi+1(α)
vi(β) vi+1(β)

]

〈vi, x〉〈vi+1, x〉 .(3.2)
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Notice that for n = 1 universal barrier essentially coincides with the classical
logarithmic barrier.

Proposition 1. Let n = 1. Then

Fm(x) = ln det
[

v1(0) vm(0)
v1(1) vm(1)

]
− ln〈v1, x〉 − ln〈vm, x〉.

Proof. Notice that from the general formula (3.1) we have

∆ =
√

det D1(x) =
m−1∑

i=1

det
[

ṽi(0) ṽi+1(0)
ṽi(1) ṽi+1(1),

]
,(3.3)

where ṽi = vi

〈vi,x〉 .
Take x0 6= 0, multiply both parts of (3.3) by it, then add the second row multiplied
by x1 to the first row in each determinant.

We obtain: x0∆ =
m−1∑

i=1

det

[
1 1

vi(1)
〈vi,x〉

vi+1(1)
〈vi+1,x〉

]

=
m−1∑

i=1

[
vi+1(1)
〈vi+1, x〉 −

vi(1)
〈vi, x〉

]

=
vm(1)
〈vm, x〉 −

v1(1)
〈v1, x〉

=
vm(1)[v1(0)x0 + v1(1)x1]− v1(1)[vm(0)x0 + vm(1)x1]

〈vm, x〉〈v1, x〉
=

[vm(1)v1(0)− v1(1)vm(0)]x0

〈vm, x〉〈v1, x〉
The result follows.

Remark The constraints 〈vi, x〉 ≥ 0, i = 2, · · · ,m − 1 are redundant for a Chebyshev
system v1, · · · , vm. Thus the final result is not surprising.

For n = 2 the universal barrier takes the form

Fm(x) = ln(
m−2∑

i=1

det[vi, vi+1, vm]
〈vi, x〉〈vi+1, x〉〈vm, x〉 ).

This form is different from (3.1) but follows from [5].
Notice that Fm(x) has the form:

Fm(x) = ln(
m−2∑

i=1

δi

〈vi, x〉〈vi+1, x〉 )− ln〈x, vm〉,

where δi = det[vi, vi+1, vm] > 0.
An easy computation shows:

∇Fm(x) =
∇Γm(x)
Γm(x)

− vm

〈x, vm〉
HFm(x) =

HΓm(x)
Γm(x)

− ∇Γm(x)∇Γm(x)T

Γm(x)2
+

vmvT
m

〈x, vm〉2
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Γm(x) =
m−2∑

i=1

δi

〈vi, x〉〈vi+1, x〉

∇Γm(x) = −
m−2∑

i=1

δi

〈vi, x〉〈vi+1, x〉 (
vi

〈vi, x〉 +
vi+1

〈vi+1, x〉 )

HΓm
(x) =

m−2∑

i=1

δi

〈vi, x〉〈vi+1, x〉 ([
vi

〈vi, x〉 +
vi+1

〈vi+1, x〉 ][
vi

〈vi, x〉 +
vi+1

〈vi+1, x〉 ]
T

+
viv

T
i

〈vi, x〉2 +
vi+1v

T
i+1

〈vi+1, x〉2 ).

Similar formulas can be easily written down for an arbitrary n.

4. Setting up stage for numerical experiments. We have solved a large
number of problems using affine-scaling algorithm based on universal barrier functions.
Here we describe, however, only one class. Let u0, · · · , un be a Chebyshev system of
continuously differentiable functions and K is defined as in (1.2). Let c ∈int(K∗)
(interior of the dual cone), η ∈ [a, b].

Consider the following problem:

〈c, x〉 → min,

p(η) = 1, p =
n∑

i=0

xiui ∈ K(4.1)

One possible interpretation of this problem: its optimal value is the “maximal
mass” of c at the point η (see e.g. [10], Chapter 3, sec. 2). This problem always has
an optimal solution. It is very easy to construct c ∈int(K∗). Choose η1, · · · , ηn+1 ∈
[a, b], ρi > 0, i = 1, 2, · · · , n + 1, consider the vectors

W (ξ) =




u0(ξ)
...

un(ξ)


 , ξ ∈ [a, b].

