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Abstract—This paper addresses the general single-machine In this situation, schedulers try to complete all the orders
earliness-tardiness problem with distinct release dates, due dates,as close to their due dates as possible so as to minimize
and unit costs. The aim of this research is to obtain an exact iha total cost that might be incurred from either early or

nonpreemptive solution in which machine idle time is allowed. - .
In a hybrid approach, we formulate and then solve the problem late completion. The fundamental model for these scheduling

using dynamic programming (DP) while incorporating techniques Problems contains only one single resource (i.e., a machine)
from branch-and-bound (BB). This approach (DP-BB) has been and multiple tasks (i.e., many jobs or orders) with due dates
proven to be effective in solving certain types of scheduling and E-T unit costs.

problems. We further propose a new adaptation of the approach The single-machine E-T problems have been studied since

to a general problem with a nonregular objective function. To , S

address some shortcomings of DP-BB, we also apply a branch-the 1980's. As indicated _by Baker and Scud_der 2], th(_ase
and-bound approach in which partial dynamic programming problems can be solved in two stages. The first determines
dominance (BB-PDP) is exploited. Computational experiments an optimal or near-optimal sequence for all jobs. The second
were conducted with randomly generated test instances in order stage computes optimal timing for a given sequence. The
to evaluate the effectiveness of the two approaches. The res“"soptimal timing problem can be easily solved by modeling it as

clearly showed that our new approaches can solve all the _". .
instances with up to 40 jobs and most of the instances with a linear programming (LP) problem (Fry et al. [7]). However,

50 jobs, which outperforms those frequently used approaches in Since such optimal timing process is a repetitive task, faster
scheduling research. specialized algorithm is more appropriate than solving LP.
Note to Practitioners—The single-machine scheduling prob- A better algorithm Wa§ proposed by C'_‘arey et.al' 91, Wh',Ch
lems with nonregular objective functions are usually harder to Solved the problem with equal E-T unit costs in polynomial
solve in comparison to the problems having regular objectives. time. Sourd [22] proposed a dynamic programming algorithm
Most effective algorithms for regular objective problems take o solve the problem with general cost functions. Pan and
advantage of the objective’s special feature, which makes it g r17] 5150 presented a procedure, which can be modified to
difficult to be applied universally. Sometimes, however, this | h imal timi bl ith arbi i
difficulty can be resolved by changing conventional concepts solve t e_E'T opt{ma tlmlng pro em_W't_ arbitrary earliness
in the algorithm. This paper addresses a typical nonregular and tardiness unit costs in polynomial time. Some of these
scheduling problem and adopts a technigque which has been algorithms have been applied in solving single-machine E-T
successfully applied to the regular ones. We extend the traditional problems as optimal timing procedures.
concept of “dominance” from one point to piecewise linear so that In comparison to the optimal timing stage, it is much more

the technique can be applied to problems with a piecewise linear ... . . . .
objective function. Future research can further extend the “linear  difficult to find the optimal job sequence. To find such a

dominance” to “quadratic dominance” so that this technique can Sequence, the most popular technique that can be used is
be applied to the single-machine earliness-tardiness problem with branch-and-bound. Fujii and Wang [8] proposed a branch-and-

a quadratic objective function as well. bound algorithm for the problem with equal E-T unit costs.
Index Terms—single-machine, earliness-tardiness, branch- Abdul-Razaq and Potts [1] gave a lower bound procedure for
and-bound, dynamic programming the problem with no machine idle time by using dynamic
programming state-space relaxation. Li [12] also solved the
|. INTRODUCTION same problem using branch-and-bound. He developed two

gyltiplier adjustment procedures to solve the Lagrangian sub-
blems in order to obtain the lower bound. Hoogeveen and
de Velde [10] tested 5 different lower bound approaches

d applied them in a branch-and-bound algorithm with some
ominance rules. Note that all of these studies aimed to solve
e single-machine E-T problem with some restrictions (e.g.,
ommon due date, no idle machine time, equal E-T unit
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Scheduling problems concerning due dates and earline
tardiness (E-T) penalties have attracted wide interest in rec
years. The importance of these problems is due to a particu
dilemma in manufacturing—customers’ orders have to
completed in time in order not to lose them, but keepin
products too long in inventory will increase production cosc.



Because of the complexity of the problem, there have been st. C;,—C; >p; or C; —C; >p; Vi,jeJ
relatively few publications on the optimal solution of the
general single-machine E-T problem. The general problem is
NP-hard due to its NP-hard special cases [9]. So, insteadwdfere f;(C;) = h;F; + ¢;T; is a piecewise linear function
solving the problem for an exact solution, many researcheatith two pieces. The main notation used in this paper is listed
have turned to searching for near-optimal solutions to large Table I.

scale problems. For example, Mazzini and Armentano [13]

proposed a constructive heuristic which can handle up to 80 pynamic Programming Formulation

jobs. Yano and Kim [26] developed some heuristic approache

. : . . namic programming is an approach that is often used in
for the problem with earliness and tardiness costs proportion; SIDY brog g bp

. . %‘LIV|ng combinatorial optimization problems. It is basically a
to the processing times. Wan and Yen [25] used a tabu sea mplete enumeration scheme that exploits the solutions to

algorithm to fmgl _near-optlma_\l solutions for a More generay it subproblems. The optimal solution value is recursively
problem with distinct due windows. These heuristics were

X : omputed through the solution values of subproblems in a
quite often employed as upper bound procedures in brangh- . . L

. ottom-up fashion. In other words, dynamic programming first
and-bound algorithms.

