PRIMAL-DUAL INTERIOR POINT METHODS FOR PDE-CONSTRAINED
OPTIMIZATION

MICHAEL ULBRICH* AND STEFAN ULBRICH!

Abstract. This paper provides a detailed analysis of a primal-dual interior-point method for PDE-constrained optimiza-
tion. Considered are optimal control problems with control constrainfsin It is shown that the developed primal-dual
interior-point method converges globally and locally superlinearly. Not only the ehASfesetting is analyzed, but also a
more involvedL?-analysisg < oo, is presented. IL°°, the set of feasible controls contains interior points and tkeliet
differentiability of the perturbed optimality system can be shown. InZ&Hesetting, which is highly relevant for PDE-
constrained optimization, these nice properties are no longer available. Nevertheless, a convergence analysis is developed
using refined techniques. In particular, two-norm techniques and a smoothing step are required.

1. Introduction. This paper is concerned with the analysis of primal-dual interior point meth-
ods for optimization problems with PDE- and pointwise inequality constraints. We assume that the
problem has optimal control structure and that the inequality constraints are posed on the controls
only. In contrast to state constraints, this situation allows for a rigorous analysis. Related investi-
gations of other Newton-based algorithms were conducted in, e.g., [3, 7, 10, 11, 13, 17, 15, 16, 18,
19, 20] for comparable problem settings. For primal-dual interior point methods, although inten-
sively investigated in finite dimensional mathematical programming, see, e.g., [6] and the references
therein, only little rigorous theory is available in the function space framework of optimal control
problems. Earlier investigations of modern optimization methods in function space have resulted
in valuable deep understanding of algorithms for PDE constrained optimization. In particular, in
all analyses, a certain problem structure is required for a successful local convergence analysis. A
common theme is that abP-setting for the inequalities is required and that a smoothing property or
smoothing step must be available. Furthermore, the usual backtracking in interior point methods to
keep iterates strictly positive has to be augmented by suitable projection techniques, at least if the
primal-dual Newton step for the control is notir®. Finally, integrated barriers are the appropriate
choice, which result in a weighting of the pointwise barriers after discretization. All of these crucial
ingredients are not visible in the finite dimensional analysis. A further important benefit of an ab-
stract analysis in function space is that it is the prerequisite for proving mesh independence results,
see, e.g., [1, 2, 8].

The purpose of this paper is to give a rigorous analysis of the global and fast local convergence
of a primal-dual interior point method for PDE-constrained optimization. The analysis covers not
only the (easier).* setting but also the quite involved but in practice highly releviaf¥setting,

q < oo. The crucial point is that for the analysis in thé°-setting one needs that the corresponding
adjoint state (i.e., the Lagrange multiplier for the state equation) is al&é°irwhich is usually not

the case for complex systems like, e.g., the Navier-Stokes equations [5, 9, 14]. One of the difficulties
in the L?-setting,q < oo, is that the set of feasible controls does not contain interior points with
respect to thel.?-topology. As a consequence, the barrier function is nécket-differentiable

in LY. This requires elaborate techniques, including a suitable scaling of the primal-dual Newton
system, a two-norm approach, and a smoothing step.

The paper covers both, global and superlinear local convergence. It is organized as follows: In
section 2 the considered problem class is described and it is illustrated that elliptic optimal control
problems fit into this class. Then, first order optimality (KKT) conditions are derived. As a first
step towards interior point methods, a barrier problem is formulated, its unique solvability is proved,
and optimality conditions are stated that result in perturbed KKT conditions that form the basis for
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the primal dual Newton step. Section 3 presents and illustrates a functional analytic setting that is
used in the rest of the paper. In section 4, properties of the central path are derived, in particular
the boundedness of the dual variabled.ihand the boundedness of the central path. Section 5 is
devoted to the analysis of the primal-dual Newton system on a suitable neighborhood of the central
path. A key result is the uniformly bounded invertibility of the suitably scaled linear operator in
the primal dual Newton system on bounded subsets of the neighborhood. As a simple consequence,
the norm of the inverse of the unscaled operator is uniformly bounded(lby,/1z) on bounded
subsets of the neighborhood. ThélHer continuity of the central path is proved in section 6. The
conceptual primal-dual interior-point method is formulated in section 7. It includes a projection onto
the neighborhood of the central path that replaces the usual backtracking. In section 8, the method
is analyzed in the.*°-setting. Quadratic local convergence towards the central path and global
linear convergence are proved. Finally, in section 9, the more involved analysis of the meflfod in

q < o0, is carried out. As for other approaches, an inevitable norm gap occurs that has to be closed
by a smoothing step. Such a smoothing step is derived and incorporated in the algorithm. For the
resulting method, global linear and local superlinear convergence is proved.

Notations. We denote the.”-norm by|| - [| ,, 1 < p < co. For Banach spaces, Y we denote
by £(X,Y") the space of bounded linear operators frénto Y equipped with the operator norm
I| - HX,Y. X* is the dual space of a Banach spacand(, -) x- x is the corresponding dual pairing.
By leb(-) we denote the Lebesgue measurékdin Throughout the paper equalities and inequalities
betweenlP-functions are meant almost everywhereXIfC Y is a continuous embedding, we write
Ixy, Ix yx = x for the embedding operator. Sometimes, if no confusion is to be expected, we save
space by writing/ instead ofl x y.

2. Control constrained optimal control problem. Let 2 C R™ be a bounded open domain
with sufficiently smooth boundary. We consider the optimal control problem with control constraints

2.1 in J sit. =0, a<u<b
(2.1) Jin T (y, ) c(y,u) =0, a<u<b,

whereU = LP(2),p € [2,00),a,b € L™, b—a > v > 0, andY is a Banach space. We set
B:={uelU: a<u<b}, z=(@y,u), X:=YxU,

and assume that there exists an operfset LP(2), D D B such that
(Al) J: Y xU — R,c:Y xU — A are twice locally Lipschitz-continuously differentiable
and there exist uniform Lipschitz constants on bounded subsétsof.
(A2) c,(y,u) € L(Y,A) has a bounded inverse for @}, u) € Y x D and||cy(y,u)*1HA7Y is
uniformly bounded on bounded subsetgok B.
(A3) For allu € D there exists a unique solutign= y(u) € Y of

c(y(u),u) =0
and there exista/, > 0 with
ly(u)lly <M, YucbB.
(A4) The reduced objective functional
w€ (B, - llog) = J(y(u),u) =: J(u)

is lower semicontinuous w.r.t. sequentiz®-weak’ convergence.
REMARK 2.1. By the implicit function theorem (A1)—(A3) ensure thae D — y(u) € Y
andu € D — J(y(u),u) are twice locally Lipschitz-continuously differentiable and in addition
Lipschitz continuous oif.



For convenience we identify* = L?(Q)* with L?' (), 1 + 1 = 1, via the dual pairing

"@‘,_.

1
p
(v,u, )u=u = (v,u) 1= /Qvudg“.

We recall that in function spaces of distributions it is common practice to exterdto the dis-
tributional dual pairing. In our examples, we typically work with the Sobolev spatgs)) and
Y = H}(Q) N H%(Q). The dual spaces with respect to the dual paifing then result in the
following continuous and dense embeddings:

Y C H}(Q) C L*(Q) c HYQ) = H}(Q)* c Y™

In this sense, we can (and will) interpr&ft}-functions as (nice)?-functions andL?-functions as
(nice) H~!-functions (the latter are generalized functions). Furthermore, we will omit operators of
the forme1 Y, 1Y € Y1 — 1y € Yo if Y7 C Y5 is continuously embedded. In this case, we also have
.y, 1y €Yy —y €Yy, thusly y, = Iy; vy, i.e., the adjoint acts like the identity.
PROPOSITION2.2. Under assumptlon@\l) (A4) problem (2.1) has a solution.
Proof. Take a minimizing sequende(ux), ux). Since(ux) C B, it is bounded inL> and has
a weak-convergent subsequence, which we denote agaimpyfor simplicity, with limit o € B.
But by (A4) we have

limsup J(y(ux), ug) > J(y(a), @)

k— o0
and thugy(u), u) solves (2.1), sincéy(ux ), ux) is @ minimizing sequencél

2.1. An Example. As a standard example we consider the following elliptic control problem

. 1 2 « 2
min My = wallze + 5 llullz2
s.t. —Ay=u in,

y=20 in 092,

a<u<b inQ.

Here,Q) C R™ anda, b € L>°(Q) are as specified above,c U := L?(Q) is the controly € H'(Q)
is the statey, € L?(Q) is the desired state, and> 0 is a regularization parameter.

There are at least two reasonable ways to choose the functional analytic setting. We choose
p=2,D=Uandhavd/* =U = L.

2.1.1. Firstsetting. The first setting is to consider the usual weak solution of the state equation.
Here, the state space¥s= H}({2) and the PDE is considered in the weak form

/ Vy(6)TVou(€) d¢ = / £)d¢ Yove HH Q).
This results in the abstract state equation
c(y,u) =Ay—u=0 IinA

withA=Y* = H—l(Q). Note that, as mentioned earlier, we have omitted the embedding operator
Ire g-1 € L(L*(Q),A), I12 g-1u = u. The operatord € L(Y, A) is defined by

(Ay, v s g = (Ay,v) = / V()T V(€ d Vv e H(Q.
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It is well known thatA € L(Y, A) is invertible. Clearly,

1 2 (&% 2
J(y,u) = Slly —yalls + - llull;
2 2
is twice continuously differentiable with
<Jy(y7u)a U>Y*,Y = <y - Z/dﬂ)> = (y — Yd, U)27
<Ju(3/> ’LL), w>U,U* - a(u, w> - a(u, w)27
<Jyy(y,u)v27U1>Y*,Y = (01,02)27
(Juu(y, w)we, w1 )y v = a(wr, wa)s.
In short notation:
‘]y(yvu) =Y —Ya, Ju(yau) = au, Jyy(y7u) :IY*,Yv Juu(yau) :aIU'

Furthermore¢(y, u) = Ay — w is twice continuously differentiable with

Cy(yvu) = A, Cu(yau) = _IL2,H—17 CH(y,U) =0.

The uniform Lipschitz constants on bounded setsdoy’ and their derivatives are clear due to
bounded linearity. The uniform Lipschitz continuity gfon bounded sets follows from the bound-
edness of/’ on bounded sets. Hence, (Al) is shown. (A2) follows since

Cy(@/: ’U,> = A

is constant andd € L£(Y, A) is invertible. (A3) follows fromy(u) = A~!Bu. Finally (A4) is
satisfied since: € L? — J(A~'u,u) € R is convex and continuous, hence sequentially weakly
lower semicontinuous. As a consequendds also lower semicontinuous w.r.t. sequentiaf-
weak' convergence.

2.1.2. Second settingFrom the assumptions dn and standard regularity results for elliptic
equations it follows that the solution of the state equation enjoys more regularity, ngraely, :=
H} N H? (we use a “” to distinguish from the first setting). Hence, we can write the state equation
also as follows:

é(y,u) == Ay —u=0 inA:=L?

with A € L(Y,A). Again A is invertible in£(Y, A).
Just as before, we can calculate derivatives and verify the assumptions (A1)—(A4).

2.2. Optimality conditions. If we define the closed convex set
C:={0} xBCAxXU

and the constraint function

By, ) = (C(y, U)>

u
then the constraint in (2.1) can be written as
h(y,u) € C.
Denote for(\, z) € A* x U* the Lagrangian function for the abstract problem

i J st h C
opin (y,u) (y,u) €
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by
L(y,u, A\, z) = J(y,u) + (N c(y,w))a=a + (2,u)2.