Then

n+1∑

i=1

ρiW (ηi) ∈ int(K∗).(4.2)

Since this construction works for an arbitrary Chebyshev system, it is easy to compare
the performance of our algorithms on different Chebyshev systems.

Consider a Chebyshev system

1, cos t, cos 2t, · · · , cosnt

on the interval [0, π] . For this system the problem (4.1) has an analytic solution.
Consider the following somewhat more general situation. Let S(m,R) be the

vector space of m by m symmetric matrices and Λ : S(m,R) → Rl be a linear
map. Let S+(m,R) be the cone of nonnegative definite symmetric matrices and
K = Λ(S+(m,R)).

We assume that K is a closed convex cone in Rl with a nonempty interior.
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Let

〈X, Y 〉S = Tr(XY ), X, Y ∈ S(m,R).

We define the dual map M : Rl → S(m,R) as follows:

〈M(a), Y 〉S = 〈a,Λ(Y )〉, a ∈ Rl, Y ∈ S(m,R).

Here 〈, 〉 is the standard scalar product in Rl. It is immediate that

K∗ = {c ∈ Rl : M(c) ∈ S+(m,R)}.
Under some additional assumptions (e.g. Ker(Λ) ∩ S+(m,R)) = 0), we will have:

int(K∗) = {c ∈ Rl : M(c) > 0},
i.e. M(c) is positive definite if and only if c ∈ int(K∗).

The problem

〈c, x〉 → min,(4.3)

〈ai, x〉 = bi, i = 1, 2, · · · , k,(4.4)

x ∈ K = Λ(S+(m,R))(4.5)

is equivalent to the semidefinite programming problem:

〈M(c), X〉S → min(4.6)

〈M(ai), X〉S = bi, i = 1, 2, · · · , k,(4.7)

X ∈ S+(m,R).(4.8)

Remark The construction described above is usually behind the semidefinite reduc-
tions for optimization problems involving “cones of square” (see e.g. [2]).

Proposition 2. Let in (4.3) -(4.5), k = 1 and there exists ξ1, · · · ξs ∈ Rm such
that

M(a1) = ξ1ξ
T
1 + · · ·+ ξsξ

T
s

and M(c) > 0.
Then the problem (4.3) -(4.5) admits a solution in an analytic form described as

follows. Consider s by s matrix

Γ(c) = (ξT
i M(c)−1ξj), , i, j = 1, 2, · · · s.

Let λmax be maximal eigenvalue of Γ(c). We assume that λmax > 0 (i.e. Γ(c) 6= 0)
and (η1, · · · , ηs)T be corresponding eigenvector normalized by the condition:

η2
1 + η2

2 + · · ·+ η2
s = 1.
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We further suppose that

{x ∈ Rl : 〈a1, x〉 = b1, x ∈ int(K)} 6= ∅ and b1 = 1.

Take

q =
s∑

j=1

ηjM(c)−1ξj

λmax

and let x = Λ(qqT ). Then x is an optimal solution to (4.3) -(4.5) with optimal value
1

λmax
.
Proof. We are going to show that qqT is an optimal solution to the semidefinite

programming problem (4.6) -(4.8). Notice that the dual to (4.6) -(4.8) has to form

λ → max(4.9)

M(c) ≥ λM(a1) = λ

s∑

i=1

ξiξ
T
i .(4.10)

Due to our assumptions, both (4.6)-(4.8) and (4.9)-(4.10) have optimal solutions
and the optimal values coincide. Let us check that qqT is feasible for (4.6)-(4.8) and
that 〈M(c), qqT 〉S = 1

λmax
.

We have

〈M(c), qqT 〉S = qT M(c)q =
1

λ2
max

(
s∑

j=1

ηjM(c)−1ξj)T (
s∑

i=1

ηiξi)

=
s∑

i,j=1

ηiηjξ
T
j M(c)−1ξi

λ2
max

=
ηT Γ(c)η

λ2
max

=
1

λmax
.

〈M(a1), qqT 〉S = qT M(a1)q =
s∑

i=1

qT ξiξ
T
i q =

s∑

i=1

〈q, ξi〉2

=
s∑

i=1

〈∑s
j=1 ηjM(c)−1ξj , ξi〉2

λ2
max

=
s∑

i=1

(
∑s

j=1 Γ(c)ijηj)2

λ2
max

=
s∑

i=1

λ2
maxη

2
i

λ2
max

= 1.