The existing body of research indicates that using a tec%'yldes the original problem into subproblems and then obtains

. e an optimal solution to the original problem by recursivel
nigue such as branch-and-bound alone has difficulty to obtain P g P y y

the exact solution to the single-machine E-T problem Wit%olvmg thgse subproble_ms. The ratlonalg of the dy’.“"‘m_'c
programming when applied to the scheduling problem lies in

arbitrary due dates and E-T unit costs. One solution is to use . . : -
L . . : e fact that, if a sequence is optimal for the original problem,
the combination of dynamic programming with branch-ang:

bound. This approach has been applied to reqular ob'ectnr/]en any part of the sequence must be optimal for a related
- bp pp 9 J sueoproblem. According to Morin and Marsten [14], scheduling
scheduling problems. However, to the best of our knowled

e f . :
only Bard et al. [3] have applied this method to a nonreguiqgrr’.OblemS can b'e described by the following dynamic program-
ming recursion:

objective scheduling problem. In this paper, we propose new
optimization approaches for the general single-machine EfTz’,t") = min{w(z,t,j) + f(z,t)|(2',t") = [(x, t, 5),
problem, which combine dynamic programming and branch- " < t'}, for(' t') € Q\ {(z0.t0)} (1)
and-bound techniques in a graph search. We also apply a
transportation problem based lower bound procedure to the
nodes in the graph. By exploiting this lower bound procedumhere © is a finite set.t,#’,t” € R usually represent time.
and the structure of the E-T problem, we develop some ted’, '), («/,t"), (z,t) € Q are the states of subproblems
nigues that can help fathom search graph nodes efficiently. Thedynamic programming, wher€ is the nonempty state
remainder of the paper proceeds as follows: In Section I, tepace withQ? C © x R. (xo,to) is the initial statej € D
dynamic programming model and branch-and-bound modsla decision, whereD is the set of possible decisions at
for the problem are given. Section Il describes our nestate (z,t). w is the incremental cost function of applying
approaches to the problem. Section IV gives some analysisdetision; at state(z,¢). T' : @ x D +— § is a transition
the proposed approaches and presents computational resmitgpping that defines the new state by adding decigiat
Finally, some concluding remarks are given in Section V. state(x,t). f(x,t) defines the minimum cost at stafe, t)
with the givenz, wherezg = f(zo,to) is the initial cost at
Il. PROBLEM DESCRIPTION ANDNOTATION state (zo,tp). From the equation above, the solution to the

The general single-machine E-T scheduling problem can gheduling problem is equivalent to finding = (X, "),
described as follows: Lef be a set of jobs. Each jobj has where (X, t*) is the final state, by recursively solving the
five attributes: release date, due dated;, and processing SUPProblemf(z, ). _
time p;, unit earliness penalty,; and unit tardiness penalty " the general single-machine E-T problemstands for a.
g;- I job j is finished before its due date, inventory costs (sud¢t ©f Jobs and is the time at which the last of these jobs is
as storage and insurance) are incurred at a ratg gier unit completed. The transition mapping is definedlds, ¢, j) =
time early. On the other hand, if jopis finished after the due (217}, max{t,7;}+p;). The incremental cost of adding job
date, tardiness costs (such as those due to loss of custofbrw(:t7) = wj - [max{t,r;} + p; — d;|, wherew; is h;
goodwill and/or expediting shipping) accrue at a ratgoper ©F 9;- AS shown in Proposition 1f(x,) is a nonincreasing,
unit time tardy. These attributes may vary from job to job. ThRI€Cewise linear function iri. Hence, a S-tuple label =

objective is to find a processing sequence for the jobstinat (& % ls te; 2) is introduced to identify every linear piece of the
minimizes the total cost. If we defirg; as jobi’s completion function. In the label{ andt. represent the earliest and latest

time, E; = max{0,d; — C;} and T, = max{0,C; — d;} as possible finish time of the last job, respectively. Accordingly,
earliness and tardiness of joly respectively, then the general® @nd . represent the total costs associated with timaed.

single-machine E-T scheduling problem can be formulated £8M the fixed jobs (i.e.z = f(z,1), 2. = f(x,t.)). | stands
follows: for the slope of the linear piece, which is the rate of cost

n decrease after timé Note that the label has four degrees of
minz £(Ch) freedom. But for the sake of exposition, we include all the 5
i=1

C;>ri+p; Yied,

z, 2’ €0,

components in the label. Keep in mind the fact that we always



TABLE |
SUMMARY OF MAIN NOTATION

Category Notation Explanation
Dynamic Programming €] the finite set of all combinations of jobs
x € O, the job set
T k-job set
(z,t) state
T job sequence
Q C © x R, the nonempty state space
D set of all possible decision jobs
w(z,t,7) the incremental cost function of applying decisiprat state (x,t)
I'(z,t,5) the new state by adding decisigrat state(z, t)
z = f(=,t), the cost of job set at start timet on label £
Ze = f(=,t.), the cost of job set at completion time.. on label £
l the slope of labell
L = (t, z,1,tc, 2c), @ nonincreasing linear segment; label
T the time horizon; longest time that guarantees an optimal solution
Branch-and-Bound 0(z, 1) a lower bound on the costs af where the first job starts no earlier than
Z(L) a lower bound onf*, given labelC
u(z,t) an upper bound on the costs ®f where the first job starts no earlier than
" the global upper bound ofi*

use the absolute value of any label’s slopd,atius we have is selected for branching at a time according to the search

[>0. strategy. Without loss of generality, in a minimization problem,
Proposition 1. The functionf(z, t) is nonincreasing, piece- the upper bound stands for the best objective obtained thus
wise linear int. far, and for each node, a lower bound is computed to attain

Proof: From Eq. (1), it is easy to see thd{z,t) is the best possible objective value. A node is fathomed if
nonincreasing, since the jobs can complete befoBy mathe- the lower bound is not strictly less than the upper bound.
matical induction, we show the piecewise linear property. Firddifferent problems or problem classes can employ dominance
it is verified thatf(zo,t) = f(0,t) = 0 is piecewise linear. conditions to quickly fathom a node without computing the
Suppose thaf (z, t) is also a piecewise linear functionénA  lower bound. Branch-and-bound terminates with an optimal
certain job set;,; can be built from job sets}, z7, ...,z "%  solution when all actives nodes are fathomed.
with (n — k) distinct jobs individually. By Eq. (1), at any Although the dynamic programming and the branch-and-
time ¢, there exists a stater{,t) such thatf(zr;1,¢') = bound approach achieve optimal solutions in different ways,
w(zk,t,7) + f(zk, t). Since bothw(xy, t,j) and f(xx, t) are they are actually based on similar data structures — graph for
piecewise linear,f(z,41,t') is also piecewise linear in’. dynamic programming and tree for branch-and-bound. This
Therefore,f(x,t) is nonincreasing piecewise lineardn ® similarity makes it possible to combine these two approaches