Letz = (y,u) € Y x B be alocal solution of (2.1). Sineg (z) is surjective by (A2), the operator

W (z) = ( wl®) o) ) € LIX,A x U)

is surjective and therefof®obinson’s constraint qualificatigi2]

0 € int(h(z) + hy(z) - X = C)
is satisfied. By standard optimality theory, see [4, Prop. 3.2], there(@xis} € A* x U* with
(2.2) Lo(z, M\ 2) = (Jy + A, Ju+ M) (Z) +(0,2) =0, h(z)€C, (A z)€ Ne(h(z))
with the normal cone

Ne(h(z)) :={(N\,z) e A" xU* : (N w—c(Z))pa«a+ (z,0—1) <0 V(w,v) €C}
={(\z) e A" xU" : (z,v—u) <0 VveB}
= {()\72:) EAN XU" : Z’{ﬂ:a} < 07 Z‘{ﬁ:b} > 07 Z‘{a<ﬁ<b} = O}

Hence, using the splitting = 2, — 24, 2, Z, > 0, we can write (2.2) in the following form: there
existA € A* andz,, z, € U* such that with the Lagrangian

e(yv u, )\7 Zay Zb) = J(y7 u) + <)‘7 C(y7 U)>A*7A - (zaa U — a)Q - (va b— U)Q

the first order optimality conditions hold

0y (T, N, 2y 20) = Jy(Z) + cy(Z)*X =0,
(T, N\, 2y, 20) = Ju(Z) + cu(T)'N+ 25 — 2, = 0,
(2.3) () =0, a<u<b,
(G—a)z, =0, z,>0,
| (b—u)z,=0, % >0

2.3. Barrier problem. Now consider the associated barrier-problem

min J,(y,u) = J(y,u) — u/

an(u—a)d:r—,u/ln(b—u)dx

(2.4) Q

st c(y,u) =0, a<u<hb.

PROPOSITION2.3. Under assumption@A1)—(A4) problem (2.4) has for any > 0 a solution.

Proof. Take a minimizing sequencg(ux ), ux). Since(ug) C B, it is bounded inL.>° and has
a weak-convergent subsequence, for simplicity again denotety, with limit « € B. But by
(A4) we have

(2.5) J(y(ur),ux) > J(y(u), u).

Moreover, the barrier term satisfies

—,u/ In(uy, — a) dx — u/ In(b — uy) de > —2uleb(Q) In(||b — a|| ).
Q Q
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This shows that
Ju(y(ur), ux) > J(y(u),u) — 2pleb () In(|[b — al| ) > =M

with a constanf\/; > 0.
Moreover, we have,, — @ in L>-weak' and thus also i.?2-weak. It remains to show that

we B = = [ m(u=a)de—p [ Ino—u)dz = fulw) + il

Q

is lower semicontinuous w.r.t. weak convergence.

We consider onlyf, : u — —pu [, In(u — a)dz, sincef, : u — —p [ In(b — u) dx can be
treated analogously. Sind®& C L?(Q) is convex andf, : B — R U {cc} is convex, it is sufficient
to show that the mapping is lower semicontinuous w.r.t. strong convergence, see Jost, Lemma 4.2.2.
To this end, lef3 > v, — v in L? where without restrictiorf, (v;) < C with a constanC > 0. We
observe that

—pIn(® — a) = —pIn(max(v — a,1)) — pIn(min(v — a,1)) =: g + h.
We have the estimate
9% — 31 < sl max(og — a, 1) — max(s — o, 1)| < pafor — 9]

and thus
liminf fi(vg) = liminf/ (9 + hy) dx = / gdx + liminf/ hy dx.
Moreover,hy > 0, |gr| < plvp —a — 1] and
OS/hkdazgC—/gkdng—Fquk—a—lHl <C+C.
Q Q

For a subsequence (again denoted#y)) we havev, — v a.e. and thué;, — h a.e. Now the
Lemma of Fatou yields thadt € L' () and

OS/ﬁdmz/liminfhkdwgliminf/hkdmgC—i—C'.
Q Q Q

k—o0 k—o0

This concludes the proof that

likn_{ioréf falvr) = likn_ligf/

<gk+hk>da:>/<g+7z>dx:fa<a>.
Q Q

As mentioned before, the same holds#gr— v weakly, see Jost, Lemma 4.2.2.
Applying this to the minimizing sequence, we obtain together with (2.5)

hkniiogf Ju(y(ug), up) = 1ikxgi£fJ(y(uk),uk) + falur) + fo(ur)
> J(y(a), ) + fo(@) + fo(@) = J.(y(a), q).

Hence,(y(u), ) solves (2.4)0
It is obvious that{z = a} and{u = b} have measure zero, sindg(y,u) < oco. Therefore, it
is easy to derive the following necessary optimality conditions for (2.4).
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LEMMA 2.4. Let assumption§A1)—(A4) hold and let(y, u) be a local solution of (2.4). Then
there isA € A* such that

(2.6) Ju(Z) + cu(Z)* X+ — = =0,

REMARK 2.5. By introducing the artificial variables, = -#- andz, = ;- we can write
(2.6) as the perturbed KKT-conditions
Ly (T, N, 2y 20) = Jy(Z) + cy(2)*X =0,
gu(f7 5\7 Zb, Za) = Ju(f) + Cu(j)*j\ + 2y — 2o =0,

(2.7) c(z)=0, a<u<b

(a—a)Za:u, 2&207
(b—u)z,=p, 2z >0.

We call the solution set (2.7) parameterizegdy 0 central path We will see that under appropriate
assumptions the central path is actually @dér-continuous curve that converges for— 0 to a
solution of (2.1]1
Proof. By (A3) there exists for any € D a unique solutiony = y(u) € Y of ¢(y,u) = 0. By
(A2) and the implicit function theorem the mappinge (D, || - ||,;) — y(u) € Y is continuously
differentiable with
CylYu = —Cy.

Thus the reduced objective functionale (D, || - |,,) — J(u) is continuously differentiable with
derivative

Ju(uw) = —(Jy(@), ¢y (@) Peu(@) - )yey + Jul2)
= —cu()"(cy(2) 1) Ty (2) + Ju(x)
= —cu(2)"(cy(2)) 7 y(2) + Ju(z),
wherexr = (y(u),u). Let (y(u), @) be the solution of (2.4). With the unique solutiare A* of
Jy(Z) + ¢, ()* A =0

we have

We show that

5o I3 K
=Jy — =0 a.e.
(@) ﬂ—a+b—a

We know thata < @ < b almost everywhere. The sets
My :={a+1/k<u<b-1/k}

are monotone increasing with,- ; My = Q \ N with a setN of measure zero. Lat € L>°(Q)
be arbitrary, themy, := vly, — vinU = LP(R), sincep < oo. Forallt € (—p, p), p > 0 small
enough, we have + 1/(2k) < u + tv, < b— 1/(2k) and therefore the function

hi =t € (=p, p) =Ju(y(a + tog), @ + tog)

:J(u+tvk)—u/an(b—(u+tvk))da:—,u/ﬂln((u+tvk)—a)
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is continuously differentiable with

/ _ /3 = H . I
hi(t) = <J“("+tv’“) T (@tton) (@t - a’v’“>2'

Since(y(u), w) is optimal for (2.4) andi + tv;, € Bfort € (—p, p), the functionk;, has a minimum
att = 0 and thus

o:h;(0)2<ju(u)+b“_ S ,vk>2.

—Uu u—a

Taking the limitk — oo we obtain

. B n B
<Ju(u)+b_u u_a,v>2_0.

This holds for all € L>°(2) and by density for alb € U. We deduce with (2.8) that

3 1 p

cu(2)* A+ Ju(2) + = 0.

b—u uwu—a

O

REMARK 2.6. For the special case of linear elliptic control problems, the previous results were
shown in a different way in [11]. The control problem in [11] satisfies our assumption, (#&dw
with ¢ = co. In this particular case the solution of the barrier problem (2.4) lies in the interiBy of
see Corollary 4.4 below, ang,, z; are bounded id.>°. The analysis in [11] makes essential use of
this fact.

In this paper we cover the much more general setting zhat, are only bounded ii.? for
someqg > p. This is of essential interest to cover state equations, where the state or adjoint equation
does not allow a priori estimates fit°. In the latter case solutions of (2.4) can touch the boundary
of B on a zero set and are thus no interior points in the classical sense. Nevertheless, we will see that
also in this setting interior point methods with a projection are convergent, since — roughly speaking
— the measure of the set where the solution of (2.4) has distanct the boundary of3 tends to
zero as \, 0. The analysis is considerably more involved than for the case.{AB)

3. A function space setting. Unfortunately, it is not possible to work with soft analysis only.
Rather, we need a carefully adjusted function space setting, where a typical requirement will be that
a continuous (or differentiable) mappihg X; — Y; also defines a mappirtg: X, — Y, from a
stronger spac&’s C X; to a stronger spacg, C Y;. For instance, as a trivial example, the identity
mappingX; > = — z € X; induces the identity mapping. > = — = € X, for any stronger
spaceX, C X;.

We make the following assumptions, which are satisfied for many elliptic and parabolic optimal
control problems, see [].

(A5), There arg; € (p, oo] and Banach spacésC A*, V C Y* such that the following holds:
1. The mapping

(y,u,\) €Y x LI(Q) x X — L, (y,u, \,0,0) € LI(Q)

is differentiable and its derivative is Lipschitz continuous on bounded subsgts<of
B x X.
2. The mapping

(y,u) €Y xU — Jy(y,u) € V

is differentiable and its derivative is Lipschitz continuous on bounded subsgts Bf
8



3. The operator
(y,u) €Y x U c,(y,u) € L(X,V)
is differentiable and its derivative is Lipschitz continuous on bounded subsgts Bf
4. The following mappings are continuous and uniformly bounded on bounded sets:
(y,u) €Y x (B, |- [,) = July,u) € LU (),
(y,u) €Y x U ¢y, u) € L(5, L1(Q)),
(y,u) €Y xU — ¢, "(y,u) € LV, X),
(y,u, A\) €Y x U X E = Lyy(y,u, A, 0,0) € L(Y, LI()),
(y,u,A) €Y X U X B = Lyu(y,u) € LIL*(), V),
(Y, u, \) €Y x U X X = Ly (y,u) € L(LYQ),LH(Q)), te€[2,q]
5. The reduced gradient has the structure
Eu(y’u7A7070) = ﬂ(u) + gS(y7 u7)\)7 B G Cl(R)7 /6/ Z ao > 07
where
(y,u,A) €Y x U x X+ gs(y,u, \) € LI(Q)

is Lipschitz continuous on bounded sets.
6. The reduced Hessian

(3.1) ﬁ(y, Uy A) = Loy + c:c;*ﬁyyc?jlcu — ch;*Eyu — Euycglcu

has the structure
H(y,u,A) = §'(w)] + Hy(y,u, \),
where(y, u,\) € Y x U x ¥ — H,(y,u,\) € L(L?, L9) is uniformly bounded on
bounded subsets.
3.1. Verification for the elliptic control problem.

3.1.1. Firstsetting. In the first setting we can verify (A for anyq > 2 such that” = H{(Q2)
is continuously embedded ih?(2). We do not need the additional spadésnd, since we just
can choos® = Y* = H-1(Q)andX = A* = H}(Q) =Y.

We have

1 «
0y X 20, 2) = 5 lly = waly + 5 ulls
+ (N, Ay —u) — (24,u — a)2 + (2p,u — b)a,
Jy(y7u =Y —Ya, Ju<y7u>:au7

Therefore, (A9) is a direct consequence of the following observations:
9



1. ly(y,u,\,0,0) =au— X\ e L1(Q) 4+ 3 = LI(N)
2. Jy(yu)=y—ya€L>?CH ' =V
3. c3(y,u) = A € L(H, H™Y) = £(S,V).
4. Ju(y,u) = au,
CZ(’y,U) = IA*,U* = IHl 2 € ‘C(Equ(Q))a
¢y "(y,u) = A7t e L(H™Y, Hy) = L(V, D),
Euy<yau7 1070) = 07
Eyu(yau) = 07
luu(y,u) = al.

S. eu(ya u, A, 0, 0) =au—A= /B(u) + gs(ya u, )\)
with 5(t) = at, f'(t) =, gs(y,u, A) = —A.
Hence,3 € C1(R), #'(t) = a > ap foranyag € (0, o], andgs(y, u, \) = —X € H} C LI(Q).

6. ]:I(y,u, A)=al + IH(%7L2A71[H37H—1A71]L27H71 =al +A72 =p'(u)l + ﬁs(y,u, A),
whereH,(y,u,\) = A2 € L(H™', H}) c £(L?, L9) is constant and thus uniformly bounded
on bounded subsets.

3.1.2. Second settingHere, we choos& = L?, ¥ =Y, and verify (A5) for anyq € (2, oo
satisfyingy” = H} N H? ¢ L% (continuous embeddlng) In particular, for< 3, we haveY” ¢ L>°.

It is quite obvious that the operatﬂre L(HO, 1) from the first setting is the unique exten-
sionof A € L(Y,L?) C E(Y H=1)to H} D Y. Therefore A* € £(L? Y*) is the unique exten-
sionofA* = A€ L(H}, H™') C L(H,Y*)toL? D H}. Since, as said) = A* is the unique ex-
tension of4, this shows thafl* € £(L?,Y*) is the unique extension of € L(Y, L?) C L(Y,Y*)
to L2. Hence,

(3.2) yeY — A*ye L? is continuous linear and boundedly invertibledfy’, L?).