It is suffices to check that λ = 1
λmax

is feasible to (4.9)-(4.10), i.e. that (4.10)
holds for λ = 1

λmax
.

But (4.10) is equivalent to

Γ(c)−1 ≥ λI

(see [9], Proposition 4.3) or Γ(c) ≤ 1
λ

I

This inequality clearly holds for λ = 1
λmax

where λmax is the maximal eigenvalue
for Γ.
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Return to the problem 4.1 with ui = cos(it). Let us show how to solve (4.1) using
Proposition 2.
2. Let

ξ1 =




1,
cos η

...
cos nη


 , ξ2 =




0,
sin η

...
sin nη




Notice that ξ1ξ
T
1 + ξ2ξ

T
2 = (cos(i− j)η), i, j = 0, 1, · · · , n.

Consider the map Λ : S(n + 1,R) → Rn+1,

Λ(X) =




x0,
x1

...
xn


 ,

xi = 2
∑

|α−β|=i

Xαβ , i = 1, 2, · · · , n, x0 =
n∑

α=0

Xαα.

One can show by a direct computation that

M(a) = (a|i−j|)i,j=0,1,···,n = T (a). (This is the definition of T (a)).

Take a = ξ1. Then 〈a, x〉 = 1 is equivalent to p(η) = 1, p(η) =
n∑

i=0

xi cos(iη).

(with cone K consisting of trigonometric polynomials p(η) nonnegative on the interval
[0, π].)

Our problem (4.1) can be rewritten in the form:

〈T (c), X〉S → min,(4.11)

〈T (a), X)〉S = 1,(4.12)

X ∈ S+(n + 1,R).(4.13)

Notice that T (a) = ξ1ξ
T
1 + ξ2ξ

T
2 .

Hence the optimal solution can be obtained using Proposition 2

Example Consider the case T (c) = I, i.e. c =




1
0
...
0


.

Γ(c) =
[ 〈ξ1, ξ1〉 〈ξ1, ξ2〉
〈ξ1, ξ2〉 〈ξ2, ξ2〉

]
.
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In our case

〈ξ1, ξ1〉 =
n∑

k=0

cos(kη)2 =
n

2
+ 1 +

cos[(n + 1)η] sin(nη)
2 sin η

,

〈ξ2, ξ2〉 =
n∑

k=0

sin(kη)2 =
n

2
− cos[(n + 1)η] sin(nη)

2 sin η
,

〈ξ1, ξ2〉 =
n∑

k=0

sin(kη) cos(kη) =
1
2

n∑

k=0

sin(2kη) =
sin[(n + 1)η] sin(nη)

2 sin η
,

λmax =
‖ξ1‖2 + ‖ξ2‖2 +

√
(‖ξ1‖2 − ‖ξ2‖2)2 + 4〈ξ1, ξ2〉2

2

=
n + 1 +

√
1 + 2 cos(n+1)η sin(nη)

sin η + sin2(nη)
sin2 η

2
One can show (using elementary manipulations with trigonometric functions) that

the expression under the radical is equal to

sin2((n + 1)η)
sin2 η

Hence,
1

λmax
=

2

n + 1 +
∣∣∣ sin(n+1)η

sin η

∣∣∣
.

Remark This result is obtained in [10] p.75 by completely different methods.

5. Numerical Experiments. Consider the following optimization problem:

〈c, x〉 → min,(5.1)

〈d, x〉 = 1,(5.2)

〈vi, x〉 ≥ 0 i = 1, ·,m,(5.3)

where

ci =
n−1∑

j=0

ρjui(ξj), i = 0, 1, · · · , n− 1, ξj ∈ (a, b),(5.4)

ρj ∈ R, j = 0, 1, · · · , n− 1.

d = [u0(ξ′), u1(ξ′), · · · , un−1(ξ′)]T , ξ′ ∈ (a, b),

vi = [u0(ζi), u1(ζi), · · · , un−1(ζi)]T , ζi ∈ (a, b), i = 1, 2, · · · ,m.