Dynamic Programming DominanceA label £ can be to generate a new efficient algorithm for scheduling problems.
dominated by other labels of the same nadeif and only
if, for any t < t' < t., t’ is in an existing label ofr and IIl. HYBRID DYNAMIC PROGRAMMING AND
f(z,t) <z—1-(t —t). If L cannot be dominated, it has to BRANCH-AND-BOUND APPROACHES

be inserted to the node’s label list. Figure 1 shows the case ] ) )
in which the label is dominated and Figure 2 shows how a | N€re are two ways to combine dynamic programming and

new label is inserted in the associated node. The drawbd¥Rnch-and-bound. One is to do branch-and-bound on the
of dynamic programming for the general single-machine E-4Ynamic programming search graph; we refer to it as DP-
problem is that when the problem size is large, the number BP- Conversely, we can incorporate dynamic programming
labels will increase rapidly. In practice, this tendency forcéfominance in the branch-and-bound framework, which we
the system to allocate a huge memory space to keep tr&ghote by BB-DP. These two approaches have their own
of all the labels’ information. As a result, it is impractica®dvantages and disadvantages. In practice, they are applied
to apply dynamic programming to the single-machine g-gccording to the features of the real problems faced.
problem without modification.

A. DP-BB

B. Branch-and-Bound The DP-BB idea was first proposed by Morin and
Branch-and-bound approach was also developed to soMarsten [14], who applied it to the Traveling Salesman
discrete and combinational optimization problems. DiffelProblem. Barnes and Vanston [4] used it on a single-machine
ent than dynamic programming, branch-and-bound solvegm@blem with tardiness penalties. Bard et al. [3] also used this
problem by dividing the solution space into a number approach to solve a single-machine problem with earliness
subregions. This process, called branching, is in turn applipdnalties. Our DP-BB algorithm follows the steps in Pan and
to subregions as well. It leads to an expanding tree whereShi [18], where it was applied to the total weighted completion
node corresponds to a subset of solutions. The growth occtinse problem with release dates. However, unlike the total
at the frontier or active nodes of the tree; one active nodeighted completion time problem, the job cost function of



A7 Dominated label to three possible new labels may be generated. The number

of new labels depends on the difference betweenjjstdue
dated; and¢, and the difference between jois tardiness
cost rateg; and!. Figure 3 shows four cases in which new
labels of noder’ are generated from those of node Note

that if ; +p; > d;, the jobj has no earliness penalty indeed
and contains the tardiness cost only. The branching process is
similar to Case Ill and Case IV in Figure 3.

2. Lower Bound To apply the branch-and-bound approach
in dynamic programming, a strong lower bound for each label
is required to curb the size of the search graph. In Section IlI-

t B, we will describe how to obtain a strong lower bound for all
unscheduled jobs when the latest completion time of scheduled
Fig. 1. Dynamic Programming Label Dominance jobs is given. Here, suppose this lower bound function t)
is known for a particular labell, wherez = J\z and z
is the associated fixed job set @f. If [ = 0, the lower
bound of the whole job sef is (L) = ¢(z,t) + f(z,t),
4z ---- Newlabel where we only need to evaluate the lower bound once. If
[ > 0, then the label is a ranged decreasing linear function
— Existing labels at node x in ¢t. Hence, Z(L£) = ming<y<¢ {¢(Z,¢') + f(z,t')}. The
straightforward way to findZ (L) is to calculate the lower
bound for everyt’ and choose the minimum. However, as
will be indicated in Section IlI-B, the lower bound evaluation
is the most time-consuming step in the algorithm. To reduce
the number of these evaluations for a single label, we use
the following approximation instead of the exagt(L). As-
sume that/(z,t) is a nondecreasing function in If we let
Before Adding L(L) =4(z,t)+ f(x,t.), then it is guaranteed tha’ (L) <
ming<p <4, {0(Z,t') + f(z,t')}. Although this approximated
lower bound is not as strong as the exhaustive bound, it gives
4z quite good approximation and can be computed much faster
in practice, since it entails only one lower bound evaluation
for each label.

3. Dynamic Programming Dominance and Label Updating
We have discussed this change in Section Il. At any time
we are only interested in the lowest cost of the scheduled
jobs. Hence, we compare the new generated ldbeith any
existing label £’ of the associated node, and keep the one
with the lower cost at any common timeof £ and £’'. Let

Existing labels at node x

v

v

v

After Adding t u be the upper _bound of ar_1d u(z,t) pe the upper bound
of unscheduled job set starting from timet. The complete
Fig. 2. Add a Label at a Node algorithm is presented below :
Algorithm DP-BB(u)
Step 0. Initialization. Let p := max{p,u(J,t)}. If

0(J, tg) > pu, STOP. LetP := (), Q := {z0}, S := (). Nodex
E-T problemf(C}) is not always nondecreasing. This meangas single labelto, 2o, 0, +00, z0).
thatw is not necessarily to be a monotonically nondecreasingStep 1. IfQ = (), STOP. Letz be the oldest node i) and
function, which violates one of the assumptions in [18]. Hencg) .= \z. Let L™ m =1,..., L, be the labels inP,. Let
the algorithm in [18] cannot be directly used on the E-F, .= 0.
problem. Fortunately, the algorithm can still be applied to the Step 2. Letm := m + 1. If m > L, go to 1.
E-T problem with the following changes: Step 3. Branching For each availablej, S := S U

1. Branching For a label of node:, attaching an unsched-TI'(x,t™, j).

uled job j to = gives a new label in node U {j}. It is Step 4. IfS is empty, go to 1. Letz’, ¢') be the oldest state
easy to calculate(2’,t") whenw(x,t, ) is monotonic non- in S and setS := S\ (z/,t'). Let L' be the associated label.
decreasing, wherézr’,t') = T'(z,t, 7). However, ifw(z,t, j) Step 5.DP Dominancelf node z’ already exists inP and
is not monotonic nondecreasing(z’, ') cannot be obtained for any ¢, wheret’ < ¢ < t., there is a label” in P,, where
directly. Particularly in the single-machine E-T problem, whet’ < ¢ <t/ and z < z;, then L' is fathomed. Go to 4.
there is branching on a labét, z,1,t., z.) of nodexz, one  Step 6.Upper bounding Sety := min(u, 2’ + u(zZ',t')).
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Fig. 3. Branch a Label at Node

Step 7.Lower bounding and cut offf I’ > 0 and¢(%’,t') +
zl > p,orl’ =0 and4(z',t') + 2/ > p, then labell’ is
fathomed. Go to 3.