The derivatives can be computed similar to the first setting. The validity of)(fsHlows from
1. Ly (y,u,X,0,0) = au— X € LI(Q) + X = LI(Q) + Y = LI(Q).

2 ( 7U) =Y —Yq €< L2 V.
3. ci(y,u) = A* € L(Y,L?) = L(Z,V) (see (3.2)).
4. J.(y,u) = au,
(y, ) = IA:‘,U* = ILQ €~£(Z,Lq(ﬂ))

) — A € (12, 7) = £(V,5) (see (32),

euy(%“v)‘aovo) =0,

L u(yvu) = 07

luu(y,u) = al.

5. lu(y,u, A\, 0,0) =au— = F(u) + gs(y,u, \)
with fB(u) = at, F'(t) =, §s(y,u,A) = —A.
Hence,s € C1(R), #'(t) = a > ag for any g € (0, al, and

Gs(y,u, ) = =AeX =Y c LIYQ) forex.

6. By 3.2),H(y,u,\) = al + A" Iy . A~V = ol + A=2 = §'(u)] + H,(y,u, \),

whereH, (y,u, \) = A~2 € L(L?, ~) C L(L?,L%) is constant and thus uniformly bounded on
bounded subsets.

10



4. Properties of the central path. We study next the regularity of the dual variabfgsz, on
the central path.

LEMMA 4.1. Let (A1)—(AS5), hold and let(y,, w,, A., Za,u, 2,,) D€ @ solution of (2.7). Then
there holds),, € %,

4.1) 0 < Zap, 26, < max(3u/v, 2| Jy(x,) + cu(Tu)  Aul),
and thus with (Ag)

(4.2) EWNEY

g < lTmax(3p/v, 2[Ju(2y) + culzw)  Aul)ll, < o0

Proof. From the first equation in (2.7) we see that
A = —cy(p) " Iy(@n) € cy(wy) "V C X

We have

zZ = Zb —7#/
a,p = ) = .
U, —a b—u,

This yields on the sed/ = {u, —a < (b —u,)/2} the estimate, ,|nr > 22, |1 @and thus by
(2.7)

1 %
0< §za,u’M < Zaular — 20l = (Ju(@p) + cu(p) A s

On the complement/¢ := Q \ M we have
3 1 1
i(u#_a)’Mczi(b_a)’Mczil/

and thus(u, — a)|m- > v/3. Both cases together prove (4.1) for,,. The estimate for; , is
obtained in the same way. Singg € X, the right hand side of (4.1) is ib? by (A5), and thus (4.2)
is obvious.

We introduce fors € [1, oo] the function spaces

Ws:=Y x L° x ¥ x L°* x L?,
W!:=V xL°*xAxL*xL*,

equipped with the norms

0 A 20, = ol + Al + | 4224 2

y Wy Uy 2as <) [l — \% A a b
1Y, w, v, zas 26) s = lylly + vlla + ||/ w2 + 22 + 25

9
S

S

REMARK 4.2. The choice of the Euclidean norm far(¢), z,(£), 25 (£)) € R3 will be conve-
nient, since we will later use a pointwise orthogonal projection of these components with respect to
the Euclidean inner product d&?.00

As a direct consequence of the previous lemma all solutions of the perturbed optimality condi-
tions (2.7) are contained in a bounded seliqf

COROLLARY 4.3. Let(A1)—(A5), hold. Then for any:, > 0 there exists a constadt,,, > 0
such that for all0 < p < po any solutionw,, = (yu, U, Ay Za,us 26,.) Of (2.7) is inW, and

kuHWq < Clp-
11



Proof. Sinceu,, € Bwe havel|u, ||, < [al,+[[b], =: C.. By Remark2..u € U — y(u) € Y
is Lipschitz continuous o8 and thereforgly,. ||, = ||y(u,)|, < C, with a constanC,. Now (2.7)
yields

Ap = —cyl@u) " Jy(2y)

and by (A5), the right hand side is uniformly bounded ¥, sincez,, lies in a bounded subset of
Y x B. Finally, this implies with (A5} that the right hand side of (4.2) is uniformly bounded. The
proof is completell

If (A5) o is satisfied then we can deduce immediately that solutions of the barrier problem are
true interior points. In fact, we have the simple

COROLLARY 4.4. Let(A1)—(A5) hold. Then for any,, > 0 there exists a constat,,, > 0
such that for allo < 1 < pp any solutionw,, = (Y., Uy, Ay Za,u, 2,.) Of (2.7) satisfies
A , b—u, > H
0 Ho

Uy — @ 2

D

Proof. Corollary (4.3) yields a constant,, > 0 with

1Za,ull o0 126, ]l o < Nlwpllyy, < Cho-
Now the last two equations in (2.7) yield

S R

Zavp’ CHO Zb?“ CMO

Uy —a=

0

REMARK 4.5. For linear elliptic control problems, which satisfy (A1)—(A3)this result was
shown in [11], where it is used to prove the existence of solutions for (2.4). We used a different proof
to cover also the more difficult case that (A%jlds only for some < oo.

We show next, that the dual variablgs, z, ,, 2, depend continuously on the primal variables

Yy, Uy
LEMMA 4.6. Let(A1)—(A5), hold and let(y,,, u,, A, Za,., 26,,) D€ @ solution of (2.7). Then

A = —cy(@u) " Ty(2)
and for any measurable setd, N C Q2 one has

“
Uy, —a

1
b—uy,

Zaulm =

)

M

(4.3) ZoulN =

)

N
ZaulN = (20,0 + Ju(®p) + cu(®p) M) N

Zb,p,|M = (Z(Lu, - Ju(xu) - CU(‘/EIJ«)*AP«)‘M‘

Moreover, ifu,, — u, in L4(Q2) asn — p then

(s Yy Ay Zans 2b,m) = (U Yps A Zas 26,0) 1N Wy

Proof. The equations fok,, z,,,, andz, , follow directly from (2.7).
12



Now assume that,, — w, in L?(Q) asn — . Theny, = y(u,) — y, = y(u,) in Y follows
from (A1)—(A3), see Remark 2.1. Moreover,

An = —cy(g) " Jy(g) = Ay = —¢y(@) " Jy(zy) INE

is a direct consequence of (A5)
Finally, we know by Lemma 4.1 that, ,;, 2, € L%(£2) for all n > 0.
Now we use the formulas (4.3) with

M = M, = {u, > (b+a)/2, u, > (b+a)/2},
N =N, :={u, <(b+a)/2, u, < (b+a)/2}.

Then be obtain o/, by (4.3)

n._ K
Uy —a Uy —a),,

2\n — 4
< An—pl A
v 1%

|(2a,n — Za,u)Mn’ =

n

|(u77 - Uu)Mn|

and thus

< C(n = pl + [Itun = wu)lm,ll,) — 0 asn — p.

i = 2ags)lar, I, <

Now (4.3) yields with (A5)

1zo,n = 2o,0) (a1, [l , < 1(zaim = Za) [, [l + 1 Tu2g) = Jul@u)l,

+ llew(@y) Ay = cu(@,) A, = 0 asn— p.
In the same way we obtain
1(Za.n = Za,u) [Ny Il + 120y = 20.0) [N, I, = 0 @S — pa.
Finally, (4.3) yields onJ,, := Q\ (M,, U N,))

SON2a,ny — Za,u)l, 7 — SO 26 — 26.)l 7,

and thus the difference of the second equation in (2.7) famd ., respectively, yields

1z = 20,01, + 1 G = Za)

< N ul@n) = Jul@)lly + llew(zy) Ay = cu(zu) Au)ll, — 0 @sn — p.

lly = W = 2+ 2 = 20,

q

SinceM,, U N,, U J,, = €1, we have shown that

2an = zaully + 1265 — 20,ull, = 0 asn — p
which concludes the prooil

5. Analysis of the primal-dual Newton system. Throughout this section we assume that
(A1)—(A5), with someg > p hold.

13



5.1. Primal-dual Newton system. The formal application of Newton's method to the per-
turbed KKT-system (2.7) yields with the multiplication operators

Zoi=2a-1, Zy:=z,-1, Uy:=(u—a)-I, Uy:=(0b—-u) I

the primal-dual Newton system

byy lyu ¢, 0 0 Sy Cy(y,u, A, 24, 2p)
lbyy lyu ¢ —1 I Su Loy, uy A, 24, 25)
cy ¢ 0 0 0 sx | =— c(y,u)
0 Z, 0 U, O Sa zo(u —a) — p
0o -2, 0 0 U Sp 2p(b—u) — p

We write this briefly as
DF,(w)s = —F,(w).
For convenience, we will also use the abbreviations
Ug =U—a, Up=>b—u.

To ensure a certain quality of the primal-dual Newton step, we will keep the iteration in the following
wide neighborhood of the central path

N—Oqu(lu) = {(yau7>\azaazb) ceYxBxXxLixL?:

(u—a)za = yp, (b—u)zp =y,

2 max(pi—oo, 1) 2 max(p—oo, 1)
Zal{u>(b+a)/2) < -, 2| fu< (bta)/2) < S —
. 2max(f—co, i
Min(Za |{u=(b+a)/2}> 26l {u=(b+a)/2}) < (V )}

with constantsy € (0,1), p_~ > 0. By Corollary 4.3 any solution of (2.7) is contained in
N_co,q(1t)-

Notation. For multiplication operators§, T associated with measurable functions: 2 — R
we write S > T if and only if s > ¢ almost everywhereS > T,S < T andS < T are defined
analogously.

5.2. Regularity of the primal-dual Newton system. We will now show that under a coercitiv-
ity condition for the reduced Hessidih and under assumptions (Al1)-(A5for all w € N_ (1)
the operatoD F,(w) € L(W;, W), t € [p, ¢g] has an inverse with

C
—1 , < e
HDF//,(U)) HW“W,: — mln(l,\/ﬂ)
Moreover, if we premultiplyD F, (w) by the scaling operator
1
1
(5.1) S(w) = I



we will show that even

Setting

A~

a = (Ua + Za)_anv Ub = (Ub + Zb)_lUb’

(5.2) : e 7 B
Za = (Ua + Za) Zav Zb = (Ub + Zb) Zba

we havel, + Z, = I, U, + Z, = I and

lyy Llyu ¢, O 0
buy by ¢ —1 1
S(w)DF,(w)=| ¢ ¢ 0 0 0
0 Z, 0 U, 0
0 -2, 0 0 U,

where we omit the arguments. For convenience, we use also the abbreviations

Uq A

Ug = y  Ra
Ug + Zq

N Za N Up A 2

s Up = y 2y = .
Ug + Zq Up + 2p Up + 2p

We show first thatS(w) DF),(w) has a bounded inverse. This fact will play an essential role in this
paper.

LEMMA 5.1. Let (A1)—(A5) hold for somey €]2, oo] and letw = (y, u, A, 21, 2,) € N_oso q(1t)
for somey € (0,1), i > 0.

If the reduced HessiaH (y, u, \) in (3.1) satisfies

(5.3) (v, H(y,u, \v) > aljv] Ve L3(Q)
with somex > 0 thenS(w)DF),(w) has a bounded inverse ix(W/, W) for all t € [p, q] and
1(S(w) D, (w)) Iy w, < C

with a constantC' > 0. The constan€' can be chosen uniformly on bounded subset§ pfw) €
(0,00) x N_oo ()} on which (5.3) holds uniformly.
Moreover, alsaD F),(w) has a bounded inverse (W, W;) for all ¢ € [p, ¢] and

C/
DF |
H u(’w) ”Wt,Wt = min(l,\/ﬂ)’
!/ _ C H
whereC’ = w1, 2yA) with the abgve constaurdt.
Proof. We consider the equation
fyy fyu CZ 0 0 sy ry
guy fuu CTL —1 I Su Ty
(5.4) ¢y ¢ 0 0 0 sx | =1 7a
0 Z, 0 U, O Sa Tq
0 -7y, 0 0 Uy Sp b

with r = (ry, 7y, 72, T, b)) € WY, t € [p, q], where we omit the arguments.
We note that by (A5)the operatoS(w) D F),(w) on the left hand side of (5.4) is is(W,, W),
p<t<gq.
15



Elimination with the last two block rows and subsequently with the first and third block row
yields as above witl#/ (y, u, A) in (3.1) the reduced system

(ﬁ[(y,u, A) + (A]JIZAQ + Ub_lZAb)su =

(5:5) =17y + Uglra - Ab_lrb + Biry — Bary =: .
with the abbreviations
B = ch;*Eyycgl — fuycgl, By = cic;*.
Note thatB, € L(A, L1(R2)), B € L(V, L1(2)) by (A5),.
Let
0<e<1/2

and definel, = {U, < &,U, > e}, I, = {U, < e,U, > ¢}, Is = {U, < ¢,U, < ¢} and

D = 8[’[4 + Ua’h + Ub|12 + min(Um 01))‘13’

WhereI|I4 = 1]41, ﬁa’h = ’Ilalh, e
Then we obtain od;

(Ualr, H(yyu, N) + (Za + UaUy Z0)1)50 = (Uaru + 10 — UUy by + U Birs — Uy Bary) |1, -
We have
U U N, <1, Zalr, > 1/2.