ui, i = 0, 1, · · · , n− 1 is a Chebyshev system on the interval [a, b].
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Note that 〈d, x〉 = 1 ⇔ p(ξ′) = 1.
In all these examples, we take ρj = 1, ∀j, ζi, i = 1, 2, · · · , m, ξi, i = 0, 1, · · ·n − 1

form uniform grids on the interval [a, b].
The results of numerical experiments with trigonometric Chebyshev systems are

presented in the Tables 1-3 . We solve the problem for the Chebyshev system
1, cosϑ, · · · , cos(n − 1)ϑ. The cost function is chosen according to (5.4) with ρi = 1.
The point ξi are chosen as a uniform grid on the interval [0, π], i = 0, 1, · · · , n − 1.
We solve this problem with the polyhedral approximation Km, (see (5.3)), where
m = 20n for the first table, and m = 30n for the second and third table. (In all
our experiments we use uniform grid for ζi.) We compute Hessian approximately by
taking m′ = 15n in the first table, and m′ = 20n in the second table. Here m′ is
the upper summation limit in the Hessian (see e.g.(3.1),(3.2)). We compute Hessian
without approximation in the third table. In other words, we take m′ = 30n. Column
2 represents the optimal value for the problem solved by the Affine-scaling algorithm
based on the universal barrier function (AU) (step size is µ = 0.99 of the maximal step
size). Column 3 represents the optimal value obtained by solving our problem using
primal-dual LP algorithm from SeDuMi. Column 4 represents the optimal value of
the primal problem solved by classical affine-scaling algorithm (ACl). Column 5 gives
optimal value using analytic solution described in Proposition 2 (for the cone K).
The next column gives the optimal solution of the dual problem (which in this case
coincide with the optimal value of the dual problem) obtained from AU. The next
column contains the similar data obtained by processing the optimal dual solution
from SeDuMi. The next column-the same data for classical affine-scaling algorithm.
The last three columns describe number of iterations for AU, SeDuMi, and ACl.

We see that affine-scaling algorithm based on AU solves problem in 5-8 iterations
and significantly outperform both SeDuMi and ACl in this respect. The accuracy of
the solution starts deteriorating for both AU and ACl around n = 25 but AU still
better than ACl (despite the fact that Hessian for AU is computed approximately).
SeDuMi provides very stable results in all dimensions.

The picture remains essentially the same in the second table. Here the number
of inequality constraints describing the cone Km is 30n (i.e. greater than in table
1). AU visibly outperforms both SeDuMi and ACl in terms of number of iterations.
SeDuMi again provides the most accurate results. In table 3 we finally compute the
Hessian of AU without any approximation. We need to adjust the step size in ACl
to get accuracy at least comparable with AU. It leads to an increase in a number
of iterations for ACl quite significantly. AU yields pretty accurate results and still
outperforms SeDuMi in terms of number of iterations.

The following tables present optimal solutions obtained using various barriers and
methods.
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Table 1 cos-system, m = 20n, and m′ = 15n for computing Hessian. Equality
constraint-p(π/3) = 1.

n (P) Opt.Val. Se(P)Opt.val. (P)Opt.V.Cl Analy Sol. (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

5 2.3348 2.3308 2.3308 2.3333 2.3281 2.3208 2.3308 5 10 5

10 2.1535 2.1530 2.1809 2.1538 2.1531 2.1530 2.1810 7 12 12

15 2.2282 2.2035 2.2302 2.2046 2.2111 2.2035 2.2302 7 15 16

20 2.0787 2.0699 2.1230 2.0706 2.0703 2.0699 2.1230 7 14 21

25 2.1028 2.0648 2.1233 2.0656 2.0773 2.0648 2.1233 7 18 26

30 2.2011 2.1324 2.1534 2.1333 2.1454 2.1324 2.1532 7 18 29

35 2.1241 2.0546 2.0849 2.0556 2.0612 2.0546 2.0849 7 19 26

40 2.0725 2.0460 2.0936 2.0465 2.0530 2.0460 2.0936 8 21 26

Table 2 cos-system, m = 30n, and m′ = 20n for computing Hessian. Equality
constraint-p(π/3) = 1.

n (P) Opt.Val. Se(P)Opt.val. (P)Opt.V.Cl Analy Sol. (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