Step 8.Updating Q and P If node z’ is not in Q, set
Q :=QU{z'}. If nodez’ is not in P, addz’ and labell’ to
P. Otherwise, insert new labels’ in P,.. Go to 4.

B. Lower Bound and Upper Bound Procedures

The procedure of lower bound estimation plays an impor-
tant role in our algorithms. The efficiency of the algorithms
relies heavily on a fast procedure that produces strong lower
bounds. It is straightforward to model and solve the lower
bound problem as an LP. Unfortunately, our computational
experience has shown that solving the LP of this problem
is time-consuming and results in weak bounds for most of
the instances. To overcome this difficulty, Sourd and Kedad-
Sidhoum [23] and Sourd [21] proposed to calculate the lower
bound for discrete and continuous problems, respectively. Both
of these two approaches considered a preemptive lower bound
of the original problem. In our discrete case, we decompose
the jobs into a number of unit-time operations and assign
these operations to discrete time slots. Thus, the lower bound
problem is converted to the followingansportation problem

T
mmE:E:%wt (2

ieJ t=1
T
s.t. int —p, forieJ
t=1
> ay=1fort=1....T

ieJU{Jo}
x4 € {0,1} forallie Ju{J} andt=1,...,T

whereJ, is a dummy jobg;; is the transportation cost of pair
(i,t) andT' is the time horizon of the schedule, where there
is at least an optimal schedule finishing bef@re The dual
problem of thetransportation problencan be written as:

T
maxzpiui + th (3
e t=1
stou; +vs <cyforiedt=1,...,T

As described in Nemhauser and Wolsey [15], the transporta-
tion problem can be solved using the Hungarian method in
O(T?) time. In [23], an adaptation of the Hungarian method
to this particular transportation problem is suggested with
O(n®T) complexity. Bilbul et. al [5] also used the same
adaptation with better transportation parameters. The resulting
lower bound is stronger than the one provided by the LP
relaxation of the disjunctive integer programming formulation.
In our implementation, we sef’ = max;c;(r;,d;) +

Zjejpj at the root node and reduce it at the others according
to the parent nodes’ lower bound assignment and the fixing
job’s occupation. For the upper bound, we used tabu search
to find a good solution at the root node. The solutions found
by Tabu search are usually very close to the optimal. The
average gap by tabu search at the root node is less than 2%.
But tabu search usually takes longer time than other heuristic



methods, which makes it impractical to be used on all nodes.
Hence, for nodes other than the root, we applied Mazzini f 4
and Armentano [13]'s algorithm, which provides a reasonably

good upper bound i®(nlogn) time. Z a

—— Existing labels at node x

---- Label being added at

. node x

C. Techniques for Improving Algorithmic Performance b N

We also implemented the following techniques in the al- ‘ nC
gorithm, which were intended to improve its computational
performance.

1) Branch-and-Bound Dominancelower bound evalua-
tion usually accounts for 50—90% of the total computation time
of the algorithm, according to our computational results. So,
the smaller the number of labels that are needed to calculate
the lower bound, the shorter the time that the algorithm needd +
to solve the problem. Here we apply three different kinds of
branch-and-bound dominance to reduce the number of labels:

1. Consider branching on a labél If job i and jobj are can be fathomed using dominance rules along with bounding.
both unscheduled, angd+p; <r;, r;+p; < r;, andd; <r;, Another benefit of this partial fathoming is in branching. In
then jobi cannot be scheduled before jgbThis is because Section Ill, we have indicated that 1-3 new labels may be
if we fix job j first at its optimal time and run joblater, the generated from an existing labgl. If the start timet of £
cost is guaranteed to be less than the cost of the scheduléntreases and exceeds the due date of ajjothe number
which job i runs beforej. of new labels after branching will be reduced by one. (Note

2. In the situation where all the unscheduled jobs will surelyat the partial fathoming cannot be applied to the labels with
be late, these jobs should be scheduled in increasing ordei ef 0.)
pi/ g: [20]. In our implementation, we still add the original long label

3. Consider a label. When L is branched on, if the next at the associated node, and defer partial fathoming until right
job i that is going to be fixed has release date- t., thenitis before the branching step. This is because a long label has a
not necessary to create a branch for joRecall that the cost greater chance of dominating other existing labels at the node
function in the dynamic programming node is nonincreasirtgan a shorter one.
piecewise linearr; > t. implies that jobi has to start at later 3) Early Termination and Pre-dominanceBesides the
labels thanl, and with a smaller fixed job cost. branch-and-bound dominance/cutoff used to reduce the num-