Thus, the right hand side is pointwise|r, | + || + |rp| + |Bi7x| + | B2ry| and the operator on the

A~

left has the form(d|;, I + D|;, H) with a functions € L*°(Q),§ > 1/2.
On I, the situation is analogous. Similarly, we havelgrwith Uy, := min(d,, 4p) - 1

(Uabl 1, H(y,u, N) + (Uap Uy Zo + Ui Uy  Z) | 15) 5
— (Uabru + UabUL:lTa — UabUb_lTb + UabBlr)\ — UabB2Ty)|13-

Again, the right hand side is pointwise |r,| + |r4| + |73 + |Bira| + |B2ry| and the operator on

the left has the forma|;, I + D|;, H) with § € L> (), > 1/2.
On I, we obtain

(eI, H(y,u,\) + (U Zo + Uyt Z) 1) 80 = €(ry + Uy trg — Uy ey + Biry — Bary) |1,

Sincel, |;, > € andU,|;, > e the right hand side isC e|r,| + |7a| + |7s| + €| Bi7a| + €| Bory|. The
operator has oy the formd;, I + 5[14}? with § > 0.

Thus, after multiplication withD the operator on the left hand side has the fédfw D H with
dr,unurs > 1/2andd|;, > 0 and the right hand side is pointwise|r,| + |ra| + |75 + |Bira] +
| Bory|. Moreover, we have

(5:6)  lllrul + Iral + |ro| + [Bura| + [Bary[ll, < 3+ [|Bully re + 1 Balls o) lIrllw;-

Let without restriction < 1/2in (5.3). Then we have for all € L?(£2) with the abbreviations
si=s1,t=1,...,4,

(s,(6I + DH)s) > a(s1,51) + as2, 52) + (ss, 53) + ca(s4, 54)
+ e(sq, H(s1 + 59+ 53)) + (51, Uy Hs) + (s2, Uy Hs)
+ (s3, UgpHs).
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Using that(fu — v/, fu — v/3) > 0 and thus
1
2(u,v) < B2 (u,u) + @(U,U)
we obtain
N a, o Ll . 2 a, o &2 . 2
(s1,Uatls) = = llsilly = —lIUalnHslly 2 = llsully = —[1H sl
and analogously
PN a 9 2 . 2
(s2, Oy Hs) = = lsall; — = Hslly,
PP a g2 o2
(s3, min(Uq, Up) H's) > —ZHs:slli = s,

Finally,

(o0 H(s1 + 524 59)) = = lsall; = [ H s+ 52+ 59)
Now set
e = min(a,a%)/(1+ 16| H| 1. ;).
Since||s|l2 = [|s1]1 + |ls2ll3 + |ss]|5 + ||s4ll2, inserting these estimates yields

~ « (6% (6% EQ
(S, (5] + DH)S) Z 5(81,81) + 5(82,82) + 5(83, 83) + ?(84, 84).

This shows together with (5.6) that

C
(5.7) Isally < = lrllg

whereC depends only o and H but not ong. R
To obtain a bound irt-topology we multiply (5.5) bys,,. By the structure off according to
(A5), this yields the pointwise estimate

L1y Sl N2 L1 L1
0<(ao+1y 2a+ 10, 2)s; < Su(ry — Hssy) + sully Ta — Sully T

(5.8)
+ 5y (B172) — Su(Bary).

Sincei, + 2, = Uy + 2, = 1, we have

~—1 ~—1
i, 1, 1 1

oo+ g e+, 2y T gl tEe olig + 24 — min(ap, 1)
and analogously
iyt 1 1

oo + ﬂ;léa + ﬂb_léb aolp + 2, — min(ag, 1)

Division of (5.8) by (o + 15 2, + @, '25) |su] Yields

1 N
‘Su‘ < EO‘Tu_Hssu+BITA_BQTy‘+ (|7’a‘—|— ’Tb‘).

min(ag, 1)

17



This yields together with (5.7) for atl € [p, q]

1 N
Isully < — (lIrully + 1 Hsll L2 pellsully + [1Balla, ellralla + 11Bally, pellrylly
(&%)

(5.9) e rall, + Dl

min (o, 1)
< Cllrllyy

We derive now also bounds fey, sy, sq, sp. We have
Sy = 0;1(—cusu +7)
and thusL! C L? for t € [p, q] yields
(5.10) sylly < lleg el oy lsully + lleg 1y Iralla:

Next, we obtain

sx = ¢y (ry — lyysy — Lyusu),
which yields by (A5),

(5.11) Isxlls < lley ™Ml s Urylly + 1yullyv lisylly + 1€yall ey llsull,)-

To estimates,, s, we partition(2 into the sets

Qa:{u>(b+a)/2}u{u:(b—|—a)/2, zagmax(““”’“)}, 0 =0\ Q.

1%

Now (5.4) yields
Sa‘Qa - 0;1(7@ - Zasu)|Qa7
splac = Uyt (ry + Zosu)|ac
Sa|QC ( uy Sy + guusu + C wSA + Sp — 7"u)|Q°
(-

splo, = luysy — LuuSu — CuSA + 8a +7u)la,-

By the definition of the neighborhoad_ . , (1) we have

2max(f—oo, ft) o ol < 2max(f— oo, )
- 173 -~

v v

(5.12) Zalq, < —C,

and thus

Ugq 1 N Up 1
- 2 —1° ub|93 = 2 -1
Ug + Zalg, 1+ 2C,v Up + 2o | e 1+2C,v

Z2(1|Qa

Using thatd < z, < 1,0 < 2, < 1 this yields for all¢ € [p, q|

‘|8a’QaHt <(1+ 20/1’/71)(”%”1#/ + HSth)
lIsolacll, < (1+2Cw~ ) (Irll, + lIsull,)

< HlunyLtHSy”y + HluuHLt,LtHSUHt
+lcalls, cellsalls + lsslaz ll, + llrall,
Il < Nluylly, ellsylly + [Tuull g pellsull;

+ lles Isxlls + lIsaleqll + [17ull-
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We conclude that

(5.13) Isally < (1 +2Cw ™) (lIrall, + llsull,)
+C (Isylly + lsully + lIsalls + Irull,),
(5.14) lsull, < (@ +2Cw~ Y (UIrell, + lisull,)

+ C'(Isylly + lIsully + lIsallg + lIrall,)-
Now (5.9), (5.10), (5.11), (5.13), (5.14) yield

1(S(w) DE, (0))yy w, < €

It is easy to check that”’ can be chosen uniformly on bounded subset$(pf w) € (0,00) x
N_w ¢(t)} on which (5.3) holds uniformly.
Finally, the definition of the neighborhoad_ ., , (1) yields

Ua + 2o 2 24/Uaza 2 23/ Y, Ub + 2b 2 2y/Upzy = 20/ VL
Therefore, the scaling matri%(w) in (5.1) satisfies
1
IS()lwywy < =g

min(1, 2,/v)
and is invertible. ThusDF,(w)~! = (S(w)DF,(w))~*S(w) and

IDE(w) ™l w, = I1(S(w) DE,(w)) 'S (w)llyy, w,
C//

< DF _1 ’ ’ ’ < Ty A < .
< IS DE ) g, ISy wy < 7
O
We have the following variant of Lemma 5.1 that will be useful for showing tb&ler-contin-
uity of the central path.
LEMMA 5.2. Let the assumptions of Lemma 5.1 hold, but assume only that

1
(515) w = (y,u, A, Zaaza) € §(Nfoo7q(ﬂl) + Nfoo7q(ﬂ2))

With i1, p2 € (0, 00) and sefu = min(u1, p2).
ThenDF,(w) has a bounded inverse (W}, W,) for all ¢ € [p, ¢] and

C

_1||th W, S .
We = min(1, /)

with a constantC > 0. The constan’ can be chosen uniformly on bounded subsets of

(5.16) [DE,(w)

{ . 20) € (0,000 5 SN i) + Nyl }

on which (5.3) holds uniformly.
REMARK 5.3. (5.15) is weaker thafy, u, A, z,, z,) € N_o 4(1t), Since the constraints

2 max(p—oo, 1) 2 max(p—oo, 1)

Zal{u> (b+a) 2} < V s 2l {u<vra) 2y < > ,
: 2max(p—oc, 1)
mln(Za|{u:(b+a)/2},Zb|{u:(b+a)/2}) < f

19



are nonconvex and can be violated by points satisfying (5]15)

Proof. Letw = (7,4, %a,%) € Novog(pi), @ = (5,7, Za,25) € N_ooq(u2), and
w = (y,u, A, za, ) = 3 (W + w) according to (5.15). Without restriction we assume {hat< /i
theny = min(pq, po) = 1.

We modify the proof of Lemma 5.1, but consider this time the system

Ty Ty Ty
Ty Ty Ty
DF,(w)s=7=:| rx» |,ie, S(w)DF,(w)s= T = | rn [,
fa (Ua + Za)_lfa Ta
’fb (Ub + Zb)_lfb T
which yields
Eyy Eyu CZ 0 0 sy ry 'ry
guy guu CZ -1 1 Su Tw Ty
(5.17) cy ¢ 0 0 0 sy | = "\ | r |,
0 Z, 0 U, 0 Sa (Ug + Za) ‘7 T
0 —-Z, 0 0 U Sp (Uy + Z) ™y T

with U,, Uy, Za, Z in (5.2).
(y,u, A, zq, 24) according to (5.15) satisfies all constraints)of . 4 (1) with the possible ex-
ception of the nonconvex constraints

2max(fi—oo;s 1) 2max(p—oco, 1)

5 18 Zalfu>(b+a) /2y < B — 2b| {u<(b+a) /2y < —,
(5-18) : 2max(f—oco; /1)
Min(Zal {u=(v+a)/2}> | {u=(b+a)/2) S —————

The only point, where the latter property is used in the proof of Lemma 5.1, is (5.12) for the deriva-
tion of (5.13), (5.14). Therefore, we still obtain the estimates (5.7), (5.9), (5.10), (5.11), which yield
a constantC > 0 with

(5.19) Isull, + lIsylly + llsalls < Cllrllw, vt € lp gl

We derive now bounds foffs, ||, and||s,||,. Since (5.18) does not necessarily hold, we have to
modify the proof of Lemma 5.1. Consider the subsets

Qo = <{a > (b+a)/2} U {a =(b+a)/2, 2, < 2max(p—oo, 1) })

14

R <{ﬂ>(b+a)/2}u{a:(b+a)/2, Za < Qmaxu oos 112 }))

Qb:<ﬁﬁ<®+aﬂﬂu{ﬁ:(h+®ﬂa2a>2mwﬁbmW1}
2 max(j_ OO,MQ) })

N ({a <(b+a)/2} U {a =(b+a)/2, Z, >

This yields by using:; < us

b— 1/2 - 2 —00) 2 —00)
« mﬂg<mwwwwu+rmmi mvg max(ji_ oo, f12)
2 v v v
20

ua|Qa >



and similarly

> < —
upla, 2|, > ” >

b—a 1 <2max(,u_oo,,u1) N 2max(,u_oo,,u2)> < 2max(pf— oo, f2)
— 2 ) —_ 2 —

Hence, we have witft! = Q, U Q,

2max(p—oo, p2) sslona < 2max(p-—oo, o)

14 1%

Za|Qa <

Thus, (5.12) holds of’ instead of2 with .- instead ofu and we obtain exactly as in the proof of
Lemma 5.1 the following analogs of (5.13), (5.14)@h

(5:20)  [[salerlly < (1 +2Cu,r ™) (Irall, + llsull) + C'(Isylly + Isulle + lsalls + lIrally),
(5:21)  lsplorlly < (142, ) (Irslly + Isully) + C'lsylly + lsall, + lsalls + lrall,)-

It remains to estimat@s,|o||,, ||ss]q~ ||, for the set

Q' =0\,
By the definition ofY’ we have
| Ug + Uq >b—a>y | Up + Up >b—a>y
u " = — U T —.
alf 2 |y~ 4 T4 e 2 | 4 T4

We now splitQ” into the sets
U ={1Zasul <Iral}. @ ={1Zesul < I}, Q=" \ (@U).