5 2.3354 2.3322 2.3322 2.3333 2.3322 2.3322 2.3322 5 9 8

10 2.1553 2.1533 2.1767 2.1538 2.1535 2.1533 2.1707 7 14 18

15 2.2396 2.2043 2.2313 2.2046 2.2147 2.2043 2.2313 6 15 19

20 2.0793 2.0704 2.1704 2.0706 2.0714 2.0704 2.1724 7 17 22

25 2.0793 2.0652 2.1725 2.0656 2.0734 2.0652 2.1725 7 19 31

30 2.1486 2.1329 2.1733 2.1333 2.1410 2.1329 2.1773 8 23 25

35 2.0846 2.0553 2.1166 2.0556 2.0622 2.0553 2.1166 7 23 28

40 2.0657 2.0464 2.1241 2.0465 2.0561 2.0464 2.1242 8 25 28

Table 3 cos-system, m = 30n, and m′ = 30n for computing Hessian. Equality
constraint-p(π/3) = 1.

n (P) Opt.Val. Se(P)Opt.val. (P)Opt.V.Cl Analy Sol. (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

5 2.3322 2.3322 2.3322 2.3333 2.3322 2.3322 2.3322 7 9 14

10 2.1533 2.1533 2.1542 2.1538 2.1533 2.1533 2.1542 9 14 20

15 2.2061 2.2043 2.2044 2.2046 2.2062 2.2043 2.2044 12 15 23

20 2.0705 2.0704 2.0706 2.0706 2.0705 2.0704 2.0705 10 17 28

25 2.0671 2.0652 2.0663 2.0656 2.0671 2.0652 2.0661 12 19 36

30 2.1359 2.1329 2.1347 2.1347 2.1359 2.1329 2.1343 14 23 33

35 2.0569 2.0553 2.0557 2.0556 2.0568 2.0553 2.0548 14 23 36

40 2.0478 2.0464 2.0479 2.0465 2.0478 2.0464 2.0476 14 23 42

Results for some other Chebyshev systems

In the next table we consider numerical experiments with the Chebyshev system
1, x, x2, · · · , xn−1 on the interval [−1, 1]. We solve this problem with the polyhedral
approximation Km,m = 20n. This system turned out to be quite unstable from the
point of view of affine-scaling algorithm based on the universal barrier function. In
particular, the Hessian HF (x) is ill-conditioned starting from the first iterations. The
primal-dual LP algorithm clearly outperforms our approach in terms of accuracy. We
were able to solve the problems for small n.
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Table 4 Polynomial -system over (−1, 1), m = 20n, and m′ = 20n for computing
Hessian. Equality constraint-p(0.3) = 1.

n (P) Opt.V.(0.67) Se(P)Opt.V. (P)Opt.V.Cl (0.67) (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

5 3.1461 3.1461 3.1462 3.1461 3.1461 3.1462 12 10 13

6 2.8771 2.8770 2.8771 2.8770 2.8970 2.8770 12 9 14

7 2.4724 2.4524 2.4525 2.4724 2.4524 2.4524 15 11 15

8 2.7940 2.7940 2.7940 2.7940 2.7940 2.7940 14 13 16

9 2.8612 2.8611 2.8612 2.8611 2.8611 2.8611 13 10 16

10 3.0687 3.0686 3.0687 3.0686 3.0686 3.0686 13 13 17

11 2.6737 2.6735 2.6736 2.6736 2.6735 2.6736 16 14 18

12 2.6732 2.6731 2.6732 2.6754 2.6731 2.6731 22 19 22

13 2.8014 2.8013 2.8014 2.8013 2.8013 2.8013 20 18 19

14 2.7827 2.7809 2.7810 2.7954 2.7809 2.7809 13 15 19

Table 5 shows numerical experiments when we try to interpolate between the
universal barrier Fch and the classical barrier Fcl for the polyhedral approximation
of the cone of nonnegative trigonometric polynomials. The “pure” universal barrier
clearly outperforms any interpolation. Notice, however that always

HFcl
(x)−HFch

(x) > 0.

In particular, HFcl
is much better conditioned than HFch

Table 5 cos -system (0, π) n = 20, m = 30n, and m′ = 20n for computing Hessian.
Equality constraint-p(π/3) = 1 using barrier F = εFch + (1− ε)Fcl.