2) Partial Dominance:A label that cannot be fathomed byber of labels, another effective technique is to speed up the
dynamic programming dominance rules and branch-and-boypritmal-dual procedure of the Hungarian method. Note that the
cutoff will be added to the associated node. However, suctphjective value of any feasible solution to the dual problem (3)
label can still be partially dominated by either dominance rulés a valid lower bound for the primal problem (2). Whenever
or bounding. As indicated in Section Il-AZ (L) = £(Z,t)+ the objective value of (3) is greater than the difference of the
ze. If £(Z,t) + 2. < p, this label cannot be discarded. But ifupper bound and the fixed job set cost, the label must have a
meanwhile/(z,t)+2z > pu, then applying(z, t) on every label lower bound that exceeds the upper bound. It is not necessary
point gives a segment on which the optimal solution is né® continue the procedure in this case, because the label
possible, under the assumption thaf,¢) is nondecreasing is fathomed at this point. In our implementation, we check
in t. Specifically, lett” = ¢ + [¢(z,t) + z — u]/l and 2" the objective value of (3) every time and v are updated.
be the fixed job cost at tim¢’. Then, for allt < ¢/ < ¢”, The complexity of this step i®(n + T"). Our computational
Uz,t) + 2 = L(z,t) + 2 — (' —t) -1 > p. Hence, the experience indicates that this extra step is quite helpful.
start time of labelZ can be increased from to ¢’. The Another way to improve the performance is to ignore some
label is thus shortened and in turn, has a greater likelihotabels with zero tangent. Suppose lalfeis followed by label
of being fathomed. This is because even if a label cannot 5& at nodex, and! is positive while!’ is equal to 0. Recall
fathomed based on its lower bound, its associated shortertieat the lower bound off on £ is Z(L) = {(Z,t) + z.. If
label could very well be fathomed by dynamic programming(z,t) + z. > u, then L is fathomed.L’ can be fathomed as
dominance. Figure 4 shows an example of how a label vigll without calculating the lower bound # = z. (which
partially fathomed. The label cannot be fathomed by dynanti@ppens in most cases). This is becaéel’) = ¢(z',t') +
programming dominance because the time in segment (a,b}is> ¢(z,t) + z. > p.
out of the range at node. It cannot be discarded by bounding 4) Memory ManagementRecall that DP-BB utilizes the
either, sincel(z,t,) + z. < p. However, if we know that breadth-first search scheme, which implies that all potential
(T, t,) + 2o > p, then segment (a,b) can be discarded. Aabels with k fixed jobs in the search queue have to be
the other hand, segment (b,c) is completely above the labbtanched before any label witk + 1 fixed jobs can be
at the node. This means (b,c) can be discarded by dynarekplored. Theoretically, each label contains the basic segment
programming dominance rules as well. Hence, the whole labeformation (¢, z,1,t.,2.) only. In practice, we solve the
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TABLE I

transportation problem for each label, and endeavor to pass
A 3-JOBINSTANCE

parents’ solutions onto the children in order to speed up the
lower bound evaluation. Hence, besides the basic label da
we also record the dual solutions to the transportation probler,
which includeu andv with space complexity) (n) andO(T), g
respectively. The required memory size of a problem instance
depends on the maximum number of labels that reside in the
search queue simultaneously. It can easily exceed the capacity
of the system memory for large or difficult instances.

It is probable that dual solutions are similar for two consec-
utive labels at a node, since they are from the transportation
problems with the same fixed jobs and only differ in the start
time for unscheduled jobs. Hence, the dual solutions of the
previous label can be used for the next or even all the labels
that follow. As a result, we only need to record one set of dual
solutions for these labels. Although the dual solutions for other
labels are usually not exact, this strategy actually helps reduce
the memory requirements. In the extreme case, only the first
label needs to contain the parents’ dual solutions for the whole
node. But, because the first label can be so different than the
last, this extreme difference might cause the problem that the
dual solutions recorded are too inaccurate to offer any useful
hint for the label at hand. Tq achieve a good tradeoff betweglré_ 5. DP-BB Example
accuracy and memory requirement, we always keep the dual
solutions that have been in the node and only remove the new
added label's if necessary. Specifically, lgtz,1,t., z.) be
the label that has been added at the node (@hd’, !, ., z.)
be the label that is going to be added.t I ¢, record new
label's dual solutions; otherwise, discard the dual solutions.

When a label without dual solution data is considered for tife BB-PDP

lower bound, the available dual solutions of the nearest labelAs described above, in the general single-machine E-T

will be used instead. problem, DP-BB provides an efficient scheme for taking full
advantage of dynamic programming and branch-and-bound
approaches. However, the drawback of DP-BB is also appar-

D. An Example of DP-BB ent: The structure of DP-BB determines that it has to utilize

To further explain the DP-BB approach, we use the 3-jdtreadth-first search for each label at each node. This search
instance in Table Il as an example. Figure 5 shows the DP-BBheme prevents the algorithm from exploring the more in-
procedure on the example. In the figure, each node contadtepth part of the search graph and obtaining high quality
a job set and at least one label. The lower bouAidL) = solutions early on during the search. Additionally, increasing
{(z,t)+ 2. is indicated right after each labglif £ is not fath- the number of nodes in the graph can easily cause computer
omed by dynamic programming dominance rules. In this ememory overflow, which makes the problem unsolvable. The
ample,((z, t) is obtained by solving the associated transportaemmon solution to this difficulty is to adopt depth-first
tion problem and:. is shown in the label. Suppose that wesearch, instead of breadth-first search. For this purpose, the
have attained an upper bound of 12 at the root node. There preblem should be first reformulated in a branch-and-bound
three nodes that can be obtained by branching on the root né@denework, in which dynamic programming dominance rules
with different jobs. All the labels in these nodes are eliminatezhn be applied.
by bounding excep, 5, 5,6, 0) in node{1} and{5, 2,2, 6, 0) The standard branch-and-bound approach usually contains
in node {2}. Branching on label(5,5,5,6,0) with job 2 dominance rules for single-machine scheduling problems. The
gives two new labels(7,8,2,8,6) and (8,6,0,+00,6) in general dominance rule compares two job sequences of the
node {1, 2}. (Branching with job 3 generates no new labelsame job set and discards the one with a higher fixed job cost
becauset. = 6 < rz3 = 8 (refer to Section I1I-C.1.3).) at any timet. One example of this dominance rule can be
Labels (8,4,1,9,3) and (9, 3,0, +0c0, 3) that are also in the found in [20]. However, this dominance rule is weak for the
node {1,2} are generated from the labél,2,2,6,0). Note E-T problem because of its nonregular objective function. It is
that (8,6, 0, +00,6) can be dominated by8,4,1,9,3) and unlikely that one sequence can completely dominate another.
(9,3,0,+00, 3). Labels(7,8,2,8,6) and (9, 3,0, +00,3) are Instead of one-to-one comparison, the dynamic programming
fathomed by bounding. Hence, there is only one remainimpminance rule discards a job sequend®y comparing it with
label, (8,4,1,9,3). Branching on this label with the only multiple job sequences, which dominatesmore effectively.
remaining job 3 gives the labél 1, 12,0, 400, 12} in the final Specifically, suppose job sequencéas the same job set with
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: <0,0,0,40,0>(10)

(11:<5,5,5,6.0> (11),
<6;0:0;+6,0>(14)