This yields by using (5.2)

o . 2|uq + 24||T “1ya
‘Sa,ﬂﬁ”:’ al(ra_Zasu”Qg‘g ’ - LH a’ SSZ/ 1|Ta’Q£z,|7
Uq oY
A - 2|up + 2|7 T
olag] = 105 (rs = Zos. g | < 22l gy
Up Qg/
5a|Qg - (guysy + lyuSy + CZSA + Sp — Tu)|ﬂga
splar = (—luySy — luuSu — Ciu8x + Sq + 1)
Hence, we obtain of2], U ;.
(5.22) Isalaguayll, < 8V IFall, + C(lsylly + lIsully + Isalls + lIrull,),
(5.23) Isvleyuagll, < 8 7l + C'(lsylly + lIsully + lsalls + lIrull,)-

Finally, we have o2/
salar = Uy (ra = Zasu)lar,  svlar = Uy (s + Zosa)|ay
and thus by the definition ¢?.’

sgN(salar) = —sg@n(sular),
sgn(splay) = sgM(sulay).
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Hence, the second line in (5.17) yields
|salar| + |solar] = (6 — sa)|ar| = [ru — luySy — buusSu — € 52|
Therefore, (5.20), (5.21) hold also 6Yf and we have shown that
HSaHt < 8’/_1”72&”15 +2(1+ 20#2’/_1)(”771”75 + HSth)
+2C (Isylly + lIsull, + Isalls + lrully),

Isully < 877wl +2(1 + 2C,, ) (Il + llsull,)
+2C (Isylly + lIsull, + lsalls + lIrall,)-

Together with (5.19) we conclude that the solution of (5.17) satisfies foralp, ¢|

Isllw, < C"(Irllw; + IFllw,),

whereC” can be chosen uniformly for gl , 2 € (0, o] only depending omg.
Sincep = min(uy, u2), We obtain as at the end of the proof of Lemma 5.1

Ug + Za 2 24/, Ub + 26 = 24/

and thus by the definition ofin (5.17)

1
I7]ly < max <1,> -
” 57 ) 7l

Therefore, (5.16) is proven, where the const@ntan be chosen uniformly on bounded subsets of
{ (11, po, w) € (0,00)? X 2(N_oo,q(111) + N—oo,q(112)) } on which (5.3) holds uniformiy

6. Holder continuity of the central path. We will now state conditions under which the cen-
tral path defines a dlder continuous curve that converges fox, 0 to a solution of (2.1).

The analysis of the central path is quite obvious if (ABdlds forg = oo and more involved in
the case) < oo. This is caused by the fact that

('LL,Z) € (87” ’ Hq) X LY — uz € LY

is only differentiable in the casg= oco. Otherwise we have to weaken the image space to achieve
differentiability. More precisely we have the following result.
LEMMA 6.1.LetZ be an open bounded setir. Then for any < ¢ < oo the mapping

u,z € (Z,]-||,) x LY — uz € LP
is continuously differentiable and

1 1
Nt o)z o+ #) =z — (e’ + 2], = 2, < NP I VI
- ”u/Hpq/(q—p)”Z,”q'
If p/(¢ —p) > 1then

— 1—(g—
16l oy 121y < 1122 125727212

Moreover,

U,z € L x L — uz € L™
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is continuously differentiable and

I+ u')(z +2") —uz = (uz’ + 20) || o = (W2 ]l < 1]l ool oo

Proof. The proof is already obvious from the statement of the lemma, whéleeks inequality
was usedd

We consider now first the case that co.

LEMMA 6.2. Let (A1)—(A4) and (AR)with ¢ = oo hold. Ifu € B — J(y(u), u) is convex then
for any . > 0 the central path: € (0,00) — w(u) € W according to (2.7) is well defined.

If for po > 0 the reduced Hessian satisfies

(v, H(y(u), u(p), Ap))v) = alloll; Vo € L*(Q), Vu € (0, o]

with somex > 0 then the central pathy € (0, o] — w(p) € Wy is continuously differentiable,
satisfies

()l < fﬁ V€ (0. o]

with a constantC' > 0 and is thus Hlder-continuous with indek/2. More precisely, we have with
L=2C

6.1)  llw(p) —wlp)lly, < LIVer = Viel < Ly/[pa = pa| Y ;s p2 € (0, po]-

Moreover,w = lim,,\ o w(u) exists inW.,, w € W, satisfies the KKT-conditions (2.7) ag, @)
is global solution of (2.1).

Proof. Then the barrier problem (2.4) has the strictly convex reduced objective functien
Ju(y(u),u), and thus the solutiofy,w) = (y(u),u) provided by Proposition 2.3 is the unique
solution of (2.4). Now alsa\, Z,, Z, are uniquely determined by the first and the last two equations
in (2.7). Thus, together with Corollary 4.3 the central patlE (0,00) — w(u) € Wy is well
defined and bounded on bounded sub&gtg,|.

The mapping

F,:We — WL

is by (A1)-(A5),, and by Lemma 6.1 continuously differentiable. for- 0 the primal-dual central
pathy — w(p) := (y,u, A, zq, 2p) (1) given by (2.7) is the unique solution of

F#((yaua A Zas2p)() =0, a< U(M) <b.

Sincew(p) € N_oo,oo(pt), DF,(w(p)) € L(Wo, W) has by Lemma 5.1 a bounded inverse.
Thus, the implicit function theorem shows that- w(u) is continuously differentiable and that the
derivative w.r.t..;, satisfies

0
0
(6.2) DF,(w(p)i(p) = | 0
1
1
For fixeduo > 0 Lemma 5.1 yields a consta@t > 0 with
“DFll‘(w(:u’))ilHW/ w. < g VM S (O,Mo].
oo oo \/ﬁ
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Hence, we conclude that

()l < V€ (0, o).

oo

Slis

But this gives for alD < p1 < pe < po

Bz B2
i) = w) e, < [ Nl i< [
n

125} 1 \/ﬁ
H2 — M1
=2C — =20 ———— <20 — 7.
(V2 — /11) NN Ve — p

Thus, we have shown that(-) € C'/2((0, uo); W) for any g > 0. Hence, the central path is
Holder-continuous iV, and admits a continuation unjil = 0, i.e.,w = lim,\ o w(p) exists in
W . By continuity,w satisfiesFy(w) = 0, which are just the KKT-conditions (2.3). Consequently,
(y, u) is a global solution of (2.1), since the reduced objective functionalfhack convextd

For the general case we use the following auxiliary result.

LEMMA 6.3. Let (A1)—-(A4) and (A5)with somep < ¢ < oo hold. Ifu € B — J(y(u),u) is
convex then for any. > 0 the central path. € (0,00) — w(p) € W, according to (2.7) is well
defined.

If for po > 0 the reduced Hessian satisfies

(v, H (y(pr), u(pn), AN))o) > alloll? Vo € L(Q), Vi€ (0,

with somex > 0 then the central pathy € (0, o] — w(p) € W, is continuous.

Proof. Then the barrier problem (2.4) has the strictly convex reduced objective functien
Ju(y(u),u), and thus the solutiofy, w) = (y(u),u) provided by Proposition 2.3 is the unique
solution of (2.4). Now alsa\, z,, z, are uniquely determined by the first and the last two equations
in (2.7). Thus, together with Corollary 4.3 the central patle (0,00) — w(p) € W, is well
defined and bounded on bounded sub&&ts|.

We show next the continuity of the central path. Dek z be given and lefi < 1 < n be
arbitrary. We write

Ju(y, u) = J(y,u) + pB(u)

with the log-barrier ternB. We know thatB(u) > —cp on B with somecg > 0. Now we have for
the solutionsy,,, u,, of the barrier problems (2.4)

Ju(Y(u)s up) < Juyun), uy) = Jy(y(uy), uy) + (1 — 1) Bluy)
< Jn(y(upw)s wp) + (0 —n)B(uy)
= Ju(y(up), up) + (0 —n)(Bluy) — Bluy))
< Ju(y(up), we) + (0 = p)(es + Bluy))

The first and third row shows that
B(uu) - B(un) >0
and thus in particulaB(u,,

) < B(ug). This yields
Ju(y(uu),uu) < Ju

Ju(y(un), un) < Ju(y(up), up) + (0 — p)(cs + Blup))
and thus

[Ty, 1) = T (), w,)| < (g = ples + Blug)| — 0 forn—p—0, < u<n.
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As we have already observed, (A1l)—(A4) imply that the reduced objective functional is twice con-
tinuously differentiable. Since the barrier terms are convexgtg(u,.), u,) = 0, we have

~

Ju(y(ug), upg) = Ju(y(up), up) > (g — v, H(u(r)) (uy —up)) > ollu, — “u”é
with u(7) = u, + 7(u,, — u,) and appropriate < [0, 1]. This yields
upy —u, — 0inL2forn — p, nop>p

and thus in all*, s < oo by interpolation with the uniforn>°-bound. Now Lemma 4.6 yields

(ﬂn’gm )\m Zam;s gbm) - (auvgua >\u> Za, gb,u) in Wq for n—= Wy, N1 = [

O
LEMMA 6.4. Let the assumptions of Lemma 6.3 hold. Then the central path(0, co) —
w(p) € W, is well defined. Moreover, € (0, o] — w(p) € Wy is continuous, satisfies

w(n) —w(p
(6.3) lim sup o) ( )HWq < < V€ (0, po]
n—p n—H VI

with a constantC' > 0 and is thus Hlder-continuous with indek/2 in all spacesiW;, t € [p, ¢].
More precisely, we have with = 2C

©.4) () —wlp)llw, < LIV =izl < Lyl = po| Y pas po € (0, po]-

Moreover,w = lim,,\ o w(p) exists inW,, w € W, satisfies the KKT-conditions (2.7) ag, u) is
global solution of (2.1).
Proof. By assumptions (A1), (Ap the first three components of the mapping

. /
F, Wy —W,
are continuously differentiable. Moreover, we have

e () 2a(1) — walp)za(p) = DTl oy ) +

: 2004 ) 4, ) — a1,

2

Therefore, we obtain with

2 2 ’ 2

the identity

0

0

0 =F,(w — F,(w
(6.5) o (w(n)) (w(p))

n—p
= DEFy(w(p))(w(n) — w(p)) + ow; ([lw(n) —wp)llw, ),

where

low ([[w(n) = w()llw, ),

q

— 0 forn— pu,
llw(n) = w)llw,
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since|w(n) — w(w)|y, — 0forn — p by Lemma6.3.
Since

B01) € 3V seig() + oo g (1),

Lemma 5.2 yields

C

IDEL (@) s w, S~
’ min(z, 1)

For|n — u| < e,e > 0 small enough we have with the remainder term in (6.5) clearly

> 2 lwln) — w(e)ly,

) = wi) + DB @)~ ow; (wm) = w(i)l,)|| |

for all | — u| < e. We conclude with (6.5) that

20C’

P —
~ V/min(p, 1)

)~ w(@ly, _ 20
n—u ~ y/min(u,n)

forall [n —p| <e.

_= -0 O O

We

This shows (6.3) and the dider continuity with indexl/2 follows immediately. By writing the
integralf:fl2 % dp as a limit of Riemann sums and by using (6.3), we see that again

H2 C
d| =201/ - Vi
o Vi

<20V |p1 — pz| YV, p2 € (0, piol-

The fact thato = lim,,\ o w(p) exists inWW,, satisfies (2.3) and is global solution of (2.1) follows
now exactly as at the end of the proof of Lemma @12.

[w(p1) —w(p2)lly, <

7. A primal-dual interior point method. Let (A1)—(A5), hold. The previous considerations
show that forw € N_., 4(1) the solutions of the primal-dual Newton system

DE,(w)s = ~F,(w)

is only contained in¥,. Therefore, in the casg¢ < oo we cannot ensure + as € N_ 4(1)
by choosing an appropriate stepsizec (0, 1]. Instead, we use in addition a projection onto the
neighborhoodV_ 4(1).