ε (P) Opt. Val. (P) Opt. val. (Sed) # of it. # of it. (Sed) (D) Opt. Val. (D) Opt. val. (Sed)

1 2.0793 2.0704 7 19 2.0714 2.0704
0.8 2.1423 2.0704 15 19 2.1423 2.0704
0.5 2.1617 2.0704 19 19 2.1617 2.0704
0.3 2.1841 2.0704 17 19 2.1841 2.0704
0 2.1724 2.0704 22 19 2.1724 2.0704

Tables 6-11 show numerical experiments with some other Chebyshev systems.
Table 6 shows the result where we do not use a polyhedral approximation of the cone
K. We use numerical integration package DE–Quadrature by T. Ooura
(http://www.kurims.kyoto-u.ac.jp/ ooura/index.html and [15]) for precise computa-
tion of the integrals of the type (1.1). In this case, we of course cannot check feasibility
easily. Instead, we are moving along the affine-scaling direction till we hit the bound-
ary of the Dikin’s ball. To compare with LP results we need to take a very refined
polyhedral approximation (m = 1000n). The accuracy is good for small n. Some re-
sults for polyhedral approximations for the cones of nonnegative exponential systems
are given in the Table 7.

Table 6 (Continuous)Exponential system 1, et, e2t, · · · , e(n−1)t over (−1, 1), Equality
constraint p(0.3) = 1.

n (P) Opt. Val (# of It.). (D) Opt. Val (P) Opt. Val Se m = 1000n. (# of It.) (D) Opt. Val Se.

6 2.2867(13) 2.2860 2.2860(20) 2.2860
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Table 7 Exponential system 1, et, e2t, · · · , e(n−1)t over (−1, 1), p(0.3) = 1, m = 50n,
and m′ = 50n for computing Hessian.

n (P) Opt.Val. (0.33) Se(P)Opt.val. (P)Opt.V.Cl (0.33) (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

6 2.2844 2.2841 2.2844 2.2839 2.2841 2.2842 40 17 45
7 2.5840 2.5839 2.5841 2.5839 2.5839 2.5837 20 12 33
8 2.9568 2.9190 2.9193 2.8650 2.9190 2.9190 21 17 36
9 2.9323 2.7694 2.2694 3.1664 2.7702 2.2702 31 12 79

Table 8 gives some computational results for cones of nonnegative polynomial
splines which form a weak Chebyshev system. We fix the degree of polynomial to 5,
and we add the spline terms; n is the number of functions in the system. We were
able to solve the problems for small n. With a rather small step size µ = 0.33, the
number of iterations is comparable to SeDuMi. We start to lose accuracy when n is
larger then 9.

Table 8 Spline system 1, t, t2, t3, t4, t5, (t+0.2)5+, (t+0.4)5+, · · · ,over (−1, 1), p(0.3) =
1. m = 50n, and m′ = 50n for computing Hessian.

n (P) Opt.Val. (0.33) Se(P)Opt.val. (P)Opt.V.Cl (0.33) (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

6 2.8883 2.8883 2.8883 2.8883 2.8883 2.8883 12 10 14
7 2.4677 2.4676 2.4678 2.4676 2.4676 2.4678 13 12 15
8 2.7009 2.7009 2.7009 2.7041 2.7009 2.7007 13 13 18
9 2.9436 2.9428 2.9431 2.9484 2.9428 2.9428 13 13 16

The next table, Table 9, displays computational results for hyperbolic sinh and
cosh system. We were able to solve the problems for small n with good accuracy. For
these experiments, we take step size µ = 0.67. As before, we were able to solve the
problems for small n.

Table 9 System- 1, cosh t, sinh t, cosh 2t, sinh 2t, · · · , cosh (n−1)
2 t, sinh (n−1)

2 t, over(−1, 1),
p(0.3) = 1. m = 50n, and m′ = 50n for computing Hessian.

n (P) Opt.Val.(0.67) Se(P)Opt.val. (P)Opt.V.Cl (0.67) (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

5 3.2027 3.2027 3.2027 3.2027 3.2027 3.2027 12 12 13
7 2.4859 2.4858 2.4859 2.4857 2.4859 2.4859 20 13 19

Table 10 displays computational results for another interesting Chebyshev system.
We were able to solve this problem for small n. Also with large number of grids used
to compute Hessian and feasibility check, we get accurate results.

Table 10 System 1, cos t, · · · , cos 5t, 1
2+cos t , over (0, π), p(π/3) = 1. m = 50n, and m′

= 50n for computing Hessian.