{2}:<5,2,2,6,0>(10),
<6:0:0:+00.0>(12)

{1,2}:<7:8:2:8:6>(14),
<84,193>(11),
<93:0+e03>(15)

node. We thus obtain the optimal solution to the instance with
job sequencer = 2,1, 3 and objective 12.



fim.p) — 0 scenarios, which is shown in Table Ill. We tested 5 instances
for each scenario.
1 There are two main factors that determine the difficulty of a
) problem. One is the problem size. The other is the parameters
T and R, which represent the due date window’s position
and its range, respectively. Generally, the narrower the due
date window, the more easily the problem can be solved (a
S~ o o ___ common due date is the extreme case). The position of the
due date window also impacts the difficulty of the problem.
The scenarios with due date windows close to time zero are
considered to be relatively easy. Notice that the release date is
> generated in U[@]. If the due date range also starts at time
' Fan zero, it is very possible that some jobs have later release dates
than due dates. These jobs have only tardiness cost terms. The
problem becomes a weighted tardiness problem if all the jobs
have release dates later than due dates, which is much easier to
solve. In our research, we consider the problems in scenarios
job sequencesr;, s, ..., m,. Let S = [tr,+0o0) (Wheret, 1 to 4 ashard problems and the others aasyproblems with
is the earliest possible finish time af) and S; be the set the same problem size.
of times thatr; can dominater. The dynamic programming
dominance rule guarantees thatannot be part of an optimal
sequence as long &= | J!"_, S;. Figure 6 shows an exampIeA' DP-EB vs. BB-PDP
of using the dynamic programming dominance rule. SequenceMe use a 30-jobhard problem instance to analyze the
m cannot be dominated by either, or 7, individually. But approach of DP-BB. Figure 7 shows the number of nodes
part [t.,tr12] of = can be dominated by; and [,12,+0c) generated at each level for the instance using DP-BB. Figure 8
can be dominated by., wheret, 1, is the intersection time depicts the relationship between the number of labels at each
point of f(m1,t) and f(ms,t). Therefore,S = S; US,; and level for the same instance. We can see from the figures that
sequencer is dominated. the numbers of nodes and labels reach their peaks near the first
We have shown that a sequencecan be dominated by 1/3 of the jobs. For the pure dynamic programming approach,
comparing it with multiple other job sequences. Now ththe theoretic peak appears in the middle when half of the
guestion is which job sequencesshould be chosen to do thejobs are fixed. But, because of the dynamic programming
comparison. Ideally, all possible sequences of a job set shodkiminance and bounding, the actual peak shifts to an earlier
be considered in order not to miss any potential dominandimne. Furthermore, the numbers fluctuate sharply around the
However, a job set of size hask! different sequences, makingpeak, but in other areas, they tend to increase or decrease
it impossible to enumerate them all for largeHence, we only gradually. This is a common phenomenon in the application
consider a branch-and-bound algorithm with partial dynamif DP-BB to the general single-machine E-T problem. There
programming dominance (BB-PDP). We tested two ways &e about 4.63 labels at each node on average throughout all
select potential job sequences: 1.) For the job sequence vilik levels. In Figure 8, we also give the number of labels
size k, fixed the firstk; jobs, and enumerate all the jobthat are needed to do the lower bound evaluation based on
sequences with these fixed jobs. 2.) From the optimal timitigansportation problem. Obviously, the smaller the number, the
solution for =, enumerate the lagt, jobs where there is no more quickly the problem can be solved. The figure shows
machine idle time between the jobs.H§ is too large to be that strong dominance rules are needed to fathom more labels
enumerated, swap every two jobs amongkhgbs. Empirical before computing the lower bound.
evidence shows that the second sequence selection methothe performance of the algorithm is determined by the
usually can find all the valid sequences more quickly than tlgeiality of the lower bounds and upper bounds for the labels.
first one. We therefore use this method in all our experimenighe approach that we used for lower bounding is much better
than the LP relaxation of the disjunctive integer programming
formulation. For a particular instance of a 30-job problem,
the optimal objective value turns out to be 420391. The LP
The test instances that we used are similar to those in [1Bjlaxation takes 0.05 seconds to get the root node lower bound
They were generated as follows. The processing timegere 328276 with a gap of 22%. The transportation problem based
drawn from the discrete uniform distribution U[1,100] and théower bound is 405811 with a gap of 3.5%, and takes merely
release dates were from U], whereP = 3" | p;. The unit 0.08 seconds. We can see that the transportation problem based
earliness and tardiness costs were generated from U[0,1@0pcedure gives a much stronger lower bound while using
As suggested in [19], the due dates were generated framost the same amount of time as LP relaxation. To show the
U[P(max[0,(1-T-R/2)]), P(1-T+R/2)], where T is the tardinessmportance of upper bound in this problem, the same instance
factor and R is the due date range. We chose T=0.2, 0.5, amas tested. The root node upper bound is 436819 with an
0.8 and R=0.4, 0.7, and 1.0. There are a total of 9 differeoptimality gap of 3.9%. The total computation time for this
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Fig. 6. Dynamic Programming Dominance Rule for Job Sequence

IV. COMPUTATIONAL EXPERIMENTS



TABLE Il

9 DIFFERENT SCENARIOS FOR THE TEST PROBLEMS

Scenario 1 2 3 5 6 7 8 9
T 0.2 0.2 0.2 05 0.5 0.8 0.8 0.8
R 0.4 0.7 1.0 0.7 1.0 0.4 0.7 1.0
Interval [0.6P, P] [0.45P, 1.15P] [0.3P, 1.3P] [0.3P, 0.7P] [0.15P, 0.85P] [0, P] [0, 0.4P] [0, 0.55P] [0, 0.7P]
160 instance is 11 seconds. But, if we set the initial upper bound
140 | to 420391 directly, the total computation time is reduced to
0 100 ] 7 seconds. Even a small reduction on the initial upper bound
2 gap can have a significant impact on the overall performance.
2 1001 In Section IlI-E, we have shown that BB-PDP can fathom a
'§ 80 - job sequence more completely than the standard branch-and-
3 &0 bound. The improvement can be seen from Figure 9, which
£ / \\A shows the number of nodes generated by [23]'s branch-and-
2 10 bound and BB-PDP on all the 30-job problem instances. The
20 difference between BB-PDP and Sourd and Kedad-Sidhoum's
0 Hr——rrr——— S algorithm lies in the way in which dominance is applied. With
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Fig. 7. Number of nodes visited for a 30-job instance
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the partial dynamic programming dominance, the number of
nodes can be reduced by 80% on average from the traditional
dominance rule. The associated CPU time is reduced by
around 80% as well.