DEFINITION 7.1. We denote by, a projection ontaN_. ,(x) in W, i.e.

Pu(w) € Nooeg (), 1Pu(w) = wlyy, = min {[|& = wlly, + @ € Noaxq() } -

If more than one projection point exist8, selects one of them.
Obviously,

Pu(y7u7 )‘7 Z(JJ Zb) = (y7 *7 )‘7 *7 *)7

i.e. P, does not change the- and A-component. Furthermore, the projection does not depend
on ¢, since it reduces to a pointwise projection®i with respect to the Euclidean norm of the
(u, zq, zp)-part.
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REMARK 7.2. The form of our neighborhoali_ , , allows an easy computation of the pro-
jection P,,. In fact, for almost alk € 2 we have to project the poirt.(€), z4 (£), 2,(£)) € R? onto
the set

Nﬁ = {(U’ Sa, Sb) DU, Sq,8p >0, (U - a(f))sa > Y, (b(f) - U)Sb > ’7:“’}

(U ey fo, 2oy g, o)
0 (ae), " [0, 00) x fo, 20t

The first set is convex and it is easy to compute the projection onto it. The second set is the union of
two cuboids of infinite length and again it is easy to project onto them. Moreover, if a point is not
contained in the first set, one has only to project it onto it. Otherwise, if it is not contained in the
second set, it is sufficient to project ontalit.

We show now thaP’, has a Lipschitz constant 2.

LEMMA 7.3. Let (A5), hold and letw,, = (yu,uu, Ay, za,us 2,,) € W, be a point on the
central path. Then we have

1Pu(w) = wplly, < 20w —wally, ¥we W,

Proof. Sincew,, € N_ (1), we have
HP,u(w) - w”wq < ku - wqu'
Hence,

1P () = willy, < 1Pa(w) —wlly, + o —wylly, < 2w — w,lyy,

We consider now the following conceptual algorithm.

Algorithm PDPF: Projected Primal-Dual Interior-Point Method.
1. Choose’ € (0,1),Cy > 0,0 < o,min < 1 andug > 0. Select the constantse (0,1) and
H—oo > po for the neighborhood and choosg := (yo, o, Ao, a0, 26,0) € N—co,q(tt0)
such that

HFuo (wO)HVXLqXAxLQ/Z(Q)Q < Co ¢/ po-

Setiig = po andk = 0.
2. Solve the Newton-System

DFMk (wk‘) Sk = _Fﬂk (wk)
and choose the maximal stepsizg € 277, j € Ny, such that
[ (P (wi + aksk))HvaX/\qu/z(Q)z < Co(1 —v(1 = or)ow) ¥/ i
Setwy1 = Puk (wk + aksk) and,akﬂ = (1 — V(l — ‘3/016)(1;6)3/1;{.
3. If
1 3

”Fuk- (wk+1)||V><Lq X Ax L1/2(Q)2 < 500 vV Kk
then choose the smallest € [0,,in, 1) With

||F0kuk (wk+1)”VXLq xAxLa/2()2 < CO \/3 HE

and sefiug 1 = Opfik, flkr1 = [k
Else sefux11 = pux
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4. Setk := k + 1 and goto 2.

REMARK 7.4. This is only an exemplary globalization mechanism and is not the topic of this
paper. We will see that under assumptions (Al)—(AR)accepts the choice, = 1 andox = oumin
if o,.i IS Close enough td and ifwy is close enough to the central path.

We will analyze Algorithm PDPF under assumption (Ap)If merely (AS), for ¢ < oo holds,
we will have to modify the algorithm by introducing a smoothing step, see Algorithm PDPFS in sec-
tion 9. Appropriate implementations of Algorithm PDPFS will even yield superlinear convergence.

Forg < oo the norm in Algorithms PDPF and PDPFS for measuring the residual is weaker than
Il - HW(;. This is to ensure that it depends locally Lipschitz continuouslyon W,. One can show

that||Fu(w)||VXquAqu/2(Q)2 < O, w € N_goq(p) implies||F,(w)|,,, < C2 and therefore
Iskllw, < CC2/\/pk.O

8. Global linear convergence for thel.*>°-setting. We assume throughout this section that the
assumptions (A1l)—(A4) and (A3) hold.

8.1. Quadratic local convergence towards the central pathWe show first that the primal-
dual iteration

(8.1) DF,(w)s = —F,(w), wiy=w+s.

yields quadratic local convergence towards the central path.
LEMMA 8.1.Letyuy > 0 andpg > 0 be fixed. Assume that (A1l)—(A4) and (AF)old and that

(v, H(y, u, \v) > allvll; Vv e L¥(Q),

(8.2)
Vuw e N*OO,OO(M% ||U) - w(:u)HWoo < po, € (O,Mo].

Then there exists a constafit> 0 such that for any) < p < po and for anyw € N_ (x) with
|w—w(p)| . < pothe solutionw, of the primal dual Newton step (8.1) satisfies

C
lws = w(p)lly,, < —=llw = w(p)ly,.

N
For the projected iteraté’, (w4 ) € N_ (1) the estimate holds

[1Pu(wy) —w(p)lly, < 2 o - w() ..

= Vi

and thus the projected iteration converges locally with quadratic rate.

Proof. We know by Corollary 4.3 thai(x) is uniformly bounded iV, for all . € (0, uo]-
Thus, ||lw — w(p)|ly,_ < po implies|jw]|,, < M for some constant/ > 0. Hence, ally, w in
(8.2) are contained in a bounded subsef@f, w) € (0,00) X N_s (1)} and Lemma 5.1 yields
a constant” > 0 with

C
< —.
Vil

HDF;L(U))_l ”Wgo,Woo
We have

DF,(w)(wy —w) = —Fu(w),  DF,(w)(w(p) —w(p)) = —Fu(w(p))

and thus

(83) DF,(w)(ws —w() = Fu(w(n)) — Fyu(w) — DE, (w)(w(p) - w).



Since the first three components Bf : W, — W/, are by (A1), (A5), Lipschitz continuously
differentiable on bounded subsets, this gives

Ry(w(p) —w)
Ro(w(p) — w)
DF,(w)(wy —w(p)) = Rs(w)(u) —w) ;

where with a Lipschitz constart > 0

1Ry (w(p) = w)lly + [ Ra(w(p) =)o + [1Bs(w(p) = w)lly < Llfw(n) = wlyy_-

Therefore,

lws —w() ., < IDFu(w) s .. (Lllw(n) = wllyy
I (ulp) — ) (zalp) = 2a)lloe + I (u(n) = w) (2 (1) — 2)ll)-
This yields
C 2
Jwy —w(p)lly,, < ﬁ@ + D)|w —w(p) ., -
Finally, the estimate foP, (w.) follows from Lemma 7.30

8.2. Global linear convergence of the interior point method.The previous result yields lin-
ear convergence for a short step method.

THEOREM8.2. Letup > 0 andpg > 0 be fixed. Assume that (A1)—(A4) and (A%)old and
that

(v, H(y,u, \v) > aljv]z Ve L3(Q),

(8.2)
Vw € Nooooo(), |lw—w(pllw., < po, € (0, pol.

Then there are constanfse (0, po] andé ., € (0, 1) such that Algorithm PFPF has the following
convergence property:

For any starting pointw € N_ o oo (o) With [[w — w(po)|lyy_ < p, Algorithm PDPF with
Omin € (Tmin, 1) Chooses

o =1, fgy1 = Ol = Ominllk

and generates a sequence with

(8.4) |wi — w(pr)llw. < Cvik
(8.5) Jwr = wlly,, < (C+ L)V
(8.6) [k = 00"+ Ok 110 = Opyinto

with constantg”, L > 0. Here,w = lim,,\ o w(y) is the solution of (2.1).
Proof. Consider an arbitrary € (0, uo]. Then there exists by Lemma 8.1 a const@nt- 0
such that for anyw € N_ oo (@) With [|w — w(p)[ly_ < po the estimate holds

2C
1P (wy) = w(p)lly < 2wy —w(p)lly, < —=lw—w(@l.,

i

wherew is the result of the primal-dual Newton step (8.1).
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Now fix 7 € (0, 1) such that

(8.7) 5= TVHO _

Then for anyw € N_ o oo (1) With

T/ I
lw = w(n)lhy.. < 57
we have
20 2 7'2\/ﬁ
®8)  1Pu(ws) —w(llw, < Zollw = vy, < 7w = vy, < S5~

Moreover, we have with the dlder constanL of the central path in (6.1) fdr < o < 1

lw(p) = wlomwlly,, < L1 - Vo).

and thus

|Pulws) = wlomlly, < 55+ L1 = Vo)V

3

Therefore, we can ensure that the new iterate satisfies

(5.9) IPpta) = w(om)ly, < Y,

if o € (0,1) is chosen such that

T2 Vo
. _ < .
20+L(1 Vo) < °C

Sincer € (0, 1), this holds foro € (0, 1) sufficiently close ta, more precisely for

72+2LC’>2

8.10 1> 0> gy, = | 220
(8.10) 020 <T+2Lc

Thus we obtain by induction: If is chosen according to (8.7) a@ag,;,, is given by (8.10) then
Algorithm PDPF witho,,,in, € [Gmin, 1) and with the fixed choices;, = 1 andpg+1 = Tmintik
generates a sequeneg; = P, (wy + s;) with (see (8.9))

T/ HE+1 _
(8.11) Jwe+1 — w(pr+1)llw,, < 50 P Mkl = Omin [k
and (see (8.8))
VT
(8.12) lwrsr = wlpn)lly,, < —5= <7

With the solutionw = lim,,\ o w(u) of (2.1) we have by (8.11) in addition

_ _ Ty Pk
lwr = Dl < llwe = wlpw)llw,, + lwlpe) = Dl < <5 + Ly

This proves (8.4), (8.5), (8.6).
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We still have to show that after a possible reductiorpof 0 the globalization strategy of
Algorithm PDPF admits the choice, = 1 andux+1 = ominptr- TO this purpose we observe that
Algorithm PDPF chooses, = 1, 0k = 0min, @anAug1 = Omin ik if

Co
(8.13) 1, (P (i + 81)) [y axcaxarzyz < 5 Vi
and if
(8.14) 1 E i 11 (P (Wr + Sk))HVqu><AxL‘1/2(Q)2 < Co¥/hn-

But the operatorg),, : W — V x L9 x A x L%/2(Q)? = W!_ are obviously Lipschitz-continuous
on the bounded set
{we N sooolp) : [w—wp)ly, <p, 0<p<po}

with some Lipschitz constartr. Hence, possibly after reducing> 0 (and thusp > 0), (8.13)
follows from (8.8) and (8.14) follows from (8.9

9. Global linear and superlinear local convergence for the generalL?-setting. If (A5),
holds only for some < ¢ < oo the convergence analysis is more delicate. Under a strict comple-
mentarity assumption and by using an additional smoothing step we will prove global linear conver-
gence in the generdl?-setting. Moreover, we will also show that superlinear local convergence is
achieved ifu, is reduced fast enough.

We refine our analysis as follows. Since under the assumptions of Lemma 5.1

IDF(w(ie) ™l w, = O™, but [[(S(w) DE,(w)) Iy, w, <C. t € [pdl,

with the scaling operator

(5.1) S(w) = I :
(Ua + Zo)7!
(Up + Zp) 1

we use now for the analysis of the primal-dual Newton iteration instead of (8.3) the scaled equation
9.1)  S(w)DE,(w)(wy —w(p)) = S(w) (Fu(w(p) — Fu(w) — DF,(w)(w(p) —w)).

Then we use a two-norm technique based onithe- L7 norm gap to estimate the right hand side.
Independently of the size @f > 0 this will yield an estimate of the form

lwy = w(w)lly, = o(llw —w(w)lly,)-
The norm gap will then be closed be using a smoothing step. We recall that with the notations
U= (Ua+ Za) Us, Uy = (Up+ Zp) " U,
Zo=Ua+Za) " Zay Zv=Us+ Z)" %,

we havel, + Z, = I, Uy + Z, = I and

byy Lyu ¢, O 0

buy lyuw ¢ —1 1

S(w)DF,(w)=| ¢ ¢ 0 0 0
0 Lo o U, O

0 —Z, 0 0 U

where we omit the arguments.
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9.1. Refined analysis of the primal-dual Newton stepWe first prove a similar result as in
Lemma 8.1 where we avoid thedependent convergence factor by using a two-norm technique. We
will need a strict complementarity assumption.