(P) Opt.Val.(0.67) Se(P)Opt.val. (P)Opt.V.Cl (0.67) (D)sol. Se(D) sol. (D)-Sol-cl # of it. # of it.Sed # of it Cl.

2.3330 2.3327 2.3329 2.3334 2.3327 2.3327 12 13 17
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Table 11 shows numerical experiments when we try to use three different types
of barriers. One is universal barrier generated by the Chebyshev system Fch, another
barrier is the classical barrier Fcl. The other barrier Fadj is the combination between
the two barriers. We use Fch for the very first iterations. Once the Hessian is ill
conditioned and the minimum eigenvalue becomes negative, we switch to Fcl. For
this, we take m = 50n, and m′ = 50n for computing Hessian. The step size µ = 0.99
was used. We compare the optimal value to the optimal value obtained by using
SeDuMi.

Table 11 Polynomial system. n = 12 using three types of barrier functions

Barrier P Opt. Val. D-Opt Val. # of iterations

Fch 2.7851 2.9430 6
Fcl 2.7199 2.7199 13
Fadj 2.7225 2.7225 16

SeDuMi 2.6755 2.6755 17

Finally, we consider the following optimization problem:

〈c, x〉 → min,(5.5)

〈d, x〉 = 1,

n−1∑

i=0

xi = 1, x0 + 2x1 + 3x2 = 1,(5.6)

〈vi, x〉 ≥ 0, i = 1, · · · ,m(5.7)

where

ci =
n−1∑

j=0

ρjui(ξj), i = 0, 1, · · · , n− 1, ξj ∈ (0, π), ρj ∈ R, j = 0, 1, · · · , n− 1.

d = [u0(ξ′), u1(ξ′), · · · , un−1(ξ′)]T , ξ′ ∈ (0, π),

vi = [u0(ζi), u1(ζi), · · · , un−1(ζi)]T , ζi ∈ (0, π), i = 1, 2, · · · , m.

ui = cos(ζ), i = 0, 1, · · · , n− 1 is a cos–system on the interval [0, π].

Table 12 shows numerical results for solving the problem (5.5)–(5.7) using the
Affine-scaling algorithm based on the universal barrier function and classical affine-
scaling algorithm both with step size µ = 0.67. We also compare our results with
primal–dual algorithm solved by SeDuMi. The results were quite satisfactory. Also
the number of iterations using universal barrier function is clearly fewer than the
number of iterations using classical affine-scaling algorithm
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Table 12 Results for the problem (5.5)–(5.5) with ξ′ = π/3, m = 50n, and m′ = 50n
for computing Hessian.

n (P) Opt.V. Se(P)Opt.V. (P)Opt.V.Cl # of it. # of it.Sed # of it Cl.

5 3.8570 3.8568 3.6571 10 11 11

10 2.6564 2.6559 2.6561 12 17 22

15 3.0591 3.0572 3.0573 12 14 21

20 3.5712 3.5702 3.5703 13 17 29

25 4.0016 3.9981 3.9983 13 19 29

30 4.4052 4.4036 4.4037 13 18 27

35 4.9217 4.9175 4.9180 14 20 32

40 5.4025 5.3999 5.4000 14 24 36

6. Concluding remarks. Our experiments confirm the theoretical assumptions
that algorithms based on the universal barrier function significantly reduce the num-
ber of iterations without loss in accuracy. We also computed the Hessian using various
approximation e.g. by reducing the number of grid points. Of course our approxi-
mations are of very special nature but they lead to satisfactory numerical results.
However, for certain Chebyshev systems (e.g. polynomial) the Hessian of the uni-
versal barrier function is ill-conditioned starting from the first iterations. It leads
to the break down of the algorithm for n ≈ 14. This is to some extent similar to
the situation arising for the same class of problems when they solved by the reduc-
tion to semi-definite programming problem [8]. In the former case the explanation is
based on ill-conditioning of positive definite Hankel matrices. Notice, however that
due to the invariance of universal barrier under linear isomorphisms of cones, the
mechanism of ill-conditioning is probably related to the sensitivity of our method
to the errors arising in the description of polyhedral approximations of the cone of
nonnegative polynomials. In our opinion, it is worthwhile to continue to study numer-
ical properties of algorithms based on the approximations of the universal and other
self-concordant barrier functions.
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