B. Numerical Results

We implemented our algorithm in C++ and compiled it in
Visual Studio .NET 2003. All the instances were tested on a
Pentium IV 2.8GHz computer. We compared DP-BB and BB-
PDP with the time-indexed integer programming formulation
(TIF) of the scheduling problem (Formulation E in [6]). The
TIF was solved with AMPL/CPLEX9.1. In BB-PDP approach,
we used the same upper bound and lower bound procedures
as DP-BB. The numerical results are shown in Tables IV and
V.

To compare the efficiency between DP-BB, BB-PDP and
TIF on the 20-job problem group, we set the maximal time
limit to 1 minute. The execution time for the 30, 40, and 50-job
problem group was limited to 1, 1, and 2 hours, respectively.
The instances that required longer time than the limit are not
included in the average CPU time and label/node statistics.
We can see that over 50% of the 20, 30, and 40 jobs instances
could not be solved with TIF, while all the instances were
completely solved with DP-BB or BB-PDP. The fundamental
methodology that CPLEX uses is also branch-and-bound. But,
CPLEX adds cuts at the root node so that in many problem
instances, it can usually achieve very strong root node lower
bound and consequently does not generate many nodes, as
indicated in Table V. Although this strategy is very successful
in some instances, it fails in many others, since computing
lower bounds with added cuts consumes much of the CPU
resources. In the case that a poor lower bound is obtained
after a long period of time spent on lower bound computation,
CPLEX is usually not able to find the optimal solution within
the set limited time. This reduces its overall performance and
causes many instances unsolvable in the set time. Compared to
BB-PDP, DP-BB's advantage is obvious in both the execution

Fig. 9. Number of Nodes by BB-PDP and Sourd’s BB on 30-job instanc¢ime and the number of labels/nodes generated. Although these

two approaches share the same lower bound procedure, DP-
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TABLE IV
COMPARISON BETWEENDP-BB, BB-PDPAND TIF oN CPUTIME

# of UI** Avg CPU Time (sec) Max CPU Time (sec)

Size Sc* DP-BB BB-PDP TIF DP-BB BB-PDP TIF DP-BB BB-PDP TIF

20 1 0 0 0 0.9 1.8 13.20 1.2 25 21.58
2 0 0 5 1.7 5.9 N/A 4.2 17.4 60
3 0 0 3 0.9 4.8 15.18 1.6 11.1 60
4 0 0 2 0.6 1.7 14.34 0.7 2.1 60
5 0 0 4 0.8 3.3 11.86 1.5 7.2 60
6 0 0 3 0.5 1.6 27.35 0.6 2.6 60
7 0 0 3 0.4 1.3 10.65 0.5 1.8 60
8 0 0 2 0.4 2.0 10.61 0.8 6.5 60
9 0 0 2 0.8 2.6 34.60 1.5 5.4 60

30 1 0 0 4 46.7 238 3262.4 110 481.2 3600
2 0 0 4 24.2 180.9 2423.9 46.7 276.5 3600
3 0 0 3 9.7 76.8 1518.9 11.5 162.1 3600
4 0 0 5 32.2 312.8 N/A 67.8 659.3 3600
5 0 0 2 3.7 74.4 1018.8 4.9 262.3 3600
6 0 0 1 3.5 50.1 458.6 4.9 135.5 3600
7 0 0 3 1.6 18.1 10.4 1.8 34.1 3600
8 0 0 3 2.9 74.4 3145.9 7.1 302.9 3600
9 0 0 0 3.3 33.8 1318.6 4.4 57.6 3345.8

40 1 0 2 2 497.6 780.7 1221.2 925.3 3600 7200
2 0 1 4 571.8 21775 3726.1 1092.3 3600 7200
3 0 2 5 299.9 1892.1 N/A 1154.4 3600 7200
4 0 1 3 323.8 1403.3 2193.7 738.9 3600 7200
5 0 2 3 78.8 905 1632.1 184.6 3600 7200
6 0 0 2 60.8 1190.3 4004.7 122.8 3384.6 7200
7 0 1 4 9.6 348.8 7083.3 12.4 3600 7200
8 0 1 1 53.3 552.9 3532.4 225.4 3600 7200
9 0 0 4 13.3 422 855.4 19.8 760.9 7200

50 1 5 4 4 N/A 2731.4 1030.2 7200 7200 7200
2 3 5 5 2950.4 N/A N/A 7200 7200 7200
3 0 5 5 1776.5 N/A N/A 4043.1 7200 7200
4 1 4 4 2479.3 914.03 5550 7200 7200 7200
5 1 3 5 443.7 4308 N/A 7200 7200 7200
6 0 4 5 1954.7 977.7 N/A 5972.6 7200 7200
7 0 3 4 89.9 1197.7 991.3 160.8 7200 7200
8 0 2 5 113 3912.3 N/A 260.5 7200 7200
9 1 4 5 873.4 5556.3 N/A 7200 7200 7200