DEFINITION 9.1. Letw = (7,4, A, 24, 2) € Y x U x A* x U* x U* satisfy the KKT-conditions
(2.3). Therstrict complementarityolds atw if

leb ({min(d, + Za, @ + 2) = 0}) = 0.

whereleb() is the Lebesgue measure @n
We define the function

(9.2) w(t) =leb({min(a, + Za, Up + 2) < t}).
Under a strict complementarity assumption we then have

. li t) = 0.
(9.3) t{%‘“( )
If w(t) = O(t") ast \, 0, we say that strong strict complementarity holds.
DEFINITION 9.2. Letw = (g, 4, A, Z4, 2p) € Y x U x A* x U* x U* satisfy the KKT-conditions
(2.3). Therstrong strict complementarityolds atw if there exist constantS,. > 0, x > 0 such that

(9.4) w(t) < Cot™ Vit >0.

We start with the following technical result.
LEMMA 9.3. Let the assumptions of Lemma 6.4 hold anddet lim,\ o w(x) be the solution
of (2.3). Define the function

(9.5) W (1) = leb({min(uq (1) + 2 (1), us (1) + (1)) < £}).
Then there exists a constafit> 0 with
=0 fort <2,/u,
wu(t) _4q _q
< w(2max(t,ta1)) + Cmax(t,ta+7) fort>2,/n

with w according to (9.2).
Proof. Sinceu, ()2, (1) = 1, we haveu, (i) + zq (1) > 2,/p and similarlyuy, (1) + 2, (1) >
2,/pt. This shows thab,,(t) = 0 for ¢ < 2,/u. For brevity, we set now

Uq = Ua(H)a Up = ub(:u)ﬂ Raq = za(“)7 Zp = Zb(“)'
Now lett > AVITE Then we have for any > ¢
wy(t) < leb({min(u, + zq,up + 2p) < 5})
< leb({min(a, + Z4, up + 2p) — max(|ug — ta| + |20 — Zal, |[up — s| + |26 — 2Z5]) < s})
< w(2s) + leb({max(Jua — Ua| + [2a — Zal, [up — | + |26 — 26]) = s})
< w(2s) + leb({Jug — ua| > s/2}) +leb({|z, — Za| > s/2})
+leb({|up — | > s/2}) + leb({|zo — zv| > s/2})
< w(2s) +(5/2) " (llua — tallg + 120 — Zallg + lus — @Iy + 126 — 2 [l5)-
By Lemma 6.4 there exists adttler constanf. > 0 with |jw — w(M)HWq < L,/pi. This yields

W (t) < w(2s) + 4(s/2)"1LIpI/2.
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Now lett > 2,/pu. If t > 1 then we obtain with the choice= t
W, (1) < w(2t) 4+ 4(t/2)TILIuY? < w(2t) + 4L9 < w(2t) + 4L%.
If ¢+ < 1 then the choice = t¢/(¢+1) = ¢1-1/(¢+1) yjelds
wu(t) < W(th/(qﬂ)) + 4fq+q/(q+1)<2L)qu/2 < w(th/(qul)) + 41949/ (a+1)

O

We show now that foffw — w(y)]|y,,, small enough the resuit. of the primal-dual Newton
step satisfiew, — w(N)HW,, = o(||lw — w(p)”wq), where the estimate is uniform jpe (0, po].
Thus, in contrast to Lemma 8.1 we avoid fixelependent convergence factor but obtalia— W,
norm gap. This norm gap will be closed by using a smoothing step.

LEMMA 9.4. Letuy > 0andpy > 0 be fixed. Assume that (A1)—(A4) and (ABdId with some
q € (p,00) and that

(v, H(y, u, \v) > allvll; Vv e L¥(Q),

(9.6)
Vw € Nooog(p), lw —w(p)llw, < po, 1€ (0, pol.

If in addition w = lim,\ o w(y) satisfies strict complementarity then there exists a congtant0
such that for any) < p < po and for anyw € N_ 4(p) with [jw — w(H)qu < po the solution
w of the primal dual Newton step (8.1) satisfies

1Pu(ws) — w(plly, < 2wy - w(p)lly,
9.7) <20 (w(tllw — w7 + Il = w(m) [y, ) lw = wo)ly,
= ofllw — w(p)ly,)

with

(9.8) _ (g—p)min(p,g—p) , _ qp

i

pq(p+1) q-p
Moreover, ifw satisfies strong strict complementarity (9.4) then
(9.9) [1Pu(wy) = wp)lly, < 2[lwy —w(p)lly, <2C[w - w(u)llévf’
with

_ min(1, )(g — p) min(p, ¢ — p)
p*(¢+1) + min(1, k)p(q — p)

(9.10)

Proof. We know by Corollary 4.3 that () is uniformly bounded iV, for all 11 € (0, o).
Thus, [|w — w(u)|ly, < po implies [jw|,, < M for some constant/ > 0. Hence, ally, w in

(8.2) are contained in a bounded subsef(@f, w) € (0,00) x N_ (1)} and Lemma 5.1 yields a
constantC' > 0 with

I(S(w)DFu(w) "y w, <C. p<t<aq,
whereS(w) is the scaling operator (5.1). We have

DF, (w)(wy —w) = =Fu(w), DF,(w)(w(p) —w(p)) = —Fu(w(p))
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and thus

©11)  DE,(w)(ws — w(p) = Fu(w(p)) — Fu(w) - DE,(w)(w(x) - w).

Since the first three components bf : W, — W, are by (A1), (A5) Lipschitz continuously
differentiable on bounded subsets, this gives

where with a Lipschitz constarit > 0

1Ry (w(p) = w)llg + 1Bz (w(p) = w)ll, + [|Rs(w(p) = w)lly < Llw(p) = w5y,

To obtain an operator with uniformly bounded inverse on the left hand side we multiply with the
scaling operatof (w) in (5.1) and obtain

Ry(w(p) —w)
Ry(w(p) —w)
S(w)DF,(w)(wy —w(p)) = R3(w(p) — w)

(u(p) =w)(za (1) =2a)

Ug+2
(u () =) (2 () — 1)
up+2p

Therefore,

lwy = w(p)llw, < 1(S(w)DFL (W), w, (Lllw(u) —wll,

) =)o) = za) ||, | (i) = ) Canlpe) — ) )
Ug + Zq » Up + 2p »
This yields
(9.12) s = w()lw, < CLIw—w(@liy, +[Rall, + IR,
with

(ulp) = w(zalp) = 2a) g () = w)(2(p) = 26)

R, = , =
Ug + Zq Up + 2p

It remains to estimat@R, ||, + || 7 ||,,. We show first that forw € N_oo (1)

1
R, < 1—|—>max U—u , 124 — Za ,
Rl < (1 o ) mas(u = ) 2 = )
1
<14 ——= — — .
R < (1 5z ) = ull s = 200
To this end we note thatu(p) — a)zq (1) = i, (u — a)zq > yp. This yields withu,, z, > 0
Ug + Za 2 24/ UqZq = 24/ Vb

34



Now we have

Ry = (e 2 ) =) = (2 2 ) ).

Ug +2Za  Uag T Za Ug +2Za  Uag T Za

Sinceu, (1) zq (1) = 1 we havemin(uq (i), za (1)) < /. On{ug(p) </} we have

Rl < (14 2%) 20 — zat)

and on{z,(n) </} we have

R, < <1+2%> ]

The estimate fofR;| is obtained in the same way.
To estimate| 2|, + [| R ||, we split§2 for an arbitrarys € (0, min(1, (¢ — p)/p)) into the sets

J={ua+ 20 > |Jw—wly,}, JO=Q\J
We have withw,, in (9.5)
leb({ua + 20 < t}) <leb({ua(p) + 2za(p) — |ta — va(p)| — |2a — 2za()| < t})
< wu(2t) +leb({|ua — ua(p)| + 120 — za(p)| = t})
< wu(2t) +leb({|ua — ua(p)| = 1/2}) +leb(|za — za(n)| > /2})
< wu(2t) + (/2) " (lua — wa(Wlg + 120 — 2a(p)llg)
< wu(28) +2(/2)w — w(p)|,
This yields the upper bound for the measure/6f
leb (%) < wu (2w — w1y, ) + 27w — w(w)|lfy M.
Using||uv|, < ||ull,[lv]l,. ¢ = pg/(q — p), we have
1Rall, s < llu—u(m)lly Nz = 21y
If ¢ < g thisyields
1Rallp, s < calle = uli)lly sz = 2l
otherwisel|v||, < Hv||g/q/||b — aHiO_Q/q/ and thus
IRally,s < 16 = allXS O fu = w5771z = 2
Combining both cases we obtain
| Rally,s < Cillw — w(p) [ a=P/0=7,

On the complement set® we obtain by using thatl|| , ;. = Ieb(JC)l/q/
1
Rl ge < (14 55 ) Il ge (= w0l e + 112 = 20 )

1 1
24 — |leb(J)? |lw—w
ﬁ) ()T o — w0y,

< (2 ) (ontelho - wGlf) + 2% = (@I, ™) o = ()l

1 (1-8)q
’

q+1 7
o ) <%<2uw —w()ly,) 7 + 25 [[w = w()ly,;

N———

[w = w(p)lly, -
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Using Lemma 9.3 and/q’ = (¢ — p)/p, we finally obtain constantS,, Cs > 0 with

min(1,(q— -
1Rall, < Cillw — w() [P P w — w(w)lyy,
1 — — 1
+ Gy (w(dw — w() |2 D)@ 4w — w(p) | DY o — w(p)]y,
17 —
+ Csllw — w(w) Iy, PP P w — w (i), -

The last term has at least the order of the first term. Balancing the orders of the first and second term
leads to

g (gt 1)min(p.g—p)
q(p +1)

and results in the estimate
|Rall, < € (w(@llw = w(@ [T + llw = w(p)lly, ) llo = w(wly,
with
(¢ —p)min(p,g—p) , _ qp
pg(p+1) ’ q—p

The same estimate is valid fg#2|| ,. Inserting this in (9.12) yields (9.7).

If in addition strong strict complementarity (9.4) holds, ie(t) < C.t", then the middle term

has ordelO ([lw — w(p) 374~/ P41 and balancing with the first term gives

5= (g +1) min(p,q — p)
plg+ 1) +min(1, k) (g —p)’

Inserting this choice of leads to the asserted estimate (9D).
We see that a norm gap occurs in the estimates (9.7), (9.9). To close the norm gap we will use a
smoothing step.

9.2. Smoothing steps.We construct now an operator
Qu: (W, u, A 2a,25) € Wy = (y,0, A, Za, ) € Wy
such that there exists a constdnt > 0 with
(9.13) 1Qu(w) —w(p)lly, < Lsllw —w(p)ly,

to close the norm gap in (9.7). Let (Al1)-(Apand the assumptions of Lemma 6.4 hold. Themp)
is the unique solution of (2.7) and satisfies with the notations of {A&)in particular

0 =Lu(w(p) = Bu(p) + gs(y(p), ulp), Mp)) + 20(1) — za ()

_ f 1 )
= Blu(w) + 7= w() () —a + G5 (y (1), ulpe), A(p))
=: Bu(u(p)) + gs(y(p), u(p), M),

whereg € C1(R), 5’ > ap > 0 and where
gs t (Ysu, ) €Y X U x X = Ju(y,u) — B(u) + culy, u)*A € LI(Q)

is by (A5),, 5. well defined and Lipschitz on bounded sets. Since the mappings

Buse + t € (a(§),b(8)) — B(t) + b(ggi— t ot —Z({)
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satisfy3).. > ao > 0 andf.e((a(€),b(€))) = R, the inverse mappings ¢ : R — (a(¢), b(¢))
exist and are Lipschitz continuous with Lipschitz constarit/a. Thus, also the mapping

1 [

b—u uwu-—a

Buiue{v: a<v<b}e Bulu) = Blu) +
has a Lipschitz continuous inverse

Bt LUQ) — ({v: a<v<b}, |-,
and we have

u(p) = B, (= s (y(p), w(p), AM(p))).

Thus, given anyw € W, the “smoothed” control

(9.14) up =B, (—3s(y, u, \))

satisfies

©15)  luy — (), < s X) — (), ) A, < =2 — (i),
0 Qo

with a Lipschitz constant , of g according to (A5), 5..
Smoothing of the,,, z,-components can now be obtained by using the identities

(9.16) Za(M) = ﬁ, Zb(:u) = b _/Z(,U«),

In fact, after computing., we choose, ., z; 4 according to

(9.17) oy = —b— g =
Uy — G b—uy

We will see that this leads in fact to an operator that has the smoothing property (9.13).
DEFINITION 9.5. The smoothing operatap,, : W, — W, is defined by

Q,u(ya u, )\a Zas zb) = (yv Uy, )\7 Za,+>s Zb,+)

with v according to (9.14) and,, 1, z, + according to (9.17), wherg, = (y,u, ) = Ju(y,u) —
B(u) + ¢y (y, w)* X according to (A5), 5.

THEOREM9.6. Let the assumptions of Lemma 6.3 hold. Then foriany 0, pg > O there is a
constantLs > 0 such that the smoothing operatqy, : W,, — W, of Definition 9.5 is well defined
and satisfies
(9.18)

1@u(w) —w(p)ly, < Lsllw = wn)lw, YweW,, o —w@ly, <po. Vi (0, pl
Moreover,(y, u4, A, 2a,+, 2p,+) = Q. (w) satisfies
a<up <b  (uy —a)ze+=p, (b—up)z+ =p

and thusQ, (w) € N_ 4(1).

Proof. We have already shown that (9.15) holds, wheges the Lipschitz constant gf; on the
bounded set of allb € W), considered in (9.18). Moreover, we have by (9.17) and the choice (9.14)
Of U

(9.19) 2o+ — Zat = —B(uy) — gs(y, u, A).
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On the other hand

(9.20) zp(p) — za(p) = —Bu(p)) — gs(y (), u(p), A(p))-

Now consider the following partition d®

Qo ={ugp 2 (0+0a)/2, u(p) = (b+a)/2}, Q= {uy <(b+a)/2, u(p) < (b+a)/2},
Q ={uy >0b+a)/2, ulp) < (b+a)/2}, Q={ur <(b+a)/2, u(n) > (b+a)/2}.
Then be obtain of, by (9.17) and (9.20)
L (L T

(ot =zl =0 ™ G —alo, ~ G — a)(utn) ), = 02

a a

Now (9.19), (9.20) yield

(26,4 = 20(1) 0| < [(2a,+ — 2a(1)) 0, | + [(B(us) — Blu(p)))e,|
+1(9s (Y5 us ) — s (y(p), ulpe), M), |-

Completely similar we obtain oft;, by (9.17) and (9.20)

o = 2nian] = | 5= = 5= | < 510" = wl)al

Now again (9.19), (9.20) yield

(za,+ — za()), | < (26,4 — 26(1)) ey |+ [(B(us) — Blu(p)))ey |
+ ’(gs (yv u, )‘) - gs (y(lu’)v U(H), )\(H)))Qb|'

Finally, (9.17), (9.16) yield o2/,
(Za,+ — 2a(1)oy, <0, (2p+ — 20(1t))ey, >0

and thus the difference of (9.19), (9.20) yields

[(26,+ — 2p(1)r, | + [(za,+ — 2a(1)) 0 | = [(26,+ — 26(1) + 2a(1) — 2a,+)0 |

Analogously we obtain of;

‘(zb,Jr - Zb(u))ﬂ{,’ + |(za,+ - za( ))Q | - ‘(Zb + = Zb(u) + Za(u) — Za +)Q ’
< [(Blug) = Blulp)))ey |+ 1(9s(y,us A) = G5 (y (1), ulp), A(w))) ey |-

Taking all together, we have shown that
26,4+ — 26 ()] + 20,4+ — Za(p)]
. . 8
< 8(ug) = Blu(p))| + 195 (y, us A) — Gs(y (1), w(p), M) + ﬂl T —u(p)]

<G (Y, uy ) — g5 (y (), w(pe), AM(p))| + (850 +  sup }6’) [u™ — ().

[inf a,supb

Hence, (9.15) yields

8u
26+ = 26 (W)l + l2a,+ — za()l, < (L +— (O + sup }ﬂ’)) [[w —w(p)lly, -

[inf a,supb



Together with (9.15), (9.18) is proven. The last statement is obvious by the definitigy. af

If we replace the projectio®’, in Lemma 9.4 by the smoothing operat@y, (which yields a
point in the neighborhood) then we obtain directly the following corollary.

COROLLARY 9.7. Let the assumptions of Lemma 9.4 holdo lf= lim,,\ o w(p) satisfies strict
complementarity then there exist a constahts C' > 0 such that for any) < p < u and for any
W € N_ooq(p) With [[w —w(p)llyy, < po the solutiomu,. of the primal dual Newton step (8.1)
satisfies

(9.21)
1Qu(ws) —w(p)llyy, < Lsllws — w(p)lly,

< 2LsC (wldw = w7 + o = w)ly, ) lw = w()]hy,
= o[l — w(p)lw,)
with

(¢ —p)min(p,g—p) ,  qp
palp+1) q—p

Moreover, ifw satisfies strong strict complementarity (9.4) then
(9.22) 1Quu(ws) = w(lly, < Lsllws — w(p)lly, < 2LsCllw — w(p)lly!)

with

y = 2in(l,x)(g = p) win(p, g — p)
p*(¢+1) +min(1, k)p(g — p)’

Note that no norm gap appears in (9.21) and (9.22).

9.3. A madified interior point method with smoothing step. We consider now the following
modification of Algorithm PDPF.

Algorithm PDPFS: Projected Primal-Dual Interior-Point Method with Smoothing.
1. Choose’ € (0,1),Cy > 0,0 < 0ymin < 1 andug > 0. Select the constantse (0,1) and
H—oo > po for the neighborhood and choosg := (yo, uo, Ao, a0, 26,0) € N—co,q(tt0)
such that

HF/JO(wO)HV><LQ><A><L<1/2(Q)2 S CO \/3 Ho-

Cho0s€j,4: € Nyg. Setjig = o andk = 0.
2. Solve the Newton-System

DF#k (wk) Sk = _F,Uk (wk)
Choose - if possible — the maximal stepsigec {1,27*,...,277me=} such that
[ Fr Q. (wr + aksk))”vXLqXAqum(Q)Q < Co(1 —v(1 = Yow)ow) Vi

and setwyy1 = Q“k (wk + aksk) andﬂkH = (1 — l/(l — ,S/O'k)ak)Sﬂk.
Otherwise choose the maximal stepsizec 277, j € Ny, such that

[ F i (P (Wi + arsi) )y« paxaxparzyz < Co(l = v(1 = or)ow) V-

and setwy 1 = Py, (wi + agsk) andfig = (1 —v(1 — or) o) ik
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B (0k2) s a s arageys < 5 Co /e

then choose,,i,, » € (0,1) and choose the smallest € [0ink, 1) With
||F0'k,uk (wk-&-l)HvXLq x Ax L4/2()2 < Co/k

and selu1 = Ok fik, fik+1 = [k

Else sefuy+1 = pk

4. Setk := k + 1 and goto 2.

We are now in the position to prove global linear and local superlinear convergence of algorithm

PDPFS.

THEOREM9.8. Let o > 0 andpy > 0 be fixed. Assume that (A1)—(A4) and (A®)jth some

q € (p,0) hold, thatw = lim,,\ o w(y) satisfies strict complementarity and that

(9.6)

(v, H(y, u, \v) > alloll; Vv e L*(Q),
Vw € Nooog(p), lwv —w(p)llyw, < po, 1€ (0, pol.

Then there exist constanjgse (0, po], Tmin € (0,1) and a sequence,,in,, > Gmin k. \ 0 such that
Algorithm PFPFS has the following convergence property:

For any starting pointw € N_q 4(po) With ||w — w(HO)HWq < p, Algorithm PDPFS with

Omin,k € [67nin,ka Umax]; Omaz € [5'mi'm 1) chooses

op =1, [py1 = Opllk = Omin,klk

and generates a sequence with

(9.23) lwre — wlp)llw, < CVik
(9.24) ik — @lly, < (C+L)y/EE
(9.25) [tk = 00 Ok—10 = Omin0 " Omink—1 < Oryautio — 0

with constant<”, L > 0. This show global R-linear convergence with ratg,...

The choicer,,in .k = O(Tmin,k) Yieldson,in x \, 0 and thus R-superlinear convergence.
If strong strict complementarity (9.4) holdsat then

with > 0 according to (9.10) and the choieg,,i,,.; = O(Gmin,k) Yields R-superlinear conver-
gence with ratd + 7.

Proof. Consider an arbitrary € (0, 10]. Then there exists by Corollary 9.7 a constaht>- 0

such that for anyw € N_o o (1) With [[w — w(p)|lyy,, < po the estimate holds

1Qu(wy) —w(plly, < d(lwy —w(p)llw,)llws —wply,

with

W(t) = 2LgC(w (4" )/ 9 4 1)

andn > 0, ¢’ according to (9.8), where_, is the result of the primal-dual Newton step (8.1).
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Chooser > 0 such that

P(r) <

el M

and set

(9.26) p = min(7, 2L/pi0)

with the Holder constanL of the central path. Assume — which we will show later — that Algorithm
PDPFS uses the iterates

(9.27) Wk+1 = Qﬂk (e + 51),  Hk41 = ki,

whereo;, satisfies

max (1 — M)Q dp(r)? 5 if T < 2L/,
(928) o > 6min,k = Lviw + ’
dp (2L /jix )? if 7> 2L,/1.

We note thad < &,in 1 < 1, more precisely,

Gmin,k < Max { (1 — 7(11/1(7)))2 ,4¢(r)2} = Tpmin < 1.

L./fo N
We show next that the choice (9.28) yields
(9.29) lwk = w (), < min(r, 2L/fr7),
(9.30) Jwr = w(pr—1)llyy, < min(7, 2Ly/p-1),

where we sefi_; = po. In fact, this is true fork = 0 if ||wy — w(NO)HWq < p. Moreover, to
proceed by induction we observe that

[wr1 — wprs1) vy, < llw(per) = wlie)llw, + lwee — wl)lly,
< Lk = v/ietr) + Y ([[wr — wlp) [y, )l we — wlie) [y,
< L(1 — \/or)\/1k + Y(min(7, 2L /pp—1)) min(7, 2L\/pii—1).

We consider now three cases.
Case 17 < 2L,/ur. Then we obtain by using (9.28)

lwi+1 — w(pe+ ), < lwlprr) — wlwe)lw, + 1wk — we)lly,

< L(1 — \/or)\/pk +¢(7)7 <7 = min(7, 2L+/p11).

Case 22L\/iy, <1 < 2L./fi_1. Then (9.28) yieldsgi, > 41 (7)?ur_1 and thus

[wet1 — wpes1) vy, < llw(pnrr) — wlie)llw, + lwee — wl) [y,

< L1 — /aw) Vi + 9(r) < L/l + 9(r)2LyFrT
< 2L/ = min(7, 2L/pi,).
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Case 32L,/i—1 < 7. Then (9.28) yields;, > 4¢(2L./jix—1)?pr—1 and thus

Jwrrr = w(prr)llw, < lwlpnen) = wlpe)lly, + lwe —wpe)llw,

< L(1 = \for)/1k + V(2L \/ji—1) 2L/t —1
< L/ + Ly/pg < 2L./py, = min(7, 2L/pg).
Hence, in all three cases (9.29), (9.30) hold.
We still have to show that after a possible reduction of 0 Algorithm PDPFS actually gener-

ateswy, p satisfying (9.27), as long as, satisfies (9.28). To this end we observe that Algorithm
PDPFS chooses

Wit1 = Quy (Wi + Sk),  Hr+1 = Okitk,

if

Co |
(9.31) [ (@, (wr + S]f))HVquXAqu/2(Q)2 < o VHk:
and if
(932) HFO'ka (Qﬂk (U}k + Sk))HVXLqXAxLQ/2(Q)2 S CO \/3 M-

But the operatorg’,, : W, — V x L7 x A x L9/2(Q)? are obviously Lipschitz-continuous on the
bounded set

{weN o)« llw—w)ly, <p 0<p<po)
with some Lipschitz constariz. Hence, (9.27), (9.30) yield

HF,uk (Q#k (wk + Sk))HVXquAXLQ/Q(Q)2 <Lp min(T7 2LV :uk)

which implies (9.31) forr > 0 small enough. Then also (9.32) holds, since by (9.27), (9.29)

1 E o (Qpu (Wi + 86Dy 10 x Ax La/2 ()2 < Lrmin(7, 2L/pix).
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