*Sc = Scenario

** Ul = Unsolved Instances

BB eliminates more nodes. We can also see from Table IV V. CONCLUSIONS ANDFUTURE RESEARCH

that BB-PDP is worse than DP-BB on most of the problem Thig paper applies the hybrid approach of dynamic program-
groups. However, as a backup for DP-BB, BB-PDP can oftefing and branch-and-bound technique to the general single-
reach high-quality solutions at earlier stages and consum@chine E-T problem. Since it does not have those particular
much less memory. For the 50-job problem group, DP-BRstrictions, such as common due date and no machine idle
fails in obtaining optimal solutions for all the 5 instances ifme, it can be more generally applied as compared to those
Scenario 1, due to its running out of memory every time. §pnproaches that work on restricted problems only. DP-BB can
does not achieve better solutions than root node upper bouaggma"y solve up to 40-job problems with any difficulty level
in these instances. By contrast, BB-PDP can not only solyaq most of the 50-job problems. Furthermore, because the
one of the instances, but also obtain much better final solutiofighaustive searching structure of DP-BB is based on the E-
than DP-BB on other instances. T cost function only, existing techniques for the restricted
In order to find the largest problem size that DP-BB and BBroblems, such as efficient and strong lower bound procedures,
PDP can deal with, we tested the 7th scenario of 60 and @&n be integrated into the DP-BB approach to generate a highly
jobs problem groups. The numerical results for each instaneficient algorithm for those problems.
are presented in Table VI. Note that the longest executionBB-PDP is proposed to resolve the memory overflow prob-
time is set to 1 hour and 2 hours for 60 and 70-job instancdsm that occurs frequently in DP-BB. This approach allows
respectively. From the table, we can see that DP-BB solves @il to use the depth-first search scheme. It can obtain high-
the 60-job instances while BB-PDP and CPLEX fail. For 70guality solutions during early stages of the search, and has a
job instances, only DP-BB can solve some of the instancesodest memory requirement. Although BB-PDP is worse than
The major difficulty that prevents DP-BB from solving theDP-BB in most instances, it actually performs much better
other instances is its excessive memory requirements. Tthan the traditional solver on integer programming model.
results also show that in case that the problem is unsolvalesides DP-BB and BB-PDP, [18] also proposes a dichotomy
BB-PDP can usually get a better solution. approach that they refer to as Di-DP-BB. Future research
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TABLE V
COMPARISON BETWEENDP-BB, BB-PDPAND TIF ON LABELS/NODES

Avg Label/Nodes Max Labels/Nodes
Size Sc DP-BB BB-PDP TIF DP-BB BB-PDP TIF
20 1 318 2558.8 0 490 3690 0
2 1153.2 9911.2 N/A 3446 30848 0
3 491 8004.8 15.5 977 18420 225
4 286.4 2698 26 380 3217 78
5 563.4 6207.4 0 1210 13300 91
6 141 2305.2 122 211 4145 244
7 155 2157.8 0 265 3183 2
8 204.8 3819.8 0 676 14747 47
9 514.8 4453.8 10.3 1250 10032 31
30 1 8973 193359 8661 23454 469388 8661
2 6069.6 140165 3495 9913 176580 6974
3 2834.6 51985.4 4149 4326 93690 10801
4 9634.4 295663 N/A 21016 626640 25915
5 1210 56663.6 4414 1890 181138 24744
6 1007.6 42471.6 1966 1475 102746 5802
7 384.6 18950.4 0 711 38217 48707
8 1175 79025.2 17137.8 3217 322863 29779
9 995.8 28810.6 2791 1261 41110 6408
40 1 41429.2 340817 380.7 80105 1857882 5909
2 65671.6 1053740 5228 118102 1991339 5228
3 31083.2 1051150 N/A 101040 1876092 11502
4 48613 782085 991.5 95319 2567452 8040
5 15516.6 554583 2496 28359 2046053 9998
6 9763 673097 7630.7 24603 2150205 20565
7 2462 213232 40610 3757 2237794 40610
8 12031.4 324841 12065 51076 2066980 25800
9 3001.8 239599 809 4860 430975 13225
50 1 N/A 902500 14 95981 2417919 4355
2 187086 N/A N/A 278231 3098244 2526
3 96791 N/A N/A 201411 2608494 7711
4 126100 405007 8151 219786 2833099 8151
5 48126.3 1547928.5 N/A 194863 3234758 7250
6 111184 304773 N/A 319521 5560753 8661
7 16231.4 671404 779 29952 5646919 17247
8 18018.6 2850661.6 N/A 29695 6647053 14983
9 65549.8 3600166 N/A 350824 4195557 10728
TABLE VI
COMPARISON BETWEENDP-BB, BB-PDPAND TIF ON THE 7TH SCENARIO OF60 AND 70JOBS
Best Objective Gap (%) CPU Time (sec) # of Labels/Nodes
Size Instance DP-BB BB-PDP TIF DP-BB BB-PDP TIF DP-BB BB-PDP TIF
60 1 0 0 0.49 294.6 3600 3600 29154 719877 439
2 0 0.11 0.11 1643.5 3600 3600 105530 624556 3571
3 0 0.17 0.01 1386.6 3600 3600 147928 836097 5188
4 0 0.07 0 992.2 3600 3600, 108391 708664 437208
5 0 0.21 0.66 3509.3 3600 3600 274540 1544047 117539
70 1 1.89 1.78 1.3 7200 7200 7200 129528 2409944 3232
2 0 1.68 N/A 3389 7200 7200 242553 1978946 30
3 1.45 1.69 1.88 7200 7200 7200 190611 1628109 682
4 0 1.44 2.19 4257 7200 7200 281537 951961 65
5 1.74 1.57 8.24 7200 7200 1572 223514 1975809 0

T: CPLEX aborted due to run-time failure.

could include applying this dichotomy approach to large-scapeocedure for the labels. The transportation problem based
single-machine E-T scheduling problems. lower bound currently used is appropriate in DP-BB. But,
its O(nT) complexity prevents DP-BB from solving larger

The efficiency of both DP-BB and BB-PDP relies on thgized problem. New improved branch-and-bound algorithms
fast lower bound procedure for each label or node. The lowesve recently been proposed by Kedad-Sidhoum et al. [11]
bound procedure often takes up 50-90% of the overall coemd Sourd and Kedad-Sidhoum [24], who exploited a new
putation time. In the paper, we point out that there are manggrange relaxation lower bound and applied it on the parallel
more labels discarded than kept in the nodes after boundingachine problem. They were also able to solve 40-job prob-
This lessens the overall performance of the approach becalggas and most 50-job problems. It is quite likely that this new
evaluating lower bound for useless labels wastes the CBdund will help improve our results, should it be incorporated
time. This problem requires other strong dominance rulea.our algorithms. By the same token, it would be interesting to
In addition, we are also trying to improve the lower bound



see how well the stronger version of the transportation problgm]
lower bound proposed in [16] will perform on E-T problem?23
under our proposed framework. ]
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